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Resolution of quantum and classical ghost imaging
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The quantum ghost imaging phenomena, experimentally demonstrated a decade ago, exploited the apparent
spooky action at a distance of entangled photon pairs and offered a novel approach toward imaging. Can ghost
imaging effects be produced by “classical” light sources, such as separable systems of photon pairs or thermal
light? If so, can these sources achieve the same accuracy achieved by entangled states? In order to answer these
questions, we formulate the different physics behind entangled and separable systems in terms of a set of
inequalities derived from the historical argument of Einstein, Podolsky, and Rosen. We show that the ghost
images produced by separable sources are subject to the standard statistical limitations. However, entangled
states offer the possibility of overcoming such limitations. Imaging can, therefore, achieve its fundamental
limit through the high spatial resolution and nonlocal behavior of entangled systems.

DOI: 10.1103/PhysRevA.72.013810

I. INTRODUCTION

The concept of imaging is well defined in classical optics.
Based on geometrical optics, the stigmatic image of an ob-
ject is produced by a lens in the plane defined by the Gauss-
ian thin-lens equation
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where s, is the distance between object and lens, f is the
focal length of the lens, and s; is the distance between lens
and image plane. As depicted in Fig. 1(a), the characteristic
property of a lens (or other image forming system) is the
ability to generate a one-to-one relationship between points
of the object and image planes. All different momenta pass-
ing through a point of the object are collected by the lens
into a point of the image plane. Such a point-to-point rela-
tionship ceases to exist when no lens (or other image form-
ing system) is present, as depicted in Fig. 1(b). The optical
effects obtained in such a case [Fig. 1(b)] is known as pro-
Jjection.

In practice, the point-to-point relationship drawn in Fig.
1(a) is affected by diffraction and transformed into a point-
to-“spot” relationship. The width of the “spot” represents the
resolution of the image and is strictly related to the finite size
of the imaging lens (or, more precisely, to its numerical ap-
erture). The spot is determined by the point-spread function
which, for circular apertures (lenses or stops), is described by
the function P(¢)=2J,(m¢)/(7€). The distance between the
central maximum and the first minimum of this function rep-
resents the diffraction limit.

In the mid-1990s several experiments realized by our
group proved the possibility of reproducing these well-
known imaging effects in a nonlocal fashion [1-3], by em-
ploying entangled photon pairs and counting coincidences
between two distant photon counting detectors. These effects
were named quantum ghost interference [1] and quantum
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ghost image [2]. A schematic version of the unfolded setup
for observing quantum ghost images is shown in Fig. 2. Dif-
ferently from the classical imaging setup of Fig. 1, the source
is placed in the middle: a pair of photons is emitted with all
possible momenta and in all possible directions; however, if
one photon is measured to have a certain transverse momen-
tum, the transverse momentum of the other one is immedi-
ately known: it is equal but opposite. It is very surprising that
although both detectors show fairly constant counting rates
when scanned in the transverse plane, a point-to-point rela-
tionship arises between object and the image planes. A ghost
image of the object is reproduced by counting coincidences
between the two distant detectors, whenever the “two-photon
Gaussian thin-lens equation” is satisfied [2]. Furthermore, a
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FIG. 1. (Color online) (a) A lens produces the stigmatic image
of an object in the plane defined by the Gaussian thin-lens equation
1/s;+1/s,=1/f. The concept of image is based on the existence of
a point-to-point relationship between the object plane and the image
plane. (b) A light source illuminates an object and no image forming
system is present; no image plane is defined: only projections, or
shadows, of the object can be observed.
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FIG. 2. (Color online) Schematic setup to observe a quantum
ghost image. The source emits a pair of photons in all possible
directions but their momenta are always equal and opposite (note
the arrows on the “straight lines”). Object and imaging lens are
inserted on one side of the source; a ghost image appears when
counting coincidences between the fix bucket detector D; and the
scanning pointlike detector D,. The image plane is defined by the
two-photon thin-lens equation 1/S;+1/S,=1/f.

ghost interference-diffraction pattern [1] can be observed by
placing the scanning detector in the focal plane of the imag-
ing lens, as proposed by Klyshko [4].

Notice that the “straight lines” of Fig. 2 are the result of a
perfect momentum-momentum two-photon correlation; they
are physically different from the standard momenta depicted
in Fig. 1. For instance, even an infinite imaging lens would
not guarantee the perfect straight lines of Fig. 2 and, conse-
quently, would not necessarily produce a ghost image. The
quantum ghost image is the result of position-position two-
photon correlation. In fact, the stigmatic ghost image drawn
in Fig. 2 is affected by two essentially different mechanisms:
(1) standard diffraction, due to the finite dimension of the
lens, and (2) lack of perfect momentum-momentum two-
photon correlation. This paper mainly focuses on the role
played by this second point in ghost imaging effects.

