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The matrix element of a general many-body operator between two Slater determinants is calculated explic-
itly. For this, a split-and-pair method is introduced that provides a convenient expression of Wick’s theorem
and simplifies many-body calculations. The same method is used to determine the generating function of the
matrix elements of many-body operators. The split-and-pair method allows also for the diagonalization of the
density correlation operators :n(x,)- - -n(x):, where n(x)='(x)y(x) is the density operator. The relation be-
tween the split-and-pair method and quantum group theory is clarified.
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I. INTRODUCTION

Many-body calculations are often combinatorially com-
plex. One of the causes of this complexity is the fact that
Wick’s theorem [1] is stated in combinatorial terms (taking
all possible contractions). A new approach is introduced here
to simplify such calculations: the split-and-pair method. It
consists of two operations: the splitting of a normal product
into all its possible pairs of factors and the pairing of two
normal products u and v, which is simply (O|uv|0) (i.e., the
vacuum expectation value of the operator product of u# and
v). These two operations lead to a powerful expression of
Wick’s theorem because they replace its combinatorial struc-
ture by an algebraic structure.

Using the split-and-pair method, we first rederive a clas-
sical result: we calculate general matrix elements of the form
(K|O|L), where Oy is a k-body operator and |K) and |L) are
Slater determinants. Then the split-and-pair method is used
to derive two new results: (i) a closed expression for the
generating function of all matrix elements between |K) and
|L), which is useful in nonequilibrium many-body theory; (ii)
the eigenvalues and rank of the matrix obtained when Oy is a
k-body density operator :n(x;)---n(xy):;, with  n(x)
=y (x)y(x). This last result can be used to calculate the
k-point correlation function for a quantum system in a gen-
eral state.

The paper starts with a definition of normal products and
a description of how they can be split into two factors. The
pairing of two normal products is introduced and calculated
explicitly, and Wick’s theorem is written in terms of the split-
ting and the pairing. Several simple examples are treated, in
detail, to familiarize the reader with this new technique.
Then three calculations are carried out as mentioned in the
previous paragraph: (K|O,|L), the generating function and
the k-body density correlation function. Finally, the split-
and-pair method is linked to general algebraic concepts.

II. SPLITTING OF NORMAL PRODUCTS

In this section, we show that the normal products of cre-
ation and annihilation operators can be split into factors in a
useful way.
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A. Normal products

The creation and annihilation operators of an electron in
orbital i are denoted by blT and b;. We call B the set of linear
combinations of terms of the form u=bfl---bjmbjl---bjn for
m=0 and n=0. The term corresponding to n=m=0 is de-
noted by 1. All b anticommute with all 5] and all b; anti-
commute with all b it Thus, to define a basis of B we need to
choose a definite order for the operators. It is convenient to
choose the basis u:bjl---bjmbjl---bjn, where now i;<---
<i, and j;<---<j,. Such elements of 5 are said to be
normally ordered and they are called the monomials of 5.
The space B is convenient because Wick’s theorem tells us
that the product of operators can always be written in terms
of normally ordered elements, so that products of operators
are also defined in B. Apart from the operator product, we
can define now another product on B: the normal product. If
u and v are monomials of 5, the normal product of u and v
is written :uv: and it is calculated as follows: if u contains
only creation operators and v only annihilation operators
then :uv:=uv; otherwise, creation operators are brought to
the left of annihilation operators by assuming that creation
operators anticommute with annihilation operators. For ex-
ample, if u=b}b; and v=b], we have :uv:=:(b]b)(b]): =
—blTb,Tbk. The vector space B equipped with the normal prod-
uct is an algebra. Of course, 1 is the unit of this algebra.

We define now the parity of a monomial u of B. If u
:blT]-“blebjl- b , the parity of u is denoted by [u| and is 0
if n+m is even and 1 if n+m is odd. The parity is useful
because of the identity

ou: = (- 1)'”“”':uv:. (1)

B. The splitting

We saw that for two monomials # and v, we can define a
normal product :uv:. The trick that will be useful for explicit
calculations is that we can also split any monomial w of B
into two factors u and v such that :uv: =w. The splitting of w
into all possible pairs of monomial factors will be called the
coproduct of w.
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To define more precisely the coproduct, we denote by a
an operator that can be either an annihilation operator b; or a
creation operator bf for some i, or, more generally, a linear
combination of creation and annihilation operators: a
=E,~aibi+,8ib:f, where ¢; and 3; are complex numbers. In the
rest of the papers, all variables denoted by a,,a,, ... ,a, will
be such linear combinations.

For pedagogical reasons, we shall give three definitions of
the coproduct. The coproduct of u# will be denoted by Au.

1. Elementary definition of the coproduct

As mentioned in the Introduction, the coproduct of u is
the sum of all the ways to write u as a normal product of two
monomials. For instance, :a,a,: can be written as the normal
product of a; and a, or of a, and a, (but with a minus sign)
or of :aya,: and 1 or of 1 and :a;a,:. Therefore, we write

Agjaryy=a1Q@ay—ar,®a; +:a,a,: @ 1 +1 ® :a,a,:.
(2

The reader should not worry about the presence of the tensor
symbol ®, which could be considered as just a way to sepa-
rate the left-hand side of the product from its right-hand side
[2]. The minus sign in the second term of A:a,a,: is due to
the fact that :aa,: =—:a,a;:.

Similarly, 1 can only be written as :11:, thus Al=1®1, a
can only be written as :al: or :la:, so that Aa=a®1+1
®a.

