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Simple mean-field model for condensates in the BEC-BCS crossover regime
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We present a mean-field model to describe condensates in the BEC-BCS crossover regime based on pairs of
fermionic atoms. By introducing an effective potential, the mean-field equation allows us to calculate the
chemical potential, the equation of states, and the atomic correlation function. The results agree surprisingly
well with recent many-body calculations. We show that the smooth crossover from the bosonic mean-field
repulsion between molecules to the Fermi pressure among atoms is associated with the evolution of the atomic

correlation function.
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Recent studies on ultracold Fermi gases and molecular
condensates [1] address an intriguing topic, the crossover
from a Bose-Einstein condensate (BEC) of composite bosons
to a fermionic Bardeen-Cooper-Schrieffer superfluid (BEC-
BCS crossover) [2]. By magnetically tuning the interaction
strength near a Feshbach resonance [3], a molecular BEC can
be smoothly converted into a degenerate Fermi gas and vice
versa. Experimental [4—6] and theoretical research [7,8] into
the quantum gases in the crossover regime are highly active
and may provide insights into other strongly interacting
Fermi systems.

In contrast to weakly interacting atomic BECs, for which
a simple mean-field description based on the Gross-
Pitaevskii equation has been very successful [9], theoretical
models on fermionic condensates in the crossover regime are
generally very sophisticated and require expertise borrowed
from condensed matter theory. The difficulty in providing a
simple model for the fermionic system comes from, first, the
lack of a small expansion parameter. The full range of atomic
scattering length a should be taken into account. Second,
quantum many-body correlations are intrinsically more com-
plicated for fermionic systems than for bosonic ones.

The BEC-BCS crossover, however, suggests an alterna-
tive approach to model the strongly interacting system based
on composite bosons. This is possible since a Fermi gas in
the crossover regime constitutes the same quantum phase as
of a condensate of interacting pairs. Recent experiments on
the wave-function projection [5] and on the pairing gap [10]
also indicate that near the Feshbach resonance, a large frac-
tion of fermionic atoms are paired at low temperatures. From
these observations, we propose a mean-field model based on
a condensate of composite bosons to describe the atom pairs
in the crossover regime. This mean-field approach is rela-
tively simple and allows us to calculate the chemical poten-
tial, the equation of states and pair correlation in the cross-
over regime. Our results agree very well with other many-
body calculations. In particular, we find the chemical
potential in the unitarity limit is ~0.4357 times that in the
BCS limit, in excellent agreement with the recent quantum
Monte Carlo calculations of 0.42-0.44 [12,13].

We consider an ultracold gas of two-component fermionic
atoms. At low temperatures, only atoms in different internal
states can pair via s-wave interaction. For simplicity, we as-
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sume the interaction range is zero. In the absence of many-
body effects, the center-of-mass motion of an atom pair
\Ifo(l_é) is decoupled from the internal relative atomic motion
Yo(r)=vdmripy(7) with r=|r| the atomic separation. Given
the atomic scattering length a, (r) satisfies Schrodinger’s
equation,

h2
- —p(r) == Epih(r), (1)
m

and the boundary condition ,(0)=-ay;(0). Here m is the
atomic mass, 27# is Planck’s constant, and E,, is the molecu-
lar binding energy.

For positive scattering lengths a>0, the bound state is
described by (r)=(2/a)"?e™"* with E,=h*/(ma®). The
size of the molecule is given by (r)=a/2. For negative scat-
tering lengths a <0, the bound state does not exist and the
ground state energy is O.

Now consider a condensate of pairs with a density distri-
bution n(ls) in a slow-varying potential well V(Is). We intro-
duce the many-body wave function to include the condensate

of the bosonic pairs W(ﬁ):n(ﬁ)m as well as the internal
atomic correlation ¢(r). The mean-field equation for the
composite bosons is then

nVy  h2a; Nwr R
<_ 4mR - AV U)‘P(R)gb(r) =V (R)Y(r), (2)

0) == ad,i{0). 3)

Here p,, is the chemical potential, U=g|W(R)|? is the mean-
field interaction, and g is the interaction term.

In conventional approaches, ¢ is directly given by the
scattering length of the bosons. For molecules, however,
their interaction is determined by that of the constituent at-
oms. Recent four-body calculation shows that the molecular
interaction is effectively repulsive and the molecular scatter-
ing length is a,,=0.60a>0 [14].

