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Based on color-locking noisy field correlation, a time-delayed method is proposed to suppress the thermal
effect, and the ultrafast longitudinal relaxation time can be measured even in an absorbing medium. One
interesting feature in field-correlation effects is that Rayleigh-enhanced four-wave mixing �RFWM� with color-
locking noisy light exhibits spectral symmetry and temporal asymmetry with no coherence spike at �=0. Due
to the interference between the Rayleigh-resonant signal and the nonresonant background, RFWM exhibits
hybrid radiation-matter detuning with terahertz damping oscillations. The subtle Markovian high-order corre-
lation effects have been investigated in the homodyne- or heterodyne-detected Rayleigh-enhanced attosecond
sum-frequency polarization beats �RASPBs�. Analytic closed forms of fourth-order Markovian stochastic cor-
relations are characterized for homodyne �quadratic� and heterodyne �linear� detection, respectively. Based on
the polarization interference between two four-wave mixing processes, the phase-sensitive detection of
RASPBs has also been used to obtain the real and imaginary parts of the Rayleigh resonance.
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I. INTRODUCTION

Polarization beats between two excitation pathways are
related to recent studies on quantum interference �1–3�. They
can be observed even without using stabilized tunable lasers.
Phenomena such as electromagnetically induced transpar-
ency �EIT�, enhanced index of refraction, and lasing without
population inversion have been predicated theoretically and
demonstrated experimentally �4,5�. The interest in these phe-
nomena is due, on one hand, to the fundamental nature of
atomic coherence effects and, on the other hand, to possible
applications. Specifically, some interesting linear and nonlin-
ear optical properties of three-level EIT systems have been
described �4,5�, such as absorption reduction, sharp disper-
sion change, and enhanced Kerr nonlinearity. The linear ab-
sorption reduction on resonance is due to atomic coherence
established between states and by the two laser beams, or can
be considered as destructive interference between the two
channel transition probabilities �two competing processes�,
as easily seen in the dressed-state picture. Our work is also
closely related to Raman quantum beats �3� or coherent Ra-
man spectroscopy �CRS�. CRS is a powerful tool for study-
ing the vibrational or rotational modes of a molecule. The
most widely used CRS techniques include stimulated Raman
gain spectroscopy, coherent anti-Stokes Raman scattering
�CARS�, and Raman-induced Kerr-effect spectroscopy.
CARS is one type of two-color nonlinear laser spectroscopy.
In CARS, the beat between two beams at frequencies �1 and
�2 will coherently excite Raman-active modes in the media
if �1−�2 equals the Raman resonant frequency. The material

excitational wave is then mixed with the beam at �1 to yield
a coherent output at the anti-Stokes frequency �s=2�1−�2.
Compared with conventional Raman scattering, CARS is
much less sensitive to sample fluorescence and has the capa-
bility of high spectral resolution. However, strict phase
matching is required.

Phase-locking ultrashort-pulse nonlinear optical spectros-
copy has proved to be a valuable technique for investigating
the dynamics of a wealth of mechanisms in condensed mat-
ters. Using femtosecond time-resolved four-wave mixing
�FWM�, valuable information on the dephasing dynamics in
semiconductors and molecular materials has been obtained.
The time resolution of this method is limited by the pulse
width. The ultrafast dephasing phenomena can also be stud-
ied by time-delayed FWM with incoherent light �6,7�. This
technique is intrinsically related to optical coherent transient
spectroscopy, with the advantage that the time resolution is
determined by the correlation time �c of the color-locking
noisy light source. Rayleigh-type FWM is a nonresonant pro-
cess and a frequency-domain nonlinear laser spectroscopy
with high frequency resolution, which is determined by the
laser linewidth. Since the relaxation time is deduced from the
FWM spectrum, the measurement is not limited by the laser
pulse width or the laser correlation time �6,7�.

Lasers are inherently noisy devices, in which both the
phase and amplitude of the field can fluctuate. Noisy light
can be used to probe atomic and molecular dynamics, and it
offers a unique alternative to the more conventional
frequency-domain spectroscopies and ultrashort-pulse time-
domain spectroscopies. Color-locking noisy light is an inter-
mediate between cw and short-pulse methods �8–16�. Color
locking results in complete cancellation of the spectrally
broad noise carried by the noisy light �8�. DeBeer et al. �1�
first performed a 980-as sum-frequency ultrafast modulation
spectroscopy �UMS� experiment. Bogdanov et al. have also
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showed attosecond beats with different sources: interference
of the Rayleigh scattering field and the FWM field of phase-
locking ultrashort laser pulses �2�. Rayleigh-enhanced at-
tosecond sum-frequency polarization beating �RASPB� is
one interesting way to study the stochastic properties of light
�17,18�. Previous extensive noisy-light-based CRS, either
CARS or coherent Stokes Raman scattering �CSRS� yield
both Raman frequencies via radiation difference oscillations
and dephasing times in the interferometric time domain. Un-
like in RASPB in those spectroscopies the presence of one
monochromatic beam is essential �8–16�. The characteristics
of the interferogram of RASPB are a result of two main
components: the material response �resonant term� and the
light response �nonresonant term� along with the interplay
between the two responses.

This paper addresses the role of noise in the incident
fields on the nature of the wave-mixing signal in the time and
frequency domains. This important topic has been already
treated extensively in the literature �19�. Ulness et al. in-
vented the factorized time correlator diagram “synchroniza-
tion” and “accumulation” analysis for noisy light response
�8–16�, instead of double-sided Feynman diagrams. A funda-
mental principle of noisy light spectroscopy is color locking
which results as a consequence of the phase-incoherent na-
ture of the light. Color locking is responsible for the com-
plete and utter cancellation of the noise spectrum carried by
the noisy light used to produce it �8�. On the other hand,
there should be two classes of such component beams. In one
class the components are derived from separate lasers and
their mixed �cross� correlators should vanish. In the second
case the two components are derived from a single laser
source whose spectral output is doubly peaked. This can be
created from a single dye laser in which two different dyes in
solution together are amplified �13–16�. The present paper
deals only with the first class. That is to say, we are consid-
ering only the class of two-color beams in which each color
is derived from a separate noisy light source. The double-
peaked beams 1 and 2 �Figs. 1�a� and 1�b�� are paired and
correlated, but each of the peaks is uncorrelated. Beam 3,
having one of the peaks �from another noisy light source�
found in twin beams 1 and 2, is dependent on and correlated
with twin beams 1 and 2. In any case the literature has al-
ready explored both theoretically and experimentally the use
of such multicolor noisy light in FWM �8–16�. Interestingly,
that work only treats the second class of multicolored beams
�a single laser source for the multipeaked “tailored” light� in
difference-frequency self-diffraction geometry. Also that
work did not treat the RASPB with sum-frequency phase-
conjugation geometry using three types of noisy models and
furthermore its beam 3 was not noisy �it was “monochro-
matic”�. In this paper, based on the field correlation of color-
locking twin noisy lights, the homodyne-detected RFWM
and RASPB, heterodyne- and detected RASPB have been
investigated, respectively. An analytic closed form of the re-
sults is obtained.

II. BASIC THEORY

The RASPB is a third-order nonlinear polarization beat
phenomenon. The polarization beat is based on interference

at the detector between FWM signals which originate from
macroscopic polarizations excited simultaneously in a homo-
geneous �17,18� or inhomogeneous �20–26� broadened
sample. It critically requires that all the polarizations have
the same frequency. The basic geometry is shown in Fig.
1�a�. The twin beams 1 and 2 consist of two central circular
frequency components �1 and �2; a small angle exists be-
tween them. Beam 3 with central circular frequency �3 is
almost propagating along the opposite direction to beam 1.
In an optical Kerr medium �no thermal grating effects�, the
nonlinear interaction of beams 1 and 2 with the medium
gives rise to two molecular-reorientational gratings, i.e., �1
and �2 will induce their own nonresonant static gratings G1
and G2, respectively. Two FWM signals are the results of the
diffraction of beam 3 by G1 and G2, respectively. Now, if the
frequency detuning �=�3−�1 is much smaller than ��
=�3−�2 �i.e., ���� and ��0� �Fig. 1�, a large-angle reso-
nant moving grating formed by the interference between the
�1 frequency component of beam 2 and the �3 frequency
component of beam 3, will excite the Rayleigh mode of the
medium and enhance the FWM signal of G1 �i.e., RFWM�.
Finally, polarization beats originate from the interference be-
tween the macroscopic polarizations from the RFWM pro-
cess and the nondegenerate FWM �NDFWM� process. The
beat signal �beam 4� is along the opposite direction of beam
2 approximately.

In a typical experiment, the �1 and �2 two-color light
sources enter a dispersion-compensated Michelson interfer-
ometer to generate identical twin composite beams. Twin
composite stochastic fields of beam 1, Ep1�r , t�, and beam 2,
Ep2�r , t� for a homodyne detection scheme of attosecond
sum-frequency RASPB, can be written as

Ep1 = E1�r,t� + E2��r,t�

= �1u1�t�exp�i�k1 · r − �1t��

+ �2�u2�t − ��exp�i�k2� · r − �2t + �2��� , �1�

Ep2 = E1��r,t� + E2�r,t�

= �1�u1�t − ��exp�i�k1� · r − �1t + �1���

+ �2u2�t�exp�i�k2 · r − �2t�� . �2�

Here, �i,ki ��i� ,ki�� are the constant field amplitude and
the wave vector of the �i component in beam 1 �beam 2�,
respectively. ui�t� is a dimensionless statistical factor that
contains phase and amplitude fluctuations. The ui�t� is taken
to be a complex ergodic stochastic function of t, which obeys
complex circular Gaussian statistics in a chaotic field. � is a
variable relative time delay between the prompt �unprimed�
and delayed �primed� fields. To accomplish this the fre-
quency components �1 and �2 are split and recombined to
provide two double-frequency pulses in such a way that the
�1 component is delayed by � in beam 2 and the �2 compo-
nent delayed by the same amount in beam 1 �Figs. 1�a� and
1�c��. A time delay � is introduced in both composite beams,
which is quite different from Rayleigh-enhanced femtosec-
ond difference-frequency polarization beats �RFDPB� �Figs.
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FIG. 1. Phase-conjugation geometry of RASPB for �a� and RFDPB for �b�, respectively; double-sided Feynman diagrams representing
the Liouville pathways for P1, P3, and P2 for RASPB �c� and RFDPB �d�, respectively.
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1�b� and 1�d�� �17,18�. On the other hand, the complex elec-
tric fields of beam 3 can be written as

E3�r,t� = �3u3�t�exp�i�k3 · r − �3t�� . �3�

Here,�3,�3, and k3 are the frequency, the field amplitude, and
the wave vector of the field, respectively.

