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Geometric quantum gates that are robust against stochastic control errors
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The realistic application of geometric quantum computation is crucially dependent on an unproved robust-
ness conjecture, claiming that geometric quantum gates are more resilient against random noise than dynamic
gates. We propose a suitable model that allows a direct and fair comparison between geometrical and dynami-
cal operations. In the presence of stochastic control errors we find that the maximum of gate fidelity corre-
sponds to quantum gates with a vanishing dynamical phase. This is a clear evidence for the robustness of
nonadiabatic geometric quantum computation. The predictions here presented can be experimentally tested in
almost all of the already existing quantum computer candidates.
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An essential prerequisite for quantum computation (QC)
is the ability to maintain quantum coherence and quantum
entanglement in an information-processing system [1]. Un-
fortunately, since both these properties are very fragile
against control errors as well as against unwanted couplings
with environment, this goal is extremely hard to achieve. To
this end several strategies have been developed, most notably
quantum error correction [2], decoherence-free subspace [3],
and bang-bang techniques (dynamical suppression of deco-
herence) [4].

Quantum computation implemented by geometric
phases [5] is believed to be another approach that can
be used to overcome certain kinds of errors [6-10].
However, the statement that quantum gates (QGs) achieved
by this way may have built-in fault-tolerant features (due
to the fact that geometric phases depend only on some
global geometric properties) has still the status of a debated
conjecture. Indeed this alleged resilience against errors
of geometrical gates has been doubted by some numerical
calculations including certain decohering mechanisms
[11,12]. On the other hand, analytical results show that
the adiabatic Berry’s phase itself may be robust against
dephasing [13] and stochastic fluctuations of control
parameters [14]. These latter provide a sort of indirect
evidence for the robustness of adiabatic geometric QC, but a
more direct and convincing evidence is still missing. Since
any realistic application of geometric QC is crucially depen-
dent on this robustenss conjecture, to prove or to reject it
unavoidably becomes one of the key tasks in the field of
geometric QC.

In this paper we analyze a scheme for QC that is suitable
to distinguish the difference between geometric QGs and dy-
namic gates and then provide a clear-cut evidence for the
robustness of nonadiabatic geometric QC. The main points
we are going to make are the following:

(i) The main difficulty in proving or rejecting the robust-
ness conjecture is that one does not have a suitable model
that allows a direct and fair comparison between geometrical
and dynamical operations. The difficulty is overcome by the
model analyzed here. The model is, in a sense, a hybrid
between the purely geometric QG and the standard dynamic
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one; by tuning the parameters, the QGs can be continuously
changed from one kind to theother. Thus, studying the
changes of the fidelity in the presence of noise allows one to
distinguish which kind of gates perform better, in a direct
fashion. From this perspective one may say that the model
proposed is an ideal one to the aim of addressing the issue
the difference of noise resilience between dynamic and
geometric gates, regardless the actual outcome of the
comparison.

(ii) In the presence of stochastic control errors, we find
that the maximum of fidelity corresponds to those cases in
which the dynamical phase accumulated over the gate opera-
tion is zero. This provides a clear evidence for the robustness
of geometric QC.

(iii) This robustness feature may be significant to experi-
ments on quantum information processing. Indeed it is
generally believed that fluctuations of control parameters
is one of the most dangerous sources of errors for qubits
in solid-state systems [15], NMR [16], and trapped ions
[17], etc.

Moreover, note that a general and standard Hamiltonian
to describe almost all kinds of quantum computer prototypes
is a Hamiltonian consisting of spin-half particles in the
presence of (effective) magnetic fields, which is exactly
what we addressed in this paper. Therefore, a further remark-
able application is that the predictions presented here can
be experimentally tested in almost all of the already
existing quantum computer candidates, such as QC with
NMR, trapped ions, quantum dots, and superconducting
qubits, etc.