This linear dependence can be understood with a simple
picture. Scattering with a repulsive interaction leads to a
scattering length proportional to the size of the scatterer. For

©2005 The American Physical Society


http://dx.doi.org/10.1103/PhysRevA.72.041601

CHENG CHIN

the molecules here, we expect a,,~(ry=a/2. From this pic-
ture, we hypothesize that the interaction term depends on the
atomic degrees of freedom as g=g(r)

To proceed, we consider a uniform gas with density

|W(R)|>=n=const. Equation (2) reduces to

ﬁ2
(— ;ﬂf + g(f)ﬂ) (r) = p YAr). 4)

To determine g(r), we consider the BEC limit (nafn< 1),
where the mean-field term can be treated perturbatively. That

is, the expectation value of U based on the bare molecular
wave function ¢(r) should yield the molecular mean field
shift 47rﬁ2amn/ 2m,
- 27hla,n
| vimgtomntrrar= 2T )
0

This equation can be satisfied for all small scattering
lengths when g(r) is given by a linear function

ﬁZ
gl =c_-r. (6)

where c=4ma,,/a=7.5 is a dimensionless constant.
Based on Egs. (3), (4), and (6), the pair wave function can
be solved as

W) = NAI( P Br = ¢y, 1E,), (7)

(0) == ad,y/0), (8)

where N is the normalization constant, Ai(x) is Airy’s Ai
function, and Ey,=A?n*3/m. Notice that Eq. (8) relates
chemical potential w,, to the scattering length a.

In the weak interaction limit 0<na?n< 1, the wave func-
tion i(r) obtained from Eq. (7) is identical to the unper-
turbed one y(r) for r<<n~"3. For r>n~"3, yd(r) is exponen-
tially smaller than ;(r) and approaches ~r‘1/4exp(—§r3/ 2),
This suppression for large atomic separation is expected
since the interaction energy increases when the pairs start
overlapping. As a consequence, the pair wave function ¢(r)
is compressed to a smaller size than that of a bare molecule.
Similar effect is also discussed in Ref. [15]

The distortion of the pair wave function can be character-
ized by an effective shift in the binding energy E,. In the
weak interaction limit, the shift can be defined as

” K25
J t/x"(r)(——’)eb(r)dr:—Eb[l+o(na3)]. )
0 m

The binding energy correction o(na?) is positive. This effect
is absent in the calculations for pointlike bosons [16] since it
comes from the internal degree of freedom. This result ex-
plains the augmentation of the molecular binding energy in
the BEC regime, reported in Ref. [10].

We extend the mean-field model to the crossover and the
BCS regime, where the atom pairs strongly overlap. Al-
though it becomes less clear if the mean-field approach can
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fully capture the Fermionic nature of the gas, our aim here is
to identify an effective potential that can best describe the
system in the BEC-BCS crossover regime.

In this regime, the four-body calculation of a,,=0.60a is
no longer valid, and we determine the mean-field interaction

U from the properties of the Fermi gas. First of all, in the
dilute gas limit, we still expect the interaction to be propor-

tional to the square of the bosonic field, U=g|W(R)|*=gn.
Secondly, we exploit the asymptotic behavior of the gas in
the weak coupling limit na®—0~, where the system ap-
proaches an ideal degenerate Fermi gas with the chemical
potential

, (672n) %2
lim w, =2Ep=—"", (10)
m

na>—0"

where Ep=#2k%/2m is the Fermi energy and kp=(67n)"" is
the Fermi wave number.

Assuming the interaction term ¢ depends on r, we find
that the above dependence on density u,,*n?*> can be satis-
fied only when g(r) is again linear in r. Taking the limit of
a=0" and assuming g(r)=c’'(A*/m)r, we can solve the
chemical potential from Eqs. (7) and (8) as u,,=ac'*’E,,
where —a=-2.338 is the first zero of the Ai(x) function.
Equating u,, to 2E yields ¢’ =67°a%>~16.56.

We first test the equation in the unitarity limit a==+%,
Fermi gases in this limit have been extensively studied, for
which a universal and fermionic behavior is expected [8]. To
model the system, we adopt the mean-field term that was
determined in the BCS limit, g(r)=c’(h*/m)r. The self-
consistency of this assumption will be checked in later para-
graphs. Given ¢'=67"a~>? and the boundary condition
d,4/(0)=0, we can solve the chemical potential from Egs. (7)
and (8) as wu,,/2=(a'/a@)Er=0.4357Er, where —a'=~
—1.019 is the first zero of the Ai’(x) function.

This result agrees very well with the recent quantum
Monte Carlo calculations that give u,,/2=0.44(1)Eg [12]
and 0.42(1)Eg [13], and the measurements [4,17], where the
uncertainties are larger. In the vicinity of the unitarity limit,
we have
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The success in the unitarity limit prompts us to extend the
above model to the BEC-BCS crossover regime. Using

g(r)=c'(h*/m)r, we rewrite Eqgs. (7) and (8) as

) :NAi(a‘”szr— a%) (12)
F

kea Ai(- au,,/2ER)

=— ) 13
a'’? Ai' (- ap,,/2ER) (13)

The chemical potential u,, calculated from Eq. (13) is
shown in Fig. 1. We see that u,, approaches 2E in the BCS
limit and —E,, in the BEC limit, as expected. In the crossover
regime, the values agree well with the Monte Carlo calcula-
tion from Ref. [13]. We can also evaluate the equation of
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FIG. 1. Chemical potential u,, in the crossover regime (solid
line). For large 1/kga, the chemical potential w,, approaches the
energy of the molecular state —E), (dotted line). The solid dots and
the open dots show the Monte Carlo calculations from Refs.
[12,13], respectively.

