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In this paper we investigate the resonance fluorescence, the squeezing, and the absorption spectra of a
laser-driven four-level atom consisting of three closely spaced upper levels decaying to a common lower level.
The three upper levels are coupled by the same vacuum modes to the lower level leading to spontaneously
generated coherence effects. High population inversion and extremely narrow emission lines are obtained with
moderate Rabi frequencies, which are a direct consequence of decay-induced interferences. The fluorescent
field is shown to exhibit two-mode squeezing in the in-phase quadrature. Squeezing in both quadratures
simultaneously at different frequencies is greatly enhanced when quantum interference is accounted for. We
also examine the absorption spectrum of a weak field and demonstrate that quantum interference can induce
two prominent and nearly transparent holes where the slope of the refractive index is very steep. This special
situation could allow the simultaneous propagation of two weak pulses with different frequencies, which could
be feasibly exploited towards the realization of the entanglement of two photons.
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I. INTRODUCTION

Spontaneous emission of excited atoms is one of the fun-
damental processes in the interaction of radiation and matter.
It is responsible for many important physical phenomena
such as quantum noise of an optoelectronic device and it
prevents the operation of a laser system at ultrashort wave-
lengths. For a long time one has desired to find an approach
by which spontaneous emission of an excited atomic system
can be depressed as much as possible or even canceled. La-
ser field induced quantum interferences have been proven to
be crucial in controlling the optical properties of an atomic
medium. Both stimulated processes such as light absorption
and refraction �1,2� and also spontaneous processes were
shown to be altered almost at will due to stimulated extra
indistinguishable quantum-mechanical pathways �3,4�. Sev-
eral theoretical proposals of atomic systems have appeared
where coupling to one or more coherent fields allows the
management of the optical properties �5�. Many interesting
phenomena, such as electromagnetically induced transpar-
ency �EIT� �6,7�, lasing without inversion �LWI� �8–11�, re-
fractive index enhancement without absorption �12–14�, and
giant nonlinearity �15–17� have been predicted and experi-
mentally demonstrated and have modified the way we look at
matter-radiation interactions.

The essential features of quantum interference processes
are adequately covered by the three-level approximation �the
so-called cascade, �, and V schemes�. More recently, there
has been considerable interest in coherent effects in multi-
level systems since the presence of additional levels in-
creases multifold the possibilities of interference phenomena
to exist �18–21�. Schmidt and Imamoglu �22� and Grangier
et al. �23� have proposed a four-level scheme in which giant
Kerr nonlinearities and photon blockade may be obtained.
Harris and Yamamoto and Harris and Hau have examined a
four-level scheme that will absorb two photons but not one
�24�. The experimental verification of this prediction has
been carried out recently in a four-level atom using cold Rb
atoms by Yan et al. �25�. Dark resonance switching among

three-laser interactions in a four-level system has been ob-
served by Ham and Hemmer �26� in rare-earth doped solids
with applications to subpicosecond optical switches �27�.
Other works include studies of coherent effects such as fre-
quency up conversion �28� and the possibility of enhancing
cross-phase modulation in such schemes �29�. In these sys-
tems, with an additional fourth atomic level in comparison to
a �- or a V-type system, one of the ground levels undergoes
an ac-Stark shift which disturbs the EIT resonance condition
and can induce nonlinearities while keeping absorption neg-
ligible. The studies have predicted the ability to achieve an
appreciable nonlinear phase shift using optical fields in the N
configuration. It is worth mentioning that Lukin et al. �30�
have recently proposed a mechanism to entangle two pho-
tons in an EIT medium based on obtaining slow photons at
different frequencies. Since the EIT created in � or V atoms
only provides the steep dispersion near the resonant fre-
quency, sophisticated schemes are proposed to obtain slow
photons at different frequencies �30–32�. For example, Lukin
et al. �30� suggested the use of two species of atoms to
obtain the matching of the group velocities of the interacting
photons. Wang et al. �31� proposed the simultaneous use of
two driving fields of different angular frequencies to slow
down the photons, while Petrosyan and Kurizki �32� consid-
ered an N-type atom in a doped photonic band gap which
allows the creation of entangled two-photon states. Here we
show that EIT in a four level atom driven by a very weak
field may be used to slow down photons at different frequen-
cies when vacuum induced coherence is considered.

In some of the above-mentioned processes it is crucial to
have at least three laser pulses to create the necessary coher-
ences. However, coherence can be created and preserved via
internal processes of the system, therefore requiring no cou-
pling laser fields. In an early study, Agarwal �33� showed that
an initially excited degenerate V-type three-level atom may
not decay to its ground level due to the cancellation of spon-
taneous emission by quantum interference between the
atomic transitions. If the two upper levels are very close and
damped by the usual vacuum interactions, spontaneous emis-
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sion cancellation can take place �34–37�, which offers the
possibility to trap population in the excited levels when some
particular conditions hold �34–39�. Quantum interference be-
tween the two transition channels connecting the ground
level is responsible for many interesting effects, such as nar-
row resonances and probe transparency �40–42�, dark spec-
tral lines �37,43�, phase-dependent line shapes �44,45�, gain
features on dark transitions �46�, vacuum-induced optical bi-
stability �47,48�, superradiance �49�, gain without population
inversion �50�, among others.

In this paper we consider a four-level atom, where three
closely lying levels are coupled via a single driving laser to a
common lower state. In addition, we assume that the upper
three levels interact with the same vacuum modes to decay to
the ground level. The presence of three possibilities of arriv-
ing at the ground state from the excited levels can give rise
to strong interference effects in the spectral correlation of the
pairs of emitted photons. The same four-level atomic scheme
used in the present work, was previously studied by Joshi et
al. �51�. They analyzed the effect of spontaneously generated
coherence on the spontaneous decay of population in the
absence of driving fields, and they found that suppression of
spontaneous decay becomes more significant as the number
of upper levels participating in the spontaneous emission in-
creases. The purpose of this work is twofold. First, we focus
our attention on the influence of vacuum induced coherence
on the resonance fluorescence spectrum and the squeezing
spectrum. Second, we study the possibility of employing
such a system to slow down light, which is attracting broad
interest in view of its potentially impressive applications to
quantum memories �52�. The most remarkable effect, which
does not occur in the three-level V system, is that in the
present scheme, a double transparency holes with adjustable
frequencies in the absorption spectrum appear. In addition, a
steeper dispersion occurs at these transparency windows. For
suitable and controllable external parameters, the spectrum
can be symmetrical, leading to the same group velocity at
two different frequencies, so this atomic system can support
the propagation of two weak pulses with the same group
velocity at different central frequencies with the advantage
that a single driving field of very weak intensity is required.

