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Experimental total cross sections for direct electron-impact ionization of the valence electron of several
Li-like ions are seen to follow a new ab initio scaling law which is inspired by a Coulomb-Born model and the
frozen-core Hartree-Fock approximation. The predictive character of this scaling law should be very useful to
experimentalists and can be used to complete data tables needed for plasma or astrophysical studies. A
single-parameter fit of the best available experimental data, once scaled, provides us with a single formula, for
moderately charged Li-like ions, which is more accurate than Lotz semiempirical formula.

DOI: 10.1103/PhysRevA.72.034701 PACS number�s�: 34.80.Kw

The electron-impact ionization of positive ions plays a
very important role in many areas of plasma physics. In par-
ticular, total cross sections �TCS’s� are needed for the diag-
nostics of high-temperature plasma occurring in fusion-
plasma devices like ITER. Measurements of TCS’s are
difficult and costly, particularly for highly charged ions be-
cause of the low target densities of ion beams when com-
pared to gas targets. Theoretical calculations are therefore
useful not only to understand ionization but also to comple-
ment experimental data and to design future experiments.
However, it is not always easy to state which theoretical
model should be chosen as they are based on different ap-
proaches and approximations. Thus, one of the most impor-
tant challenges in the field of electron-impact ionization of
ions is to develop a general theoretical framework within
which accurate cross sections for many ions can be com-
puted.

One way to complement experimental data is based on the
use of predictive semiempirical formulas, such as that pro-
posed by Lotz �1� or its variants �see the review in �2��,
which incorporate the correct behavior at high incident en-
ergy and possibly close to threshold. More recently, with the
aim of searching for universal TCS shapes, new semiempir-
ical formulas have been proposed �3,4�. They are built upon
the analysis of experimental data and the use of a fitting
procedure �empirically obtained parameters�.

An alternative method to predict cross sections relies on
the use of scaling laws for ions belonging to isoelectronic
sequences. Let Vion denote the ionization potential, X the
incident energy Ei in �Vion� units, and Z the ionicity of the
ion. For the ionization of H-like ions Thomson’s theoretical
classical approach �5� predicts that TCS’s scale according to
Vion

2 and that they depend only on X. Quantal Coulomb cal-
culations �6� have shown that, although the classical formula
may be very inaccurate, it has the merit of indicating that the
TCS’s, when multiplied by Vion

2 , are a function of X and vary
slowly with Z along the H-like sequence. This has been con-
firmed experimentally �3�. The Vion

2 scaling has been exten-
sively applied to other isoelectronic sequences �2�, and gen-
erally TCS’s follow the trend, although approximately.
Hence, it is often embedded in semiempirical formulas.

In this paper we question whether the Vion
2 scaling is suf-

ficiently appropriate for Li-like ions. Generally, for alkali-

metal-like ions, a scaling law is not obvious because of the
nonhydrogenic character of the targets. In a previous paper
�7�, we have made a systematic analysis for the direct ion-
ization �DI� of the valence electron of ions belonging to H-,
Li-, Na-, and K-like isoelectronic sequences. Within a non-
relativistic theoretical model, based on the use of frozen-core
Hartree-Fock �HF� bound wave functions and the Coulomb-
Born approximation �CBA�, we have identified an approxi-
mate scaling law for the triple-differential cross sections
�TDCS’s�. Unfortunately, no experimental data exist today to
confirm this predictive scaling. In recent years, however, sev-
eral experimental groups have measured absolute total-
ionization cross sections for H- and Li-like ions �and to a
lesser extent of Na- and K-like ions�. With further approxi-
mations, it is possible to extend our prediction and obtain—
for the ionization of the valence electrons of alkali-metal-like
ions—a new ab initio scaling law for TCS’s which differs
from that in Vion

2 . In this paper, rather than trying to justify
our CBA model �7�, we would like to show that the best
available experimental data for the DI of Li-like ions satisfy
quite well this new scaling law. As a consequence, a single
parameter Lotz-type fit of these data yields a single formula,
for moderately charged Li-like ions, which is more accurate
than Lotz semiempirical formula �1�. The latter has been, and
is, widely used by atomic and plasma physicists because of
its simplicity and, in many cases, remarkable predictions.