If we now have u=:a, --a,:, let P, by any subset of
elements of the list {a;,...,a,}. There are 2" such subsets
(the empty set being allowed) so that k runs from 1 to 2". Let
vX be the normal product of the elements of P, and v be the
normal product of the elements of {a,, ... ,a,}, which are not
in P;. The coproduct of u is

on

Au=2, +vh @0k, (3)
k=1

where we replace v’l‘ by 1 if P, is the empty set and v§ by 1
if P is the full set {a,,...,a,} and where “*” is determined
so that u= = :vfvh:. For n=0 to 3, we have

Al=1®1,
Aa=a®1+1®a,
Aajar:=:a1a;: @ 1+ 1 ® :ajay: +a; Q@ ay—a, @ ay,

Aiajaraz: =:a1a005: ® 1+ 1 @ tajayas: + :a,ay: Q ay
—apas: @ ar +:aaz: @ a;+a; Q arasi—a,
R ajasz:+ a3 Q ajay:.

This definition of the coproduct is elementary, but it looks
very cumbersome. This will be improved with the second
definition, which is recursive. Before leaving this section, we
note that the coproduct was defined only for monomials. This
definition is extended to the whole vector space B by linear-
ity: if u and v are elements of 3 and \ is a complex number
then A(u+v)=Au+Av and A(Au)=NAu.
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2. Recursive definition of the coproduct

The first step is to find a nice notation for the coproduct of
a monomial of B. We shall write [3]

Au ZE U ® Ue)y.

Here u,y stands for iv’,‘, uy) stands for vé, the sum means a
sum over the subsets Py, but k is implicit. This notation en-
ables us to give a recursive definition of the coproduct as [4]

AGuv:) =, (- 1)|“<2)H”<1)‘:u(1)v(1): ® U@ () 4)

The meaning of this formula is the following: if you know
the coproduct of u and v to be Au=2u)®up, and Av
=2v(;)®V(), then the coproduct of :uv: is obtained by tak-
ing all terms u()®u(y) and v(;)®v(y) of each sum, set the
normal product of u(;y and v,y on the left of the tensor sym-
bol, and the normal product of ;) and v(,) on the right, and
multiply by the sign (=1)“@IP0l, where |u(,)| is the parity of
u() and |v(;)| the parity of v().

We can illustrate this rule with our favorite example. We
want to calculate A(:uv:), where u=a; and v=a,. We start
from Au=a;®1+1®a; and Av=a,®1+1®a,. Now we
mix them using Eq. (4). Take first the first term of Au, for
which uy=a, and u(;)=1, and the first term of Av, for which
vy=a, and vp=1; the product in Eq. (4) gives us
(=D)ltlel: g1a,: ® 1. If we repeat this for all terms of Au and
Av, we obtain

Aiayay: = (- 1)‘1“[12‘2611612: Q1+(- 1)‘1H1|a1 ® a,
+ (= D, @ g, + (= D)l @ :a,a,:.

Now we use the fact that |1|=0 and |a,|=|a,|=1 to conclude
that

A:alazt =laaj: ®1 +a; ® ay—dy ® a + 1® aas:.

The identity (4) is important because it is the basis of recur-
sive proofs. This second definition is very useful, but it is not
always explicit enough, therefore we give now the third defi-
nition in terms of permutations.

3. Definition in terms of permutations

A (p,n—p)-shuffle permutation is a permutation o of the
set {I,...,n} such that o(1)<---<o(p) and o(p+1)<---
< o(n). The name comes from the fact that if you have a
deck of n cards, p of them in the left hand and n—p in the
right hand, and if you shuffle these cards, then the shuffled
deck is a (p,n—p)-shuffle permutation of the original deck.
A precise definition of the coproduct of u=:a; --a,: can
now be given as

n—1

Au=u®1+l®u+zz(— 1)U3aa(1)"'ao(p)5

p=l o
® (1) Agin)’s (5)

where the sum over o is the sum over (p,n—p) shuffles and
(=1)7 is the signature of the permutation ¢. To simplify the
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notation, we consider that the first and second terms on the
right-hand side of Eq. (5) come from the (n,0) shuffle and
the (0,n) shuffle, respectively, and we write

Au= E (— 1)02610.(1) te a(,(p): ® :a(r(p+l) Ctg(n)s
o

where the sum is now over all shuffles. It must be stressed
that this definition is exactly equivalent to Eq. (3). Its main
advantage is that “*=” in Eq. (3) is now given explicitly.

After these painful definitions, the reader can relax be-
cause the rest of the paper uses only standard concepts of
many-body theory.

III. THE PAIRING

Up to now, we know only the normal product and the
coproduct. To do quantum calculations, we need to also cal-
culate the operator product, which is given by Wick’s theo-
rem in terms of normal products. To obtain a handy form of
Wick’s theorem, we define the pairing. If u and v are ele-
ments of 3, we can take their operator product uv. The pair-
ing of u and v, denoted by (u|v), is the vacuum expectation
value of uv. In other words,

(u|v) = (0|uv|0).

For example, from the standard results <0|b,»b}'|0>=5,-j and
(0|b;1;|0y=(0|b{b;|0)y=(0|p]b[0)=0, we obtain the pairings

(b)) =8, (blb) = b]lb) = Bb)=0. (6

More generally, Grosshans et al. [5] proved the following
important identity:

(ay - ay:la) - ay) = 8,,(- D" det(aa)), (7)

where (ai|ajf) denotes the matrix with matrix elements ob-
tained by taking the pairing of a; and a J' . The possible values
of (ai|ajf) are deduced from the values given in Eq. (6).
Equation (7) is extended to the case m=n=0 by (1|1)
=(0[1]0)=1.

For instance, we have

i Ou

Si O,

) = 6y0u — 06y (8)
ik 9

(:bib;:|:bib]:) =~ det(
This explicit expression will prove quite powerful for the
calculation of more general matrix elements. Note that be-
cause of Egs. (6) and (7), (u|v) is zero if u contains creation
operators or v annihilation operators.