The nonlocal nature of quantum ghost imaging has at-
tracted a great deal of attention for practical applications. For
instance, quantum metrology [5] is based on high-accuracy
nonlocal positioning technology. Quantum lithography [6,7],
on the other hand, represents a step forward with respect to
quantum ghost imaging: in the adequate experimental setup,
entangled two-photon systems can overcome the Rayleigh
diffraction limit and generate superresolved images.

From a fundamental point of view, the interesting aspect
of quantum ghost imaging resides in its strong connection
with the original arguments of both Einstein, Polosky, and
Rosen (EPR) [8] and Popper [9]. Quantum ghost image and
interference effects can indeed be considered as the experi-
mental manifestations of the historical EPR gedankenexper-
iment. It is in this perspective that Popper’s experiment [10]
and the experimental verification of the “EPR inequalities”
have been realized [11], using entangled two-photon systems
emitted by spontaneous parametric down-conversion (SPDC)
[12].

Recently Bennink et al. [13] raised the question whether
or not quantum ghost imaging effects could be reproduced
“classically”—i.e., without entanglement. This work opened
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an intense debate which has been accompanied by both the-
oretical [14—-16] and experimental [11,17] developments. For
instance, Gatti et al. [16] suggested that, in a given setup,
only entangled sources offer the possibility of reproducing
both the ghost image and the ghost interference diffraction
patterns of an object, whereas separable systems of photon
pairs can only reproduce one of these effects. In a later work
[18] the same authors, developing the idea presented in [19],
proposed thermal light as a candidate for mimicking quan-
tum ghost imaging effects. Interesting theoretical [20,21] and
experimental [22-24] works have followed.

In this paper, we wish to reconcile these later develop-
ments with the original argument of EPR and to quantita-
tively compare quantum and classical ghost imaging [25]. In
particular, we will focus on the fundamental limits of ghost
measurements performed on both entangled and separable
sources of photons.

We start by formulating the different physics behind en-
tangled and separable systems of pairs of quanta in terms of
the EPR inequalities (Sec. IT). The EPR inequalities represent
the key to identify the practical implications of entangled
two-particle systems: entanglement offers the unique advan-
tage of overcoming the limitations imposed by the uncer-
tainty relations on separable systems. In Sec. III, we propose
an operational approach for defining the measurements of
momentum and position on systems of photons. The opera-
tional approach is then employed to identify the setup for
implementing both EPR and Popper’s thought experiments
on systems of photon pairs. In Sec. IV, we predict the results
of both EPR and Poppers’s experiments performed on SPDC
entangled two-photon systems. This analysis explicitly dem-
onstrates the interesting practical implications of entangled
two-photon systems: high-accuracy nonlocal positioning. In
Secs. V and VI, we evaluate the results of coincidence ex-
periments realized in the same experimental setups, when
two different “classical” sources are employed [25]. In par-
ticular, in Sec. V, we consider a separable system of photon
pairs characterized by classical statistical correlation in mo-
mentum, while, in Sec. VI, we consider a thermal source.
The comparison of the results obtained for the three different
sources proves that only quantum ghost imaging can go be-
yond the classical limitations.

II. ENTANGLED VERSUS SEPARABLE SYSTEMS
A. Two-particle entangled systems

Let us consider the following pure state describing a two-
particle system entangled in momentum variables (p;,p,):

+00
- ~(pi-p
|\I’(A)>12=JJ dPldpzA(P1+P2)C< 12 2)|P1P2>,

(1)

with the assumption that the standard deviation (o) of A is

much smaller than the standard deviation (o) of C. This last
condition implies that the entangled state of Eq. (1) is pre-
dominantly anticorrelated in momentum [as emphasized by
the superscript (A)]. The probability amplitudes associated
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with the entangled state of Eq. (1) in both the position and
momentum representations are, respectively,

1 +e -
Flxy,x,) = ﬁ f J dpdp,A(py + p))
X E(%)eiplxllheipzleh

X1+ X
=A(%)C<x1—x2),

pl—pz>

5 ) (2

F(PI’PZ) =X(P1 +P2)5(
i.e., they both factor in the variables (x;+x,,x;—x,) and
(p1+pa,p1—pa), respectively. Equations (2) indicate that the

two-particle probability amplitudes F(x,,x,) and F(p,,p,)
are related to each other by two-dimensional (2D) Fourier
transformation. This is a characteristic property of any two-
particle entangled system. Furthermore, for the case consid-
ered here [Eq. (1)], the composing functions are related to

each other by 1D Fourier transformation: g@1+p2) is the

Fourier transform of A((x;+x,)/2), and 6((p1—p2)/2) is the
Fourier transform of C(x;—x,). Both (p;+p,, (x;+x,)/2) and
((p1—p2)/2,x,—x,) are pairs of Fourier-conjugate variables.
However, since (x;—x,) and (p;+p,) are not Fourier-
conjugate variables, the two-particle probability distributions

|F(x;,x,)> and |F(p,,p,)|* may give rise to independent
minimum uncertainties—i.e.,