Quantum computation via a pair of orthogonal cyclic
states. For universal QC, it is sufficient to enact two non-
commuting single-qubit gates and one nontrivial two-qubit
gate. Before studying the fidelity of a QG subject to noise,
we recall a scheme to implement a universal set of QGs by
using a pair of orthogonal cyclic states [8]. We consider a
process in which a pair of orthogonal state |#.(t)) evolve
cyclically starting from |i,(0)), i.e., |i4.(7))=€*"|1.(0)) with
¥ a real number. Any state at time 7 is found to be |(7))
=U,|¢A0)), where [8]
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is a single-qubit gate in the language of QC. Here y is related
to the initial state by |¢,(0))=cos x/2|0)+sin x/2|1), and y
is a phase accumulated in the gate evolution. Moreover, a
conditional two-qubit gate can also be implemented if there
exist, conditional to the state of the control qubit, two differ-
ent pairs of cyclic states of the target qubit. In terms of the

(second) bit represents the state of the control (target) qubit.
The unitary operator describing the conditional two-qubit
gate is given by U,=diag(U,(¥",x"),U,(y",x")), under the
condition that the control qubit is off resonance in the ma-
nipulation of the target qubit. Here 7°(x°) represents the
total phase (the cyclic initial state) of the target qubit when
the control qubit is in the state &=0,1). Usually the total
phase 7y (°) consists of both geometric (,, 'yg) and dynamic
components (y,,y%) [5], and U, (U,) is specified as a geo-
metric gate if 7y (9°)) is a pure geometric phase. This scheme
can be implemented in several realistic physical systems [8].

Control parameter fluctuation. A simple approach for
implementing U; and U, is to use an effective rotating mag-
netic field to manipulate the state of qubits. In this case, the
Hamiltonian for a single qubit reads

H = (w0, cos ot + wy0, sin ot + 0,0)/2, (1)

where w;=—guB;/f (i=0,1) with g (u) being the gyromag-
netic ratio (Bohr magneton), and B; (i=1,2) acts as an exter-
nal controllable parameter, and its magnitude can be experi-
mentally changed. We also use this Hamiltonian to
manipulate the target qubit in the implementation of a two-
qubit gate when the control qubit is off resonance. The
Hamiltonian of the two-qubit system is given by the Hamil-
tonian (1) plus the coupling Hamiltonian acting on the two
qubits. In the nonideal case the control fields contain ran-
domly fluctuating components, here we assume that w; is
flatly distributed in the interval [(1-&)w;,(1+ &)w;] with &
a constant, and then we numerically calculate the average
fidelity of QGs U, and U,. But we will assume that  is not
affected by random fluctuations; this seems reasonable since
frequency may be well controlled in a realistic experiment.
The average fidelity of a QG we study is defined by

F=1lim— EF—hm 2|<W”|U |¢

N~>oo

2)

where W") [cos(6;/2)e7 /% sin(6,/2)e**]"  or W”)
=[- s1n(6/2)e iej/2 cos(H/Z)e"P//z]T (T denotes the matrix
transposmon) is an input state. #; [0, ] and ¢; €[0,27]
are randomly chosen in our numerical calculation. Uy, is the
ideal QG without any control parameter fluctuation and |z,bj”-”’>
is the output state after a noisy gate operation when the input
state is |¢7’) The action of the noisy gate is obtained by
dividing the total operation time in / intervals, over each one
of these wy and w; are randomly perturbed according the
above described distributions. Since the noise is constant in
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each time interval, I"! can be regarded as (proportional to)
the noise correlation time.

In the numerical calculation, we randomly choose one
input state W") and then calculate the average fidelity of F,
up to satlsfactory convergence, for M configurations of fluc-
tuations of magnetic fields. After that, we randomly choose
the next input state and repeat the above calculation until
deriving the fidelity of this specific input state with satisfac-
tory convergence. We repeat N times to calculate the average
fidelity by randomly choosing |z/f;”) In our numerical calcu-
lations below, we get small statistical errors when M and N
are about several hundreds to one thousand. Furthermore, the
model of parameter noise studied here is similar to that
adopted in Ref. [10]; there three noise regimes are distin-
guished based on the noise correlation time. An important
point here is that the main robustness features we found ap-
pear in all these three regimes, i.e., do not depend on the
noise correlation time. The numerical results shown later cor-
respond to the regime of short noise correlation time as de-
fined in Ref. [10].