The right-hand side of Eq. (7) involves a determinant. In
1772, Laplace derived the so-called Laplace identities, which
express the determinant of a matrix in terms of minors of this
matrix (see Refs. 6 and 7, p. 26, and Ref. 8, p. 93). The
Laplace identities take an elegant form in terms of the co-
product [4,5]

Cuviw) = 2 (= DEPO ) lwe). ©)

(ul:ow:) = 2 (= D@ [0) (), (10)

for any monomials u, v, and w of 5. Equation (9) is called
expansion by rows and Eq. (10) expansion by columns. Be-
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cause of its relations with the Laplace identities, Rota called
(u|v) the Laplace pairing. For example, using Egs. (9) and
(10) we can check that

(:bibj:|:bib:) = = (bi|b))(b,|b]) + (b)) (b)|b))
== 00 + 00k

and we recover Eq. (8).
Note that the definition of the Laplace pairing implies that
it is bilinear

(ulv +w) = (ulv) + (u|w), (u+v|w)=(ulw)+ @w),

(\ulv) = (u|\v) = Nulv).

IV. WICK’S THEOREM

We now have all the concepts we need and can write
Wick’s theorem as: if u and v are two elements of 53 with a
definite parity, then

uv =2 (= D0l lo):uppe):- (n

This formula is much easier to manipulate than the standard
form of Wick’s theorem where one must take all possible
contractions between u and v. The fact that Eq. (11) is
equivalent to Wick’s theorem was proved in [4,9]. It is useful
to get acquainted with this version of Wick’s theorem by
working out examples. The reader can check that

aa, = :a,a: + (a|a,),
(ayay:)as = a,aa5:— (a1|a3)a2 + (a2|a3)a1 s
ay(:a2a31) = :ayaza5: + (ai|ar)az — (aj]az)as,

(:aya2:)(asay:) = :a aya3a4:— (a)|as):azay: + (ay|ay):ayas:
+ (as)as):a,a4:— (ay|ay):a,a5:
+ (:a1a2:|:a3a4:).

We prove the simple case: from Wick’s theorem (11) and
from the coproduct of a; and a,, we have

ayay = (- 1)|ﬂ1\\“(1|1):a1a2: + (- 1)|”1||02|(1|a2):a11:
+ (= DIall(g,|1): 1ay: + (= DMl(a |ay):11:.

a; and a, are odd and 1 is even, moreover 1 is the unit
element; thus, we obtain

ayay = (1|1):a1a3:= (1]az)a; + (a|1ay + (ai|a)1.

Because of formula (7), the Laplace pairing is zero if both
sides do not contain the same number of creation and anni-
hilation operators. Thus, (1]a,)=(a;|1)=0, and we obtain
the desired result.

V. EXAMPLES

In this section, we shall become familiar with this tool by
calculating simples examples in detail. We first derive a use-
ful identity
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> (1|u(l))u(2)=2(u(])|l)u(2)=u, (12)

for any element u of 3. By linearity of the coproduct, it is
enough to consider an element u=:a,---a,:. The coproduct
of u is given by Eq. (5), which gives us

n—1

> (Huyuy = (1)1 + (11)u + > >

p=1 o
(_ 1)0(1 |:a0'(1) tt a(r(p):):aa(p+1) T Ag(n)-

Equation (7) tells us that (1]:a,),....d,(,):)=0 if p>0.
Therefore, the only nonzero term of the right hand side is
(1| 1)u=u, which proves the result.

A. Action of the number operator

We call N =2ibfbi the number operator and for any ele-
ment u of B we show that

Nu=:Nu: + N*(u)u, (13)

where N* counts the number of creation operators in u. We
first use Wick’s theorem (11) to write

Nu= 2 (— l)lN(z)Hu(l)‘(N(1)|M(1))ZN(2)M(2)Z.

From the definition of N and Eq. (2), we find that the co-
product of N is

AN=N®1+1@N+ 2 bl @ b;j— >, b;®@b!.

According to identity (7), (N(;)|u(;)) =0 for the first and third
terms because N(;y contains a creation operator. Thus, we are
left with

Nu= E (1 |Lt(1))ZNM(2)Z— E (— 1)‘”<1>‘(bi|u(1)):hju(z): .
From Eq. (12) we obtain Nu=:Nu: +F(u) with

Flu)= 2 2 (blug):b]uy:,

where we used the fact that, for (b;|u(;)) to be nonzero, u(,
must be a single creation operator so the parity of u() is 1
and (=1)M0l==1. We must now show that F(u)=N*(u)u.
This will be proved recursively. If N*(u)=0, u does not con-
tain creation operators, so that (b;|u(;))=0 and the identity is
proved. Now assume that it is satisfied up to N*(u)=k and
take u= :b;v:, with N*(v) =k, so that N*(«)=k+1. Using the
recursive definition of the coproduct, we have Au
=Z:b;v(1>: ®v(2)+2(—1)|”(1>|v(1)® :b;v(z): and

F(u) = 2 2 (bi|2b;U(l)I)2bjU(2)Z b |l) 1)) bTbTU(z)
i

Using identity (7), we see that the first term on the right-hand
side is nonzero only if v(;y=1 and i=j. We interchange blI
and b;f in the second term and get
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F(u) = :b;fv: + E > (bi|v(l)):b;'bj'v(2): = :b;fv: + :b_'/’-'F(v):,
1

where we used the definition of F. We can now use the
recursion hypothesis to conclude

F(u) = :bj-v: +J\/+(v):b;-rv: =N*(u)u.

The identity is now proved.

The foregoing proof is not really shorter than the proof
using standard methods, but it shows the main characteristics
of the new approach: calculations are more algebraic and less
combinatorial; general terms, such as u, are manipulated in-

stead of explicit terms, such as b;}'l~ . b[k

B. Matrix elements

If we call A the operator that counts the number of an-
nihiliation operator, a similar proof leads to the result

uN = :uN: + N~ (w)u = :Nu: + N~ (u)u. (14)

The fact that :uN: =: Nu: is showed using the parity equation
(1) and the fact that the parity of N is zero. This will enable
us to prove a classical but useful identity. Consider two states
|K)= b b} 10) and |L)= bT bT 10), so that N|K)
—m|K) and N|L> n|L) (the first term of Eq (13) being anni-
hilated by |0)).