Alpy+pr) =04 <Ap,,

h
A(x1 —x2) =—< Axl,z, (3)
oc

where Ap,,=1/2Vo3+0% and Axj,=h/(2os00)\0s+0%
are the minimum uncertainties associated with each particle
of the entangled system. The minimum uncertainties o, and
h/ o correspond to the case of Gaussian probability distri-
butions |A|*> and |C|?, respectively. Equations (3) indicate
that, even if the uncertainties Ap, , and Ax, , are quite large,
the uncertainties in both A(p;+p,) and A(x;—x,) can be in-
definitely small. Based on the results of both Egs. (2) and
(3), we conclude that entangled two-particle states may give
rise to completely independent uncertainties for total mo-
mentum (p,+p,) and relative position (x;—x,): the increase
or decrease of one does not affect, in any way, the other.

The independence between A(p;+p,) and A(x;—x,) is
even more striking when considering the original EPR two-
particle system [8]

+00
|q,>EPR:jJ dp,dp,d(p, +P2)|P1P2>~

Indeed, in this case Egs. (2) reduce to

F(xp,x0)ppr=1 X 8(x; = x,),
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F(p1.p)epr=8p1 +py) X 1, (4)

where the factors 1 indicate that the two-dimensional wave
function takes a constant (normalized) value along the axes
X1+x, and p;—p,, respectively. On the other hand, the &
functions of Egs. (4) indicate that the EPR two-particle sys-
tem is an eigenstate of both P;+ P, and X;—X,, and is then
characterized by both

A(py+py) =0,

Ax; = x,) =0, (5)

even if both the momentum and the position of each particle
are completely undefined (Ap;,=~% and Ax;,=~®).

As emphasized by EPR, no physical reality seems to be
associated with the momentum and the position of each par-
ticle of the entangled pair (i.e., Ap; ,~, Ax;,~). How-
ever, the inequalities of Egs. (3) and (5) indicate the most
striking physical consequence of entanglement: despite the
distance between the two particles, the measurement of mo-
mentum (position) realized on one particle immediately de-
fines the momentum (position) of the other particle. Further-
more, the two-particle entangled system behaves as a two-
dimensional wave packet defined in both the space (x;
+X,,x;—x,) and the space (p;+p,,p;—p,). This last conclu-
sion is pictorially represented by the shaded rectangles of
Fig. 3.

These results are a consequence of 2D Fourier transforms;
hence, there is no violation of the uncertainty principle. In
fact, based on Egs. (2) and (4), the uncertainty principle is
satisfied by pairs of conjugate variables:

A(x) +x)A(py +py) = 1,

A(x; —x)A(py = py) =, (6)

On the other hand, since (x;-x,) and (p,+p,) are not
Fourier-conjugate variables, their uncertainties are com-
pletely independent of each other, and even the result A(p,
+p,)=0 and A(x;—x,)=0, simultaneously, is acceptable. As
we will clarify in the following section, this result is a dis-
tinctive property of two-particle entangled systems—i.e., is a
direct consequence of the coherent superposition of two-
particle amplitudes, which cannot be achieved by any system
of independent quanta.

B. Systems of two independent quanta

Let us now consider an arbitrary system composed of
pairs of independent quanta. From a statistical point of view,
the independence between two particles is formulated as

R
A(p, £ py) = VApi + Ap3,

A(x; + x5) = VAXT + Ax3, (7)

where Ap; and Ax; are the uncertainties in momentum and
position associated with particle j (with j=1,2). The uncer-
tainty principle prohibits the result Ap, ,Ax; ,=0; therefore,
a system of independent quanta can never achieve both
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FIG. 3. Pictorial representation of the inequalities of Egs. (3)
and (8), characterizing, respectively, entangled (shaded rectangle)
and separable (dotted square) systems of two quanta. The dimen-
sions of the squares in position and momentum spaces are related to
each other by the uncertainty relation Ap, ,=%/(2Ax, ,), while the
dimensions of the shaded rectangles are related by the uncertainty
relations A(py+p,)=fi/A(x;+x,) and A(p—p,)=h/A(x;-x,) [Egs.
©)]-