The order parameters Q1 and Q2 of two nonresonant static
gratings induced by beams 1 and 2 satisfy the following
equations �17,18�:

dQ1

dt
+ �Q1 = ��E1�r,t��E1��r,t��*, �4�

dQ2

dt
+ �Q2 = ��E2��r,t��E2�r,t��*. �5�

Here � and � are the relaxation rate and the nonlinear
susceptibility of the two static gratings, respectively. The op-
tical Kerr effect for the liquid CS2 has at least two compo-
nents, i.e., a relatively long “Debye” component and a
shorter “interaction-induced” component.

We consider a large-angle resonant moving grating
formed by the interference of beams 2 and 3, and the order
parameter Q3 satisfies the following equation:

dQ3

dt
+ �Q3 = ���E1��r,t��*E3�r,t� . �6�

The induced three third-order nonlinear polarizations
which are responsible for the FWM signals are

P1 = Q1�r,t�E3�r,t�

= S1�r��
0

�

u1�t − t��u1
*�t − t� − ��u3�t�exp�− �t��dt�,

�7�

P2 = Q2�r,t�E3�r,t�

= S2�r��
0

�

u2
*�t − t��u2�t − t� − ��u3�t�exp�− �t��dt�,

�8�

P3 = Q3�r,t�E1�r,t�

= S1�r��
0

�

u1
*�t − t� − ��u3�t − t��u1�t�exp�− �� − i��t��dt�,

�9�

Here S1�r�=���1��1��
*�3 exp�i��k1−k1�+k3� ·r−�3t−�1���,

and S2�r�=���2���2�*�3 exp�i��k2�−k2+k3� ·r−�3t+�2���.
In general, there are 48 terms in the third-order density

operator for a FWM process. The number of Feynman dia-
grams at jth order �for cw experiments� corresponds to the
number of Liouville pathways 2 j multiplied by the number of
distinct temporal field orderings �as many as j!� for the given
process. Therefore, at third order, where beams 1, 2, and 3
are distinct, there are 2 j j ! =48�j=3� different Feynman dia-
grams at the polarization level. Often the experimental con-

straints reduce the number of diagrams to a significantly
smaller subset which dominate the behavior of the signal. We
are strictly in the full �or partial� rotating-wave approxima-
tion and omit most of the 2 j j! Liouville pathways formally
present in three-color FWM. More specifically, phase-
matching and frequency selection of the FWM signals along
k4 greatly restrict the third-order perturbative pathways �Fig.
1�. Moreover, polarization beating is based on the interfer-
ence at the detector between FWM signals, which originate
from the macroscopic polarizations excited simultaneously
in the sample. It is preferred that all the polarizations have
the same frequency. The frequencies of P1, P2, and P3 are
�3, while PR2 and PR3 have frequencies �1−�2+�3 and
�2−�1+�3, respectively �17,18�. Furthermore, due to the
phase mismatching, the FWM signals from PR2 and PR3 are
usually much smaller than those from P1, P2, and P3. So the
third-order nonlinear polarizations P1, P3 �with Lorentzian
line shape for Rayleigh mode�, and P2 have the same fre-
quency �3, P1+ P3 and P2 correspond to the RFWM and
NDFWM processes which have wave vectors k1−k1�+k3 and
k2�−k2+k3, respectively �Figs. 1�a� and 1�c��.

III. STOCHASTIC CORRELATION EFFECTS OF RFWM

We have the total third-order polarization P�3�= P1+ P3 for
the RFWM. For the macroscopic system where phase match-
ing takes place this signal must be drawn from the P�3� de-
veloped on one “atom” multiplied by the �P�3��* that is de-
veloped on another “atom” which must be located elsewhere
in space �with summation over all such pairs�. For homodyne
detection the RFWM signal is proportional to the average of
the absolute square of P�3� over the random variable of the
stochastic process 	
P�3�
2�, which involves fourth- and
second-order coherence functions of ui�t�. Although the
bichromophoric model is needed to fully appreciate the
subtle features of RFWM spectroscopy �especially the ef-
fects of the different Markovian noise models�, it is interest-
ing to first consider the approximation in which the averag-
ing is done at the polarization level rather than the intensity
level. This reduces the problem to only second-order field-
correlation functions and in fact eliminates the differences in
the three Markovian models considered here. This allows
one greater insight into the importance of the higher-order
field-correlation functions with respect to each of the Mar-
kovian models.

A. Kerr medium with a single relaxation rate of molecular-
reorientational grating

The field-correlation effects in a medium which has a
single relaxation rate � have been considered in a Markovian
noisy field. In the limit of �	
1,
3 for the chaotic field
model �CFM�, we have I�� ,��� �1+exp�−2
1
�
���1
+3�2 / ��2+�2�� for both ��0 and �0, the RFWM spec-
trum is independent of �. Moreover, if we define a parameter
R= Ires��=0� / Inonres as the ratio between the resonant signal
at �=0 and the nonresonant background, we have R�3. We
then consider the RFWM spectra in the limit of ��
1,
3 for
the CFM. We have
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I��,�� �
�

2
1
+

��
1 + 
3�
�
1 + 
3�2 + �2 + �1 +

2��
1 + 
3�
�
1 + 
3�2 + �2

�exp�− 2
1
�
�

for ��0 and

I��,�� �
�

2
1
+

��
1 + 
3�
�
1 + 
3�2 + �2

+ �1 +
2��
1 − 
3�

�
1 − 
3�2 + �2exp�− 2
1
�
�

+
4�
1 exp�− �
1 + 
3�
�
�


1
4 − 2
1

2�
3
2 − �2� + �
3

2 + �2�2

���
1
2 − 
3

2 + �2�cos��
�
� + 2
3� sin��
�
��

for �0. The equation for ��0 indicates that when �=0 the
nonresonant background is larger than the resonant signal by
a factor of �
1+
3� /3�	1 at �=0. However, when 
i
�

	1 then the resonant signal and the nonresonant background
become comparable, and we have R=2
1 / �
1+
3�, which
equals 1 if 
1=
3.

Secondly, we have considered the field-correlation effects
in a single-relaxation-rate medium for the phase-diffusion
model �PDM�. In the limit of �	
1 ,
3 �Fig. 2�a��, we have
I����1+3�2 / ��2+�2� for both ��0 and �0, the RFWM
spectrum becomes completely independent of �, and R�3 at
�=0. In the limit of ��
1 ,
3, we have

I��,�� �
�

2
1
+

��
1 + 
3�
�
1 + 
3�2 + �2 + �1 −

�

2
1

+
2��
1 + 
3�

�
1 + 
3�2 + �2exp�− 2
1
�
�

for ��0 �Fig. 2�b��, and

I��,�� �
�

2
1
+

��
1 + 
3�
�
1 + 
3�2 + �2 + �1 −

�

2
1

−
2��
3 − 
1�

�
3 − 
1�2 + �2exp�− 2
1
�
�

+
4�
1exp�− �
1 + 
3�
�
�


1
4 − 2
1

2�
3
2 − �2� + �
3

2 + �2�2

���
1
2 − 
3

2 + �2�cos��
�
� + 2
3� sin��
�
��

for �0 �Fig. 2�c��. The equation for ��0 indicates that
when �=0 the nonresonant background is larger than the
resonant signal by a factor of �
1+
3� /3�	1 at �=0. How-
ever, when 
i
�
	1 then the resonant signal and the nonreso-
nant background become comparable, and we have R
=2
1 / �
1+
3�, which equals 1 if 
1=
3.

Finally, we have considered the field-correlation effects in
a single-relaxation-rate medium for the Gaussian-amplitude
model �GAM�. In the limit of �	
1 ,
3 �Fig. 3�a��, we have
I�� ,��� �1+exp�−2
1
�
���1+3�2 / ��2+�2�� for both ��0
and �0, the RFWM spectrum is independent of �, and R
�3 at �=0. In the limit of ��
1 ,
3, we have

I��,�� �
�

2
1
+

��
1 + 
3�
�
1 + 
3�2 + �2 + �1 +

�

2
1

+
2��
1 + 
3�

�
1 + 
3�2 + �2�exp�− 2
1
�
�

for ��0 �Fig. 3�b��, and

I��,�� �
�

2
1
+

��
1 + 
3�
�
1 + 
3�2 + �2 + �1 +

�

2
1

−
2��
1 − 
3�

�
1 − 
3�2 + �2exp�− 2
1
�
�

+
4�
1exp�− �
1 + 
3�
�
�


1
4 − 2
1

2�
3
2 − �2� + �
3

2 + �2�2

���
1
2 − 
3

2 + �2�cos��
�
� + 2
3� sin��
�
��

for �0 �Fig. 3�c��. The equation for ��0 indicates that
when �=0 the nonresonant background is larger than the

FIG. 2. RFWM spectra versus � /� for the PDM when 
1�=0
�dashed curve�, −0.5 �dotted curve�, −1 �dot-dashed curve�, −10
�solid curve�, 
3 /
1=1, � /
1=100 for �a�, � /
1=0.1 for �c�; 
1�
=0 �dashed curve�, 0.5 �dotted curve�, 1 �dot-dashed curve�, 10
�solid curve�, 
3 /
1=1, � /
1=0.1 for �b�.
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resonant signal by a factor of �
1+
3� /3�	1 at �=0. How-
ever, when 
i
�
	1 then the resonant signal and the nonreso-
nant background become comparable, and we have R
=2
1 / �
1+
3�, which equals 1 if 
1=
3.