The electron-impact ionization of Li-like ions can occur
through both direct and indirect channels. While DI de-
scribes only part of the process, its accurate knowledge is
very important for atomic physicists, both experimentalists
and theoreticians. An accurate DI single formula can there-
fore be useful �i� as an improvement of Lotz formula when
excitation-autoionization �EA� is absent or at very high en-
ergies when elaborate calculations cannot be performed be-
cause of computational difficulties, �ii� as a possible tool for
collision experimentalists to normalize their relative TCS’s,
and �iii� as an accurate estimate of the DI background when
EA �or other indirect contributions� comes into play. Indeed,
the analysis and understanding of EA is very difficult both
from an experimental and theoretical points of view. Even
when EA is important, the estimate of the DI background is
useful since it allows, by subtraction from experimental
TCS’s, to isolate the contributions from indirect channel
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mechanisms. This has been done in many theory-experiment
papers on Li-like ions �e.g., �8–10��, where the subtracted DI
cross sections were estimated by the Lotz formula, by simple
theoretical calculations, or by experimental extrapolation.
The knowledge of DI cross sections is therefore useful to
study EA and, consequently, the total-ionization cross sec-
tions.

For H-like ions, the Vion’s of the 1s state �n=1� are given
by the exact quantal formula Vion=−�Z+1�2 /2n2 �atomic
units are used throughout unless otherwise specified�. For
alkali-metal-like ions, the Vion’s of the valence electrons
�ns ,n�2� do not obey the same exact formula because of
screening effects. However, for such ions, it is known that
the frozen-core HF approximation is well suited and can be
safely used to get the Vion’s. The latter can be reasonably
represented by a two-parameter fit �7�

Vion = −
z̃2

2ñ2 , �1�

where z̃ can be regarded as an effective charge and ñ as an
effective quantum number. For Li-like ions we have found
�7� z̃=Z+1+0.330 49 and ñ=1.989 92, the Vion for Z=1 be-
ing the worst reproduced by the fit. The frozen-core HF ap-
proximation �the closed shell is considered as a spectator�
can also be used for the wave function of the bound valence
electron �a�r�=Rnas�r�Y00�r̂�.

Consider now two ions, labeled N and M, belonging to
the same isoelectronic sequence and define the ratio

�NM = z̃�N�/z̃�M�. �2�

For H-like ions �ñ=1, z̃=Z+1�, we have

Rnas
�N����NM�−1r� = ��NM��Rnas

�M��r� , �3�

with �=3/2, na=1, and �NM = �Z�N�+1� / �Z�M�+1� is simply
the ratio of the nuclear charges of ions N and M. In �7� we
have shown that relation �3� also holds for alkali-metal-like
ions—though approximately—if one takes a different value
of � �this is another manifestation of screening effects in the
target ions�. For Li-like ions we have found �=1.678 21. The
fact that the ionization potentials and the bound wave func-
tions approximately satisfy the general relations �1� and �3�
has led us to investigate a possible scaling law for TDCS’s
corresponding to the ionization of sequences of ions.

There is clear evidence �see discussion and references in
�7�� that a CBA should be suitable for describing the ioniza-
tion of valence electrons of H-like and alkali-metal-like ions,
at least when the ionicity is sufficiently important and for
intermediate to high incident energies. As collision model we
have therefore considered �7� a nonrelativistic, first-order
perturbation theory and the CBA without exchange. The
ejected and scattered electrons are then treated on equal foot-
ing. The long-range Coulomb attraction in the initial �final�
channel due to the charge of the target �residual� ion is taken
into account by the description of the continuum electrons by
Coulomb wave functions corresponding to two constant ef-
fective charges obtained within the frozen-core HF approxi-
mation: one for the initial channel and one for the final chan-
nel �z̃�. The details of the short-range effects and the final-

state correlation between the two outgoing electrons are
ignored in the model. They may play a role for singly ionized
ions, but the effect should be progressively smaller relatively
to that of the strong Coulomb field as the ionicity of the ions
increases.

Provided the incident and ejected energies are properly
scaled, an approximate scaling law has been predicted for
ionization TDCS’s of the valence electron of isoelectronic
H-like and alkali-metal-like ions �see Eq. 25 of �7��. In the
case of H-like ions, the scaling factor ��NM�2�−9 becomes
��NM�−6. While the results for H-like ions may have been
expected �because Vion��Z+1�2�, we have observed �7� that
the scaling law is well verified also for calculated TDCS’s
for alkali-metal-like sequences �Li-, Na-, and K-like ions�,
the larger the ionicity the better since the long-range Cou-
lomb interactions are then dominant. In all cases the TDCS
for the singly charged ion is separated from those for higher
multiplicity which are closely bunched together.

