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Single and double ionization processes are calculated for a 1D model of H2 from numerical solution of the
time-dependent Schrödinger equation in the presence of an intense I�5�1015 W/cm2, ultrashort �10 cycles�
800 nm laser pulse. Laser-induced electron recollision, LIERC, is identified from a systematic analysis of
bound and continuum populations in the two-electron wave function. Recollision is shown to be responsible for
double ionization at lower intensities, I�1015 W/cm2 and persists also in the first two excited states of H2, the
A 3�u

+ and B 1�u
+ states. The effects of the symmetry �antisymmetry� of the two-electrons wave function is

found to be dominant at large internuclear distances where enhanced ionization is operative, especially in the
A 3�u

+, where the exclusion principle suppresses double ionization from LIERC. Furthermore, at large dis-
tances, double ionization is shown to occur with equal excitation of the highest occupied and lowest unoccu-
pied molecular orbitals of the H2

+ core ion. Negligible core excitation occurs at equilibrium.

DOI: 10.1103/PhysRevA.72.023408 PACS number�s�: 42.50.Hz

I. INTRODUCTION

Interaction of molecules with intense �I�1014 W/cm2�
ultrashort �t�10 fs� low frequency ��=0.057 a.u.� or long
wavelength �800 nm� laser pulses is a growing area of re-
search �1� due to the availability of laser pulses with variable
and controllable amplitudes and phases thanks to steady
progress in laser technology �2�. This low frequency regime
of laser-matter interaction is characterized by highly nonlin-
ear multiphoton processes at high intensities leading to
above threshold ionization �ATI�, and high order harmonic
generation �HOHG�, the latter being the essential source of
single attosecond �10−18 s� pulses �3,4�. The high intensity
low frequency regime can be described by a simple tunnel-
ling ionization process followed by laser-induced electron
recollision �LIERC� �5,6�, of the ionized electron with the
parent ion. It has been applied successfully to explain ATI
and HOHG in atoms �2�, thus offering a nonlinear nonper-
turbative theoretical framework based on quasistatic semi-
classical ideas �2�.

Molecules offer the possibility of the recolliding electron
to “diffract” from more than one nuclear center, leading to a
phenomenon, laser-induced electron diffraction �LIED� �7�, a
tool for probing molecular geometry changes on ultrashort
time scales �7–9�. Much of the theoretical understanding of
LIERC and LIED in molecules is based on solution of the
time-dependent Schrödinger equation �TDSE�, for the one-
electron H2

+ and H3
++ molecules, for static �7,8� and even with

moving nuclei �10�.
In multielectron atoms, double ionization in intense laser

fields has been shown to be a highly correlated process at
low intensities with LIERC a dominant mechanism, the non-
sequential step �11�, transforming to sequential single ioniza-
tion at higher intensities �12–14�. As indicated in the preced-
ing paragraph, molecules differ from atoms by the
multicenter Coulomb nature of any recollision process lead-

ing to diffraction. In the present work we shall examine
LIERC in a one-dimensional �1D� model of H2 which we
have used previously to examine the effect of electron cor-
relation on HOHG �15�. In particular, at large internuclear
distances, tunnelling ionization which is the first step in
atomic LIERC, becomes more complicated as a consequence
of charge transfer and charge resonance effects, first pre-
dicted by Mulliken �16� due to the existence of excited ion-
pair states �17� which cross the ground state at high intensi-
ties in both 1D �18� and recent three-dimensional �3D� �19�
simulation of H2.

II. TIME-DEPENDENT SCHRÖDINGER EQUATION

The H2 molecule is the prototype model of the two-
electron chemical bond with bonding and antibonding mo-
lecular orbitals the essential concepts for understanding the
chemical bond �16,20�. Previous 3D calculations of the non-
linear response of H2 in an intense laser field were performed
using a frozen core approximation �21� and time-dependent
Hartree-Fock �TDHF� using finite element �FE� methods
�22�. Exact 1D �18� and 3D �19� time-dependent Schrödinger
equation �TDSE� numerical solutions of H2 were obtained on
large finite grids at equilibrium and large internuclear dis-
tances in order to establish the universal molecular phenom-
enon of charge resonance enhanced ionization �CREI�, first
discovered in 3D �23� and 1D �24,25� one-electron molecular
systems. In the present work we shall investigate LIERC in
the first three electronic states of H2, X 1�g

+, A 3�u
+, B 1�u

+

�20�, using exact numerical solutions of the corresponding
1D TDSE �15,18�.