The paper is organized as follows: Section II establishes
the model, i.e., the Hamiltonian of the system and the evo-
lution equation of the atomic operators assuming the rotating
wave approximation. Section III is devoted to present the
numerical results and to discuss the effect of quantum inter-
ference on the population dynamics, the resonance fluores-
cence, the squeezing and the absorption spectra. Finally, Sec.
IV summarizes the conclusions.

II. ATOMIC MODEL AND DENSITY-MATRIX EQUATIONS

We consider a four-level atom as shown in Fig. 1. It has
three upper levels �4�, �3�, and �2�, which are coupled by the
same vacuum modes to the lower level �1�. The spontaneous
decay rates from the excited atomic levels �4�, �3�, and �2� to
the ground level �1� are labeled as �4, �3, and �2, respec-
tively. A coherent field is set to couple �1� to the three upper
levels by choosing a frequency �L midway to the three-upper
levels,

E� =
1

2
E� 0e−i�Lt + c.c., �2.1�

E� 0 being the amplitude of the slowly varying field envelope.
The resonant frequencies between the upper levels �4�, �3�,
�2� and the ground level �1� are �41, �31, and �21, respec-
tively. Note that �i1−� j1=�ij, �ij�i� j�1� being the fre-
quency separation of the excited levels �i� and �j�. The
Hamiltonian of the system in the rotating wave approxima-
tion is given by �3,33�

H = ��
m=1

4

�m�mm + ��
k�

�k�bk�
† bk� − ���

m=2

4

�
k�

gmk�m1bk�

+ H.c.	 − ���
m=2

4

�me−i�Lt�m1 + H.c.	 , �2.2�

where �mn= �m�
n� are the usual Pauli matrices, ��m are the
energies of the atomic levels, and bk� �bk�

† � is the annihilation
�creation� operator of the kth mode of the vacuum field with
polarization e�k� ��=1,2� and angular frequency �k�. The
parameter gmk is the coupling constant of the atomic transi-
tion �m�→ �1� with the electromagnetic vacuum mode

gmk =� �k�

2�	0V
�
� 1m · e�k�� , �2.3�

where 
� 1m is the dipolar moment of the transition, which is

assumed to be real, and �m=
� 1m ·E� 0 / �2�� is the Rabi fre-
quency of the transition �m�→ �1�. The system is studied us-
ing the density-matrix formalism. By following the tradi-
tional approach of Weisskopf and Wigner �3,33�, the
equation of motion for the reduced density matrix in the
interaction picture reads as

d�

dt
= −

i

�
�Hext,�� +

1

2
L� , �2.4�

where Hext is the Hamiltonian and L is the Liouvillian of the
system, which are given by

FIG. 1. A four-level atom driven by a single-mode laser of an-
gular frequency �L. �4, �3, and �2 are the decay rates from the
excited states �4�, �3�, and �2�, to the ground level �1�, respectively.
�i are the detunings of the driving field with the states �i�
�i=2,3 ,4�.
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Hext = ��
m=2

4

�m�mm + ��
m=2

4

��m�m1 + H.c.� , �2.5�

L = �4�2�14��41 − �44� − ��44� + �3�2�13��31 − �33�

− ��33� + �2�2�12��21 − �22� − ��22� + �42�2�14��21

− �24� − ��24� + �42�2�12��41 − �42� − ��42�

+ �43�2�14��31 − �34� − ��34� + �43�2�13��41 − �43�

− ��43� + �32�2�13��21 − �23� − ��23� + �32�2�12��31

− �32� − ��32� , �2.6�

� j =� j1−�L, �j=2,3 ,4� being the detunings of the field from
the optical transitions and � j �j=2,3 ,4� are the decay rates
of the upper levels �j� to the ground level �1�. The coeffi-
cients �ij are given by

�ij =
��i� j

2
pij, �j = 2,3,4� , �2.7�

where pij = pji=
� 1i ·
� 1j / �
� 1i��
� 1j� denotes the alignment of
the dipole moment matrix elements 
� 1i and 
� 1j. These damp-
ing terms, which are of central importance in this work, arise
if quantum interference from spontaneous emission channels
from the closely spaced levels are involved. The interference
of the three decay processes among themselves are governed
by the pij terms. pij =0 corresponds to the case with no in-
terference whereas pij =1 stands for maximum interference
between the spontaneous emissions from �i�→ �1� and �j�
→ �1�. The time evolution for the density-matrix elements in
the rotating frame take the form

��44

�t
= − �4�44 − �43��34 + �43� − �42��24 + �42�

− i�4��14 − �41� ,

��33

�t
= − �3�33 − �32��32 + �23� − �43��43 + �34�

− i�3��13 − �31� ,

��22

�t
= − �2�22 − �42��42 + �24� − �23��32 + �23�

− i�2��12 − �21� ,

��41

�t
= − ��4

2
+ i�4�41 − �43�31 − �42�21 + i�4��44 − �11�

+ i�3�43 + i�2�42,

��42

�t
= − ��2 + �4

2
+ i�42�42 − �23�43 − �43�32

− �42��22 + �44� + i�2�41 − i�4�12,

��43

�t
= − ��3 + �4

2
+ i�43�43 − �32�42 − �42�23

− �34��33 + �44� + i�3�41 − i�4�13,

��32

�t
= − ��2 + �3

2
+ i�32�32 − �42�34 − �43�42

− �32��22 + �33� + i�2�31 − i�3�12,

��21

�t
= − ��2

2
+ i�2�21 − p42�42�41 − p32�32�31

+ i�2��22 − �11� + i�4�24 + i�3�23,

��31

�t
= − ��3

2
+ i�3�31 − �32�21 − �43�41 + i�3��33 − �11�

+ i�2�32 + i�4�34. �2.8�

When arriving at Eq. �2.8�, we have used the normalization
condition �44+�33+�22+�11=1 for a closed system. We de-

fine the vector B� �t� given by

B� �t� = �
�41�t��,
�14�t��,
�42�t��,
�24�t��,
�43�t��,
�34�t��,


�31�t��,
�13�t��,
�21�t��,
�12�t��,
�32�t��,


�23�t��,
�44�t��,
�33�t��,
�22�t���T, �2.9�

thus the equation of motion �2.8� can be written in matrix
form:

dB� �t�
dt

= L0B� + C� , �2.10�

L0 being a 1515 matrix whose explicit expression can be
easily derived out from the homogeneous part of Eq. �2.8�
and the inhomogeneous term C� in Eq. �2.10� is a column
vector whose nonzero components are C1= i�4, C2=−i�4,
C7= i�3, C8=−i�3, C9= i�2, and C10=−i�2.