B. Absorbing medium with two relaxation rates of the
molecular-reorientational grating and the thermal grating

The difference in the temporal behavior of the RFWM for
�2	
1, 
3 and �1�
1 ,
3 can be employed for the suppres-
sion of nonresonant thermal background in an absorbing me-
dium �with the nonlinear susceptibilities �1 and �2, and the
relaxation rates �1 and �2 for the thermal grating and the
molecular-reorientational grating, respectively�. For simplic-
ity, here we consider the limits �2	
1 ,
3	�1 for the CFM;
then we have for �=0,

I��� � �1
2 + 2�2

2�1 +
3�2

2

�2
2 + �2 + 2�1�2�1 +

�2
2

�2
2 + �2;

whereas in the limit of 
�
→�,

I��� � �1
2� �1

2
1
+

�1�
1 + 
3�
�
1 + 
3�2 + �2 + �2

2�1 +
3�2

2

�2
2 + �2 .

Suppose that the thermal grating is much more efficient than
the molecular-reorientational grating so that �1

2	�2
2, then

we have I�����1
2 at zero time delay. Hence, the RFWM

spectrum is dominated by the nonresonant thermal back-
ground. The contribution from the thermal grating can be
reduced significantly as we increase the time delay between
beams 1 and 2. When beams 1 and 2 become completely
uncorrelated, the condition for the suppression of nonreso-
nant thermal background is ��1 /�2�2��1 /2
1��1. In this
case, we have I�����2

2�1+ /3�2
2 / ��2

2+�2��, which is ex-
actly the RFWM spectrum of a sample with molecular-
reorientational grating alone.

Next we consider the limits �2	
1 ,
3	�1 for the PDM
and GAM. We have

I��� � �1
2 + �2

2�1 +
3�2

2

�2
2 + �2 + 2�1�2�1 +

�2
2

�2
2 + �2

for �=0 of the PDM �Fig. 4�, and

I��� � �1
2 + 3�2

2�1 +
3�2

2

�2
2 + �2 + 2�1�2�1 +

�2
2

�2
2 + �2

for �=0 of the GAM �Fig. 5�, respectively. Suppose that the
thermal grating is much more efficient than the molecular-
reorientational grating so that �1

2	�2
2, then we have I���

��1
2 at zero time delay. Hence, the RFWM spectrum is

dominated by the nonresonant thermal background. At zero
delay time it shows the drastic difference for three Markov-
ian stochastic fields for �2	
1, 
3	�1 approximation. On
the other hand, the PDM and GAM results are the same as
those of the CFM in the limit of 
�
→� �Fig. 6�. The contri-
bution from the thermal grating can also be reduced signifi-
cantly as we increase the time delay between beams 1 and 2.

In nonresonant RFWM, the thermal effect of an absorbing
medium can be suppressed by a time-delayed method. The
resonant signal and the nonresonant background originate
from the order parameters Q3�r , t� and Q1�r , t�, respectively.
According to Eqs. �7� and �9�, integration effects are in-
volved in the establishment of order parameters of the grat-
ings. Considering the broadband noisy-light case �i.e., �
�
1 ,
3�, the effect of integration is to wash out the gratings.
At zero time delay no washout takes place in the establish-
ment of Q1�r , t� because the phase factor �1 of A1�t− t��
��A1��t− t���* is stationary. On the other hand, the phase fac-
tor �3 of �A1��t− t���*A3�t− t�� is a random variable which
fluctuates with a characteristic time scale �
1+
3�−1. Be-
cause of the integration effect, the fast random fluctuation of
�3 leads to the reduction of the amplitude of Q3. Therefore,
the RFWM spectrum is dominated by a large nonresonant
background when �=0. The RFWM spectrum in the limit of

�
	1/
 is quite different. Similar to Q3, Q1 is now induced
by mutually incoherent fields. If 
1=
3, then the influences
of the integration effect on Q1 and Q3 are equal. In the case
of �=0, the signals from Q1 and Q3 will be equal. Further-
more, the relative phase between P1�r , t� and P3�r , t� is a

FIG. 3. RFWM spectra versus � /� for the GAM when 
1�=0
�dashed curve�, −0.5 �dotted curve�, −1 �dot-dashed curve�, −10
�solid curve�, 
3 /
1=1, � /
1=10 for �a�, � /
1=0.1 for �c�; 
1�
=0 �dashed curve�, 0.5 �dotted curve�, 1 �dot-dashed curve�, 10
�solid curve�, 
3 /
1=1, � /
1=0.1 for �b�.
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stochastic variable. Since there is no interference between
them, we have R�1, which is defined as the ratio between
the intensity of the resonant signal at �=0 and the nonreso-
nant background. We now consider the narrow-bandwidth
case when �	
1 ,
3. In this case, the material gratings have
very short relaxation times; therefore, they can respond to
the phase fluctuations of the fields almost immediately. More
specifically, A1�t− t���A1��t− t���* and �A1��t− t���*A3�t− t�� in
Eqs. �7� and �9�, respectively, are slowly varying functions in
comparison with exp�−�t�� which have a peak at t�=0, and
therefore can be approximated as A1�t��A1��t��

* and
�A1��t��

*A3�t�, respectively. We have P1�r , t����A1�t�
��A1��t��

*A3�t��0
�exp�−�t��dt� and P3�r , t����A1�t�

��A1��t��
*A3�t��0

�exp�−��− i��t��dt�. These equations indi-
cate that the RFWM spectrum is independent of �. Although
the phases of P1 and P3 fluctuate randomly, the relative

phase between them is fixed; therefore, we have R�3 in-
stead of 1 due to the interference between P1 and P3.

The fact that the effect of field correlation on the order
parameters Q1 and Q3 is different. In particular, as we in-
crease the time delay, the phase fluctuation of the interfer-
ence pattern of beams 1 and 2 affects the establishment of Q1
directly. In contrast, since Q3 is induced by beams 2 and 3,
the integration effect will not lead directly to the � depen-
dence of Q3. The field-correlation effect here is due to the
coincidence of the intensity spikes between Q3 and beam 1
instead. The RFWM is also influenced by the interference
between signals originating from Q1 and Q3. The degree of
the interference is reflected in the parameter R= Ires��
=0� / Inonres. For example, the signal intensities arising from
Q1 and Q3 are equal in the limit of 
�
→� when 
1=
3 and
�=0. However, it can be proved that R�1+2� / ��+
1�;

FIG. 4. RFWM spectra of the PDM in an absorbing medium for
�a� 
3 /
1=1, �1 /
1=1�10−5, �2 /
1=10, 
1�=−5, �1 /�2=50
�dashed curve�, 250 �dotted curve�, 350 �dot-dashed curve�, and 500
�solid curve�; �b� �1 /�2=50, 
3 /
1=1, �1 /
1=1�10−5, �2 /
1

=10, 
1�=0 �dashed curve�, −3 �dotted curve�, −4 �dot-dashed
curve�, and −10 �solid curve�; �c� �1 /�2=500, 
3 /
1=1, �1 /
1

=1�10−5, �2 /
1=10, 
1�=0 �dashed curve�, −4 �dotted curve�, −5
�dot-dashed curve�, and −10 �solid curve�.

FIG. 5. RFWM spectra of the GAM in an absorbing medium for
�a� 
3 /
1=1, �1 /
1=1�10−5, �2 /
1=10, 
1�=−5, �1 /�2=50
�dashed curve�, 250 �dotted curve�, 380 �dot-dashed curve�, and 500
�solid curve�; �b� �1 /�2=50, 
3 /
1=1, �1 /
1=1�10−5, �2 /
1

=10, 
1�=0 �dashed curve�, −3 �dotted curve�, −4 �dot-dashed
curve�, and −10 �solid curve�; �c� �1 /�2=500, 
3 /
1=1, �1 /
1

=1�10−5, �2 /
1=10, 
1�=0 �dashed curve�, −4 �dotted curve�, −5
�dot-dashed curve�, and −10 �solid curve�.
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therefore, the contribution from the interference term is
given by 2� / ��+
1�, which varies from 0 for 
1	� to 2 for

1�� �see Figs. 2 and 3�.

Based on the field-correlation effects, the thermal grating
can be suppressed by a time-delayed method. This method
employs the intrinsic incoherence of laser beams and the
order-of-magnitude difference between the relaxation time of
the molecular reorientational grating and the thermal grating.
Consider a RFWM in an absorbing sample. Because of the
high efficiency of thermal effects, then similar to Figs. 4–6
the Rayleigh-type FWM spectrum will exhibit a large non-
resonant background when �=0. The nonresonant back-
ground can be reduced if we increase the relative time delay
between beams 1 and 2. A reduction factor of 2
1 /�T can be
achieved when beams 1 and 2 become uncorrelated. The
residue thermal effects can be reduced further if we use
pump beams with broader linewidth and/or longer pulse
width. In addition, this method will not affect the strict

phase-matching condition, because beams 1 and 2 originate
from a single laser source, and therefore they have the same
frequency even though they become completely uncorre-
lated. Typically, the relaxation time of a thermal grating is on
the order of a microsecond. Letting 
1�0.1�M and assuming
that the relaxation time of the molecular-reorientational grat-
ing is a few hundreds of femtoseconds, the reduction factor
is about 10−6. If we employ pulse lasers with pulse width
smaller than the relaxation time of the thermal grating, then
due to the finite interaction time between the laser and the
material, the role of the relaxation time should be replaced
by the laser pulse width. For a laser pulse width of 5 ns, the
reduction factor becomes 10−5. On the other hand, in contrast
to the thermal grating, the field correlation has little influence
on the RFWM spectrum when the grating has a fast relax-
ation time. Therefore, the ultrafast longitudinal relaxation
time can be measured even in an absorbing medium �7�.
Using a similar idea, the hidden Raman resonance can be
revealed from the thermal background by a time-delayed
method in Raman-enhanced FWM experiments �17,18�.