A(p,+p,)=0 and A(x,—x,)=0. Furthermore, for Ap,=Ap,
and Ax;=Ax,, Egs. (7) reduce to

=
A(py = p,y) =\24py,

h
Alx) £x,) = \EAxl = \E—. (8)
ZAp]

The inequality in the last expression of Egs. (8) is simply the
uncertainty relation. Equations (8) imply that, even if (p,
+p,) and (x,—x,) are not Fourier-conjugate variables, inde-
pendent particles must satisfy the inequality

A(py +p)Ax; —x)) =1, )

due to the dependence between the uncertainties Ax; and Ap;
(j=1,2). Notice that Eq. (9) is a consequence of the uncer-
tainty principle applied to each independent particle, but
does not represent an uncertainty relation [26].

From a practical point of view, Eq. (9) indicates that, for
separable systems, any attempt to reduce the uncertainty
characterizing joint measurements in momentum automati-
cally causes a loss of accuracy in the results of joint mea-
surements performed in position (and vice versa). A pictorial
representation of this result is given in Fig. 3.
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C. Classical versus quantum correlation

For any separable system of pairs of quanta, each one
characterized by the minimum uncertainties Ap, =07 ,, and
Axy,=h/(20},), we have

—_—
Alpy+py) = \"0'%"' 0'% > Api o,

o1 1

2 0_%+0'§ > Axp,. (10)
The equalities hold both for factorable pure states (|¥);q,
=|¢);|#),) and for certain incoherent statistical mixtures of
factorable states. An example is given by systems of pairs of
particles having perfectly anticorrelated average momenta
[p1®2=2p—0W(ﬁO)p(lp 0)p(z_p 0]. One such system will be consid-
ered in Sec. V.

Based on Egs. (10), classical correlation may exist be-
tween average momenta and/or average positions of pairs of
quanta, but the uncertainties around such average values are
always independent, uncorrelated. The reason behind this
effect resides in the intrinsic independence between pairs of
particles in an incoherent statistical mixture: each indepen-
dent particle has to satisfy the uncertainty principle sepa-
rately.

Quantum entanglement, on the contrary, involves a corre-
lation between the uncertainties associated with each sub-
system [see Egs. (3) and (5)]. This is a result of the coherent
superposition of two-particle amplitudes.

Alx) = x,) =

D. Summary

The minimum uncertainties in joint measurements are
dictated by the nature of the subsystems on which measure-
ments are performed (see Fig. 3).

For separable systems, the uncertainties A(p,+p,) and
A(x;—x,) can never be smaller than the sum of the uncertain-
ties associated with each independent subsystem [Egs. (7),
(8), and (10)]. In particular, Eq. (9) explicitly indicates that,
for separable systems, the uncertainties A(p;+p,) and A(x,
—Xx,) can never be independent of each other and can never
be simultaneously equal to zero. Therefore, classical correla-
tion may exist between average values of either momenta or
positions of two quanta, but no correlation can ever exist
between the uncertainties characterizing each particle of a
separable ensemble [namely, between o and o, or between
fi/(20,) and fi/(20,)], as indicated by Eq. (10). The physics
behind these impossibilities is quite clear: each particle has
its own physical reality and no action at a distance exists.

On the other hand, both the EPR state and the more gen-
eral entangled state of Eq. (1) violate the inequality of Eq.
(9). The uncertainties A(p;+p,) and A(x;—x,) can be indefi-
nitely small, even zero [see Egs. (3) and (5)]. Therefore,
these systems go beyond all the above classical limitations.
This is a consequence of the coherent superposition of two-
particle amplitudes, which allows the uncertainties in both
momentum and position to be correlated.

Entangled two-particle systems cannot be thought of as
simple pairs of particles. If one insists on considering an
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entangled two-particle system as composed of two indepen-
dent particles, paradoxes such as EPR [8] and Popper’s [9]
may be inevitable. From a “local” and “realistic” physical
perspective the consequences of entanglement are actually
counterintuitive. However, the independence between the un-
certainties A(p;+p,) and A(x;—x,), which may characterize
entangled systems, is a direct consequence of 2D Fourier
transforms; thus, there is no violation of the uncertainty prin-
ciple.

Despite the difficulties in the interpretation of the concept
of quantum entanglement, the “EPR inequalities” presented
in this section suggest interesting practical advantages: joint
measurements realized on entangled two-particle systems al-
low high accuracy, beyond the classical limitations.