We proceed to analyze the role of quantum interference
on the resonance fluorescence spectrum �RFS�. It is well
known that this spectrum is proportional to the Fourier trans-
formation of the steady-state correlation function
limt→�
E−�r ,�+ t�E+�r , t�� �3�, where E−�r , t� /E+�r , t� is the
negative/positive frequency part of the radiation field in the
far zone. The radiation field consists of a free-field operator
and a source-field operator that is proportional to the atomic
polarization operator. Therefore the RFS can be expressed in
terms of the atomic correlation function,

S��� = Re��
0

�

lim
t→�


D+�� + t�D−�t��e−i��d�	 , �2.11�

where Re denotes the real part and D±�t� is the atomic po-
larization operator,

D+�t� = 
� 14�41�t� + 
� 13�31�t� + 
� 12�21�t� , �2.12�

D−�t� = 
� 14�14�t� + 
� 13�13�t� + 
� 12�12�t� . �2.13�
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In the following analysis, we abbreviate �−�L by �, but
we should interpret � as a frequency measured relative to the
laser frequency �L. We are only interested in the incoherent
part of the RFS, Sinc���, which is given by

Sinc��� = Re��
0

�

lim
t→�


�D+�� + t��D−�t��e−i��d�	 ,

�2.14�

where �D±���=D±���− 
D±���� stands for the deviation of
the dipole polarization operator from its mean steady-state
value,

Sinc��� = Re��
0

�

�
14
2 
��41�����14�0��

+ 
� 14 · 
� 13
��41�����13�0��

+ 
� 14 · 
� 12
��41�����12�0��

+ 
13
2 
��31�����13�0��

+ 
� 13 · 
� 14
��31�����14�0��

+ 
� 13 · 
� 12
��31�����12�0��

+ 
12
2 
��21�����12�0��

+ 
� 12 · 
� 14
��21�����14�0��

+ 
� 12 · 
� 13
��21�����13�0���e−i��d� .

�2.15�

The two-time correlation functions are calculated in the Ap-
pendix where the final form of the spectrum is provided.

Based in the Bloch equations �2.8� we may also compute
the squeezing spectrum. For this purpose, the operator of the
electric field at the observation point r� is required. We intro-
duce a slowly varying electric-field operator with phase � as

E� ��r�,t� =
1

2
E� �

+�r�,t�ei��Lt+�� +
1

2
E� �

−�r�,t�e−i��Lt+��

= E� 1�r�,t�cos � + E� 2�r�,t�sin � , �2.16�

where

E� 1�r�,t� =
1

2
E� �

+�r�,t�ei�Lt +
1

2
E� �

−�r�,t�e−i�Lt, �2.17�

E� 2�r�,t� =
i

2
E� �

+�r�,t�ei�Lt −
i

2
E� �

−�r�,t�e−i�Lt �2.18�

are the in-phase and out-of-phase quadratures of the fluores-
cent field relative to the coherent driving field, respectively.

Since we are considering a nearly degenerate atomic sys-
tem, we could assume that �43��32. Thus by considering
the observation direction to be perpendicular to the atomic
dipole moments �
� 14, 
� 13, and 
� 12�, the positive frequency
part of the fluorescent field at the detector position takes the
form �5�

E� �
+�r�,t� = f�r��
� 14�14�t�� + 
� 13�13�t�� + 
� 12�12�t���e−i�Lt�,

�2.19�

where f�r�=�31
2 /c2r, and t�= t−r /c.

The normally ordered squeezing spectrum of the fluores-

cence of the electric-field quadrature component E� � can be
expressed as �55,56�


:S��r�,t,��:� =
1

2�
�

−�

�

d�e−i��
:E� ��r�,t�,E� ��r�,t + ��:� ,

�2.20�

where 
A ,B�= 
A .B�− 
A�
B�. Inserting the positive and
negative parts of the fluorescent field given by Eq. �2.19�
into Eq. �2.20�, we can express the squeezing spectrum in
terms of the two-time correlations of the atomic transition
operators in the following form:


:S��r�,t,��:� =
f�r�2

4�
Re �

−�

�

d�ei����
12
2 
�12�t + ��,�12�t�� + 
� 12 · 
� 14
�12�t + ��,�14�t�� + 
� 12 · 
� 13
�12�t + ��,�13�t��

+ 
� 13 · 
� 14
�13�t + ��,�14�t�� + 
13
2 
�13�t + ��,�13�t�� + 
� 13 · 
� 12
�13�t + ��,�12�t�� + 
14

2 
�14�t + ��,�14�t��

+ 
� 14 · 
� 13
�14�t + ��,�13�t�� + 
� 14 · 
� 12
�14�t + ��,�12�t���ei�2�+�Lr/c� + 
14
2 
�41�t + ��,�14�t��

+ 
� 14 · 
� 13
�41�t + ��,�13�t�� + 
� 14 · 
� 12
�41�t + ��,�12�t�� + 
� 13 · 
� 14
�31�t + ��,�14�t�� + 
13
2 
�31�t + ��,�13�t��

+ 
� 13 · 
� 12
�31�t + ��,�12�t�� + 
� 12 · 
� 14
�21�t + ��,�14�t�� + 
� 12 · 
� 13
�21�t + ��,�13�t�� + 
12
2 
�21�t + ��,�12�t��� .

