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Synthesis of arbitrary Fock states via conditional measurement on beam splitters
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In a previous work [Opt. Commun. 138, 71 (1997)] a scheme was proposed to create traveling fields in the
Fock state [2/). Here we show how to extend this result to arbitrary Fock states. The procedure combines
one-photon states impinging on a sequence of distinct beam splitters, each one associated with a (zero detec-
tion) single-photon photodetector, with optimization of the success probability to get the desired state. Advan-

tages and disadvantages of this scheme are discussed.
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Many types of nonclassical states have been obtained in
laboratories in the last years; representative examples of
them being the squeezed state [1], the “Schrodinger’s cat”
state [2], the displaced single-photon Fock state [3], and the
state co|0)+c,|1) [4]. Various proposals to create arbitrary
and specific states, for trapped fields inside high-Q cavities
[5-8] and traveling fields [9-16], appeared in the literature.
To give some examples of specific states required for mea-
suring properties of other fields, we mention: (i) the recipro-
cal binomial state [17], required for the measurement of the
phase distribution P(6) of an arbitrary state [18], and for
quantum lithography [19]; (ii) the complementary coherent
state [20], to obtain the Husimi Q-function of arbitrary states
[21]; (iii) the polynomial state [22,23] to measure variances
of quadrature operators [21], all of them using the projection
synthesis scheme [18]; (iv) the vacuum squeezed state to
measure the phase distribution P(6) using the multiport
scheme, as investigated in [14,24]; (v) the coherent state, to
measure the coefficients of arbitrary states using the balanced
multiport technique [25]; etc.

Another important state studied in the literature is the
Fock state, a kind of “work horse” of quantum optics. It has
relevant potential applications on secure quantum communi-
cation [26], quantum cryptography [27], optimal capacity
coding in quantum channels [28], in high-precision quantum
interferometry [29], and in reconstruction of density opera-
tors [30]. However, its generation in laboratories is not
trivial, particularly for highly excited Fock states. This has
motivated proposals in this direction, for stationary [6] and
traveling fields [10,15,16]. In the later case an interesting
proposal is one by Steuernagel [10]. The scheme uses an
array of beam splitters with several input ports which are fed
with single-photon Fock states by conditional measurement
in all output ports, except for the last one, from which the
desired state emerges. The method assumes all beam splitters
(BS) with 50-50 transmission coefficients to generate the
family of Fock states |27), J=1, 2, 3, ... with maximum
success probability. While the scheme in [10] employs only
50-50 beam splitters, in our scheme below all BS have dis-
tinct transmission coefficients. So, in [10] the same BS can
be recycled whereas in our scheme this is not possible. In
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this regard [10] is much nicer than the idea presented here.
However, this later is better than that in [10] in respect to the
applicability: while our idea is applicable to arbitrary number
states, Ref. [10] only allows one to synthesize the number
states [27).

Our alternative scheme is inspired by that of Dakna et al.
[11] and is reminiscent of another one preparing a photon-
added state [31]. It generalizes the result found in Ref. [10]
for arbitrary Fock states |[N), N integer. To this end Fig. 1
stands for the first step of the entire arrangement [32].

In this figure the role played by the beam splitter (BS)
upon the input state [W);,=|1),|1),, results in the output state

|W)ou 1 =R, [¥);,, Where R; corresponds to the (unitary) op-
erator [33]
R, =expli6,(a'h, + ab))], (1)

in terms of the creation (annihilation) operators d'(4) and
BT(ZSI) for modes a and b,. Using Eq. (1) one obtains the
following transformations:

IélaTIéT=t1aAT+rll;T, IélbIIéJ{=rléT+tll;J{, (2)

and the application of the operator I%] upon the input state
|W),, leads to the output state

[V our_1 :1%1|1>a|1>b1 = A1071‘1%?&1b>‘-1é-1k|0>a|0>b1
= (1" + 1 b} (r@" + 1,6])[0),[0)s, (3)
where f;=cos(6,) and r;=i sin(#,) are the transmittance and

reflectance of the BS;, respectively. A Fock state is obtained
in the a-mode when an appropriate conditional measurement

FIG. 1. Schematical setup generating the Fock state |2).
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FIG. 2. Iterative procedure creating the Fock state |N) using
single Fock states in the a- and b;-modes, j=1, 2, 3, ...

is made, namely, when no photon is detected in the output
b,;-mode, as follows,

%) = )01 W) gy = r11(d@")*[0)s (4)

which corresponds to the (unnormalized) Fock state |2).

