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We prove that by communicating N—1 times a single qubit, instead of N—1 classical bits, the success
probability for solving some N partner communication complexity tasks is strongly enhanced. The superiority,
as measured by the quantum-to-classical fidelity ratio, of the quantum scheme grows exponentially with N. We
report an experimental implementation of these tasks for N=5. Even without correcting for any inefficiencies
of the state-of-the-art setup, our multiparty quantum protocol still outperforms the best classical protocols.
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Quantum information science breaks limitations of con-
ventional information transfer, cryptography, and computa-
tion. For example, communication complexity problems
(CCPs) [1] were shown to have quantum protocols, which
outperform any classical ones. In a CCP, separated parties
performing local computations exchange information in or-
der to accomplish a globally defined task, which is impos-
sible to solve singlehandedly. Two types of CCPs can be
distinguished: the first one minimizes the amount of informa-
tion exchange necessary to solve a task with certainty [2—4];
the second maximizes the probability of successfully solving
a task with a restricted amount of communication [4—6].
Such studies aim, e.g., at a speedup of a distributed compu-
tation by increasing the communication efficiency, or at an
optimization of very large scale integrated (VLSI) circuits
and data structures [7].

Quantum protocols involving multiparty entangled states
were shown to be superior to classical protocols for a number
of CCPs [2-6]. However, current methods of production of
such states do not work for more than four particles, and
suffer from high noise. Fortunately, single-qubit multipartner
CCP protocols are possible and can outperform the classical
ones [8—10]. This breakthrough makes multiparty communi-
cation tasks feasible. They become technologically compa-
rable to quantum key distribution, so far the only commercial
application of quantum information.

Here we prove that, for CCPs with restricted communica-
tion, the superiority of the single qubit-assisted protocols
over the corresponding classical ones may increase even ex-
ponentially with the number of partners. Furthermore, using
parametric down conversion as a source of heralded single
qubits, we experimentally show that quantum protocols solve
two examples of CCPs more efficiently, even with the lim-
ited detection efficiency inherent in any real experiments. By
solving these CCPs with a sequential transfer of a single
qubit only, we demonstrate a generic way of bringing multi-
party quantum communication schemes much closer to real-
istic applications.

Let us introduce the two CCPs analyzed and implemented
here. The first one, problem A, is the so-called modulo-4 sum
problem [3,4,10]. Imagine N separated partners P, ..., Py.
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Each of them receives a two-bit input string X, (X,
=0,1,2,3; k=1,...,N). The X;s are distributed such that
their sum is even, i.e., (}_,X,)mod 2=0. No partner has any
information whatsoever on the values received by the others.
Next, the partners communicate with the goal that one of
them, say Py, can tell whether the sum modulo-4 of all in-
puts is equal O or 2. That is, Py should announce the value of
a dichotomic, i.e., of values =1, function T(X,, ...,X)) given
by T,=1-(Z}_,X, mod 4) (for an alternative formulation see
[11]). The total amount of communication is restricted to
only N—1 bits (classical scenario). The partners can freely
choose a communication protocol as long as it does not de-
pend on input data. Such a dependence would imply a vio-
lation of the communication restriction. (For example, they
can choose between sequential communication from one to
the other, or any arbitrary treelike structure ending at the last
party Py).

Problem B has a similar structure, but now N real num-
bers X, ...,Xy € [0,27) with probability density

Xy, ... . Xy) lcos(X; + -+ +Xy)| (D)

1
S 4wt
are distributed to the partners. Their task is to compute
whether cos(X; +- -+ +Xy) is positive or negative, i.e., to give
the value of the dichotomic function Tyz=S[cos(Z}_,X,)],
where S(x)=x/|x|. The communication restriction is the same
as for problem A.

For further convenience, one can introduce a different
more handy notation. For the task A we put X;=(1-y;)+x;,
where y; e {-1,1}, x, €{0,1}. For the task B we write X,
=m7(1-y)/2+x;, with y,e{-1,1}, x,€[0,7). Note that
the dichotomic variables y, are not restricted by the probabil-
ity distributions, p, for the X;s. They are completely ran-
dom. The task function 7 can now be put as T
=f(x1, - X Vi where fix) —{1,-1}, and
p(Xy, ..., XN)=2""p"(xy,...,xy) (see Ref. [12]).