�2.21�

In order to evaluate numerically the squeezing spectrum, one
needs to know the atomic two-time correlation functions ap-
pearing in Eq. �2.21�. This can be accomplished by invoking
the quantum regression theorem. In the numerical analysis
we will assume e2i�r/c=1, and will scale the squeezing spec-
trum by 
13

2 f2�r� /2��.

Finally we also address the problem of analyzing the sus-
ceptibility of a weak, tunable probe field transmitted by the
system. The angular frequency of the driving field �L is kept
fixed, and the probe susceptibility is measured as a function
of the angular frequency � of the probe field, whose suscep-
tibility is proportional to
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A��� = �
0

�

lim
t→�

�
D−�t + ��,D+�t���e−i�t�d� , �2.22�

which can be obtained by means of the quantum regression
theorem, in a similar way as the resonance fluorescence spec-
trum. Note that in Eq. �2.22� Re�A���� / Im�A���� refers to
the absorptive/dispersive part of the linear susceptibility of
the probe beam.

III. NUMERICAL RESULTS

The set of density-matrix equations �2.8� can be numeri-
cally solved to obtain the time evolution and steady-state
values of populations and coherences. In the following we
assume that �4=�3=�2��, and the dipoles of the excited
states to ground state 
� 14, 
� 13, and 
� 12, to be equal in mag-
nitude and different directions. When the dipolar moments
are parallel among them pij � p=1, and consequently �2
=�3=�4��.

A. Populations dynamics

First of all, we will analyze how quantum interference
modifies the temporal dynamics of populations and coher-
ences. Let us compare the time evolution of the total upper
level population ���44+�33+�22, with the lower level
population �11. We assume that �11�0�=1 as the initial con-
dition. In Fig. 2 we plot the time evolution of � and �11 when
a moderate external field ��=0.4�� is tuned to the interme-
diate upper level �3�. It is seen in Fig. 2�a� that, in the ab-
sence of quantum interference �p=0�, the population mainly
remains at the ground level ������0.3987�. Note also that
the time required to arrive at steady state is in the order of
10/�. However, in the presence of maximal quantum inter-
ference �p=1�, the total population in all the upper levels is
around �����0.9739 �see Fig. 2�b��. Furthermore, the time
required to reach the steady state is in the order of 1000/�,
thus the presence of quantum interference strongly slows
down the process of arriving at the steady state. The en-
lengthment is accompanied by long-lived population oscilla-
tions of small amplitude between upper levels �4� and �3�
which are in phase opposition to population oscillations be-
tween upper levels �3� and �2�. The coherent population os-
cillations vanish after a few oscillations in the absence of
quantum interference at an instant of time in the order of
10/�.

To deeply investigate the effects of the vacuum induced
coherence on the total population ����, we plot in Fig. 2�c�
the steady-state population versus p, while keeping �
=0.4�. It can be seen that ���� decreases monotonically
with p in the range 0� p�0.84, and passes through a mini-
mum value. This feature suggests that a constructive interfer-
ence between the different pathways takes place, producing
an enhancement of the spontaneous emission which mani-
fests in the depopulation of upper levels in comparison to the
case with p=0. However, in the range 0.84� p�1, the be-
havior of the total upper-level population ���� changes dra-
matically. In this case, destructive interference is the origin
of the depression in the spontaneous emission which mani-

fests in the high values of ���� obtained. The reason for this
will become apparent in Sec. III B. It is also remarkable that
the inversion is established even for a weak Rabi frequency
��=0.4��. In addition, we have checked numerically that the
inversion is only achieved when the degree of quantum in-
terference of the different interfering pathways takes values
close to unity simultaneously. In summary, a high degree of
quantum interference is essential for the obtention of inver-
sion in the bare basis.

B. Resonance fluorescence spectrum

Now we turn our attention to the influence of quantum
interference on RFS. In Fig. 3 we plot the RFS for different
Rabi frequencies when the driving field is tuned to the inter-
mediate level �3� and �43=�32=0.1�. This situation is of

FIG. 2. Time evolution of population of the excited levels �
�solid line� and the ground level �11 �dotted line�. �a� p=0 and �b�
p=1. �c� Steady-state population of upper states ������ as a func-
tion of the degree of quantum interference p �solid line�. The
dashed line indicates ���� when p=0. We assume �43=�32=0.1�,
�3=0, and �=0.4�.
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particular interest since, as we will show later, it allows to
work out the analytical study in the dressed-state picture. The
dashed and solid curves correspond to the cases with p=0
and p=0.995, respectively. In the absence of quantum inter-
ference �p=0� and in the range of Rabi frequencies consid-
ered here, the spectrum displays a Lorentzian line shape
whose width is of the order of �. However, the spectrum is
dramatically modified when spontaneous generated coher-
ence is accounted for. In the case of a very low Rabi fre-
quency �=0.03� the broad emission line splits into two
prominent sidebands located near ��0.05�, indicating a
dramatic reduction in the width of the sidebands �see solid
line in Fig. 3�a��. Note also the presence of the central peak
with a reduced peak amplitude. When the Rabi frequency is
slightly increased the spectrum becomes clearly triple
peaked, all lines being subnatural, as it is seen in Fig. 3�b�.
This fact clearly illustrates that if spontaneous generated co-
herence is present, the change in the Rabi frequency pro-
duces a line narrowing at the central line, and most interest-
ingly, we obtain spectral features that otherwise does not
become observable. By further increasing the Rabi frequency
the three-peaked structure collapses into a narrow central line
where a linewidth of ���� /45 is obtained �solid line in
Fig. 3�d��. An explanation of these features can be given in
terms of the dressed states of the atom, as we will show
below. In summary, there is clear evidence that interference
arising from the different decay channels substantially modi-
fies the spectral characteristics of the fluorescent field in
four-level atoms.