The 1D time-independent Born-Oppenheimer �static nu-
clei� electronic Hamiltonian in atomic units �e=m=�=1� can
be written for two electrons with coordinates Z1 ,Z2 with re-
spect to the center of mass of two protons situated at posi-
tions ±R /2 as*Electronic address: andre.bandrauk@usherbrooke.ca
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Ĥ0 = −
1

2�
i=1

2 � �2

�Zi
2 −

1
��Zi ± R/2�2 + c

� +
1

��Z1 − Z2�2 + d
.

�1�

The first term in �1� is the kinetic energy, the second term is
the electron proton attraction, and the last term is the electron
repulsion. The parameters c and d correspond to “softening”
parameters removing Coulomb singularities and are used
routinely in N-body classical simulations �26� extended to
molecules in intense laser fields �27�. In order to obtain nu-
merical solutions of the 1D TDSE mimicking the properties
of a 3D H2, these softening parameters must be chosen judi-
ciously as explained below. The TDSE corresponding to �1�
becomes a 2D partial differential equation in the coordinates
Z1 ,Z2 and time t for the exact two-electron wave function
��Z1 ,Z2 , t�,

i
���Z1,Z2,t�

�t
= �Ĥ0 + V�Z1,Z2,t����Z1,Z2,t� , �2�

V�Z1,Z2,t� = − �Z1 + Z2�E�t�cos��t� . �3�

V�Z1 ,Z2 , t� is the dipolar �long wavelength� form of the
electron-laser interaction for a laser pulse of frequency � and
envelope E�t�. By elimination of the Coulomb singularities in
�1� through the softening parameters, c and d, one can use a
high order split operator methods �28,29� to propagate the
TDSE �2� in time interval �t , t+	t� in the two dimensions
Z1 ,Z2 from ��Z1 ,Z2 , t� to the state ��Z1 ,Z2 , t+	t�. A third
order propagation scheme is generally employed,

��t + 	t� = e−i�	t/2�W�Z1,Z2,t�ei�	t/2����2/�Z1�+��2/�Z2��

�e−i�	t/2�W�Z1,Z2,t���t� , �4�

where W=V�Z1 ,Z2 , t�=V�Z1 ,Z2 , t+	t /2�+Vc�Z1 ,Z2 ,R�, i.e.,
the laser-molecule interaction in �3� plus the Coulomb poten-
tials in �1�. We iterate the discrete propagator in �4� to propa-
gate the wave function from some initial electronic bound
state �i�Z1 ,Z2 , t=0� to the final state � f�Z1 ,Z2 , t=T�. The
final wave function may contain one and two electron con-
tinuum states which require a large 2D numerical grid in
order to evaluate accurately their occupations and their cor-
responding probabilities.

The initial states �i�Z1 ,Z2 ,0� are obtained from the 1D
molecular orbital configurations of the 3D system �20�,

X 1�g
+, �1�Z1,Z2� = 1
g�Z1�1
g�Z2� , �5�

A 3�u
+, �2�Z1,Z2� = 1
g�Z1�1
u�Z2� − 1
u�Z1�1
g�Z2� ,

�6�

B 1�u
+, �3�Z1,Z2� = 1
g�Z1�1
u�Z2� + 1
u�Z1�1
g�Z2� .