We want to calculate (K|[N,u]|L). By acting on the state
vectors, we have

(K|[N,u]|L) = (K|Nu|L) — (K|uN|L) = (m — n){Klu|L).
On the other hand,
[N,u]=Nu—uN=[N*"(u) - N (u)]u.
Therefore
(KIINul|LY = (m = n)(K]u|L) = [N* () = N~ () KK]u|L).
(15)

We conclude that, if |K) and |L) have the same number of
particles (i.e., m=n) and if (K|u|L) # 0, then u must have as
many creation operators as annihilation operators. This result
is physically clear and will be useful in the sequel.

VI. APPLICATIONS

In this section, we give some applications of the present
approach to the calculation of matrix elements and generat-
ing functions. We consider matrix elements between two
states |K>=b§N, -*bj1|0) and |L)=bJTN~",b]T1|O>, where N is
the number of electrons in the system. We assume that the
indices are ordered as i;<---<iyand j; <--- <jy.

A. Matrix elements
We want to calculate the general matrix element

— Toopt .
AKL - <I(|bn1 bnkbml bmk|L>
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Set u=b; ,*+.b;, v=b] , ---,b., 5= bT
:bml,"',bmk. Now AKL
use Wick’s theorem (11) to write

stv= E (— 1)‘U“)‘(‘S(Z)MI(Z)D(ZSl2(1)|l)(1))2(2Sl‘l(z)v(z))I

— 2 (- 1)\v(l)Hf(z)|+|v(|)||t(2)\+\’(1)\\3(2)|

ka, and ¢

X (ZS(])[(])Z|U(]))1S(2)[(2)U(2)Z .
Therefore,

Agp = (u|(:st:)v)

=> (- 1)|U(1)||S(z)\+\v<1)Hf(z)|+|f(1)HS(z)|(:S(l)t(l):h)(l))
X(M|IS(2)I(2)U(2)I).

From identity (7), we know that s(;) cannot contain creation
operators and f;) cannot contain annihilation operators.
Therefore, s)=
pression becomes

AKL = 2 (— 1)‘U(I)HJH‘ZHsl(Z‘|U(1))(M|ISU(Q):) ,

t)=1, so that s =s and 7;)=¢ and the ex-

:E (- 1)|v(|)||S|+|f\|f\+\u(z)HS\
X (tlo ) (un)|$) (wep)lve), (16)

where we used the Laplace identity (10) to expand
(u] :sv(5)1). We rewrite v=(—1)N(N‘1)/2b]Tl...b;N SO

Au= 2 2 (1) o Pigy © Doy Pigeuy
p=0 o
Av=(- I)N(N—l)/ZE (1B bl @bl bl

Ja(1) JT( ) Tg+1) TN’

g=0 7

where o runs over the (p,N-p) shuffles and 7 over the
(g,N—q) shuffles. Equation (7) applied to (16) gives us p
=k and g=k so that [v(,)|=|s|=|r|=k, [u@)|=N-k and

(= 1)NO=D/24 Ntk (V=R N~k=1)72

Agr=

X (- 1)7de(8, ; )det(s;

oT

)det( 6 ),

()i rig)
(17)

where p and ¢ run from 1 to & in the first two matrices and
from k+1 to N in the last one.

The next transformation is first illustrated with the case
k=N-2. The last factor of Eq. (17) becomes det(d; o ))

=9 i S5 . =0 0; The permuta-
aN=1) T 7(N=1) TNy TNy D) =-1) T (N=1) T ()
tion 7is a (N-2,2) shuffle, so that j(y_1)<j.x). The & func-
tions of the second term give us io(n=jAn-1) <JAn)=lo(v-1)-
Thus i,y <igyn-1), but this is impossible because o is also a
(N—-2,2) shuffle so that i,y > i,(y-1). Therefore, the second
term is zero and det(d; e )) 5u'(N—l)’jT(N—l)éiu'(N)’jr(N)'
A similar result can be proved for any value of k:

The determinant of a nXn matrix a; is det(a)
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=2\ (DML, a; =2\ (= 1DMIL ay ), where N runs over the
permutations of n elements. Therefore, to calculate the last
determinant in Eq. (17), we must sum over all permutations
of 7k+1),...,7(N). By definition of the (k,N—k) shuffles,
we have iy <: <igw) and j )< <j, ) thus any
permutation of 7(k+1),...,7(N) would break this ordering
and the only nonzero term of det(5 /T(q)) is

. This gives us the followmg expres-

5ia-(k+1)’j Ar) 51'0(1\/)’-1' AN)

sion for Ag;:

Ay = (_ l)k k—l)/zz ( l)zr+rdet(

oT

)

T ()

N

V115

p=k+

Xdet(5 (18)

To(p) "y P p)’
where o and 7 run over the (k,N—k) shuffles. Equation (18)
is equivalent to the result obtained by Caianiello [10].

B. Generating function

In the nonequilibrium many-body theory of systems with
initial correlations [11-13], the generating function Z of the
Green’s functions is written as

Z =exp(- iH™)exp(- i7G° 1) Z,, (19)
where H™ is the interacting Hamiltonian (where fields are
replaced by functional derivatives with respect to the anti-
commuting external sources 7, 7), GO is the free Green’s
function and Z, is the generating function of the correlations
of the initial state of the system, before the interaction is
switched on. If the initial state is described by the density
, where |K) and |L) are N-particle
Slater determinants, then Z,=2% KLpLKN(,)Q, with

NL#@&&%%@%@+mﬁmmﬁﬂfam

In Eq. (20), N, is the generating function of the matrix
elements of the k-body operators and ¢{(x) is a field operator,
which can be expanded over the eigenstates ¢,(x) of the free
Hamiltonian

)= 2 b,e,(0), P =2 bie’(x)

and where 7(x) and 7(x) are anticommuting sources. In the
following, N9, will be calculated for the first time.