A rich variety of ultranarrow emission peaks can be ob-
tained in different situations. Let us consider, for example,
the case in which two of the three upper levels, �2� and �3�,
are degenerated, the splitting being �43=0.2�, and the laser
field is tuned to the degenerated upper levels. In this configu-
ration we have found similar results to those shown in Fig. 3.
However, in the regime of high Rabi frequencies ��=1�� an
ultranarrow central line is obtained in the presence of quan-

tum interference. This line is a superposition of four Lorent-
zians with different widths and heights �not shown�. In order
to get ultranarrow emission lines with appreciable peak in-
tensities, an adequate selection of the Rabi frequency of the
driving field must be done. In Fig. 4�a� we plot the peak
intensity Sinc�0� as a function of the Rabi frequency of the
driving field ��� while Fig. 4�b� presents the half width at
half height ���� versus �. In the range of moderate Rabi
frequencies ��0.8� a reduction in the linewidth is accom-
panied by an increment of the peak emission intensity,
whereas for large Rabi frequencies a further reduction of the
linewidth is obtained at the expense of obtaining low peak
intensities.

Ultranarrow peaks arising from quantum interference
have been previously reported in other atomic systems such
as V-type atoms �41�. We must stress that the simultaneous
linewidth reduction preserving the peak intensity has been
successfully accomplished by Keitel �53� with an ingenious
proposal consisting of a four-level scheme driven by a co-
herent field and different incoherent pumping rates. The price
to pay for maintaining the peak emission intensity, is the use
of a strong coherent field and a rather involved pumping
schema. The major challenge of the system considered in this
work is that similar narrowing of the spectral lines can be
obtained with a single and moderate driving field and with-
out incoherent pumping. The peak emission intensities ob-
tained in our scheme remain appreciable even for the cases
with extreme subnatural linewidths.

Some of the results obtained numerically in this section
can be interpreted in the atom-field dressed representation. It

FIG. 3. The two-dimensional incoherent fluorescence spectrum
Sinc��� as a function of �, in the case of �43=�32=0.1� and �3

=0. �a� �=0.02�; �b� �=0.04�; �c� �=0.07�; �d� �=0.4�.
Dashed and solid lines correspond to p=0 and p=0.995,
respectively.

FIG. 4. �a� Peak emission of the incoherent fluorescence spec-
trum Sinc�0� as a function of �. �b� Full width at half height ���� of
the central peak as a function of �. The upper levels �2� and �3� are
degenerated and �43=0.2�. The external field is tuned to the degen-
erated upper levels and p=0.995.
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is well known that positions, widths, and heights of reso-
nance fluorescence peaks can be understood through ener-
gies, electronic dipole moments, and steady-state populations
of dressed states �54�. In order to obtain the dressed states
under arbitrary parametric conditions, we have to resort to
numerical methods due to the high complexity of the equa-
tions of the atomic system. However, under special circum-
stances we can look for analytical solutions. This case cor-
responds to the physical situation considered in Fig. 3, where
�3=0 and �4=−�2. The dressed states are obtained by find-
ing the eigenvectors of the coherent part of the interaction
Hamiltonian, Eq. �2.5�, i.e., we must solve

Hext��i� = �i��i� �i = 1,2,3,4� , �3.1�

where the eigenstates can be written in terms of the bare
states as

��i� = Ci1�1� + Ci2�2� + Ci3�3� + Ci4�4� . �3.2�

In this situation, the coefficients Cij in Eq. �3.2� are

Ci1 =
�i��i + �4��

Di
, Ci2 =

�i�
2

Di
,

Ci3 =
��i + �4��2

Di
,

Ci4 =
�i

2��i + �4� − �2�i − �2��i + �4�
Di

, �3.3�

Di being

Di = ����i + �4�2��i
2 + �2� + �2�i

2��2 + ���i + �4���i
2 − �2� − �2�i�2, �3.4�

and the corresponding eigenvalues �i are such that
�4=−�1=�x+ and �3=−�2=�x−, where

x± =
1

2
��3�2 + �4

2� ± ��3�2 + �4
2�2 − 4�4

2�2� . �3.5�

In order to explain the widths of the resonance fluores-
cence peaks, we calculate the rate of transition from ��i� to
�� j�, which is proportional to the squared dipole moment
Rij = �
� j�P1��i��2 where P1=
� 14�1�
4�+
� 13�1�
3�+
� 12�1�
2�
is the transition dipole moment operator. Rij is explicitly
given by

Rij = �
� j�P1��i��2

= �Cj1�2�
14
2 �Ci4�2 + 
13

2 �Ci3�2 + 
12
2 �Ci2�2 + Ii�

�i, j = 1,2,3,4� , �3.6�

and Ii read as

Ii = 2p�Ci4Ci3 + Ci4Ci2 + Ci3Ci2� �i = 1,2,3,4� . �3.7�

The inspection of Eq. �3.6� reveals that quantum interference
strongly modifies the rate of transition due to the presence of
the interference term Ii �see Eq. �3.7��. In fact, when this
term takes negative values, the rate Rij can take very low or
zero value, and consequently, the transition from state ��i� to
state �� j� is unlikely due to the destructive interference. This
indicates a slow decay of the corresponding dressed popula-
tion and consequently a spectral narrowing.

In order to explain the main features of the spectra, we
plot in Fig. 5�a� the eigenvalues given by Eq. �3.5�, the cor-
responding schema of the dressed states in Fig. 5�b�, the
steady-state population of the dressed states in Fig. 5�c�, and
the interference terms of the rate of transition given by Eq.
�3.7� in Fig. 5�d�, as a function of the Rabi frequency �.

Note that the energies of the dressed states ��2� and ��3�
depend weakly on � �see Fig. 5�a��. In fact the energy dif-
ference between the two eigenstates is �3−�2�0.05�. This
value corresponds to the frequency of the sidebands dis-
played in Figs. 3�a�–3�c�. Moreover, in the regime of low
Rabi frequency, 0���0.07�, most of the population accu-

FIG. 5. �a� The eigenvalues given by Eq. �3.5� as a function of
Rabi frequency �, �1 �solid line�, �2 �dashed line�, �3 �dashed-
dotted line�, and �4 �dotted line�. �b� The corresponding schema of
the dressed states indicating the relevant transitions that produce the
sidebands shown in Figs. 3�a�–3�c�. �c� Steady-state population of
the dressed states as a function of Rabi frequency �, ��1�1

=��4�4
�solid line�, and ��2�2

=��3�3
�dashed line�. �d� The interference

terms of the rate of transition given by Eq. �3.7� as a function of the
Rabi frequency �, I1= I4 �solid line�, and I2= I3 �dashed line�. The
parameters used are p=0.995, �43=�32=0.1�, and �3=0.