III. OPERATIONAL APPROACH FOR POSITION AND
MOMENTUM MEASUREMENTS OF PHOTONS

The main goal of this paper is to study the practical con-
sequences of the EPR inequalities in the frame of ghost im-
aging. However, before entering in this discussion, it is nec-
essary to define the meaning of position and momentum
measurements realized on photons. In fact, the absence of a
position operator for photons gives rise to several conceptual
problems: (1) do the inequalities considered in Sec. II apply
equally well to separable and entangled systems of photon
pairs? (2) How can these uncertainties be measured in prac-
tice? (3) What do they represent? In this section, we propose
an operational approach which enables us to answer these
questions.

A. Extension of Fourier optics to a single photon

The momentum of the electromagnetic field is defined in
classical electrodynamics as the volume integral of the en-
ergy flux density (given by the Poynting vector) divided by
2, where c is the speed of light in vacuum. The wave vector
of an electromagnetic wave points in the direction of the
energy flux and its magnitude is related to the frequency of
the oscillation by the relation |k|=w/c (in free space). Fur-
thermore, the wave vector is related to the momentum of a
photon through the well-known quantum mechanics relation
P =#k. Despite these standard definitions, we choose to refer
to k as momentum. This choice is made to simplify the no-
tation, but does not affect the significance of the results.

Based on classical Fourier optics [27], the transverse mo-
mentum distribution is observed in the far-field zone (or
Fourier-transform plane) of an aperture. The measurement of
transverse momentum is characterized by the collection of
the energy propagating in a well-defined direction, but
spread over a large transverse area, into one “point” of the
Fourier-transform plane. In practice, the dimensions of this
“point” are limited by diffraction. Transverse momentum and
transverse position (i.e., transverse spatial dimension) are
Fourier-conjugate variables. Hence, the limitations imposed
by quantum mechanics on the accuracy of momentum and
position measurements are expressed, in classical Fourier op-
tics, by the uncertainty relation for Fourier-conjugate vari-
ables [28].
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Let us now focus on the definition of position. An aper-
ture localizes the light which passes through it and, in clas-
sical Fourier optics, is described in terms of position vari-
ables. Therefore, measurements of transverse position can be
realized either in the plane of the aperture itself or in the
corresponding image plane, which is defined, for instance, by
the Gaussian thin-lens equation. The role of a lens in an
imaging process is to collect all transverse momenta dif-
fracted by each object point and recombine them into the
corresponding image “point,” as depicted in Fig. 1(a). The
finite size of the imaging lens prohibits collecting all possible
transverse momenta; this restriction causes the point-to-point
relationship between the object and the image plane to be-
come a point-to-“spot” relationship. The dimensions of the
“spot” define the spatial resolution of the image and repre-
sent the uncertainty in the position measurement: A(p;,
- 5017]')- The resolution of the image is strictly related to the
amount of transverse momenta collected by the lens (Ax,,;),
which is defined by the numerical aperture Xy, of the imag-
ing lens.

From an operational point of view, the Fourier-optics defi-
nitions of both position and momentum measurements can
be applied to a single photon: an aperture and its correspond-
ing image plane measure the position of any transmitted pho-
ton, while its transverse momentum can be measured in the
far-field zone (or Fourier-transform plane) of the aperture.
This is in line with the argument adopted by Feynmann [29].

Care must be taken not to confuse a projection with an
image: projection is the shadow of an object [see Fig. 1(b)].
Also notice that the observation of a projection corresponds
to the measurement of a finite amount of momenta and con-
tains partial information about position, as well.

The above operational definitions represent a tool to iden-
tify the variables measured in an arbitrary optical setup and
to interpret the results of any measurement realized on pho-
tons. In the next sections, we will extend the operational
approach to systems of photon pairs. In particular, we will
consider the optical setup for implementing both momentum-
momentum and position-position EPR correlation measure-
ments; this will allow us to evaluate the uncertainties in the
sum of transverse momenta [ A(k+ x,)] and in the difference
of transverse positions [A(p;—p,)] of photon pairs. The prac-
tical implications of the inequalities discussed in Sec. II, in
the frame of ghost imaging, will then become clear.

B. Systems of photon pairs

The properties of a system of photon pairs can be studied
by counting coincidences between two spatially separated
single-photon detectors (D, and D). The rate of coincidence
counts is evaluated by using Glauber’s formula for the
second-order correlation function [30]

GOFy,ipty,15) = [ EV (71, 1) ES) (P )
XE(2+)(72,12)E(1+)(;1Jl)Plz], (11)

which represents the joint probability of detecting a photon
in the space-time location (7,7,) and a photon in the space-
time location (r,,1,), for any system described by the density
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FIG. 4. (Color online) Schematic of the setup for implementing
EPR correlation measurements on optical sources. The source emits
pairs of photons in all possible directions, but always with opposite
momenta. The system of photons can either be entangled or sepa-
rable. For practical implementations, one should consider the folded
version of this setup.