�7�

These satisfy the exclusion principle due to the total spatial-
spin antisymmetry of the two particle wave function. Of note
is that in both singlet states, electron-electron correlation is
strongest, whereas in the triplet state electron recollision
should be suppressed due to the antisymmetry of the spatial

wave function �6�, i.e., �2�Z1 ,Z2�→0 as 	Z1−Z2	→0.
Choosing the orbitals 1
g�u�
�1sa+ �−�1sb�, i.e., symmetric
�antisymmetric� linear combination of 1D atomic orbitals
gives an initial estimate for the initial two-electron wave
function. However these are not eigenstates of the discretized

zero-field Hamiltonian Ĥ0 �1�. The two-dimensional �2D�
eigenstates can be obtained by propagating these initial esti-
mates ��i , i=1, . . . ,3� in imaginary time using the zero-field
TDSE �2,3� and will be used as the initial states of this full
TDSE in real time. The imaginary time propagation, which
gives the proper initial states ��i

0�Z1 ,Z2� , i=1, . . . ,3� as

eigenfunctions of the discretized Ĥ0 �1�, is explored as a
function of the softening parameters c /d entering the
electron-nuclei attraction and/or electron-electron repulsion
in �1�, respectively. These parameters are then chosen to give
the best possible molecular potentials for the three states
studied, X, A, and B of H2 �30�. We have found the best
results with c=0.7, d=1.2375 giving the three molecular po-
tentials illustrated in Fig. 1. The ground state equilibrium
distance is found to be Re=1.68 a.u. and 2.5 a.u. for the B
state as compared to 1.4 a.u. and 2.5 a.u. for the 3D mol-
ecule. Energy separations at the equilibrium distance R
=1.4 a.u. are �30� E�A�−E�X�=0.37 a.u., E�B�−E�X�
=0.47 a.u., and E�X�−E���=0.17 a.u., with the last corre-
sponding to the dissociation energy of the ground X state.
The corresponding 1D values at R=1.68 a.u. with the opti-
mum parameters c and d above are E�A�−E�X�=0.33 a.u.,
E�B�−E�X�=0.51 a.u., and E�X�−E���=0.17 a.u.. Clearly
the three molecular potentials are adequately represented in
our 1D model with parameters c and d in �2�. As a further
example of the adequacy of the 1D potentials, the force con-
stant k= 1

2 ��2V /�R2� for the ground X state is k1D=0.36 a.u.
whereas k3D=0.37 a.u. �30�. Thus for the ground X state both
vibrational and dissociation energy are nearly the same in
our 1D model and the exact 3D H2 molecule. We note that in
previous 1D simulation of the isoelectronic He atom
�14,31,32�, both parameters were set at c=d=1. As seen
from Fig. 1, the 1D model although it reproduces the mo-
lecular potentials very well for the first three states of H2,

FIG. 1. First three molecular potentials for the 1D H2 molecule
with softened-Coulomb parameter c=0.7, d=1.2375 �Eq. �1��.
Ground state quilibrium occurs at R=1.68 a.u.
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nevertheless overestimates the ionization potential by
�0.5 a.u. for all three states, i.e., a constant error, indepen-
dent of internuclear distance occurs in the 1D model with
respect to the 3D system. We nevertheless use this model
since the nuclear dynamics which depend on accurate poten-
tials will be the goal of future investigation, as the effect of
nuclear motion on molecular ATI and HOHG �10,26�.

In order to properly take into account single and double
ionization, a large grid with 	Z	�1056 a.u. is used. Spatial
integration steps are 	Z=0.4 a.u. and for time 	t=0.03 a.u.
The convergence of the numerical results are assured by di-
minishing the temporal/spatial steps and increasing the grid
size without changing the obtained results. For analysis, the
grid is then separated into three zones for the two electrons,
i=1,2,

bound state zone, max�	Zi	� � 6 a.u.,

single electron ionized zone, min�	Zi	� � 6 a.u.,

max�	Zi	� � 6 a.u.,

double electrons ionized zone, min�	Zi	� � 6 a.u.