states u,,+E,«n?, where the exponent 7y plays a crucial role
in the collective excitation frequencies [9,18]. From Eq. (12)
and (13), we obtain

dl +E,
=M’ (14)
dlnn
2 ENY 207 kpaEd ul
=—(1+—b) (1+22+F“’” . (15)
3 Mo kFa +2EF/lu‘m

The exponent vy (see Fig. 2) shows that y=1 in the BEC
limit and y=2/3 in the BCS and unitarity limits. In the range
of 1 <kpa <o, y shows a dramatic variation. In the follow-
ing, we show that this variation is directly linked to the
crossover nature of the quantum gas.
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FIG. 2. Exponent 7y for the equation of states from the mean-
field calculation (solid line), the BCS calculation (dashed line) [19]
and the fit to the quantum Monte Carlo calculation (open circles)
[13,20]. The unitarity and BCS limit y=2/3 and the BEC limit y
=1 are shown in dotted lines.
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FIG. 3. (Color online) Pair wave functions in the crossover re-
gime. Wave functions (r) at kpa=1/2, kpa=2, and kpa==xo,
shown in solid lines, are calculated based on Egs. (12) and (13). In
the former two cases, the bare molecular wave functions #(r) (dot-
ted lines) are shown for comparison.

From Egq. (12), we calculate ¢(r) for kpa=1/2, 2, and +o,
shown in Fig. 3. For kra=1/2, we see very small deviation
of (r) from the bare molecular wave function (r). For
kra=2, (r) is clearly different from i;(r) with a higher
probability amplitude for r<k;1 and a lower amplitude for
r>kz'. This is the compression effect we discussed. In the
unitarity limit kga= £, the atomic pairing is fermionic since
bare molecules dissociate at this point. The mean atomic
separation of (r)=~2/kp=~0.5n"""3 suggests the size of the
pairs is about half of the mean molecular spacing. Note that
in our mean-field approach, ¢(r) is the condensate wave
function populated by all atom pairs, and should not be con-
fused with the wave function of the Cooper pairs.

The distortion of the wave functions is in association with
the BEC-BCS crossover phenomena. Given the mean-field

energy as (Uy=n(r), the evolution of the pair size from
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FIG. 4. Bound-free Franck-Condon factors F{K) of the pairs
for (from bottom to top) kpa=1/2, kpa=1, kpa=2, kga= = (uni-
tarity limit), and kpa=0~ (BCS limit, dotted line). The arrows mark
the peak positions K. In the inset, K is plotted as a function of
1/kga (solid line) together with the K. pk for bare molecules (dashed
line).

041601-3

RAPID COMMUNICATIONS



CHENG CHIN

(ryeca in the BEC regime to (ry>n~'3 in the unitarity limit
underlies the crossover nature of the interactions from the
bosonic mean-field repulsion (f]}ocna to the Fermi pressure

(Uyocn®3. This explains the variation of the exponent y in
Fig. 2.

The behavior of vy in Fig. 2 also shows that within the
crossover regime —1 < (kpa)~' <1, the system is closer to a
Fermi gas with y=2/3 than to a Bose condensate with
=1. Near the unitarity limit, y exactly equals to that in an
ideal Fermi gas. This result is consistent with many-body
calculations and self-consistently supports the use of g(r)
=612 a>(h?/m)r in the crossover regime.

The pair wave functions can be directly probed experi-
mentally by radio-frequency (rf) excitations as demonstrated
in Refs. [10,22]. In these experiments, rf photons excite the
bound pairs into another spin state in which no bound state
exists. The excited pairs then dissociate into free atoms. The-
oretical calculation based on bare molecules shows that the
excitation rate constant, or the bound-free Franck-Condon
factor F((K), reflects the pair wave function in the momen-
tum space [21],

2

J% sin(kr + &) y(r)dr| (16)

0

F(K)_l
P whk
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where K=#2k*/m, k, and & are the energy, relative wave
number, and the scattering phase shift of the outgoing atoms,
respectively.

To calculate Franck-Condon factors in the crossover re-
gime, we replace ¢(r) by ¥(r) and assume the atoms in the
outgoing channel do not interact 6=0. In Fig. 4, we show
that the Franck-Condon factors display a resonance structure
in the crossover regime. The location of the peak Franck-
Condon factor K, provides a sensitive measure of the
atomic correlation length. In the BEC regime, K, ap-
proaches %Eb>EF [21] and suggests that the atomic separa-
tion is small compared to the intermolecular distance. In the
crossover regime, K, approaches a small fraction of Eg. The
persistence of the resonance structure at unitarity and in the
BCS regime indicates the correlation of the atoms in momen-
tum space. This dependence is recently reported in [10,11]. A
quantitative comparison with the measurements, however,
must include the effects of the trapping potential and the
finite temperature [23]. These effects are outside the scope of
this paper.
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