matrix pj,. In Eq. (11), E(li)(ﬂ,t,) and E(;)(Fz,tz) are the
quantized field operators at detectors D; and D,, respec-
tively. The fields at the detectors can be expressed in terms of
the field on the output plane of the source by using the
Green’s functions of Gaussian optics, also called optical
transfer functions [31,32]. In the paraxial approximation we
have

E;”(Fj,tj) = Cf dl?f dwa e"“’(k)’!gj(K,w;ﬁj,zj), (12)

where 7;=(p;,z;) defines the position of detector j with re-
spect to the output plane of the source, ¢; is the time at which
the jth detector clicks, C is a normahzatron constant,
g j(/?,w,ﬁj,zj) is the optical transfer function describing arm
Jj of the setup, and ak is the annihilation operator for a photon
with momentum k= K.k, ~|k|), for j=1,2.

In the quantized ﬁeld of Eq. (12), the description of the
optical setup is always included in the g; functions given by
classical Gaussian optics; on the other hand, the quantized
field operator aj; describes the annihilation of a photon with
momentum k. Therefore, by choosing the optical setup (i.e.,
the g; functions) based on the operational approach devel-
oped in Sec. III A, one may measure both momentum and
position variables also on systems of photon pairs. From this
perspective, it becomes clear that the second-order correla-
tion function GP(F,,7,,t,,1,) may represent the probability
distribution of both position-position and momentum-
momentum variables, depending on the optical setup. This
probability distribution can then be used to evaluate the un-
certainties A(x,+,) and A(p;—p,).

C. Setup for implementing EPR experiments on systems
of photons

Using the above definitions, we can identify the setups for
implementing both position-position and momentum-
momentum EPR correlation measurements on systems of
photons. The basic setup is drawn in Fig. 4: in arm a photons
propagate freely over the distance d, from the output plane
of the source to the object, and a point like detector D, is
placed at a distance d/, behind it. In arm b photons propagate
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freely over the distance d), from the output plane of the
source to the imaging lens (of focal length f), and a pointlike
detector D, is placed at a distance d; behind it. In the
paraxial approximation, the fields at detectors D, and D,, are
given by Eq. (12), with z;=d;+d}, with j=a, and b, respec-
tively. In order to implement the two EPR measurements we
need detector D, to measure either momentum or position
variables; we Will then consider two special cases.

To measure the momentum of photons propagating in arm
a of the setup, we need to place the pointlike detector D, in
the far field of the object [wD?/(cd.)<1] or, equivalently, in
the focal plane of a converging lens (d=f,,;). As we prove
in the Appendix, in this case, the field at detector D, is given
by

EE;)(ﬁa’Za = da +fwll;ta)(MOM)

—iw
(e io(t,~(z,/c))
- CZWC.f(.(Ill f dwe: ‘ G(|pa|)[w/((fmll ]

deEG(|E|)[—cda/w]T<E_ f pa)“k? (13)
coll

where T is the Fourier transform of the object transfer func-
tion #(p,) and G(|a|);g=¢'
whose imaginary variance is related to the parameter 3 (see
the Appendix). Based on Eq. (13), detector D,, collects in the
location p, all diffracted photons having transverse momen-
tum E=w/(cfcoll)ﬁa‘

Replacing the pointlike detector D, by a “bucket detec-
tor,” we can measure all photons which pass through the
object independently on their momenta. As we discuss in the
Appendix, detector D, has now a wide sensitive area and is
placed in the focal plane of a short focal length converging
lens (i.e., d/=f,,); the field in one point of detector D, is
again given by

Ef;)(ﬁa?za = da +fcoll; ta)(POS)

—iw .
=C— dwe—la)(ta—(za/c))G =
27chw” f (|pa|)[w/(cfm”)]

- N ~ - w
X dKG(|K|)[—cda/o)]T K= Pa |Gk (14)
Cfcoll

Following standard Glauber’s theory, the integration over the
area of the detector will be done after evaluating the second-
order correlation function G®(p,,p;). In this case, detector
D, measures the position of photons within the dimension of
the object (A,;;), and no information is obtained about their
momenta.

Evaluating the optical transfer function g, describing arm
b of the setup of Fig. 4, we obtain, for the field at detector D,
(see the Appendix),

E§7+)(ﬁba2b =dy+dy;ty)

—iw

- c—— f dwe NGy ) wieay) ]

2mcd,,

X f dRG(|K]ca,/0] J A FLeledy) 6y
A

lens
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X G(|ﬁz|)[(m/c)(l/d;—l/f)]ai, (15)

where p; is a two-dimensional vector defined on the trans-
verse plane of the lens (whose transverse area is A,,,).