As an example we show the time evolution �1�Z1 ,Z2 , t�
for the ground X state �5� after two cycles �Fig. 2�a�� and six
cycles �Fig. 2�b�� at equilibrium R=1.68 a.u. for an intensity
I=3�1015 W/cm2 at 
=800 nm. One sees clearly that ini-
tially �Fig. 2�a�� one electron is exiting along the axis
Z1 , Z2 , 
0 with the width of the wave packet representing
essentially the dimension of the remaining bound states. Af-
ter six cycles, the double ionization regions begin to fill up
�Fig. 2�b��. The delineation between bound and continuum
states becomes more difficult as seen by the expansion of the
bound states via Rydberg states in Fig. 2�b�. Thus integration
of probabilities in the bound state zone �max�	Zi	��6 a.u.� as
real bound states need to be verified. We follow here the
procedure of Pindzola et al. �32�, of projection of the total
final wave function � f�Z1 ,Z2 , t=T� on complete sets of field
free bound and continuum states of the 1D one-electron H2

+

ion obtained from the same numerical grid. The probability
of finding one electron in the bound state �m�Z1� and the
second in bound state �n�Z2� is calculated as

Pmn�t� = 	��m�Z1��n�Z2�	��Z1,Z2,t�
	2. �8�

So the total bound state occupation is given by Pb�t�
=�mnPmn�t�. Similarly the probability of finding one electron
in bound state �n and the other electron in the continuum
state is

Pnk�t� = 2� dZ1	��n�Z2�	��Z1,Z2,t�
	2 − �
m

Pmn�t� . �9�

P1=�nPnk gives therfore the single ionization probability.
Finally the probability of double ionization can be calculated
by

P2�t� = Pkk�t� = 1 − �
n

Pnk�t� − Pb�t� . �10�

III. LIERC AT EQUILIBRIUM

Solution of the two-electron TDSE, Eqs. �3� and �4�, gives
the exact 1D two particle wave function ��Z1 ,Z2 , t�. By nu-
merical integration of the probability density 	��Z1 ,Z2 , t�	2
over different regions of the 2D grid decomposition defined
in the preceding section allows for identification of the fol-
lowing probabilities: bound state probability Pb is the inte-
gration over the bound state zone, single ionization probabil-
ity P1 is the integration over the single electron ionized zone,
and double ionization P2 is given by the integration over the
double electron ionized zone. These are to be compared to
populations obtained by projection of the two particles wave
function ��Z1 ,Z2 , t� onto numerical single particle wave
function of H2

+, and defined in Eqs. �8�–�10�. We illustrate
these results in Fig. 3 for the initial 1
g

2 configuration of the
ground X 1�g

+ state at the equilibrium distance R=1.68 a.u.
Comparing Figs. 3�a� and 3�b� shows that the direct integra-
tion and projection methods agree very well, thus justifying
the definition of 	Z	�6 a.u. as the bound state region in the
direct integration method. Both Figs. 3�a� and 3�b� show a
distinct “knee” in P2 as the single ionization P1 saturates to
its maximum at 1 around 1015 W/cm2. Figure 3�b� shows the
onset of a ionization regime at the end of the knee around

FIG. 2. �Color online� 2D ground state electron density
	�X�Z1 ,Z2 , t�	2 at R=1.68 a.u. for intensity I=3�1015 W/cm2, 

=800 nm: �a� t=2 cycles; �b� 6 cycles �1 cycle=1.87 fs�.
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1015 W/cm2 corresponds to a sharp decrease of P11, the
probability of finding the two electrons in the ground state.
Figure 3�c� illustrates the various excitation probabilities of
the remaining bound electron in the single ionization. Very
little excitation of the remaining H2

+ core is obtained. Both
Figs. 3�a� and 3�b� show that single �P1� and double �P2�
ionization are parallel below the intensity 1015 W/cm2, thus
indicating P2 is proportional to P1. The knee in P2 around
1015 W/cm2 is followed at high intensities by an increase in
P2 with a different slope and a depletion of the bound state
Pb, indicative of complete ionization. We conclude from Fig.
3 that two different ionization mechanisms exist. At intensi-
ties I�1015 W/cm2, double ionization is directly propor-
tional to the single ionization probability with saturations of
both at the same intensity. At high intensity, double ioniza-
tion is independent of single ionization and correlates as ex-
pected with complete depletion of bound states. Little exci-
tation of the core of H2

+ is obtained, since the excited states
of the latter are of much larger energy than the 800 nm pho-
ton energies.