As a nonlinear spectroscopy, the most important question
in RFWM is the “frequency bandwidth,” or, equivalently, the
avoidance of phase mismatch during wavelength tuning. The
coherence length in RFWM is given by lc
=2c / �n��1 /�3�
�1−�3
�2�, where n is the refractive index.
To ensure that the phase mismatching does not affect the
experimental results, the coherence length lc must be larger
than the thickness of the sample cell. The frequency band-
width can be increased further by reducing the angle between
beams 1 and 2; therefore, in principle, relaxation times
shorter than 10 fs can be measured. In coherent Raman spec-
troscopy the spectrum usually exhibits an asymmetric line
shape, because of the interference between the resonant sig-
nal and the nonresonant background. In contrast, RFWM is a
nonresonant process, and the line shape is symmetric even
though interference between signals from two gratings ex-
ists. Finally, although several frequency-domain nonlinear la-
ser spectroscopies have been suggested for ultrafast measure-
ments �7�, RFWM possesses the following features. It
involves three incident beams; therefore, different tensor
components of the nonlinear susceptibility can be measured
independently. The angle between beams 1 and 2 can be
adjusted for individual experiments to optimize the tradeoff
between better phase matching and larger interaction volume
or better spatial resolution. The RFWM signal is coherent
light, which makes it easier to detect.

One interesting feature in field-correlation effects is that
RFWM exhibits temporal asymmetry and spectral symmetry.
Beam 1 is used to probe the moving grating Q3, which de-
cays with rate �. The � dependence in the temporal behavior
of I�� ,�� for �0 is the result of the amplitude correlation
between beam 1 and Q3. More specifically, according to Eqs.
�7� and �9�, I�� ,�� is asymmetric in � in general because it
only depends on the laser coherence time when ��0, while
it depends on both the laser coherence time and the relax-
ation time of the grating when �0 for chaotic fields �Fig.
7�. The maximum of the temporal profile for RFWM is
shifted from �=0. The maximum position is almost same in
curve �a� of 
	P3�
2 and curve �b� of 	
P3
2� �Fig. 7�. The
�-dependent main terms all show in the 
	P3�
2 case. Physi-

FIG. 6. RFWM spectra in an absorbing medium for �a� 
3 /
1

=1, �1 /
1=1�10−5, �2 /
1=10, 
1�=0, �1 /�2=5; �b� �1 /�2=5,

3 /
1=1, �1 /
1=1�10−5, �2 /
1=10, 
1�=−2; �c� �1 /�2=50,

3 /
1=1, �1 /
1=1�10−5, �2 /
1=10, 
1�=0. The three curves
represent the chaotic field �dotted line�, phase-diffusion field �solid
line�, and Gaussian-amplitude field �dashed line�, respectively. The
three curves in �c� have been decreased by a factor of 2580.
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cally, RFWM is similar to the corresponding CSRS. Unlike
CSRS no coherence spike appears at �=0. As the laser line-
width 
1 /� increases, the maximum is closer to �=0, and the
�-independent nonresonant background is increased. More-
over, the terms 	P3P3

*� �interference from purely Rayleigh-
resonant signals� and 	P1P3

*� and 	P1
*P3� �interference be-

tween the Rayleigh-resonant signal and the nonresonant
background� of RFWM exhibits hybrid radiation-matter de-
tuning terahertz damping oscillation. On the other hand, un-
like the Raman-enhanced FWM spectrum, which is asym-
metric due to the interference between the resonant signal
and the nonresonant background �17,18�, the line shape of
the Rayleigh-type FWM is always symmetric. Specifically,
in Raman-enhanced FWM the Raman vibration is excited by
the simultaneous presence of two incident beams whose fre-
quency difference equals the Raman excitation frequency
and the Raman-enhanced FWM signal is the result of this
resonant excitation. In contrast, Rayleigh-type FWM is a
nonresonant process with no energy transfer between the
light and the medium when the frequency difference between
two incident beams equals zero. The resonant structure in the
Rayleigh-type FWM spectrum is the result of an induced
moving grating. This difference is also reflected in their line
shapes. This symmetry is manifested in the RFWM spec-
trum. The RFWM spectrum shows a smooth curve when �
�0 �see Figs. 2�b� and 3�b��, while it exhibits a wavelike
structure when 
�=−0.5 or −1 for three different Markovian
stochastic fields in Figs. 2�c� and 3�c�. The wavelike struc-
ture originates from sin���� and cos���� in Eq. �12�, which
describes the interference between signals from order param-
eters Q1 and Q3.

Comparing with the CFM and GAM, due to the absence
of single exp�−2
1
�
� decay factors �which comes from the
amplitude fluctuation� in the PDM �17,18�, the RFWM spec-
trum for PDM shows the broadest line shape in the narrow-
band case �Fig. 8�a��, and extremely narrow line shape in the
broadband linewidth, respectively �Fig. 8�b��.

IV. HOMODYNE DETECTION OF SUM-FREQUENCY
RASPB

We have the total third-order polarization P�3�= P1+ P2
+ P3. For the macroscopic system where phase matching

takes place this signal must be drawn from the P�3� devel-
oped on one chromophore multiplied by the �P�3��* that is
developed on another chromophore which must be located
elsewhere in space �with summation over all such pairs�
�8–16�. The bichromophoric model is particularly important
to noisy light spectroscopies where stochastic averaging at
the signal level must be carried out. The sum-frequency
RASPB signal is proportional to the average of the absolute
square of P�3� over the random variable of the stochastic
process, so that the signal I�� ,��� 	
P�3�
2�= 	P�3��P�3��*�
= 	�P1+ P2+ P3���P1�*+ �P2�*+ �P3�*�� contains 3�3=9 dif-
ferent terms in the fourth- and second-order coherence func-
tions of ui�t� in phase-conjugation geometry. In general, the
RASPB of homodyne detection �at this intensity level� can
be viewed as built of the sum of three contributions: �i� the
�-independent or -dependent nonresonant autocorrelation
terms of �2 molecular-reorientational grating, which include
u2�t� fourth-order and u3�t� second-order Markovian stochas-
tic correlation functions; �ii� the �-independent or -dependent
autocorrelation terms �i.e., RFWM� of the �1 nonresonant
molecular-reorientational grating and 
�3−�1
=� Rayleigh
resonant mode, which include u1�t� fourth-order and u3�t�
second-order Markovian stochastic correlation functions;
�iii� the �-dependent cross-correlation terms between RFWM
and NDFWM processes, which include u1�t�, u2�t�, and u3�t�
second-order Markovian stochastic correlation functions.
Different Markovian stochastic models of the laser field af-
fect only the fourth-, not the second-order correlation func-
tions.

A. Analytic closed form for chaotic field

We first assumed that the laser sources are chaotic fields.
A chaotic field, which is used to describe a multimode laser

FIG. 7. RFWM signal comparison of 
	P3�
2, curve �a�, and
	
P3
2� for the CFM, curve �b� versus time delay ��. The parameters
are 
1 /�=5.6, 
3 /�=5.4, and � /�=0.

FIG. 8. RFWM spectra versus � /� ·
3 /
1=1, 
1�=−2, � /
1

=10 for �a� and � /
1=0.1 for �b�. The three curves represent the
chaotic field �dotted line�, phase-diffusion field �solid line�, and
Gaussian-amplitude field �dashed line�, respectively.
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source, is characterized by the fluctuation of both the ampli-
tude and the phase of the field. The random functions ui�t� of
the complex noisy fields are taken to obey complex Gaussian
statistics with its fourth-order coherence function satisfying
�27�

	ui�t1�ui�t2�ui
*�t3�ui

*�t4�� = 	ui�t1�ui
*�t3��	ui�t2�ui

*�t4��

+ 	ui�t1�ui
*�t4��	ui�t2�ui

*�t3�� .

�10�

All higher-order coherence functions can be expressed in

terms of products of second-order coherence functions. Thus

any given 2n-order coherence function may be decomposed

into a sum of n! terms, each consisting of the products of n

second-order coherence functions.
The composite noisy beam 1 �beam 2� is treated as one

whose spectrum is simply a sum of two Lorentzians. The
high-order decay cross-correlation terms are reasonably ne-
glected in our treatment. After substituting Eq. �10� into
I�� ,��� 	
P�3�
2� and performing the tedious integration, we
obtain for �i� ��0,

I��,�� � �2� �

� + 2
1
+

�2�

� + 2
2
+

�a�

�a
2 + �2 +

�� + �a��2

�� + 
1����a + ��2 + �2�
+

2��a�� + �a� − �2��2

��a
2 + �2����a + ��2 + �2�

+ �1 +
2�a�

�a
2 + �2 +

�a�2

�� + 
1���a
2 + �2�

exp�− 2
1
�
� + �2exp�− 2
2
�
�

+ ��A + A* +
A�

�a − i�
+

A*�

�a + i�
exp�− �
1 + 
2�
�
�� , �11�

and for �ii� �0,

I��,�� � �2� �

� + 2
1
+

2�2�� + �a�
�� + 2
1����a + ��2 + �2�

+
2�2�2�2 − �2 + 3�
1 + 
1

2 + 3�
3 + 2
1
3 + 
3
2�

��a
2 + �2����a + ��2 + �2�

+
��a

�a
2 + �2

+
�2�

� + 2
2
−

2�
1�� + �c + i��
��c + i����b − i����a − i��

exp�− ��a − i��
�
� −
2�
1�� + �c − i��

��c − i����b + i����a + i��
exp�− ��a + i��
�
�

+
2�2
1�2�2
1 − 2
1

3 + �2
3 − �2
3 − 5
1
2
3 − 4
1
3

2 − 
3
3�

��2 − 
1
2���c

2 + �2���a
2 + �2�

exp�− 2�
�
� + �1 + �2 +
�

� − 
1
 ��b

�b
2 + �2�

�exp�− 2
1
�
� + �2exp�− 2
2
�
� −
2�
1A� exp�− ��a − i��
�
�

��b − i����a − i��
−

2�
1A*� exp�− ��a + i��
�
�
��b + i����a + i��

+ �� A*�

�b + i�
+

A�

�b − i�
+ A + A*exp�− �
1 + 
2�
�
�� . �12�

Here, �=�2��2 /�1��1 �assuming �1���1 and �2���2�; �k
= �k1−k1��− �k2�−k2�; �a=�+
1+
3, �b=�−
1+
3, �c=�
−
1−
3; A=exp�i�k ·r− i��1+�2���=exp�i��.