IV. GHOST IMAGING WITH ENTANGLED PHOTON
PAIRS

In this section we will extend the results found in Sec.
IT A to entangled two-photon systems. The definitions of po-
sition and momentum measurements given in the previous
section will lead us to interpret the EPR inequalities of Sec.
IT in terms of the spatial resolution and the visibility of ghost
imaging effects.

A. SPDC: A source of entangled photon pairs

Our goal is to evaluate the second-order correlation func-
tion for the setup of Fig. 4, when the source emits entangled
two photon system. To this end we consider the two-photon
system produced by degenerate and approximately collinear
type-1I SPDC [32-34]:

|Wppe) =A f dve™P"2sinc(LDv/2) f dK;

X J dish| K+ K)a] (k)al(k,)|0),  (16)

where L is the length of the SPDC crystal, v is the frequency
detuning with respect to the central frequencies ),=();
=0Q,/2 of signal (s) and idler (i), D=1/u—1/u;, with u;
group velocity at the central frequency (), (for j=i,s), &; is
the transverse wave vector of the photon, and a;(lgj) is the
creation operators for a photon in the mode defined by the
momentum E, for j=i,s. The function h, is the Fourier
transform of the pump transverse profile; for instance, if the

pump beam has a Gaussian transverse profile [f(p)
252 . it i P22 .
= %lP72), then hy(|K;+K,|)=e 1%+ %I72%)  Notice that the

“thin-crystal approximation” [L tan(6) < a';l, where 6 is the
scattering angle of the signal-idler radiation inside the crys-
tal] has been inserted in the argument of the frequency inte-
gral in Eq. (16). In this approximation, the dependence of
both the sinc function and the phase factor on the transverse
momentum can be neglected [32,34]. In the following dis-
cussion, we will assume that the object itself selects only the
idler photons which satisfy the thin-crystal approximation.
For instance, if #' is the maximum scattering angle for which
the condition L tan(6") < 0';1 is satisfied, we will only con-
sider objects whose transverse dimension D, is such that
D,y;<d, tan(6").

Equation (16) indicates that the SPDC signal-idler pairs
are generated in such a way that the energy and the momen-
tum of neither photon are determined. However, if one pho-
ton is detected with a certain energy and momentum, the
energy and momentum of its twin are immediately known
with a very small uncertainty (given by the variance of the
sinc and h, function, respectively). The pair can only be
described as an entangled two-photon system [35].
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It is interesting to realize that, in the approximation we
are considering, the SPDC state of Eq. (16) is characterized
by pure anticorrelation in transverse momentum; i.e., it falls
in the class of entangled states described by Eq. (1), with
ARt k) =eVRit &l 27) and C (k;— K,) =const. Following this
analogy, we expect the uncertainties in the sum of the mo-
menta and in the difference of the positions of the SPDC
two-photon system to satisfy Egs. (3).

For entangled two-photon systems, the second-order cor-
relation function of Eq. (11) simplifies to

- > <1 2
G(z)(pl’pZ’Tl =1 - _’T2 =h- _>
c C

= |<0|E(1+)(517T1)E(2+)(52’T2)|\I,SPDC>|2
=¥ 561,02, T1. T (17)

where W ,(p,,p,,T,,T>) is the so-called “biphoton ampli-
tude” [33,36]. The existence of such a biphoton amplitude is
a direct consequence of the entangled nature of the signal-
idler pairs emitted by SPDC [12,36]. Based on the result of
Eqgs. (16) and (17), the double-arrowed straight lines of Figs.
2 and 4 assume a very particular meaning: each straight line
is a two-photon probability amplitude; all straight lines exist
simultaneously and are coherently superposed. In principle,
all straight lines (or two-photon probability amplitudes) are
associated with just one signal-idler pair.

B. Quantum ghost image and interference: EPR experiments
for entangled photon pairs

By inserting in Eq. (17) the expressions of the fields at the
detectors of Egs. (13) and (15), we obtain the biphoton am-
plitude describing the EPR setup for measuring transverse
momentum on the idler photons:

W 12(p1. T, s Tz)(MOM)