FIG. 3. �a� Single ionization P1, double ionization P2, and
bound state Pb probabilities for initial ground state X 1�g

+ as a func-
tion of intensity obtained by numerical integration at R=1.68 a.u.
�b� P1, P2, Pb obtained by projection onto eigenstates of H2

+; P11

and �nP1n+ Pn1 are probabilities of no bound state excitation, and
single excitation to bound state n, respectively. �c� Bound state �n�
to continuum �k� probabilities Pnk and total sum �nPnk �Eq. �10��.

FIG. 4. �a� Single ionization P1, double ionization P2, and
bound state Pb probabilities for initial excited state A 3�u

+ as a func-
tion of intensity at R=1.68 a.u. �b� Bound state �n� to continuum �k�
probabilities Pnk and then total sum �nPnk.
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In Fig. 3 we examined single and double ionization of the
1
g

2 configuration of the ground X 1�g
+ state of H2. In the

Hartree-Fock �HF� approximation due to the Pauli exclusion
principle, there is no exchange energy in zero field, i.e., the
orbitals are solutions of Hartree equations with electron-
electron repulsion the only correlation mechanism. We now
turn our attention to the next two excited states, the triplet A
state and the singlet B state. As seen from Eqs. �5�–�7�, these
states involve exchange of electrons between orbitals of dif-
ferent symmetry, 1
g and 1
u. Thus in addition to electron
repulsion, exchange energies are now negative in the A state
and positive in the B state, i.e., electron repulsion will be
minimum in the triplet A state and maximum in the singlet B
state �20�. We compare therefore the ionization of each in
Figs. 4 and 5, respectively, where only population obtained
by numerical integration are reported as projection popula-
tion as described above for the ground state were nearly
identical. The main difference in the ionization of both states
occurs in the double ionization P2. The double knee for the B
state has become a plateau extending from intensity 5

�1014 W/cm2 up to 2�1015 W/cm2 whereas in the A state
the double ionization knee is much less pronounced. We in-
terpret this as the influence of the exclusion principle in this
state which suppresses the double electron probability, i.e.,
	��Z1 ,Z2 , t�	2→0 for 	Z1−Z2	→0. Thus in this triplet state
recollision is diminished whereas in the B state it is en-
hanced. One must keep in mind that the single ionization
probability is larger in the B state as seen in Fig. 5�a� where
the bound state probability Pb decreases already at lower
intensities than in the A state, Fig. 4�a�. Thus both larger
single ionization P1 and larger electron correlation are seen
to operate in the B state. Finally both Fig. 4�b� and Fig. 5�b�
show little excitation of the H2

+ �1
g� core, showing that it is
indeed the antibonding 1
u electron which is the first to ion-
ize.

IV. LIERC AT LARGE INTERNUCLEAR DISTANCE

Molecules differ from atoms due to the possibility of
charge transfer induced by intense fields, leading to en-

FIG. 5. �a� Single ionization P1, double ionization P2, and
bound state Pb probabilities for initial excited state B 1�u

+ as a func-
tion of intensity at R=1.68 a.u. �b� Bound state �n� to continuum �k�
probabilities Pnk and then total sum �nPnk.

FIG. 6. �a� Single ionization P1, double ionization P2, and
bound state Pb probabilities for initial ground state X 1�g

+ as a func-
tion of intensity at R=6 a.u. �b� Bound state �n� to continuum �k�
probabilities Pnk and then total sum �nPnk.
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hanced ionization at critical internuclear distances �1,23–25�.
In the case of the two-electron system H2, and linear H3

+ �18�,
a quasistatic model where one assumes ionization occurs
mainly at the peak of the field E, predicts such enhanced
ionization occurs around RC
6 a.u. We therefore examine
single and double ionization of our 1D H2 at that internuclear
distance. As shown earlier, extended molecular systems are
subject to strong electron correlation with the result that
much longer HOHG plateaus are obtained due to electron-
electron energy exchange �15�. Furthermore, at this distance,
the electronic orbitals 1
g and 1
u of H2

+ become nearly
degenerate, resulting in near equal population of both for
laser frequencies larger than their energy separation
�15,23,33�. This equalization of population of the highest
occupied �HOMO�1
g�� and lowest unoccupied
�LUMO�1
u�� molecular orbitals of H2

+ is responsible for
charge resonance enhanced ionization �CREI� in H2

+ and odd
electron molecules in general �1�.