Fidelity of single-qubit gates. The Schrodinger equation
with the Hamiltonian (1) can be analytically solved,
and single-qubit gates U; can be achieved, where
x=arctan[ w,/ (w,— )] is the angle between the initial state
and the symmetric axis of the rotating field. The correspond-
ing phases for one cycle are given by y,=—mlwj+w(w,
—w)]/wQ, y,=—7ml-(0;—w)/Q], and y=—7(1+Q/w)
with Q= w}+(w;—w)?. We can choose any two processes
with different values {&/, w}, ]} (j=1,2) satisfying the con-
strain sin y; sin y,sin(y,— x;) # 0 to enact two noncommut-
ing single-qubit gates [8].

What is remarkable here is that QG U; implemented in
this way can be varied continuously from a standard dynamic
gate to a pure geometric gate, by changing the external pa-
rameters {w, wy, w,}. Hence, this scheme looks like an ideal
model to compare the difference between geometric QGs and
standard dynamic gates. It is straightforward to verify from
the expression of v, that the dynamic phase (DP) is zero
under the condition w=(wj+w?)/w,. Thus we can obtain
purely geometric gates by choosing these specific param-
eters, such that y,=0 in the whole process. It has been shown
that y in U; can be controlled independently by the symmet-
ric axis of the rotating field, and a specific QG can be real-
ized by a fixed phase 7y [8]. For example, the Hadamard gate
is obtained by y=(n;+1/2)m and x=(n,+1/4)7 (with n;,
integers). Therefore, we assume the total phase is fixed, for
concreteness, we choose y=-Bm with 8 a constant. It is
straightforward to check that w=[w,*wi—n(w;+w])]/ 7
with 7=28- 8> guarantee y=—B. The obvious requirement
of o reality implies 7w <(1-7)w?. On the other hand, the
DP is zero under the condition

w; =g\ 7/(1 = 7). (3)

The fidelity F(wy,A) and DP of this gate for typical
parameters are shown in Fig. 1. Here A is defined by
w=\n/(1-nwy+A. B=3/2 is chosen just as an example;
we have checked that the main results described here are
qualitatively similar for different values of the parameter 3.
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FIG. 1. The fidelity and phase in single-qubit gates: (a) fidelity,
(b) dynamic phase.

We plot F(wy,A) instead of F(wy,w;) to guarantee that
w[=2(2w,—w]-3w})/3] is a real number in the whole re-
gion. We can see several remarkable features from Fig. 1,
where 8,=6,=0.1: (i) The maximum of fidelity is along the
line described by A=0, where the DP is zero. (ii) The
changes of the absolute value of DPs with A are just as the
same as the changes of the average fidelity of gates. There-
fore, it clearly shows the close relation between the fidelity
of QGs and the component of the dynamic (geometric)
phase. We also checked the fidelity for different &, and ;.
The fidelity and quantum phases as a function of A for w,
=10° are shown in Fig. 2. We observe that the two main
features discussed above appear, for the case §,=0.1, when
o, is greater than 0.04. However, when &, is less than 0.04, it
is worth pointing out that the fidelity in the points with A
=0 is a local maximum, since there is a dip clearly shown
nearby A~ wg; the largest fidelity appears when the DP is
dominant. We also numerically computed the fidelity for
fixed &, but varied &, (not shown), the main features for
different &, are totally similar to those in Fig. 1. The fact that
the fidelity is larger when A(w) is large but with a small
fluctuation of w, can be qualitatively explained from the DP
v, as well as very small fluctuations of the total magnetic
field. The deviation of 7y, from the noiseless case is domi-
nated by the fluctuations of w; when A is much larger than
wy. Therefore the infidelity should be small if the fluctuations
of w; are very small.
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FIG. 2. The fidelities and phases in single qubit gate for
8=0.1. The values of &, are indicated: (a) fidelities, (b) dynamic
and geometric phases.
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FIG. 3. The fidelity and phase in two-qubit gates for
8=06,=0.1, 6=0, and a=\3: (a) fidelity, (b) dynamic phase.