Since T is proportional to the product of all y;s, the an-
swer ey==x1 of Py is completely random with respect to 7,
if it does not depend on every y;. Thus, an unbroken com-

©2005 The American Physical Society


http://dx.doi.org/10.1103/PhysRevA.72.050305

TROIJEK et al.

munication structure is necessary: the information from all
N-1 partners must directly or indirectly reach Py. Due to
the restriction to N—1 bits of communication each of the
partners, P;, where k=1, ... ,N—1, sends only a one-bit mes-
sage, which for convenience will be denoted as e,=+1 [13].

For a correct answer Tey=1, otherwise, Tey=—1, and the
average success can be quantified with fidelity F
=EX1,...,X PTey, or equivalently

F:l >

2 X150 xn=0,1

N
X X HykeN(xl’

Vi yN=%l k=1

p' (g, xn)f(xg, e x)

SXNSY - e ,)’N) (2

[for the problem B integrations replace summations; the
probability of success reads P=(1+F)/2].

In any classical protocol the answer ey by Py can depend
on yy, Xy, and messages, €ipseenr€ip received directly from
partners P; , ..., P; . That is, ey=e(xy,yy.€;,, ..., €; ). Let us
fix xy, and treat e as a function exN of the remaining ¢ +1
dichotomic variables, yy,e i\ . In the 2'-dimensional
space of such functions one has an orthogonal basis given

by Vi Onseis....e)= =4Il k’le{, where j,ji,....J¢
=0, 1. Thus, one can expand €ry
¢
Cxy= E ijl,_,.,jf(xzv))%l_[ e,lll} (3)
Jod 15 J¢=0,1 k=1
where
1
ijlv--»j((xN) = o > e Vijp oig:
YNo€ipse "ifil
Since le, |=|V;; .. =1, one has [c;;  ; (xy)[<1. We put

Jits
the expansion to Eq (2). As, E‘AFHyNyN—O and Evk_+1ykek

=0, only the term with j,j,,...,jy=1 in expansion (3) can
give a nonzero contribution to F.. Thus, without changing
the result of Eq. (2), ey in (2) can be replaced by a function
e&:chN(xN)szleik, where cy(xy) stands for cyy . j(xn).
Next, notice that, e.g., € which is in the formula for el'\,, can
depend only on Xi Vi, and the messages obtained by 73,»1
from a subset of partners: e €y (this set does not con-
tain any eik). In analogy with (3), e, for a fixed X; , can be
expanded in terms of orthogonal basis functions

e= 2 cj

m
. it
.. R 1 ""jm(xil)y?l]i[ epk' (4)
Jod1se - -im=0,1 k=1

(xi1)| < 1. If one puts this into e, one obtains
for the fidelity

E gxl,..

2N_ Xy)en(xy)e; (x )

x> 11 ka He (5)

y' k#N,i; r=1

where g=p'f, ¢; (x;)=cj; __;(x;), and 2 represents sum-
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mation over yq, ... Vip=1Yig+1s o ,Yn—1==£1. Note that each
message appears in the product only once. We continue this
procedure of expanding the messages, until it halts (i.e., until
we reach the level of those partners who do not receive any
messages). The end result is

F.= > gl ...

Xse Xy

N
?XN)H Cn(-xn)s (6)
n=1

with |c,(x,)| < 1. Since F, in Eq. (6) is linear in every c,(x,),
its extrema are at the limiting values c,(x,)==1. In other
words, a Bell-like inequality |F.| <max(F,)=B(N) gives the
classical fidelity bound [14].

For our problems A and B the classical fidelity bounds
decrease exponentially with N. For task A one gets as a result
of the summation in Eq. (2)F.,<27%*!, where K=N/2 and
K=(N+1)/2 for even and odd number of parties, respec-
tively. This analytic result confirms the numerical simula-
tions of [10] for small N. For task B one has F_.p
<(2/a)N-!. The derivation is equivalent to the proof of the
inequality of Ref. [15].