The scaling law is not modified by integrating the TDCS
over the solid angles of the ejected or scattered electrons: it
therefore applies in exactly the same manner for the double-
and single-differential cross sections. For the TCS, one has to
further integrate over all possible ejected energies. Assuming
our model, with the two escaping electrons treated equally, to
be acceptable over the whole physical integration range, one
finds �7�

��N����NM�2Ei
�M�� � ��NM�2�−7��M��Ei

�M�� . �4�

For H-like ions, �=3/2, the scaling factor ��NM�−4 is in
agreement with Thomson’s classical scaling prediction in
Vion

2 �5�. For alkali-metal-like ions, our result goes further by
providing a law with modified ratios �NM and noninteger
powers. The approximate nature of the scaling �4� is related
to the fact that the bound wave functions do not obey Eq. �3�
exactly and to the choice of effective charges within the
CBA.

Let us now consider experimental data. The magnitude of
measured TCS’s for the ionization of H-like ions �3� de-
creases very rapidly for increasing ionicity, but the shapes
remain similar. Once scaled according to Thomson’s law
�i.e., multiplied by the factor ��NM�4� and plotted versus X,
the data are bunched together �3�. The data for the neutral
�H� and for the singly charged ion �He+� deviate from the
bunch because the screening of the incident electron is rela-
tively more important.

After a thorough bibliographic research, we found that
quite a few experimental papers have now been published on
the DI of Li-like ions. We have chosen to select the most
recent set for each ion—i.e., Be+ �11�, B2+ �12�, C3+ �8�, N4+

�9�, O5+ �9�, and Ne7+ �10� �previous measurements have
been reported; see the above references�. The selected un-
scaled cross sections are plotted �symbols� in Fig. 1 as a
function of X: similarly to the case of the H-like sequence the
TCS’s decrease very rapidly in magnitude with increasing
ionicity, but maintain the same shape. Since here we are
interested only in the DI of the valence electron �the domi-
nant ionization mechanism�, we have not included experi-
mental points for which other channels like the ionization of
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K-shell electrons or indirect ionization contribute.
To represent the experimental TCS’s on a linear graph

�Fig. 2�, we have scaled them according to the law �4�. The
first ion Be+ �M =1, Z�1�=1�—taken as the reference—is
plotted on an absolute scale. The raw experimental data
�symbols� for Z�N��1�N�1� are multiplied by the factor
��N1�−2�+7�1 where �N1 is given by Eq. �2�. The two
panels—shown with the same scale—correspond to two
choices of z̃ and �: �i� in the left panel �Thomson�, the data
are scaled with z̃=Z+1 and �=3/2 so that ��N1�−2�+7

= ��Z�N�+1� /2�4 which is Thomson’s scaling law; �ii� in the
right panel �present�, the same data are scaled with z̃=Z+1
+0.330 49 and �=1.678 21 so that ��N1�−2�+7= ��Z�N�+1
+0.330 49� /2.330 49�3.64358.

In the left panel we observe that, once scaled, the cross

sections have the same order of magnitude. In spite of the
error bars, however, the spread is quite important when com-
pared with the equivalent scaling of experimental TCS’s for
H-like ions �see Fig. 5 of �3��. Thomson scaling is therefore
seen to break down for Li-like ions.

In the right panel, the data appear quite differently. We
observe that the cross section for the singly charged ion
�Be+� is separated from the others �Z=2,3 ,4 ,5 ,7� which are
nicely bunched together. This indicates that the scaling law
�4�—with our values of z̃ and �—is adequate. The fact that
the data for Z=1 are isolated should not surprise as the same
has been observed for H-like ions �3�. Moreover, one should
not forget that the scaling is based on the CBA which is more
valid for highly charged ions �the same applies for H-like
ions �3��.

The experimental confirmation of our ab initio scaling
could be done only because of sufficient data being available
and to the latest measurement on C3+ �8�. Indeed, in the
measurements preceding it, the experiments did not allow for
the separation of ions 12C3+ and 16O4+ in the beam since
these two species have the same charge-to-mass ratio. This
weakness resulted in measured cross sections about 30%
lower than those of Ref. �8� which have been obtained with a
isotopically clean 13C3+.

From the observations made in the right panel of Fig. 2,
one is naturally led to predict that TCS for other Li-like ions,
once scaled �present�, would be placed in the same bunch. To
make this prediction practical, we have made a single-
parameter Lotz-type fit �1�

�scaled�10−18 cm2� = A
ln�X�

X
�5�

of all scaled experimental data with Z�1: we found A
=84.3. This fit is illustrated in the right panel of Fig. 2 by a
solid curve and yields therefore a single formula for electron-
impact ionization TCS’s of moderately charged Li-like ions
with Z�1.