The importance of N%, comes from the fact that all matrix
elements can be obtained by functional derivatives with re-
spect to the sources. For instance, the matrix elements of the
density are given by

FNys

KLy @il = oS
7=

We can rewrite Ny, as
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Ny, = E <1<| (E f 7(x) @, (x)dxb,,

1=0 !!

1
+b; f (x) 7(x) ) :|L)

_S ik <Eab +bla )|L>,

1=0 !!

where @,= [ 7(x)@,(x)dx and @,=[¢,(x) 7(x)dx are anticom-
muting variables. To calculate N(,)(L, we first note that the
anticommutativity of b,, b+ a,, and a, for the normal prod-
uct glves us the commutation rules :ab;ab;: = ab ab;:,
:@bblay:=:blajab;:, and :blabla;:= babT " Thus,
we can expand the power with the blnomlal formula

-3t (1)

1=0 !0
x> <K|Z9;L'lan1

nypeng

2 E( >( 1)k+z<1—1>/22 an i, d, o a,

nk ”kl
=0 [Mizo \k -

b‘aa by, " @ bulL)

M g1 ey

<K|b nkbnk 1 'bn,|L>-
As we saw in Sec. V B, the transition between |K) and |L) is
zero if [# 2k or [>2N because |K) and |L) contain N elec-
trons. Thus, we obtain the finite sum

N
2}) k)2 E “nl"'“nkaml'”&mk
lll
<K|b*- " ml---bmk|L>. (21)

In the last term, we recognize the matrix element that we
calculated in Sec. VI A Therefore, we introduce Eq. (18) into
Eq. (21).

( 1)k(k+1)/2
2 ; S e OB iy
k=0 (k nyeny
O+T,
><2 1)77de(s,, ; det(§; )
N
XH (Slzr(p)’jr(p)' (22)
p=k+1
To calculate det(d ity )) we write
A - .
det(3), png) % (=1 8y iy Py
where N\ runs over the permutations of {I,...,k} and we

obtain
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> @,

my,...my

a,det(s, ; )=kl@

i) T Y

because the anticommutation of the variables «; and @; im-

plies that all permutations N give the same contribution.
Hence,

N(I)(L 2( l)k(k+l)/22( 1)(r+7'

k=0

><H

iy FigyHirry " Yy

rr(p REGN

Therefore, our final result is

N
Nip =2 (- ) (-1

k N
XH H fo(p) 1—[ Bigtpyi
p=1 p=k+1
N
_% E ( 1)U+TH ( JT(p) lu'(p) H é‘ig(]}),jf(p)’
oT ket

(23)

where we recall that o and 7 run over the (k,N—k) shuffles.
We see that the generating function is rather simple. In the

Appendix, we show that a still simpler formula can be ob-
tained for Ny, .

&
N(I)(L = CXP(E — )(ahah’ ,&,-NajN). (24)

. da,day,

C. Diagonal matrix elements

It is interesting to consider the case where |K)=|L). This
implies that ip=Jp for all p=1,...,N. We consider first the
diagonal elements of Ag;. According to Eq. (18), they are
given by

AKK= (_ 1)k(k—1)/22 (_ 1)o+7-

oT

)Ha

p =k+1

Xdet(d, )det( 5,~

Mpeiz(g) opylnp)’

The last product implies that o(p)=7(p) for p=k+1,...,N.
The (k,N-k) shuffles are entirely determined by their last
N—k values; thus, o=7 and we get

— (_ 1\k(k=1)72 :
Agg=(=1) E det(3, 5, )det(s, ).

where p and ¢ run from 1 to k and o runs over the (k,N
—k) shuffles. To simplify this expression, we consider the
case where an m, does not belong to the set {iy, ..., iy}, then
is zero for all ¢ and det(5,, lq(q)):O. Therefore, Agg

,my} is included in {i|, ..., iy}.

é\mzv’itT(q)

is zero unless the set {m,, ...
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If this condition is satisfied, there is a unique (k,N—k)
shuffle such that det(5, i ()) is not zero. To see this, con-

sider the permutation A of {1,...,k} that orders {m,,...,m}
(e, myq)y<---<myy). We also have i) <-- <iyy S0
the determinant is nonzero if and only if my =iy for g
=1,...,k. This fully determines the shuffle . For a general

ordering of {m,, ...,m;} we have 5m () IONZETO if and only

if p=\(g). To conclude, we use the fact that the product of
the determinant of two matrices is the determinant of the

matrix product [i.e., det(5 ) det(5; e )= det(5mp,,,q)]:
Agg = (= 1)kk=D2 det(8,, ,, ) if fmy....omid C i, .},
=0 otherwise. (25)

We now consider the diagonal matrix elements of the gen-
erating function N%L. The Kronecker & functions in Eq. (23)
yields o=7 and

k
S, )
o p=I1

N
Nix= 2
k=

0

N
=2 2 (@) (@),

k=0 jy<w-<Ji

where ji,...,J, are kK numbers taken in i;,...,iy. We recog-
nize here [14] the definition of the elementary symmetric
polynomials e, so that

INTIN

N
N(,)(Kzgek(c_tila,-l, 0 ).
k=0

The generating function for elementary symmetric polyno-
mials is well known [14]. Tt yields

N
N0KK= H (1 + &l’pal’p).
p=I1
Another expression can be obtained if we note that

N N
1n(]'[(1+ai a,.))=2 In(1+a a;)
el P p -l PP

)n+1

N o
= g g (aipaip)n'
The variables a and ¢; are fermionic, thus a —a =0 and
(apa )? —apa a i = -a; @; @ =0. Consequently, only