For the quantum protocols, we note that the Holevo bound
[16] limits the information storage capacity of a qubit to no
more than one bit. Thus, we must now restrict the commu-
nication to N—1 qubits, or alternatively, to (N—1)-fold ex-
change of a single qubit. The solution of task A starts with a
qubit in the state |,)=2""2(|0)+|1)). Parties sequentially act
on it with the phase-shift transformation [0){0|+¢'™¥2|1)(1],
in accordance with their local data. After all N phase shifts
one has

1 SN
) = ’_§(|O> + e M0, ()
\J

. . 7 N .
Since the sum over X, is even, the phase factor e/™k=1X0/2 jg

equal to the dichotomic function 7, to be computed. Thus, a
measurement of the qubit in the basis (|0)=|1))/v2 reveals
the value of T, with fidelity F, ,=1, that is, always correctly.

Task B starts also with a qubit in the state | ). Each party
performs according to his local data a unitary transformation
10)(0]+¢'

1 N
) = —=(0) + =15 1)). (8)
V2

The last party makes the same measurement as in task A. The
probability for the detection of state 27/2(|0)+|1)), which we
associate with the result r=+1, is given by P(x)
=[1+cos(=),X,)]/2. The expectation value for the final an-
swer ey=r is E=P(+)—P(-), and reads cos(E X). The fi-
delity of ey, with respect to Ty is

2 2
Fq,B:f Xm"'f dXypp(Xy, ..., Xy)
0 0

X Tp(Xys o XEX, - Xy 9)

With the actual forms of pg, Ty, and E, one gets F, z=m/4,
i.e., the protocol gives the correct value of T with probabil-
ity P, p=(1+m/4)/2~0.892.
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FIG. 1. (Color online) Setup for qubit-assisted CCPs. Pairs of
orthogonally polarized photons are emitted from a BBO crystal via
the type-II SPDC process. The detection of one trigger photon at Dy
indicates the existence of the protocol photon. The polarization state
is prepared with a half-wave plate (HWP) and a polarizer, placed
in the trigger arm. Each of the parties introduces a phase-shift by
the rotation of a birefringent YVO, crystal (C; to Cs). The last
party performs the state analysis using a half-wave plate (HWP,)
followed by a polarizing beam splitter (PBS).

For both problems the classical fidelity F.. or the probabil-
ity of success P, decreases exponentially with growing N to
the value corresponding to a random guess by Py. That is,
communication becomes useless. In contrast, P, does not
change with N. For task A it equals 1, and for B it is approxi-
mately 0.892. The simple, one qubit assisted quantum proto-
col, without any shared multiparticle entanglement, clearly
outperforms the best classical protocols.

We implemented the quantum protocols for N=35 parties,
using a heralded single photon as the carrier of the qubit
communicated sequentially by the partners [17]. The qubit
was encoded in polarization. The computational basis, “0”
and “1,” corresponds to horizontal H and vertical V linear
polarization, respectively. The data X, of each party was en-
coded on the qubit via a phase shift, using birefringent ma-
terials. The last party performed a measurement in the
2712(|H)£|V)) basis to obtain the answer ey.

In the experiment (Fig. 1) photon pairs are produced via
spontaneous parametric down conversion (SPDC). The de-
tection of one photon by the trigger detector Dy heralds the
existence of the other one used in the protocol. The narrow
gate window of 4 ns for coincidence detection between these
two photons, along with the single-count rates of
~140 000 s~! at the detectors D, and D_, warrant that the
recorded data are due to single photons only. Type-1I SPDC
in 2-mm-thick B-barium borate (BBO) crystal, pumped by a
single-mode laser diode (402.5 nm, 10 mW) is used, emit-
ting pairs of orthogonally polarized photons at A=805 nm
(AN=6 nm). Filtering of the vertical polarization of trigger
photons by a polarizer, ensures that the protocol photon has
horizontal polarization initially. A half-wave plate (HWP))
transforms the qubit to the initial state 27V2(|H)+|V)).

For a fair comparison of the quantum protocols with the
classical ones, no heralded events are discarded, even if the
detection of the protocol photon failed. In such a case one
can still guess the value of 7, but with success rate of only
1/2. Therefore high detection efficiency of the heralded pho-
tons, i.e., high coincidence-to-single ratio for our setup, is
essential for an unambiguous demonstration of the superior-
ity of qubit-assisted protocol [10].