SPONTANEOUSLY GENERATED COHERENCE EFFECTS… PHYSICAL REVIEW A 72, 023809 �2005�

023809-7



mulates in the dressed states ��2� and ��3�. This explains the
appearance of the two peaks in Figs. 3�a�–3�c� which arises
from transitions from ��2� to ��3� and from ��3� to ��2� �in-
dicated by the vertical dashed arrows in Fig. 5�b��. The cen-
tral peak can be attributed to transitions from ��3� to ��3� and
from ��2� to ��2� since the other two transitions ���1�
→ ��1� and ��4�→ ��4�� do not significantly contribute to this
central frequency, due to the low level of population in states
��1� and ��4�, according to the curves displayed in Fig. 5�c�.
All the above-mentioned transitions take place with and
without quantum interference, although the emergence of
subnatural peaks only becomes observable in the presence of
a high degree of quantum interference. The reason lies in the
strong narrowing experienced by these emissions lines due to
destructive quantum interference. This can be concluded
from a single inspection of Fig. 5�d� where the interference
terms I3 and I2 of the rate of transitions R32, R23, R33, and R22
exhibit negative values, which is an indication of slow de-
cays in comparison to the case with p=0. At higher Rabi
frequencies, ��0.07�, all the dressed states are populated
�see Fig. 5�c��. In this situation, the central line is contributed
by all the four possible transitions ���i�→ ��i��i=1,2 ,3 ,4��,
thus the amplitude of the central peak becomes much larger
than the amplitudes of the sidebands �see Fig. 3�c�� and
eventually make them unobservable �see Fig. 3�d��.

To further explore the origin of the low-frequency inner
sidebands shown in Figs. 3�a�–3�c�, we have analyzed the
transient evolution of the population of the dressed states.
We have found that the population of all the dressed states
oscillates at a frequency of 0.057�, which is in coincidence
with the frequency of the sidebands numerically obtained. It
is worth noting that, in the absence of quantum interference
�p=0�, the population of the dressed states evolves mono-
tonically in time. Thus we can conclude that the physical
origin of the Rabi sidebands can be attributed to population
oscillations induced by quantum interference.

The role of interference effects in the inversion found in
Fig. 2�c� can also be addressed by considering the dressed
state basis. There we showed how a high degree of quantum
interference is essential in order to accumulate most of the
population in the upper levels. In fact, for moderate values of
p we found that the population in the upper levels is less than
that obtained in the absence of quantum interference. The
origin of this striking behavior can be made transparent by
the simultaneous analysis of the population of the dressed
states and the sign of the interference terms Ii of the transi-
tions rates involved. We plot in Fig. 6�a� the steady-state
population of the dressed states versus the degree of quantum
interference p, while the interference terms of the rate of
transition Ii are presented in Fig. 6�b�. It is clearly seen that
for values of p lesser than 0.9 most of the population accu-
mulates in states ��1� and ��4� �solid line� and the corre-
sponding interference terms �I1= I4� displayed with solid line
in Fig. 6�b� exhibit positive values, i.e., constructive interfer-
ence takes place as described in Eq. �3.6�. This interference
produces an enhancement of the spontaneous emission which
accounts for the lower values of population of upper states
������ in comparison to the case with p=0. Whereas for
values of p close to unity, the population is transferred to

dressed states ��2� and ��3�. In this case the corresponding
interference terms �I2= I3�, displayed with a dashed line in
Fig. 6�b�, exhibit negative values, i.e., destructive interfer-
ence takes place as described in Eq. �3.6�. In this case popu-
lation accumulates in the upper states and produces an ex-
treme line narrowing.

C. Phase-dependent resonance fluorescence spectrum

In this section we analyze the role of vacuum induced
coherences in the squeezing spectrum. We present in Fig.
7�a� the squeezing spectrum of the out-of-phase quadrature
for a symmetric atomic configuration where the splitting be-
tween the excited levels are the same. We consider �43
=�32=0.6�, and a Rabi frequency �=0.1�. The dashed/solid
line corresponds to the case without/with quantum interfer-
ence. The most remarkable effect of quantum interference is
the strong enhancement of the squeezing of the fluorescent
field around the laser frequency �see solid line in Fig. 7�a��.
Most interestingly, the in-phase quadrature displayed in Fig.
7�b� reveals that squeezing is shifted to the sidebands when
quantum interference is accounted for, producing a two-
mode squeezed field. It is to be noted that squeezing does not
occur at any frequency in the absence of quantum interfer-
ence �dashed line in Fig. 7�b��. When considering a large
Rabi frequency of the driving field, say for example �=�,
the fluorescent field does not present a reduction of the fluc-
tuations beyond the standard limit in any quadrature in the
absence and in the presence of interference �not shown�. The
results obtained in the squeezing spectra reveal a remarkable
departure from the behavior found in a resonantly driven
two-level atom �55� and that found in a V-type atom �56�,

FIG. 6. �a� Steady-state population of the dressed states as a
function of p, ��1�1

=��4�4
�solid line�, and ��2�2

=��3�3
�dashed

line�. �b� The interference terms of the rate of transition given by
Eq. �3.7�, as a function of p, I1= I4 �solid line� and I2= I3 �dashed
line�. The parameters used are �=0.4�, �43=�32=0.1�, and
�3=0.
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where the squeezing occurs only in a quadrature. It should be
noted that squeezing can also be obtained for other atomic
configurations, not only the ones selected to produce Figs.
7�a� and 7�b�, i.e., by selecting different frequency separa-
tions between the excited levels and/or Rabi frequencies, the
fluorescent field presents a notable reduction of the fluctua-
tions when quantum interference is allowed �not shown�.

Finally, we must point out that the addition of a four-
upper-level to the traditional three-level V-type atom leads to
critical differences between the two systems. This is illus-
trated in Fig. 7�c� where the squeezing spectra for the in-
phase/out-of-phase �dashed/solid line� quadrature of a V-type
atom is plotted. Note that the in-phase quadrature exhibits an
almost zero squeezing around the laser frequency, i.e., the
achieved level of reduction of fluctuations is three orders of
magnitude lesser in the V-type atom than in the four-level
atom considered in this work.