Fidelity of two-qubit gates. We now numerically compute
the fidelity of a two-qubit gate. We assume that the
qubit-qubit interaction is given by H;=Jo (1) (2 /2. This
kind of coupling between qubits can be naturally realized,
e.g., in quantum computer models with NMR and supercon-
ducting charge qubits coupled through capacitors. When
the target qubit is manipulated by a rotating field described
by Eq. (1) and the control qubit is off resonance, it is
shown that a two-qubit gate U? with y’=arctan[wy/(w
—w)] and Y’=—m(1+Q°% w) can be implemented. Here
0=w+(28-1)J and Q%= wi+(0i-0)%, o, vy and o,
are parameters for the target qubit. The corresponding phases
for one cycle are given by yd——w[w0+w (w1 )]/ wQ?,
and 7g —mll- (cu1 w)/Q°)]. Besides, it is easy to check
from 'yd—O that the geometnc two-qubit gates are realized
whenever w=2w,, and w}=w}+J? [8].

There is a lot of freedom in choosing parameters to imple-
ment a geometric QG in the present scheme. One possible
choice is given by w=w,+V1+a’w, and J=aw, thus the
speed of the purely geometric gate is of the same order of
that of the dynamic gate. To see the relation between the
fidelity and the quantum phase, we plot the fidelity and DP of
gate U, just when 6=0 as a function of w, and w; in Fig. 3.
In this case, the DPs change sharply nearby the line de-
scribed by log;ow;=log;o(\1+a’w,), where DPs are zero,
since it is straightforward to find that under the condition

;=1 + o, (4)

y) is zero. We can see from Fig. 3 that the maximum of
fidelity is along the line where the DP is zero. Moreover,
compared with the single-qubit case shown in Fig. 1, the
fidelity of the gate shown here decreases quickly, since the
DP changes sharply when the parameters do not satisfy Eq.
(4). Therefore, it is clearly shown the close relation between
the change of fidelity and the change of dynamic component
of the phase.

To show in a more clear fashion that the maximum of
fidelity is along the line described by Eq. (4) and that this
feature is independent on «, we computed the fidelity of
U, when the state of the control qubit is unfixed. The fidelity
as a functlon of wy, for w;=60, §=06,=0.05, and
a= \3 \8 \ 15 V35,1143 are plotted in Fig. 4. It is easy to
derive from Eq. (4) that the DP is zero at wy=30, 20, 15, 10,
5, and these points are denoted by arrows in Fig. 4. We
observe that the maxima of fidelity are indeed at the points
described by Eq. (4), where the DPs are zero; this property is
independent on a.
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FIG. 4. The fidelities of two-qubit gates. The curves for different
« are vertically shifted for clarity. Points with zero dynamic phases
shown in Eq. (4) are denoted by arrows.

Comparison with previous results. We would like to com-
pare the results here with the previous results in literature. It
has been shown that the effects of fluctuations of the control
parameters [12] or decoherence described by Lindblad form
[11] on nonadiabatic gates are more severe than for the stan-
dard dynamic gates. We note that in Refs. [11,12], the geo-
metric gate is implemented by three rotations, but only one
operation is used to realize a standard dynamic gate. Thus a
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direct comparison is somewhat not appropriate, and one can-
not rule out other possibilities. In the present model, how-
ever, the operations for both dynamic gate and geometric
gate are totally the same, except that the controllable param-
eters vary continuously. In this sense this model looks defi-
nitely more suitable to assess the difference between geomet-
ric gates and dynamic gates as far as noise resilience is
concerned. We have also computed the fidelity of the gates
analyzed in the above in the presence of decoherence de-
scribed by a Lindblad master equation (just as in Ref. [11]).
However, it seems that this noise model is not suitable to
distinguish the difference of fidelity between dynamic and
geometric gates since, consistently with Ref. [11], we found
that the gate fidelity is determined only by the gate operation
time, i.e., the dynamical or geometrical nature of the gate is
irrelevant.

Finally, we would like to point out that the QC scheme
studied in this paper is based on nonadiabatic operations.
Note that w is of the same order of the magnitude as w, or w;
in both one- and two-qubit gate operations. This implies that
the speed of geometric QG here investigated is comparable
with that of the dynamic QG and hence the speed constraint
required by adiabatic geometric gates is removed in the
present scheme.
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