The same procedure is valid for the next step, when the
state |2) arrives at the BS2 in the a-mode with the state |1) in
the b, -mode, with no photon detected in the output b,-mode,
resulting in

T 2 Ny
) =, O[¥), = \f,—%%mon. (5)

Repeating this procedure N—1 times we obtain the arbitrary
Fock state |N)
)

N-1
)=, O =LA By
n=0 VLV -

X (@’ + 1,60)[0),l0),, (6)

where 1,=cos(6,) and r;=i sin(6,) are the transmittance and
reflectance of the kth BS, respectively. The result in Eq. (6)
corresponds to the arrangement displayed in Fig. 2.

Now, the success probability to get the Fock state |2) from
the state |1) is given by P‘2>=(¢(2)|¢(2)), resulting in Py
=2(1—tf)ﬁ,_which attains the maximum value P‘g’;a")=1/2
for t;=\1/2. The same calculation for the BS2 leads to
P‘(;’;ax)=4/ 9, with 1,=12/3. So, for the kth step the success
probability reads

Py = (k+ 1)(1 - )55, (7)

which attains the maximum value
k k
P(max) — (_) i 3
e T\ k41 ®
when we choose the transmission coefficient #; as

k 1/2
(k—l) : ©)

Hence, the total success probability P coming from the prod-
uct of those in all steps shown in Fig. 2 results in

N-1 N-1 k k N
P(max) — P(max) — |:<_> :| — _" 10
[Ny g [k+1) ;£[1 k+1 NV (10)

which coincides with the maximum success probability
found in Ref. [10]
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The present approach is a convenient adaptation of a pre-
vious one by Dakna et al. [11]. A comparison between them
shows that they have some analogies and some differences:
they are similar in the use of the same (array) configuration
of BS, with conditional measurements; they differ in the use
of distinct states impinging the a-mode in Fig. 2 (Ref. [11]
employs the vacuum state as the initial state whereas we
have employed a single-photon Fock state, which econo-
mizes one detector) and the use of BS with distinct transmit-
tances for the optimization of success probability to get the
state (in Ref. [11] the same transmittance for all BS is as-
sumed). In both cases ideal photodetectors (unity efficiency)
has been employed; recent technological advances have
achieved photodetectors with efficiency near 100% [34] im-
proving the fidelity of the state being created. In addition,
while in [11] it was verified that maximum success probabil-
ity to create the truncated coherent phase state is not substan-
tially affected when using either equal or different BS, here
we observe that this result is not true for the creation of Fock
states: for example, the maximum success probability to ob-
tain the state |2) results is 67% (20%) when using distinct
(identical) BS. This result remains valid for N=3, 4, 3, ....

Until now, we have assumed indistinguishable photons on
demand impinging on the input of all BS. The “observability
of two-photon interference effects naturally requires that two
single photons arriving at the two input ports of the beam
splitter be indistinguishable in terms of their pulsewidth,
bandwidth, polarization, carrier frequency, and arrival time
(time-jitter) at the beam splitter” [35]. This implies that the
spatial-temporal mode profiles of all the single photons that
are supposed to be added up have to be “identical”; other-
wise interference effects occurring at each BS are reduced or
even destroyed [36]. For example, if two distinguishable
photons impinge the BS they can behave independently and
the two-photon interference effect is reduced [32,37]. The
identity of wave packets also constitute a crucial requirement
in quantum information processing [38] and in quantum net-
working [39].