Y
the term n=1 remams in the sum and

N N
1n<H (] + C_Yipaip)> = z C_l’ipaip.

i=1

In other words,
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N
va42aa) (26)

p=1

The diagonal generating function N(,)(K arises when the initial
state of the system (without interaction) can be described by
a single Slater determinant. This is the situation met in stan-
dard many-body theory [15,16]. Equation (26) shows that, in
this case, Z, is the exponential of a term linear in the external
sources 7 and %. Thus, the free Green’s function G° is modi-
fied by adding Egzl o_z,-)aip, i.e., by filling all the orbitals up to
the Fermi energy. This is exactly the standard way to calcu-
late the free Green’s function in many-body theory. In other
words, the reasoning leading to Eq. (26) can be considered as
a complete proof of the standard electron-hole transormation
[15].

When the initial state is not described by a single Slater
determinant (i.e., for many-body theory with initial correla-
tions), the orbitals are not either full or empty and partial
occupation is allowed. The probability of hoppping between
two partially occupied orbitals is also required. All this in-
formation is contained in Zy=2X KLpLKN(I)Q, where the general

expression (24) must be used for N(,)Q. The logarithm of Z; is
no longer linear in the external sources [11,17-19]. This is
the main source of the complexity of the many-body theory
with initial correlations [11,20,21].

VII. DENSITY CORRELATION FUNCTIONS

The density operator is given by n(x)='(x)y(x), where
(x) is a field operator. The k-density correlation operator is

n*(xy, . xg) = () o n(xg):
= () Y () - lxy) (27)
A general N-particle state of the system can be described by
, where |K),

N-particle Slater determinants and where p;x is a positive
Hermitian matrix with unit trace. Thus, the k-density corre-
lation in state p can be calculated once we know the matrix
elements (K|n*(x,, ..., x;)|L). We are going to find the eigen-
values of this matrix. In this calculation, the power and el-
egance of the split-and-pair method will be clear.

A. General case

We can rewrite the operators n"(xl ,...,X) defined in Eq.
(27) as n*(x,, ..., x)=u'u, where u=y(x;)- - (x,).
We start with a proof of the important identity

(u'u)? = v = (ulu")u'u. (28)
We first use Wick’s theorem (11) to get
ut=2> (- 1)'“(2>"”51>‘(u<1>|u3'1)):umufz)

We interchange u,) and ”Zz) in the normal product, using Eq.
(1) and also use [uf})|+[uy|=|u’|=|u] to rewrite

uf=> (= 1)\”||“(2)\(u(1)|u31))uzz)u(z). (29)

The normal order symbols of :uzz)u(z): were removed be-
cause u(z) contains only creation operators and u,, annihila-

032720-7



CHRISTIAN BROUDER

tion operators, so that 3“22)“(2)3 =uz2)u(2). We multiply both

members of Eq. (29) by u" on the left and u on the right and
obtain

(W)= (- 1)‘”“"(2)l(”(1)|”(+1))’4+“(Tz>”(2)”-

Now we use the fact that uu=0 except when u;)=1. To see
this, we consider the coproduct of u given by Eq. (5)

k-1

Au=u®l+1Qu+ E E (- 1)U¢(Xa(k)) T ‘Mxo(pﬂ))

p=l o
® P(Xy(p) ** P(Xo1) -

If u(y) contains an operator ¢(x;), then u(,u=0 because (x;)
is also contained in u and ¢(x;)>=0. The only term of Au
where u(;) does not contain any operator y(x;) is the term
u® 1. Similarly, the only term of u*uzz) that is not zero is the
term u§2)= 1, so that u?l)=u. Therefore, the sum has only one
term and we obtain u'uu’u=(u|u")u'u, which is the desired
result.

From Eq. (28) we deduce that P=u'u/(u|u’) satisfies
P?=P. Moreover, P'=P because (u|u’)=(0|uu’|0) is real.
Therefore, P is a projection operator and the density operator
n(xy,...,x)=(u|u")P is proportional to a projection opera-
tor. As a projection operator, P has the only eigenvalues 0
and 1. The number of eigenvalues 1, which is also the rank
of P, is given by trP that we calculate now.

To obtain a finite result, we consider the projected density
of states, which is often used in physics and chemistry. So
we select a number M of orbitals ¢,(x), ..., ¢,(x) and define
projected fields

M
U, () = 2 @ (x)b;.
i=1

For instance, we can be interested in the density of d elec-
trons in a system, then M=10 and ¢,(x),..., @y (x) are the
spin-orbitals of the d shell. We also assume that the Slater
determinants |K) and |L) contain only these orbitals (plus
possible closed shells that are common to all |K) and |L), so
that the correlation functions concern only the valence elec-
trons). If the system contains N electrons chosen among the
M orbitals, there are (%) possible states |K).

If we sum over a complete set of states |J) and use Eq.
(28), we obtain

(Kl(u'w)*L) = 2 (Klu'ul7)(J|u'ulL)
J

= 2 (Klnf(xy, xS ox)|L)
J

= (u|u"){(K|uu|L) = )\;‘,(x], s Xp)
><<K|nf,(x1, e ,xk)|L>,

where

PHYSICAL REVIEW A 72, 032720 (2005)

)\f,(xl, e Xg) = (l/fp(xk) T llfp(xl)w’;(xl) T l//;(xk))-

F.I'Ol'l'l wp(-xk) e wp(-xl)= (_l)k(k_l)/zwp(xl) T ¢p(xk)7 Eq (7)
gives us

)\f;(xl’ e Xg) = det(wp(xi)w;(xj)),
with

M
(W, (x| (7)) = Ol () Y (:)|0) = 2 (ki) @, ().
n=1

The sum over the intermediate states |J) can be much re-
duced because the projected density correlation operators use
only the orbitals from 1 to M. The reasoning leading equa-
tion (15) shows that matrix elements with |J) can be nonzero
only if |J) is a N-body Slater determinant formed from the
orbitals ¢q,...,@y. In other words, the sum over J can be
restricted to the finite sum over the (%) states obtained by
choosing N electrons among the M orbitals.