To minimize the cases with no detection of photons, the
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FIG. 2. (Color online) Histograms of measured quantum success
probabilities (a) for the task A and (b) for B. The bounds for opti-
mum classical protocols are displayed as well.

yield of heralded photons was maximized by adopting an
unbalanced SPDC scheme. We select a restricted spatial
mode with well-defined polarization of the trigger photons
by coupling them into single-mode fiber behind a polarizer,
whereas no spatial filtering is performed on the protocol pho-
tons. As a result, we observed =5000 trigger events per sec-
ond with =2400 coincident events per second of protocol
detections, i.e., an overall detection efficiency of =0.48,
close to the limit given by the detector efficiency of our
photodiodes (about 55%, for our operating wavelength).

The individual phase shifts of parties are implemented by
rotating 200-um-thick yttrium-vanadate (YVO,) birefrin-
gent crystals (C;) along their optic axis, oriented perpendicu-
larly to the beam. An additional YVO, crystal (Ccopp) com-
pensates dispersion effects. To analyze the polarization state
of photons in the desired basis, a half-wave plate (HWP,)
followed by polarizing beam splitter (PBS) is used.

The protocols were run many times, to obtain sufficient
statistics. Each run took about one second. It consisted of
generating a set of pseudorandom numbers obeying the spe-
cific distribution, subsequent setting of the corresponding
phase shifts, and opening detectors for a collection time win-
dow 7. The limitation of communicating one qubit per run
requires that only these runs, in which exactly one trigger
photon is detected during 7, are selected for the evaluation of
the probability of success P,,,,. To maximize the number of
such runs, n, the length of 7 was optimized to 200 us, as-
suming a Poissonian photon-number distribution of SPDC
photons.

In order to determine the probability of success from the
data acquired during the runs we have to distinguish the
following two cases. First, the heralded photon is detected,
which happens with probability 7, given by the coincidence-
to-single ratio. Then the answer e, can be based on the mea-
surement result. However, due to experimental imperfections
in the preparation of the initial state, the setting of the de-
sired phase shifts, and the polarization analysis, the answer is
correct only with a probability y, which must be compared
with the theoretical limits given by P, 4 and P,z for the tasks
A and B, respectively. Second, with the probability 1— 7 the
detection of the heralded photon fails. Forced to make a ran-
dom guess, the answer is correct in half of the cases. This
leads to an overall success probability P,,,,.=7ny+(1-7)0.5,
or a fidelity of F,,,=n(2y-1).

Due to a finite measurement sample, our experimental
results for the success probability are distributed around the
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value P, as shown in Fig. 2 for both tasks. The width of
the distribution is interpreted as the error in the experimental
success probability. For task A we obtain a quantum success
probability of P, ,=0.711£0.005. The bound P ,=5/8 for
the optimal classical protocol is violated by 17 standard de-
viations. For the task B we reached P,,, 5=0.669+0.003,
whereas the classical bound is P, z~0.582. The violation is
by 29 standard deviations [18]. Table I summarizes the rel-
evant experimental parameters n, 7, and y for both tasks.
In conclusion, we have proved and experimentally dem-
onstrated the superiority of quantum communication over its
classical counterpart for distributed computational tasks by
solving two examples of CCPs. For CCPs, where the input
from all the partners is required in order to obtain a nonran-
dom final result, the best classical fidelity goes exponentially
to 0 with increasing number of partners, N. In contrast, for
our single qubit protocols, fidelity is higher for all N, and
does not change with N. In our experiment we have reached
higher-than-classical performance in spite of all imperfec-
tions of state-of-the-art technologies. Thus, by successfully
performing a fair and real comparison with the best classical
scenario, we clearly illustrate the potential of the imple-
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TABLE 1. Experimental parameters

n n Y
Task A 6692 0.452+0.010 0.966+0.003
Task B 18169 0.471+0.006 0.858+0.004

mented scheme in real applications of multiparty quantum
communication. Most importantly, our method gives a ge-
neric prescription to simplify many multiparty quantum com-
munication protocols. For example, many-party secret-
sharing protocols, employing multiqubit GHZ states and
local operations only, can now be transformed to single-qubit
schemes, thereby significantly enhancing their applicability
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