Nowdays, there exist stable sources on demand yielding
many single photons on the input ports of the many beam
splitters, e.g., using single quantum dots [40]; single mol-
ecules [41]; diamond colour centers [42]; atoms [43]; turn-
stile device [44]; and parametric down conversion schemes
[45]. However, to date, such sources are not able to attain
completely the mentioned photon properties. For example, in
single atom or quantum dot sources the pulsewidth and band-
width will not distinguish the interfering photons, but the
uncertainity in photon emission (fime-jitter) will. Also, while
various sources of distinguishability can be eliminated, the
inherent jitter in photon emission time remains as an un-
avoidable source of distinguishability [35]. The time delay
(time-jitter) associates a temporal phase to the interfering
photons (not a phase of the single photon state, which has no
definite phase [32]). This would constitute a problem affect-
ing all schemes (e.g., [8,10,11]) using many single photon
sources to create states of traveling fields.

To verify the robustness of our scheme against deleterious
effect of the time jitter, we analyze the reduction of fidelity
of the state created. In the presence of a temporal jitter €, in
the photon emission time a single photon state in the b-mode
is represented as [35]
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[y = | dof(w)eDT|0),, (I11)  results for e=0.

where f(w)=(7/ ) e~ (@=00 12 g the spectrum of the pho-
ton wave packet, with [f?dw=1. For clarity, we keep all
photons in the remaining modes as ideal and indistiguish-
able. So, the initial state |¢);,=|N),|1), in the last BS will be
written as

# 1 .
|¢>in= W f dw, - doyf(wy) - 'f(wN)dT(wl) o d' (wy)

X fdwN+lf(wN+1)eiewN+ll;T(wN+l)|O>a|0>b' (12)
Using Eq. (2), the commutation relation [d(w;),d"(w))]
=8(w;— w;) and assuming no detection events in the b-mode,
the output state in a-mode |$™*) = (0|4); collapses to

(N+1)\* RTN
M) :W dow, - doy, f()) - floy,)

X e NG () -+ a"(wpyy)]0). (13)

Setting the time jitter €=0 the success probability P
="(pN+D| VDY coincides with the result given by Eq. (7).
Equation (13) allows us to find the effect of time jitter upon
the fidelity. We obtain,
N .
KMl ™)1
F(e) = P =
(=11 T ®)I2I] 0y 112

k=1

(N+1)!

¥ (14)

H (ke(6/7)2/2 +1)
k=1

Figure 3 shows the plots of fidelity versus normalized time-

For an incoherently pumped quantum dot single photon
source the emission time-jitter is on the order of 1 107! s
and for a pulse width about 1X 107 s results the limiting
rate €/ 7=0.01 [35] which yields for our case fidelity greater
than 99%, as is evident in Fig. 3.

In conclusion, we have extended the results obtained in
Ref. [10], creating Fock states of kind [27), /=1, 2, 3, ..., to
arbitrary Fock states |N), N=1, 2, 3, .... In both cases the
maxima success probabilities to get a desired state coincide.
To obtain this extension we have employed a set of BS in
distinct configurations, with the BS having different trans-
mission coefficients 7;[cf. Eq. (9)]; they are all equal (50-50)
in Ref. [10]. Here it is worth stressing that all values ¢, re-
quired to generate a state |N) with maximum success prob-
ability do not change when one passes to the next step [N
+1), except for the additional Nth BS. It is worth stressing,
for comparison, that in a recent Rapid Communication [16]
the Fock state |5) was proposed via linear optical extraction
from coherent state with a success probability of 1071°%
(fidelity of 79%), whereas in our scheme it results are 4%
(100%). Finally, we have considered the effect of time jitter
upon the fidelity of our states being created. This (deleteri-
ous) effect depends on the generation scheme, on the type of
photon source employed, and the wanted state. It was shown
that, in our scheme a fidelity greater than 99% is achieved
using quantum dot sources to create Fock states (Fig. 3).
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