In general I�� ,�� is asymmetric in � because it depends
only on the laser coherence time when ��0, while it de-
pends on both the laser coherence time and the relaxation
time of the grating when �0. The RASPB is generally
different for ��0 and �0. Even when 
�
→�, Eq. �11� is
still different from Eq. �12�. In general the RASPB depends
only on the laser coherence time when ��0, while it de-
pends on both the laser coherence time and the relaxation
time of the grating �which decays with rate �� when �0.
Different Markovian stochastic models of the laser field af-
fect only the fourth-, not the second-order correlation func-
tions. The interferometric contrast ratio of the interferogram
mainly determined by the cross-correlation between RFWM

and NDFWM processes is equally sensitive to the
amplitude and phase fluctuations of the chaotic fields.
The constant term �2��a / ��a

2+�2� in relations �11� and
�12�, which is independent of the relative time delay
between twin beams 1 and 2, originates from the phase
fluctuation of the chaotic fields, while the purely decay
terms including the factors exp�−2
1
�
�, exp�−2
2
�
�, and
exp�−2�
�
� in relations �11� and �12� come from amplitude
fluctuation of the chaotic fields. Physically, the chaotic
field has the property of photon bunching, which can affect
any multiphoton process when the higher-order correlation
function of the field plays an important role. Based on the
chaotic field, the resonant autocorrelation between the
Rayleigh-active modes �i.e., a factor exp�−2�
�
� which
originates from the 	P3P3

*� term� is shown in Eq. �12� for
�0.
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The characteristics of the interferogram of the RASPBs
are a result of two main components: the material response
�resonant term� and the light response �nonresonant term�
along with the interplay between the two responses. Equa-
tions �11� and �12� generally indicate not only the character-
istic of twin laser fields, but also a molecule vibrational prop-
erty. Specifically, the temporal behaviors of the sum-
frequency RASPB intensities mainly reflect the
characteristics of twin composite laser fields for ��0, and
the molecule vibrational properties for �0. The sum-
frequency RASPB signal versus � typically shows the at-
tosecond scale modulation with a sum frequency �2+�1 and
a damping rate 
1+
2. If we employ sum-frequency RASPB
on the attosecond scale to measure the modulation frequency
�s=�2+�1, the accuracy can be improved by measuring as
many cycles of the attosecond modulation as possible. Since
the amplitude of the attosecond modulation decays with a
time constant �
1+
2�−1 as 
�
 increases, the maximum do-
main of time delay 
�
 should equal approximately 2�
1

+
2�−1. We obtain the theoretical limit of the uncertainty of
the modulation frequency measurement ��s which is ��s

���
1+
2�, i.e., in the modulation frequency measurement
the theoretical limit of the accuracy is related to the decay
time constant of the beat signal modulation amplitude.

Equations �11� and �12� indicate that the beat signal os-
cillates not only temporally but also spatially with a period
2� /�k along the direction �k, which is almost perpendicu-
lar to the propagation direction of the beat signal. Here �k
�2�
�1−�2
� /�2�1, where � is the angle between beam 1
and beam 2. Physically, the polarization-beat model assumes
that the twin composite beams are plane waves. Therefore
the RFWM and NDFWM signals, which propagate along
k1−k1�+k3 and k2�−k2+k3, respectively, are plane waves
also. Since FWM signals propagate along slightly different
direction, the interference between them leads to the spatial
oscillation. To observe the spatial modulation of the beat
signal the dimension of the detector should be smaller than
0.6 mm, which should be detected by pinhole detector. The
finite thickness of the sample has a catastrophic effect on the
correlation of counterpropagating color-locked noisy fields.
Although transverse modulation of the attosecond RASPB
signal is considered, the effect of signal integration in the
longitudinal direction is reasonably neglected here.

The three-order polarization �see Eqs. �7�–�9��, which in-
volves the integration of t� from 0 to �, are the accumulation
of the polarization induced at a different time. The RASPB
signal exhibits �2+�1 ultrafast modulation on the attosecond
scale, and the symmetric line shape of the RFWM is good
for tuning �3−�1 to zero-frequency resonance. Specifically,
the relative phase between P1 and P3 is now a stochastic
variable. Due to the randomization of the relative phase be-
tween the Rayleigh resonant term from P3 and the nonreso-
nant background from P1 the interference between them dis-
appears almost completely. As a result, the RFWM spectrum
exhibits a symmetric line shape �Figs. 2–6�. Comparing with
the CFM broadband case, the maximum of the RASPB sig-
nal in the time �Fig. 9�a�� or frequency domain �Fig. 9�b��

has been shifted back and forth from �=0 or �=0 in the
CFM narrow bandwidth.

B. The phase-diffusion field

We have assumed that the laser sources are chaotic field
in the above calculation. A chaotic field, which is used to
describe a multimode laser source, is characterized by the
fluctuation of both the amplitude and the phase of the field.
Another commonly used stochastic model is the phase-
diffusion model, which is used to describe an amplitude-
stabilized laser source. This model assumes that the ampli-
tude of the laser field is a constant, while its phase fluctuates
as random process. If the lasers have Lorentzian line shape,
the fourth-order coherence function is �27�

	ui�t1�ui�t2�ui
*�t3�ui

*�t4�� = exp�− 
i�
t1 − t3
 + 
t1 − t4
 + 
t2

− t3
 + 
t2 − t4
��exp�
i�
t1 − t2


+ 
t3 − t4
�� . �13�

After substituting Eq. �13� into I�� ,��� 	
P�3�
2�, we obtain,
for �i� ��0,

FIG. 9. �a� RASPB signal versus �� for 
1 /�=
2 /�=
3 /�
=0.1, �=1, r=0, � /
1=0 �dot-dashed curve�, 8 �dotted curve�, 20
�dashed curve�, and 200 �solid curve�; �b� RASPB spectra for

1 /�=
2 /�=0.06, 
3 /�=0.05, �=1, r=0, ��=0 �dot-dashed
curve�, −1 �dotted curve�, −1.5 �dashed curve�, and −2.4 �solid
curve�.
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I��,�� � �2� �

� + 2
1
+

�a�

�a
2 + �2 +

2�� + �a��2

�� + 2
1����a + ��2 + �2�
+

2��a�� + �a� − �2��2

��a
2 + �2����a + ��2 + �2�

+
�2�

� + 2
2

+
2
1�3�2 + 4��a + �a

2 + �2�
�� + 2
1���a

2 + �2�
exp�− �� + 2
1�
�
� +

2�2
2exp�− �� + 2
2�
�
�
� + 2
2

+ ��A + A* +
A�

�a − i�
+

A*�

�a + i�
exp�− �
1 + 
2�
�
�� , �14�

and for �ii� �0,

I��,�� � �2� �

� + 2
1
+

��a

�a
2 + �2 +

2�2�� + �a�
�� + 2
1����a + ��2 + �2�

+
2���a + �a

2 − �2�
��a

2 + �2����a + ��2 + �2�
+

�2�

� + 2
2

+ � 2
1

� + 2
1
+

4��b
1

��b
2 + �2��� + 2
1�

exp�− �� + 2
1�
�
� +
2�2
2exp�− �� + 2
2�
�
�

� + 2
2

− �2�
1A�

�b − i�
+

2�
1

� + 2
1 + �a − i�
 exp�− ��a − i��
�
�

�a − i�
− �2�
1A*�

�b + i�
+

2�
1

� + 2
1 + �a + i�
 exp�− ��a + i��
�
�

�a + i�

− � 2

�b − i�
+

� exp�− �2
1 + �a − i��
�
�
��a − i���2
1 + �a + � − i��

4�
1
2exp�− �� + �a − i��
�
�

��a + � − i���2
1 + �a − i��
− � 2

�b + i�
+

� exp�− �2
1 + �a + i��
�
�
��a + i���2
1 + �a + � + i��


�

4�
1
2exp�− �� + �a + i��
�
�

��a + � + i���2
1 + �a + i��
+ �� A*�

�b + i�
+

A�

�b − i�
+ A + A*exp�− �
1 + 
2�
�
�� . �15�

Equations �14� and �15� depend on both the laser coher-
ence time and the relaxation time of the grating. The tempo-
ral behavior of the beat signal reflects not only the charac-
teristic of the lasers, but also the molecule vibrational
properties. Equations �14� and �15� are remarkably different
from the result based on a chaotic model. Equations �14� and
�15� are short of the purely autocorrelation decay terms in-
cluding the factors exp�−2
1
�
�, exp�−2
2
�
�, and
exp�−2�
�
�, which are shown to be particularly insensitive
to the phase fluctuation of the Markovian stochastic light
fields. The drastic difference of the results also exists in the
higher-order correlation of RASPB when three Markovian
stochastic models are employed �11,12�.