D. Absorption spectrum

Although we have seen that quantum interference modi-
fies both the resonance fluorescence and the squeezing spec-
tra of this atomic system, the most relevant spectral features
of this atomic system with regard to the three-level V-type
atomic configurations appear when considering the absorp-
tion of a weak probe field. Here we show how the presence
of quantum interference leads to very interesting phenomena

with potential applications in the area of slow light propaga-
tion and the entanglement of two photons at different fre-
quencies.

Let us consider the absorption spectrum of a weak, tun-
able probe field transmitted by the atomic medium. Figure
8�a� shows the susceptibility for a symmetric configuration
with �43=�32=0.6�, when the external field is tuned to level
�3�, i.e., �3=0. We note that two narrow holes appear, that is,
the usual dark resonance obtained in a V-type three-level
system splits into two holes �57�. Simultaneously, the disper-
sion curves �see solid lines� present a very high slope at the
center of the two transparency windows, so the group veloc-
ity can be considerably slowed down. By changing the split-
ting or the detuning of the driving field, the absorption spec-
trum can be made different at the two holes, as displayed in
Fig. 8�b� where we present the absorption for an asymmetric
configuration with �43=1�, �32=0.2�, and �3=0. In sum-
mary, the more appealing result is the appearance of a double
hole bored into the broad spectrum. It is worth mentioning
that the spectrum is very broad in the absence of quantum
interference.

The peculiarities concerning the absorption spectra can be
explained by looking at the linear-response regime. In this
regime, where the probe laser-atom interaction is weak, Eqs.
�2.8� may be linearized by assuming that for weak laser
fields �11 remains essentially constant and nearly equal to
unity, thus �22��33��44�0, while the only evolving quan-
tities are coherences �21, �31, and �41. We assume pij = p.
Thus, keeping terms to first order in the field �, the linear
susceptibility is then given by

FIG. 7. Squeezing spectra as a function of � for �43=�32

=0.6�, �3=0, �=0.1�, p=0 �dashed line�, and p=0.995 �solid
line�: �a� out-of-phase quadrature and �b� in-phase quadrature. �c�
For comparison purposes, we present the squeezing spectra as a
function of � in the case of a V-type atom with two upper levels, �a�
and �b�, decaying to the common lower level �1� via the same
vacuum modes, such that �ab=1.2�, and the driving field is tuned
to the middle of the two upper levels. The Rabi frequency of the
driving field is selected to be 0.1� and the degree of quantum in-
terference is set equal to 0.995 �as in the four level atom considered
in this work�: out-of-phase quadrature �solid line� and in-phase
quadrature �dashed line�.

FIG. 8. Imaginary �solid lines� and real �dashed lines� parts of
the probe susceptibility A��� as a function of �. �a� �43=�32

=0.6�. �b� �43=1�, and �32=0.2�. Other parameters are �3=0, p
=1, and �=0.02�. �c� For comparison purposes, we present the
imaginary �solid line� and real �dashed line� parts of the probe sus-
ceptibility A��� as a function of � in the case of a V-type atom with
two upper levels, �a� and �b�, decaying to the common lower level
�1� via the same vacuum modes, such that �ab=1.2�, and the driv-
ing field is tuned to the middle of the two upper levels. The Rabi
frequency of the driving field is selected to be 0.02� and the degree
of quantum interference is set equal to unity �as in the four level
atom considered �a��.
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� = 2i

�1 − p + i
2�4

�
�2�1 − p� + i

2��2 + �3�

�
	 + �1 − p + i

2�2

�
�1 − p + i

2�3

�


�1 + i
2�4

�
�1 − p + i

2�3

�
�1 − p + i

2�2

�
 + p�1 − p + i

2�4

�
�2�1 − p� + i

2��2 + �3�

�
	 . �3.8�

Expression �3.8� allows us to calculate the position of the
two holes where the probe susceptibility nearly vanishes. In
the case of maximal quantum interference �p�1�, the posi-
tion of the holes are

�dark =
��43 − �32�

3
±

1

3
��43

2 + �32
2 + �43�32. �3.9�

For the case analyzed in Fig. 8�a�, i.e., in the symmetrical
configuration of the three-upper levels, the holes are sym-
metrically placed at �dark= ±�43/�3� ±0.35�, in agreement
with the result displayed in Fig. 8�a�. In the asymmetrical
configuration considered in Fig. 8�b�, Eq. �3.9� gives 0.64�
and −0.1�, in agreement with the numerical result.

In the case with maximum quantum interference and
when considering the case with �43=�32, the imaginary part
of � can be approximated to

Im��� � 2� �2

�2 + �3
2 −

��43/4�2

��43/4�2 + ��3 − ��43/�3��2

−
��43/4�2

��43/4�2 + ��3 + ��43/�3��2	 , �3.10�

which is adequate in the limit �43��. Expression �3.10�
indicates that the spectrum consists of three Lorentzians, and
those with negative weights are responsible for the appear-
ance of the holes bored into the broad absorption spectrum.
The widths of the holes represented by the Lorentzians with
negative weights are proportional to the splitting �43, thus
the holes can be made very narrow by reducing �43. For
example, in atomic systems composed of atomic hyperfine
levels it could possible to modify the level spacing with an
external magnetic field.

We also note that the modification to the EIT profile af-
fects the refractive index of the medium. The spectral fea-
tures appear in the absorption spectrum and are very sharp.
This leads to sharp refractive index changes with frequency.
We can see that the probe dispersion exhibits a normal steep
at the absorption minimum near ±�dark, allowing the slowing
down light pulses. Furthermore, the four-level atom with
vacuum induced coherence supports slow photons at fre-
quencies �±�dark simultaneously. Moreover, the width and
the position of the two holes can be controlled with the
atomic splitting and the Rabi frequency in order to optimize
the group velocity of the pulse. In fact, the narrowing of the
holes in the absorption spectrum as described in Eq. �3.10� is
of major interest since it allows us to obtain a large and
positive slope of the dispersion and, consequently, a great
reduction of group velocity of a weak probe pulse. This fea-
ture cannot be produced in the usual three-level V-type atom

as it can be concluded from the inspection of Fig. 8�c�. It can
be clearly seen that, for the same values of the parameters as
in Fig. 8�a�, the V system shows the usual EIT response with
a dip at the two-photon resonant frequency. The holes are a
direct consequence of the spontaneous generated coherence.
Similar results have been encountered in other four-level
configurations such as double � �57� or tripod atoms
�26,29,58,59�. The main difference is that in the present case,
the double hole is generated via spontaneous coherence in-
stead of the dynamically induced coherence.