We showed that nf)(xl ,...»Xg) s proportional to a projec-
tion operator. To know the number of nonzero eigenvalues of
nf,(xl ,...,Xz), we just have to calculate its trace. We expand
the field operators

2 <K|nf;(xls ?xk)|K>

K

tr[nf,(xl, cx)]

E Qoml(xk) T Qomk(xl)

nmy

X‘P:l(xl) QD:k(xk)E Akk-
K

According to Eq. (25), Aggx is nonzero if and only if
{my,....m}C{i;,...,iy}. This means that k elements of
{i;,...,iy} are fixed, and it remains to choose N—k elements
among M —k orbitals. In other words,

M-k
_ (_ 1\k(k=1)12
% AKK_ ( 1) (N— k )det((smp,nq)

M~k i i
= By, =+ b |y, o+ by
N-—k 1 K 3

Therefore,
M-k
N

—k )xf;(xl’ ’xk)a

tr[nf,(xl, X)) = (

and the rank of the projected density correlation operator is
M-k
(k) |

We can summarize our results as follows: the kth pro-
jected density correlation operator is a matrix of dimension
M) with two eigenvalues )\k(xl,... ,Xp) and 0, with multi-

P

icity (N-y) and ()= (37) i
plicity {y_;) and ;) =\;_, ), respectively. As a consequence,
there exists a unitary matrix Ug,(x,,...,x;) such that

M-k
(ve)
<K|nfr{)(x], cee ,X]()|L> = )\;cy(xl’ cee ,.Xk) 2 UKa(xh cee sxk)
a=1

XUza(Xl, ,xk). (30)
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B. Electron density

The simplest example is the case k=1, for which
M
)\,ﬂ(x) = E |<Pi(x)|2-
i=1

The nonzero eigenvalue of n,(x) is therefore the charge den-
sity of the closed valence shell. The reason that we have to
consider a projected density is now clear; if we take all pos-
sible orbitals (i.e., M=), we obtain )\]]](x)=5(0), which is
infinite.

We can illustrate this result with the case N=2 and M
=3. There are three Slater determinants for the two-particle
states: [1)={e1, @2}, [2)={¢|, @3}, and [3)={¢,, @3}, where
{®:i. @;} is the Slater determinant

{@i e} (x,y) = \’%[‘Pi(x)@j(y) - @(xX)e@i(y)].

From the result (18) for Ag;, we can calculate the projected
density matrix (K|n(x)|L)

e +leal*  eres - 0103
n=l oo lelP+lelr ee |,
- (P;‘Pl ¢;<P1 |‘Pz|2+ |<Ps|2

where we omitted the argument x for notational convenience.
It can be checked that nn=\n, with \=|¢;|*+|@,*+|¢5|*.

There is a one-parameter family of solutions for the uni-
tary matrix Uy, that diagonalizes n. A simple particular so-
lution is

1

Ug) = =~ 0,03, ¢ 02
VA (@l + 3%

<P2|2+ |<P3|2),

Ugy = == (¢,93,0).

/

V|‘P2|2+ |<P3|2

C. Density-density correlation

Let us consider now the density-density correlation
nlz,(x, v). According to the general result, this is )\ﬁ(x, y) times
a projection operator, where

2

No(x,y) = NN ,(y) -

M
> e ey)
n=1

Note that by Schwartz’ inequality )\ﬁ(x, y)=0 and that
)xi(x,y):O if and only if ¢,(x)=ag,(y) for all n. This is a
general result. The matrix Mij=(¢p(x,-)|lﬂ;(xj)) is positive
definite because for any complex numbers «; we have

S0, Ma;=(0"v)=(0["v[0)=[v[0)[>=0, where v
=E,~a,-t//;(x,-). Therefore, its determinant is positive and

)\]];(xl yee ,xk) =0.

Note that the structure of the density correlation function
given by Eq. (30) might be relevant to solve the ensemble
N-representability problem for the second-order mixed-state
density matrix [22].
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VIII. CONCLUSION

The split-and-pair method was introduced to express
Wick’s theorem and simplify many-body calculations. It was
used to calculate the matrix elements of many-body opera-
tors between two Slater determinants and to derive a com-
pact expression for the generating function of many-body
matrix elements. It provided an elegant determination of the
eigenvalues of the density correlation functions.

The reader might wonder why the splitting of a normal
product and the pairing of two normal products can lead to
Wick’s theorem and provide a powerful calculation tool. The
key to this mystery is the fact that many-body theory has the
structure of a quantum group. Quantum groups have been
used for some time in molecular spectroscopy (see Ref. 23
for a review and Ref. 24 for recent developments). They also
play a role in solid-state physics [25-28]. In particular, they
are the basic symmetry of the quantum-Hall effect [29,30].
These quantum groups are g deformations of Lie algebras.
Recently, it was observed that more general quantum groups
provide a powerful tool for many-body calculations in mo-
lecular and solid-state physics, as well as in quantum-field
theory [4,31,32]. In particular, it was shown that many-body
theory has a natural quantum group structure [4]. The co-
product that we defined is indeed the coproduct of the Hopf
algebra of normal products. The pairing (1|u) is the counit of
this algebra. The Laplace pairing is also called a co-
quasitriangular structure [33] because it is the dual of the
quasitriangular structure of a quantum group. Wick’s theo-
rem becomes an instance of the Drinfled twist of the comod-
ule algebra of normal products. The idea of using quantum
group concepts to write Wick’s theorem is due to Fauser
[34]. The quantum group structure was used to derive a gen-
eral expression for the time-ordered product of any number
of Wick polynomials in quantum-field theory [4]. The hidden
purpose of the present paper was to show that the quantum
group approach to many-body calculations can be introduced
at an elementary level without explicit reference to the con-
siderable conceptual apparatus of Hopf algebra.
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APPENDIX: ALTERNATIVE FORMULA

In this appendix, we are going to derive the alternative
formula for N%,. But we first need to be able to calculate
derivatives with respect to anticommuting variables.