In the case of 
1, 
2��, the phase-diffusion model pre-
dicts a damping oscillation of the attosecond sum-frequency
RASPB signal around a constant value. We can understand
this phenomenon as follows. The interference pattern of the
�1��2� component of the twin composite beams 1 and 2 will
be in constant motion with a characteristic time constant

1

−1�
2
−1� when 
�
 is much longer than the laser coherence

time �c. In the case of 
1, 
2��, the relaxation time of the
molecular-reorientational grating is so short that the induced
gratings G1 and G2 always follow the interference pattern,
and therefore the beat signal will never decay. On the other
hand, the relative phase between G1 and G2 fluctuates ran-
domly, which makes spatial interference between them im-
possible. In this case the beat signal intensity is simply the
summation of the signal intensity originating from G1 and
G2. In contrast, the fringes of G1 and G2 are stable when


�
�c. The constructive or destructive interference between
G1 and G2 enhances or reduces the beat signal and gives rise
to the oscillation of the beat signal intensity as � varies.
We note that the main difference between the phase-diffusion
model and the chaotic model is that amplitude fluctuation
exists in the latter case. When 
�
�c, the coincidence of
the intensity spikes of the two composite beams gives an
additional enhancement of the beat signal for the chaotic
model.

C. The Gaussian-amplitude field

The Gaussian-amplitude field has a constant phase but its
real amplitude undergoes Gaussian fluctuations. The fourth-
order coherence function is �27�

	ui�t1�ui�t2�ui�t3�ui�t4�� = 	ui�t1�ui�t3��	ui�t2�ui�t4��

+ 	ui�t1�ui�t4��	ui�t2�ui�t3��

+ 	ui�t1�ui�t2��	ui�t3�ui�t4�� .

�16�

Based on the Gaussian-amplitude field, the high-order de-
cay cross-correlation terms have been reasonably neglected.
After substituting Eq. �16� into I�� ,��� 	
P�3�
2�, we obtain
as follows: �i� for ��0,
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I��,�� � �2� �

� + 2
1
+

�2�

� + 2
2
+

2�a�

�a
2 + �2 +

�� + �a��2

�� + 
1����a + ��2 + �2�
+

2��a�� + �a� − �2��2

��a
2 + �2����a + ��2 + �2�

+ � �

� + 2
1
− 1 −

4�� + �a��
1

��� + �a�2 + �2��� + 2
1�exp�− �� + 2
1�
�
� + � �2�

� + 2
2
− �2exp�− �� + 2
2�
�
�

+ �2 +
4�a�

�a
2 + �2 +

�2�a

�� + 
1���a
2 + �2�

exp�− 2
1
�
� + 2�2exp�− 2
2
�
�

+ ��A + A* +
A�

�a − i�
+

A*�

�a + i�
exp�− �
1 + 
2�
�
�� , �17�

and �ii� for �0,

I��,�� � �2� �

� + 2
1
+

2�2�� + �a�
�� + 2
1����a + ��2 + �2�

+
2�2�2�2 − �2 + 3�
1 + 
1

2 + 3�
3 + 2
1
3 + 
3
2�

��a
2 + �2����a + ��2 + �2�

+
2��a

�a
2 + �2

+
�2�

� + 2
2
− �� + �c + i�

�c + i�
+


1

�� + �b� − i�
2�2exp�− ��a − i��
�
�

��b − i����a − i��
− �� + �c − i�

�c − i�
+


1

�� + �b� + i�


�
2�2exp�− ��a + i��
�
�

��b + i����a + i��
+

4�2
1
2exp�− �3� + 2
3 + 2i��
�
�

�� + �b + i����b + i����a + i���� + �a + i��

+
4�2
1

2exp�− �3� + 2
3 − 2i��
�
�
�� + �b − i����b − i����a − i���� + �a − i��

+
2�2
1�2�2
1 − 2
1

3 + �2
3 − �2
3 − 5
1
2
3 − 4
1
3

2 − 
3
3�

��2 − 
1
2���c

2 + �2���a
2 + �2�

exp�− 2�
�
� + �2 + �4 +
�

� − 
1
 ��b

�b
2 + �2�

�exp�− 2
1
�
� + 2�2exp�− 2
2
�
� + � �

� + 2
1
− 1 −

4�b�
1

��b
2 + �2��� + 2
1�

exp�− �� + 2
1�
�
�

+ � �2�

� + 2
2
− �2exp�− �� + 2
2�
�
� −

2�
1A� exp�− ��a − i��
�
�
��b − i����a − i��

−
2�
1A*� exp�− ��a + i��
�
�

��b + i����a + i��

+ �� A*�

�b + i�
+

A�

�b − i�
+ A + A*exp�− �
1 + 
2�
�
�� . �18�

Equations �17� and �18� generally indicate not only the
characteristic of twin noisy laser fields, but also a molecule
vibrational property. Specifically, the temporal behaviors of
the sum-frequency RASPB intensities mainly reflect the
characteristics of twin composite laser fields for ��0, and
material vibrational properties for �0. Based on the
Gaussian-amplitude field, the resonant autocorrelation be-
tween the Rayleigh-active modes �i.e., a factor exp�−2�
�
�
which originates from the 	P3P3

*� term� is shown in Eq. �18�
for �0. The �-independent constant background of
Gaussian-amplitude field is slightly larger than that of the
chaotic field, which originates from the amplitude fluctuation
of the Markovian stochastic field.

The attosecond sum-frequency RASPB indicate that beat
signal oscillates not only temporally but also spatially along
the direction �k, which is almost perpendicular to the propa-
gation direction of the beat signal. Three normalized three-
dimensional interferograms of the signal intensity I�� ,��
versus time delay � and frequency detuning �, I�� ,r� versus
time delay � and transverse position r, and I�� ,r� versus

frequency detuning � and transverse position r, respectively,
have a smaller constant background caused by the intensity
fluctuation of the narrowband chaotic field. At zero relative
time delay ��=0�, the twin beams originating from the same
source enjoy perfect overlap at the sample of their corre-
sponding noise patterns. This gives maximum interferomet-
ric contrast. As 
�
 is increased, the interferometric contrast
diminishes on the time scale that reflects material memory,
usually much longer than the correlation time of the noisy
light. The pure autocorrelation decay terms of the Rayleigh-
active mode, the molecular-reorientational grating, and the
laser fields for the RASPB originated from the amplitude
fluctuation of the Markovian stochastic fields.

It is important to note that these three types of Markovian
stochastic fields can have the same spectral density and thus
the same second-order coherence function. The fundamental
differences in the statistics of these fields are manifest only
in the higher-order coherence functions �19,27�. The term
“higher-order” refers to all orders larger than the second. In
this paper, different stochastic models of the laser field only
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affect the fourth-order coherence functions in the frequency
and time domains. Due to the interference of the cos��k ·r
− ��1+�3��� and sin��k ·r− ��1+�3��� factors, the temporal
behavior of the RASPB is asymmetric with the maximum of
the beat signal shifted from �=0 �Fig. 9�a��, whereas in the
limit of �→�, the term with the sin��k ·r− ��1+�3��� fac-
tor will disappear, and then the beat signal exhibits a sym-
metric behavior. The peak-to-background contrast ratio of
the chaotic field is larger than that of the Gaussian-amplitude
field or the phase-diffusion field. Furthermore, the contrast
ratio of the phase-diffusion field is slightly larger than that of
the Gaussian-amplitude field. The physical explanation for
this is that the signal contrast ratio is equally sensitive to the
amplitude and phase fluctuations of the Markovian stochastic
fields. The polarization beat signal is shown to be particu-
larly sensitive to the statistical properties of the Markovian
stochastic light fields with arbitrary bandwidth. The �- or
�-independent constant background of the beat signal for a
Gaussian-amplitude field or a chaotic field is much larger
than that of the signal for a phase-diffusion field in Fig. 9.
The physical explanation for this is that the Gaussian-
amplitude field undergoes stronger intensity fluctuations than
a chaotic field. On the other hand, the intensity �amplitude�
fluctuations of the Gaussian-amplitude field or the chaotic
field are always much larger than the pure phase fluctuations
of the phase-diffusion field.

Next, we discuss the chromophore P�3� difference be-
tween the sum-frequency RASPB with a phase-conjugation
geometry and the sum-frequency UMS �1� with a self-
diffraction geometry from a physical viewpoint. The fre-
quencies and wave vectors of the sum-frequency UMS signal
are �s1

=2�1−�1, �s2
=2�2−�2 and ks1

=2k1−k1�, ks2
=2k2�

−k2, respectively, which means that a photon is absorbed
from each of the two mutually correlated fluctuating pump
beams. On the other hand, the frequencies and wave vectors
of the sum-frequency RASPB signal are �s1

=�1−�1+�3,
�s2

=�3−�3+�3 and ks1
=k1−k1�+k3, ks2

=k2�−k2+k3, re-
spectively �Fig. 1�c��; therefore photons are absorbed from
and emitted to the mutually correlated fluctuating twin
beams 1 and 2, respectively. This difference between RASPB
and UMS has a profound influence on the field-correlation
effects. We note that the roles of beams 1 and 2 are inter-
changeable in the UMS, this interchangeable feature also
makes the second-order coherence function theory failure in
the UMS. Due to 	u�t1�u�t2��=0, the absolute square of the
stochastic average of the polarization 
	P�3��
2 cannot be used
to describe the temporal behavior of the sum-frequency
UMS �1�. Our higher-order correlation �intensity correlation�
treatment also is of vital importance in the sum-frequency
UMS. Moreover, because 	ui�t��=0 and 	ui

*�t��=0, the abso-
lute square of the stochastic average of the polarization

	P�3��
2, which involves second-order coherence function of
ui�t�, cannot be used to describe the temporal behavior of the
RASPB. The sixth-order correlation theory 	
P�3�
2� reduces
to the second-order correlation theory 
	P�3��
2 in the case
that the laser pulse width is much longer than the laser co-
herence time. The second-order coherence function theory is
valid when we are only interested in the �-dependent part of
the beating signal �21�. Therefore, the fourth-order coherence

function theory is of vital importance in sum-frequency
RASPB. The application of higher-order results to the
difference-frequency RASPB experiment yielded a better fit
to the data than an expression involving only second-order
coherence �20–26�. Apparently the nature of the Markovian
field has a more drastic effect on the outcome of the experi-
ment than the underlying molecular nonlinearity. Since real
laser fields are unlikely to behave like the pure three-field
classes, a complicated superposition of various types of re-
sponses is to be expected.