With a reverse scaling, it is easy to predict the TCS for
other Li-like ions,

�unscaled�10−18 cm2� = A�N� ln�X�
X

, �6�

where A�N�=A��Z�N�+1+0.330 49� / �2+0.330 49��−3.64358

provides the coefficient A�N� for each ion labeled N. The
unscaled TCS’s for F6+, Na8+, Mg9+, and Al10+ predicted in
this way are shown in Fig. 1 with lines �there no experimen-
tal data on a broad range of X�. TCS’s fall rapidly for higher
ionicities and would be difficult to measure, but can be easily
estimated with the proposed formula. Note that, for Z�25,
relativistic effects come into play, and our scaling may break
down as it is based on a nonrelativistic model.

Let us now compare formula �6� with that of Lotz �1�. In
the case of Li-like ions, the latter is given by Eq. �6� with
ALotz

�N� =4.5�104/Vion
2 where Vion of ion N is expressed in eV

�1,2�. In Fig. 3 we show the ratio ALotz
�N� /A�N� as a function of

the ionicity Z. Although the orders of magnitude of A�N� and
ALotz

�N� are the same, we see that the prediction of TCS ampli-
tudes can vary up to 40%. Hence, the Lotz semiempirical

FIG. 1. Experimental TCSs for Li-like ions �Be+ �11�, B2+ �12�,
C3+ �8�, N4+ �9�, O5+ �9�, and Ne7+ �10�� as a function of X. The
TCS’s for F6+, Na8+, Mg9+, and Al10+, shown with lines, are esti-
mated through the single formula �6�.

FIG. 2. Scaled experimental TCS’s for Li-like ions. For reasons
of clarity, only one typical error bar is shown for each ion, except
for C3+ for which it is smaller than the size of the symbol. The data
for Be+ �Z=1� are shown on an absolute scale �solid circles plus
dotted line�. The data for other ions Z�1 �symbols� are scaled �see
text� according to Eg. �4�: in the left panel �Thomson� and in the
right panel �present�. The solid line in the right panel is the single
parameter Lotz-type fit �5� with A=84.3.
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formula will be sufficiently accurate for Z values around 6,
but will overestimate or underestimate the TCS amplitude for
smaller or larger values of Z. Experimental evidence indi-
cates that formula �6� for Li-like ions is seen to be more
accurate than the Lotz semiempirical formula.

We have carried out a similar analysis with the measured
cross sections for H-like ions �Z=2 �13�, Z=4,5 ,6 ,7 �3��
for which only DI is possible. As mentioned after Eq. �4�, in
this case, the scaling is just Thomson’s Vion

2 scaling. A single-
parameter Lotz-type fit �5� of the scaled data yields A
=14.4. Our predictive formula for unscaled H-like TCS’s is

therefore given by Eq. �6� with A�N�=A��Z�N�+1� /2�−4. The
Lotz semiempirical formula �1� predicts ALotz

�N� given by ex-
actly the same expression but with A=15.2—i.e., about 5%
more of the value obtained from the fit of the experimental
data. Hence, the Lotz formula is seen to be quite accurate for
H-like ions �see also �3��. Contrary to the Li-like case, the
ratio ALotz

�N� /A�N� is constant �see Fig. 3�.
We have also investigated the case of Na-like ions, though

the measured TCS’s are scarce and with quite large error
bars. Moreover, contributions of indirect ionization channels
intervene already at small values of X. As for Li-like ions,
Thomson’s Vion

2 scaling is seen to break down. According to
the z̃ and � values for Na-like ions �7�, the scaling factor is
given by ��N1�−2�+7= ��Z�N�+1+1.167 14� /3.167 14�3.46338.
Because of the lack of exploitable data, it is presently diffi-
cult �and would be inaccurate� to extract a meaningful value
of A for Eq. �5�. However, compared to the Li-like sequence,
we expect the ratio ALotz

�N� /A�N� to deviate even more from 1.
In conclusion, the best available experimental TCS’s for

direct electron-impact ionization of the valence electron of
several Li-like ions are seen to follow an ab initio scaling
law which is inspired by a CBA model and the use of the
frozen-core HF approximation �7�. The law can be used as a
predictive tool for unmeasured TCS’s. A single-parameter
Lotz-type fit of the scaled TCS’s has provided us with a
single formula, for moderately charged Li-like ions, which is
more accurate than Lotz semiempirical formula.
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