1. Derivations of a;- - «,

We want to calculate
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.
Py Pk

where «; and B; are anticommuting variables. We first state
the Leibniz rule when u is the product of m «; and v the
product of any number of «;

(A1)

(@),

(A2)

Now we consider Eq. (A1) for k=1, and we use the Leibniz
rule (A2)

Nay -+ ) da
—~-1 - la o  —La
&Bl g( ) 1 D 1(731 p+l
. 3
o
=2 ()P lay e, e @,
= p P+ naﬂl
Ja (n)
=(= 112 (= D) Qe
loa ﬁBl

where the permutations o are such that o(l)<---<of(n
—1). The second line is obtained from the first line by noting
that da,/ 9B, is a commuting variable. At the next order we
have

(92(&] RN ) 1 ( (1) ” o’(n—l)) &a(r(n)
— = (-1 1)?
BB, = E - 9B B,

b}

aa’ro'(n 1) (9&’0.(”)

= -1« gy .
%( ) ( To(1) T0(n-2) &ﬁl aﬁz

Here 7 is a permutation of {c(1),...,0(n—2)} such that
(o(1))<---<7(o(n-2)). We extend 7 to a permutation 7’
of n numbers by 7' (o(i))=7(o(i)) for i different from n and
7' (0(n))=0(n). The signature of 7’ is the signature of 7. We
call ¢’ the composition of 7" and o

Pl a)
P16, _2,( D7 o)A DT g T P

o

Ja, ’(n 1) &a "
(7,32 |

where o' is a permutation of {1,...,n} such that o'(1)
<---<o'(n-2). A recursive argument gives us

T @) _ sy, (- 1ye
By Py o
y Ix(npi1)  Ig(n)
PPRSON ,
o(1) o(n—k) B, By

where the permutations o are such that o(1)<---<of(n
—k). For further application, it is useful to decompose the
permutations o as the product of a (n—k,k) shuffle ¢’ and a
permutation 7 of {¢’'(n—k+1),...,0"(n)}. Since the factors
00 5(y—i+i/ OB; commute we can rewrite this as
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TR
= (= DRI (D) ) )
By Py ol (1) (n—k)
aao’ n— &a(fﬂ
(n=k+1) (n) (A3)

B By
where o is a (n—k,k) shuffle and 7 is a permutation of
{1,...,k}.

2. Alternative formula for Ny,

With the above result, we can obtain an alternative ex-
pression

&
N(I)(L = eXp(E a >(ailajl o aiNajN) : (A4)

n day,da,

To get this result, we reorder the anticommuting variables
and we expand the exponential in (A4)

N(N-1)/2 T e ey,
Ny =(=1) 20 k,q s, )
~ (- 1)k(k+l)/2
=(- 1)N(N—l)/22 A E
k=0 k! ny...n
F & _
= ~ (ail.”aiNaj]”'ajN)'
o, - oy, day, - day,
Using now the Leibniz rule, we obtain
<o 1)k(k+l)/2+kN P
—1)/2 (
N2L= (- VD! E ! E — —
! ny..mg &anl ---é’ank
&
X(al.l . aiN)_o’ianl . &_a/nk(ajl ... ajN)'
We use now equation (A3) to expand the derivations
N (= 1)kt D/24kN
~1)/2 !
Ny = (- 1MODES, S B (1)
=0 k! ,
oo
v cee Y. . . T+7J
iy Yigney Yoy Yo vy 2 Z =1
g orr!
Xaaia(zvfkn) e io(N) dar Qv k) aaja’(/v)
&anm) &anT(k) z?anr, W (?a,,f,(k)
The functional derivative of ; , ~  with respect to «, , is
o' (N=k+i) 7' (i)
5j sy Thus, the last partial sum can be rewritten
7 oS
X= nzn 2 ( 1) a'(N k+l)”7(1) 5’0(1\1)»”7(/()
1 k 17
5j(r’(N—k+])’"r’(1) o 6j(r’(N)’nT’(k).
For each 7, we define m;=n;, so that n;=m1,.. If we

call p=7""7', we see that (- 1)™7 =(=1)? and the variable 7
disappears. Therefore, the sum becomes
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X=kl 2 2 (-1,

LNkt 1)1 LNy Mk
my...myg p

Oty ivssrrmoy " Oyt
Then we use the fact that i,y )<+ <iyy and
JorN-kr1) <" <Jo(n) to deduce that the only permutation p

which can give a nonzero result is the identity and

X =kl

iﬂ'(N—k+l)’j0"(N—k+l) o 5ia'(N)’ja"(N).

Finally, we reorder

Cyio’(l) o aia‘(ka)ajo"(l) o

—(_ \NRDWN-k-D25 = .
=(-1) oy ¥or )" Fotn-n For vty

a
Jo! (N=k)

and we obtain
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N N-k
! —
N?(L= 2 2 (=17 H YY)
k=0 ./ =1 ! P

oo P

5io'(N—l<+])’j(r’(N—k+l) o @tr(N)’jo"(N)’

which is indeed the expression for N%, found in Eq. (23),
once we replace k by N—k.

It must be admitted that the present derivation does not
share the elegance of the proofs using the split-and-pair
method. In fact, the split-and-pair method can be applied to
partial derivatives, and this yields a much shorter proof of
our last result [35]. However, the present proof was chosen
because it does not require the introduction of still more
concepts of quantum group theory.
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