V. HETERODYNE DETECTION OF SUM-FREQUENCY
RASPB

The phase-sensitive detection of RFWM is based on the
polarization interference between two FWM processes. Since
optical fields oscillate too quickly for direct detection, they
must be measured “in quadrature”—as photons. There are
two ways to achieve quadrature. One is homodyne detection
in which the new polarization is measured at its quadrature
�P1+ P3���P1�*+ �P3�*�. These signals must be proportional
to 
��3�
2. Thus, Ihomodyne� 
��3�
2 and all phase information in
��3� is lost. The second way to achieve quadrature is to in-
troduce another polarization P2 �called a reference signal�
designed in frequency and wave vector to conjugate �go into
quadrature� in its complex representation with the new po-
larization of interest. Thus, in the heterodyne case, the signal
photons are derived from �P1+ P2+ P3���P1�*+ �P2�*+ �P3�*�
or Iheterodyne���3� �the signal is linear rather than quadratic�.
In heterodyne-detected �3+1�-wave mixing, phase informa-
tion is retained and one can take a full measure of the com-
plex susceptibility, including its phase. The phase of the
complex induced polarization P�3� determines how its energy
will partition between class I �the absorbed or emitted active
spectroscopy� and class II �the passive spectroscopy with a
new launched field� �8–16�.

We demonstrated a phase-sensitive method for studying
the RFWM. The reference signal is another FWM signal,
which propagates along the same optical path as the RFWM
signal. This method is used for studying the phase dispersion
of the third-order susceptibility ��3� and for the optical het-
erodyne detection of the RFWM signal. Based on three types
of models described above, the subtle Markovian field cor-
relation effects will be investigated in heterodyne detection
of attosecond sum-frequency RASPB. Compare with the
above homodyne detection scheme of attosecond sum-
frequency RASPB, the composite twin beams 1 and 2 for the
heterodyne detection scheme of attosecond sum-frequency
RASPB also originate from the same color-locking noisy
lights.

Polarization beating is based on the interference at the
detector between FWM signals, which originate from the
macroscopic polarizations excited simultaneously in the
sample. It is preferred that all the polarizations have the same
frequency. The frequencies of P1, P2, and P3 are �3, while
PR2 and PR3 have frequencies �1−�2+�3 and �2−�1+�3,
respectively �17,18�. Furthermore, due to the phase mis-
matching, the FWM signals from PR2 and PR3 are usually
much smaller than that from P1, P2, and P3. So we have the
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total third-order polarization P�3�= P1+ P2+ P3. The third-
order nonlinear polarizations P1+ P3 and P2 correspond to
the RFWM process and NDFWM process which have wave
vectors k1−k1�+k3 and k2�−k2+k3, respectively. The sum-
frequency RASPB signal is proportional to the average of the
absolute square of P�3� over the random variable of the sto-
chastic process, so that the signal intensity I�� ,��� 	
P�3�
2�
= 	P�3��P�3��*�= 	�P1+ P2+ P3���P1�*+ �P2�*+ �P3�*�� contains
3�3=9 different terms in the fourth- and second-order co-
herence functions of ui�t� in phase-conjugation geometry,
where 	P1P1

*�, 	P2P2
*�, 	P3P3

*�, 	P1P3
*�, and 	P1

*P3� are
included in the u1�t� or u2�t� fourth-order coherence func-
tions; while 	P1P2

*�, 	P1
*P2�, 	P2P3

*�, and 	P2
*P3� are in-

cluded in the ui�t� second-order coherence functions. In gen-
eral, the RASPB of heterodyne detection �at the intensity
level� can be viewed as built of the sum of three contribu-
tions �I�� ,��� IP2

+ IP1,P3
+ IP2,P1,P3

, where IP2
= 	P2P2

*�,
IP1,P3

= 	P1P1
*�+ 	P3P3

*�+ 	P1P3
*�+ 	P1

*P3�, and IP2,P1,P3
= 	P1P2

*�+ 	P1
*P2�+ 	P2P3

*�+ 	P2
*P3��: �i� the nonresonant

autocorrelation term IP2
of the �2 molecular-reorientational

grating, which includes u2�t� fourth-order and u3�t� second-
order Markovian stochastic correlation functions; �ii� the au-
tocorrelation term IP1,P3

�i.e., RFWM� of the �1 nonresonant
molecular-reorientational grating and �=�3−�1�0 Ray-
leigh resonant vibrational mode, which includes u1�t� fourth-
order and u3�t� second-order Markovian stochastic correla-
tion functions; �iii� the cross-correlation term IP2,P1,P3
between IP2

and IP1,P3
, which includes u1�t�, u2�t�, and u3�t�

second-order Markovian stochastic correlation functions. In
heterodyne detection, we assume that IP2

	 IP1,P3
at intensity

level ���	 
��3�
 at field level�, so the reference signal that
originates from the �2 frequency component of twin beams 1
and 2 is much larger than the RFWM signal that originates
from the �1 frequency component of twin beams 1 and 2.

A. Heterodyne detection of the chaotic field

Based on the chaotic field, we first have the sum-
frequency RASPB signal in heterodyne detection, for �i� �
�0,

I��,�� � �2� �2�

� + 2
2
+ �2exp�− 2
2
�
� + ��A + A*

+
A�

�a − i�
+

A*�

�a + i�
exp�− �
1 + 
2�
�
��

= IP2
+ �2��A + A* +

A�

�a − i�
+

A*�

�a + i�


�exp�− �
1 + 
2�
�
� , �19�

and �ii� �0,

I��,�� � IP2
− 2�
1�2��A exp�− ��a − i��
�
�

��b − i����a − i��

+
A*exp�− ��a + i��
�
�

��b + i����a + i�� � + �2�� A*�

�b + i�
+

A�

�b − i�

+ A + A*exp�− �
1 + 
2�
�
� . �20�

Here, IP2
=�2��2� / ��+2
2�+�2exp�−2
2
�
�� for the chaotic

field. The third-order susceptibility for RFWM consists of a
Rayleigh-resonant term and a nonresonant term that origi-
nates from the �1 molecular-reorientational grating, i.e.,
��3�=�+�� / ��− i���, ���=�a for ��0, whereas ��=�b for
�0�. We express ��3� as 
��3�
exp�i�R�= 
��3�
cos �R

+ i
��3�
sin �R, with �R �Fig. 10� given by

�R = tan−1� ���

����2 + �2 + ���


We decompose the nonlinear susceptibility ��3� into a real
and an imaginary part, i.e., ��3�=��+ i��, with ��=�
+��� / ��2+ ����2�, ��=���� / ��2+ ����2�.

Equations �19� and �20� indicate that the sum-frequency
RASPB signal of heterodyne detection is modulated with a
frequency �1+�2 as � is varied. The phase of the signal
oscillation depends on the phase �R of the nonlinear suscep-
tibility. The two-color sum-frequency RASPB signal can also
be employed for optical heterodyne detection to yield the
real and the imaginary parts of the nonlinear susceptibility.
From Eq. �19�, we first have I���0�� IP2

+B
+2
��3�
�� exp�−�
1+
2�
�
�sin��R−��; here B=2�2��cos �
+sin ��exp�−�
1+
2�
�
�=B0�cos �+sin ��. If we adjust
the time delay � and r such that �=�k ·r− ��1+�2��=2n�,
then I���0�� �IP2

+B0� /�+2� exp�−�
1+
2�
�
��. How-
ever, if �= �2n+1/2��, we have I���0�� �IP2

+B0� /�
+2� exp�−�
1+
2�
�
���.

Secondly, we have from Eq. �20�,

I��  0� � IP2
− 2�
1�2� exp�− �a
�
�� exp�i�� + �
�
��

��b − i����a − i��

+
exp�− i�� + �
�
��
��b + i����a + i��

 + B

+ 2
��3�
�� exp�− �
1 + 
2�
�
�sin��R − �� .

If we adjust the time delay � and r �if �
�
�0� such that �
=2n�, then

FIG. 10. Phase angle �R versus frequency detuning � /�. Theo-
retical curve with 
1 /�=
2 /�=1.
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I��  0� � �IP2
+ B0�/� −

4�
1����a�b − �2�
��a

2 + �2���b
2 + �2�

exp�− �a
�
�

+ 2� exp�− �
1 + 
2�
�
��.

However, if �= �2n+1/2��, we have

I��  0� � �IP2
+ B0�/� +

4�
1�����a + �b�
��a

2 + �2���b
2 + �2�

exp�− �a
�
�

+ 2� exp�− �
1 + 
2�
�
���.

In summary, by changing the time delay � between twin
beams 1 and 2 �if r=0� we can obtain the real �the dashed
line of Fig. 11�a�� and imaginary �the dashed line of Fig.
11�b�� parts of ��3�.