Using the linear approximation given by Eq. �3.8�, we
can also compute the slope of the real part of the suscepti-
bility at the hole center. This magnitude plays a crucial role
in light propagation since it is proportional to the group in-
dex ng. After some calculation we arrive at the following
result:

ng � Re� ��

���/���=�dark

=
2�2�3�dark + �32 − �43�

�dark
2 �2�dark + �32 − �43�

.

�3.11�

The index group of Eq. �3.11� is very sensitive to the split-
ting of the upper levels. The slopes of the dispersive curve at
the transparency windows become steeper as �43 and/or �32
decreases leading to an increasingly lower group velocity. In
fact, when �43=�32, the two holes are symmetrically placed
being their slopes equal to 9�2 / ��43

2 � in agreement with Fig.
8�a�. In the case of a V-type atom Bortman-Arbiv et al. �60�
found a similar value for the slope of the dispersion.

Finally we consider the question of how perfect are the
transparency windows presented in Figs. 8�a� and 8�b�. The
numerical analysis reveals that, although in the case of a
V-type atom the dip in the absorption spectrum presents van-
ishing absorption at the line center �see Fig. 8�c��, in the
four-level atom the transparency windows depart slightly
from the perfect EIT condition. For example, in the situation
displayed in Fig. 8�a� with equispaced energy levels, the ab-
sorption is in the order of 0.0198 and the real part the refrac-
tive index is in the order of 0.0068. In the asymmetric con-
figuration considered in Fig. 8�b� the absorption in the right
window �0.009� is less than that in the left window �0.153�.

IV. CONCLUSIONS

In this paper we have discussed how quantum interference
affects the resonance fluorescence, the squeezing, and the
absorption spectra and the populations dynamics of a laser
driven four-level atom consisting of three closely spaced up-
per levels decaying to a common lower level. The possibility
of decaying to the ground level via the same vacuum modes
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allows spontaneously generated coherence to take place. We
have found significant population inversion with moderate
Rabi frequencies of the driving field. We show that sponta-
neous generated coherence slows down the process of arriv-
ing at the steady state.

We have also analyzed the influence of quantum interfer-
ence on RFS. Extreme line narrowing at the sidebands and at
the central line are obtained simultaneously for moderate
Rabi frequencies. An interpretation of the features found in
the RFS has been given in terms of the dressed states of the
atom.

The influence of quantum interference among the three
decay pathways on the squeezed spectrum is analyzed. We
find that for weak resonance excitation, squeezing occurs
both in the in-phase and the out-of-phase quadratures, a fea-
ture which is not present either in two-level atoms or in the
usual V-type atom in free space. In addition, quantum inter-
ference produces a strong enhancement of the squeezing of
the fluorescent field. Particularly, the squeezing spectrum in
the in-phase quadrature exhibits two-mode squeezing at the
Rabi sidebands.

Finally, we have studied the absorption spectrum of a
weak tunable probe. The broad spectrum obtained in the ab-
sence of quantum interference is bored with two narrow
holes when interference is accounted for. The narrowing can
be controlled by changing the level splitting. The existence
of these holes with large slope of the refractive index may be
useful to entangle two slow probe pulses. The spectral prop-
erties of the holes could be modified by changing the level
spacing.

This rich variety of phenomena may find possible appli-
cations in the areas of high-resolution spectroscopy, control
of fluorescence at definite frequencies, population transfer,
and slow light propagation.

To conclude, we call attention to the condition required to
prove experimentally the theoretical results predicted in this
work. It is concerned with the requirement that quantum in-
terference between the three decay channels may only occur
when the transitions involved are nonorthogonal. There is a
principle difficulty in the realization of atomic interference
via spontaneous emission for atomic transitions in free space.
A number of proposals �61� have been made for explicitly
getting around this problem and have been reviewed in an
excellent work by Ficek and Swain �4�. Recently, Ko-
charovskaya et al. proposed to take advantage of the tech-
nique of photonic band-gap materials and semiconductor
quantum dots �62�. Further, in recent years, great efforts have
been focused on the engineering of quantum dots with suffi-
ciently close upper levels to allow for spontaneous generated
coherence.
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APPENDIX: STEADY-STATE RESONANCE
FLUORESCENCE SPECTRUM

The two-time correlation functions that appear in Eq.
�2.15� can be obtained by invoking the quantum regression
theorem together with the optical Bloch equation �2.8�. Thus
we define the column vector

Ûj = ���41�����1j�0�,��14�����1j�0�,��42�����1j�0�,

��24�����1j�0�,��43�����1j�0�,��34�����1j�0�,

��31�����1j�0�,��13�����1j�0�,��21�����1j�0�,

��12�����1j�0�,��32�����1j�0�,��23�����1j�0�,

��44�����1j�0�,��33�����1j�0�,��22�����1j�0��T

�j = 2,3,4� , �A1�

where the superindex T stands for transpose. According to

the quantum regression theorem, for ��0 the vector Ûj sat-
isfies

dÛj

d�
= L0Ûj��� �j = 2,3,4� . �A2�

By following the same procedure as described in Ref. �41�
and working in Laplace space we obtain the steady-state
fluorescence spectrum. Specifically we have

Sinc��� = Re��
k=1

k=15

��4R1k�iz� + �43R7k�iz� + �42R9k�iz��Û4
�k�

�0� + ��3R7k�iz� + �43R1k�iz� + �32R9k�iz��Û3
�k��0�

+ ��2R9k�iz� + �42R1k�iz� + �32R9k�iz��Û2
�k��0�� ,

�A3�

where Ûj
�k��0� is the steady-state value of the kth component

of the vector Ûj�t�. Rjk�iz� is the �j ,k� element of the matrix
R�iz� defined as

R�iz� = �izÎ − L0�−1, �A4�

Î being the 1515 identity matrix, and z���−�L� /�4.
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