We illustrate in Figs. 6–8, the single, double ionization,
and bound state probabilities and the single excitation popu-

lation for the three electronic states, X, A, and B, respec-
tively, at R=6 a.u. as a function of intensity from
1014 to 1015 W/cm2. In both single states X and B, Figs. 6�a�
and 8�a�, we find a knee �plateau� in the double ionization
P2. No such knee occurs in the triplet A state, Fig. 7�a�. For
all three electronic states, perusal of Figs. 6�b�, 7�b�, and 8�b�
show that during single ionization, both 1
g and 1
u orbitals
of the H2

+ core are nearly always equally populated during
the ionization. Thus double ionization at the CREI distance
Rc occurs as a coherent process with ejection of the second
electron from two coherently coupled orbitals, 1
g and 1
u.
This striking effect does not occur at equilibrium distance
where these two orbitals are well separated in energy, much
larger than the single photon �laser� energy �Figs. 3–5�.

The seemingly effective suppression of electron recolli-
sion effects, in the A state reflects the difference in the elec-
tronic structure at large distances of the ground X and first
excited A states. These are known to correlate asymptotically
to the Heither-London or valence-bond states �20�,

FIG. 7. �a� Single ionization P1, double ionization P2, and
bound state Pb probabilities for initial excited state A 3�u

+ as a func-
tion of intensity at R=6 a.u. �b� Bound state �n� to continuum �k�
probabilities Pnk and then total sum �nPnk.

FIG. 8. �a� Single ionization P1, double ionization P2, and
bound state Pb probabilities for initial excited state B 1�u

+ as a func-
tion of intensity at R=6 a.u. �b� Bound state �n� to continuum �k�
probabilities Pnk and then total sum �nPnk.
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�X�A��Z1,Z2,0� → 1sa�1�1sb�2� + �− �1sa�2�1sb�1� . �11�

Thus electron correlation transforms delocalized molecular
orbitals 1
g�u� into localized atomic orbitals 1Sa�b� on atom
a�b�. Ionization will occur from either atom at large distance.
Double ionization at large distances by recollision requires
both electrons to be at the same atom which is prohibited by
the exclusion principle in the triplet A state. Alternatively,
one can see from the A state wave function �6�, any transfor-
mation of 1
g into 1
u and vice versa reduces the wave
function and thus its probability by virtue of the antisymme-
try inherent in that wave function. The equal occupation of
1
g and 1
u orbitals is the signature of field induced local-
ization of electrons in each atom and concomitant CREI
�23,33�. We conclude from this study that at large internu-
clear distances, Pauli exclusion effects dominates in LIERC
and that the ion core of odd electron systems undergo field
induced electron localization so that double ionization occurs
coherently from simultaneously occupied molecular orbitals.

V. CONCLUSION

Laser induced electron recollision, a fundamental concept
used to rationalize atom multiphoton ionization with intense
low frequency laser pulses has been identified from numeri-

cal solutions of the TDSE for a 1D model of H2. The recol-
lision process has been shown to occur in the ground state X
and the first two excited states of H2, A and B. Both X and B
states, being singlet electronic states show strong correlation
effects as compared to the triplet A state where the Pauli
exclusion principle diminishes such effects. Negligible exci-
tation of the core of the H2

+ ion is found during the single
ionization process at the equilibrium distance of the mol-
ecule.

At larger internuclear distances, equal excitation of the
HOMO �1
g� and LUMO �1
u� of the H2

+ core is found
during the first ionization. This leads to electron localization
and enhanced ionization of both the H2 and the ion core H2

+.
Enhanced LIERC is found in the singlet B state and suppres-
sion in the triplet A state, thus reflecting the dominance of
electron correlation upon dissociation of the molecule and its
importance in electron-molecule recollision processes.
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