B. Heterodyne detection of the phase-diffusion field

Based on the phase-diffusion field, we then have the sum-
frequency RASPB signal in heterodyne detection, for �i� �
�0,

I��,�� � �2� ��2

� + 2
2
+

2
2�2exp�− �� + 2
2�
�
�
� + 2
2

+ ��A

+ A* +
A�

�a − i�
+

A*�

�a + i�
exp�− �
1 + 
2�
�
��

= IP2
+ �2��A + A* +

A�

�a − i�
+

A*�

�a + i�


�exp�− �
1 + 
2�
�
� , �21�

and �ii� �0,

I��,�� � IP2
− 2�
1�2��A exp�− ��a − i��
�
�

��a − i����b − i��

+ �A*exp�− ��a + i��
�
�
��a + i����b + i�� � + �2�� A*�

�b + i�

+
A�

�b − i�
+ A + A*exp�− �
1 + 
2�
�
�� . �22�

Here,

IP2
= �2�2� �

� + 2
2
+

2
2exp�− �� + 2
2�
�
�
� + 2
2


for the phase-diffusion field. The high-order decay terms are
reasonably neglected in the �0 case. If IP2

	 IP1,P3
, we

have I���0�� IP2
+B+2
��3�
�� exp�−�
1+
2�
�
�sin��R−��

from Eq. �21�, and

I��  0� � IP2
− 2�
1�2� exp�− �a
�
�� exp�i�� + �
�
��

��b − i����a − i��

+
exp�− i�� + �
�
��
��b + i����a + i��

 + B + 2
��3�
��

�exp�− �
1 + 
2�
�
�sin��R − ��

from Eq. �22�, respectively. Except for the reference signal
IP2

, the heterodyne detection signal is the same as that of the
heterodyne-detected chaotic-field case. By changing the time
delay � between twin beams 1 and 2 �if r=0� we can obtain
the real �the dotted line of Fig. 11�a�� and imaginary �the
dotted line of Fig. 11�b�� parts of ��3� for the phase-diffusion
field. Due to the absence of the amplitude fluctuation, the
solid curves of Fig. 11 have the smallest �-independent con-
stant background.

C. Heterodyne detection of the real Gaussian field

Based on the real Gaussian field, we finally have the sum-
frequency RASPB signal in heterodyne detection, for �i� �
�0,

I��,�� � �2� �2�

� + 2
2
+ � �2�

� + 2
2
− �2exp�− �� + 2
2�
�
�

+ 2�2exp�− 2
2
�
� + ��A + A* +
A�

�a − i�

+
A*�

�a + i�
exp�− �
1 + 
2�
�
��

= IP2
+ �2��A + A* +

A�

�a − i�
+

A*�

�a + i�


�exp�− �
1 + 
2�
�
� , �23�

and for �ii� �0,

FIG. 11. The heterodyne detection spectra of the RASPB with
�a� �k ·r− ��1+�2��=0, ��=0 and �b� �k ·r− ��1+�2��=� /2,
��=5. Theoretical curves represent the chaotic field �dashed line�,
phase-diffusion field �dotted line�, and Gaussian-amplitude field
�solid line� with parameters �=0.3, 
1 /�=
2 /�=0.06, and 
3 /�
=0.05.
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I��,�� � IP2
− 2�
1�2��A exp�− ��a − i��
�
�

��b − i����a − i��

+
A*exp�− ��a + i��
�
�

��b + i����a + i��
 + �2�� A*�

�b + i�
+

A�

�b − i�

+ A + A*exp�− �
1 + 
2�
�
� . �24�

Here,

IP2
= �2� �2�

� + 2
2
+ � �2�

� + 2
2
− �2exp�− �� + 2
2�
�
�

+ 2�2exp�− 2
2
�
��
for the real Gaussian field. The high-order decay terms are
reasonably neglected in the �0 case. If the reference signal
is much larger than the RFWM signal �i.e., IP2

	 IP1,P3
�, ex-

cept for IP2
the heterodyne detection signal is also the same

as that of the heterodyne-detected chaotic-field case. By
changing the time delay � between twin beams 1 and 2 �if
r=0� we can obtain the real �the solid line of Fig. 11�a�� and
imaginary �the solid line of Fig. 11�b�� parts of ��3� for the
Gaussian-amplitude field. Due to the larger amplitude fluc-
tuation, the dotted curves of Fig. 11 have the largest
�-independent constant background.

VI. DISCUSSION AND CONCLUSION

Resonance-enhanced FWM has been employed for vari-
ous different purposes. For example, it has been used to
study the vibrational dephasing in molecular materials both
in the frequency-domain and in the time-domain. One of the
CRS techniques, which may be superior to all other CRS
techniques, is Raman-enhanced nondegenerate four-wave
mixing �7,17,18�. The main advantage of this technique is
that the phase-matching condition is not so stringent and can
be achieved over a very wide frequency range from many
hundreds to thousands of cm−1. It also possesses the features
of nonresonant background suppression, excellent spatial
signal resolution, free choice of interaction volume, and
simple optical alignment. Specifically, in Raman-enhanced
FWM the Raman vibration is excited by the simultaneous
presence of two incident beams whose frequency difference
equals the Raman excitation frequency and the Raman-
enhanced FWM signal is the result of this resonant excita-
tion. In contrast, Rayleigh-type FWM is a nonresonant pro-
cess with no energy transfer between the light and the
medium when the frequency difference between two incident
beams equals zero. The resonant structure in the Rayleigh-
type FWM spectrum is the result of an induced moving grat-
ing. This difference is also reflected in their line shapes. Spe-
cifically, unlike the Raman-enhanced FWM spectrum, which
is asymmetric due to the interference between the resonant
signal and the nonresonant background, the line shape of the
Rayleigh-type FWM is always symmetric.

Rayleigh-type FWM is proposed for studying ultrafast
processes in matter. In contrast to the conventional time-

domain technique, Rayleigh-type FWM is a frequency-
domain technique, therefore the time resolution is indepen-
dent of the incident laser pulse width. Rayleigh-type FWM
can be employed for the measurement of ultrafast longitudi-
nal relaxation time in the frequency domain �7�. Based on
field-correlation effects, this technique can be applied even
to an absorbing medium if a time-delayed method is used.
Rayleigh-type FWM is a third-order nonlinear phenomenon
which involves three incident beams �see Fig. 1�a��. Beams 1
and 2 have the same frequency �1 and a small angle � exists
between them. Beam 3 with frequency �3 is propagating
along the opposite direction to beam 1. The FWM signal
�beam 4� was propagated along a direction almost opposite
that of beam 2. There are two mechanisms involved. First,
the nonlinear interaction of beams 1 and 2 with the medium
gives rise to a static molecular reorientational grating. The
FWM signal is the result of the diffraction of beam 3 by the
grating. Second, beams 2 and 3 with different frequencies
build up a moving grating. If the grating lifetime �g is larger
than the time it needs to move over one spatial period �which
is of order 1 / 
�1−�3
�, then destructive interference occurs
during engraving and erases the grating. In other words, the
signal originates from the spectral region 
�1−�3
1/�g.

In general ultrashort pulses of equivalent bandwidth are
not immune to dispersive effects �even when balanced� be-
cause the transform-limited light pulse is in fact temporally
broadened �it is chirped� and this has drastic effects on its
time resolution �the autocorrelation�. In this sense the
RASPB with double-frequency color-locking noisy light has
an advantage �20–26�. Based on three stochastic models, the
subtle Markovian field-correlation effects have been investi-
gated in the homodyne or heterodyne detected RASPB. The
different roles of the amplitude fluctuations and the phase
fluctuations can be understood in time and frequency do-
mains. The physical explanation for this is that the Gaussian-
amplitude field undergoes stronger intensity fluctuations than
a chaotic field. On the other hand, the intensity �amplitude�
fluctuations of the Gaussian-amplitude field or the chaotic
field are always much larger than the pure phase fluctuations
of the phase-diffusion field.

Based on the polarization interference between nonreso-
nant NDFWM and Rayleigh resonant RFWM processes, we
can employ the RASPB to obtain the real and the imaginary
parts of the Rayleigh resonance �Fig. 11�. In the heterodyne
detection of RASPB, we purposely introduce the nonreso-
nant NDFWM signal by adding another component of noisy
light with frequency �2 to twin composite beams 1 and 2,
which propagates along the same optical path as the RFWM
signal. The relative phase between the reference signal and
RFWM signal is determined by the time delay � between
twin composite beams 1 and 2. Compared with the optical
heterodyne detection Rayleigh-induced Kerr-effect method,
because the polarizations of the incident beams can be ad-
justed independently RASPB is more convenient for study-
ing various components of the fourth-rank tensor of third-
order susceptibility. The RASPB has also been employed for
studying the phase dispersion of ��3�. Although this method
is similar to the method of Ma et al. �9�, we show that for
Rayleigh resonance one can obtain the phase dispersion of
��3� by simply measuring the phase change of the FWM sig-
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nal modulation as �3 is varied �Fig. 11�. Generally speaking,
this method can be applied to study the phase dispersion of
��3� in the RASPB.

In conclusion, a time-delayed method is proposed to sup-
press the thermal effect, and ultrafast longitudinal relaxation
time can be measured even in an absorbing medium. One
interesting feature in field-correlation effects is that RFWM
exhibits temporal asymmetry and spectral symmetry. We also
note that no coherence spike of RFWM with color-locking
noisy light exists at �=0. RFWM exhibits hybrid radiation-
matter detuning terahertz damping oscillation with a fre-
quency close to �. Based on three stochastic models, the
subtle Markovian field-correlation effects have been investi-
gated in the homodyne- or heterodyne-detected RASPB and
the heterodyne-detected RASPB. The analytic closed forms

of the fourth-order Markovian stochastic correlations are
characterized for homodyne �quadratic� and heterodyne �lin-
ear� detection, respectively. The heterodyne-detected signal
of RASPB potentially offers rich dynamic information about
the homogeneous broadening material phase of the third-
order nonlinear susceptibility.
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