. . QT -i0)
= CG(IpiDio, acr, G P21 acarye™ e

X fdvei”<(LD/2)_T—)sinc<%}) Jdi?i

X f dﬁshtr(ﬁi+'?S)G(|'?i|)[—2cda/szp]G(|Es|)[—2cdb/np]

ot QO
><T,2.__P_*>f G5 5
( iT e fm”m | pi (|P1|){[np/(2c)](1/dh 1)}

lens

X ei{’?x_[ﬂpl(ZCdé)]ﬁZ}ﬁl’ ( 1 8)

where T,=(T+7,)/2 and T_=T,~T,, ,=Q+(;, and (),
=(Q,;—-;)/2 (which in the degenerate case is equal to zero).
All terms in v coming from the G functions (second- and
higher-order terms in v/ QP) have been neglected; this allows
the factorization of the biphoton amplitude into a temporal
and a (transverse) spatial part, as shown in Eq. (18). The
integration over the frequency detuning v gives the Fourier
transform of the sinc function: a square function II(7_
+LD) extending from 0 to DL [33,36]. The temporal part of

the biphoton is then given by the product of a function
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v(T,)=e™ "+ times a function wu(7T_)=e " -II(T_+LD).
This is the time-frequency counterpart of the result obtained
in Sec. IT A for momentum-position variables [Eq. (2)]. This
term indicates that the correlation in transverse momentum
of the SPDC biphoton can only be exploited by performing
coincidence measurements within the coherence time of the
biphoton [defined by I1(7T_+LD)] [32].

Let us now focus on the spatial (transverse) part of the
biphoton amplitude. Inspection of Eq. (18) suggests that a
simple and interesting result appears when detector D, is
placed in the focal plane of the imaging lens (d,=f). In this
case, the integration over the transverse area of the imaging
lens gives a & function in [k,—p,Q,/(2¢f)]. This result indi-
cates that only one transverse momentum of the signal pho-
tons reaches the location p, of the pointlike detector D,
After using this & function to perform the integration in x,
we get

f ARG e 10

a>"p

GP(py, P2) (vomr) &

o
chcoll
i |

For any p, satisfying the condition x,=p,{2,/(2cf) and for
any fixed value of p; (in the focal plane of the collection
lens), the biphoton amplitude is the convolution of the Fou-

2
(19)

R O
Ki+ 2P
2cf

rier transform (T) of the object transfer function with the
angular spectrum of the SPDC radiation (/) and the enve-
lope of the radiation on the aperture plane (G). For a perfect
plane-wave pump beam [i.e., for h,= 8(k,+k;)], the biphoton
amplitude is simply the Fourier transform of the object
{G2(b1.p2) wom = | TT 22,1 2+ 512, 2t o) 1 in
other words, the ghost interference-diffraction pattern of the
aperture inserted in the idler arm is reproduced by the coin-
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cidence counts on the signal side and is characterized by
100% visibility. This is the result of perfect anticorrelation in
transverse momentum [A(x,+ ;) =0].

Based on the result of Eq. (19), the visibility of the ghost
interference pattern is affected by the imperfect momentum-
momentum correlation, described by the nonzero width of
hy. Therefore, the uncertainty in k;+ &, is simply the variance
of the correlation function h,(k;+K,); this demonstrates that
the SPDC signal-idler pairs satisfy the inequality

A(Ei+ES)=Up<AEi,S’ (20)

where the uncertainty Ax; is the variance of the single counts
distribution on the idler side [/(p;) =tr,-(E(1_)E<1+)p,-)]; the same
definition applies to Ax,. Notice that, for the result of Eq.
(19) to be observable, the intensity distribution at both de-
tectors’ planes needs to be fairly constant; hence, pure
second-order (or, equivalently, ghost) effects are generally
accompained by large values of the uncertainties Ax;,.

The results of Egs. (19) and (20) may be easily interpreted
in EPR terms: the momenta of both photons are completely
uncertain; however, when the momentum of the idler is mea-
sured in the far field of an aperture, the momentum of the
corresponding signal acquires a “well-defined” value (within
the uncertainty due to the lack of perfect correlation), such
that the Fourier transform of the aperture is reproduced on
the signal side. Notice that the well-defined momentum of
the signal can only be measured in momentum space, here
represented by the focal plane of the imaging lens (d;,=f).

This is only half of the EPR thought experiment. Let us
now consider its second half: by employing a bucket detector
in arm a of the setup, the position of the idler photons can be
measured within the uncertainty defined by the dimension of
the object. The biphoton amplitude can now be evaluated by
substituting into Eq. (17) the expressions of the fields at the
detectors given in Egs. (14) and (15), respectively. Neglect-
ing the temporal part of the biphoton amplitude, we obtain,
for its transverse spatial part,

> > - - —i 01D - - - ’—é - ] -
Wia(p1sp2)pos) f dpot(p,)e W2 SeotlrPo f K (K ) GUR 20 ) v, 101010117 THEXP lf' ot P
'}
f
- - R - 1 . C 1 .-
X dK—G(|K—|){(—(2c/0p){da+db+[(1/(1/dl’7—1/f)]}exp K[ Po= exp| —i(d,—dy— .|
b~ P
1--=2 - _ —
£ dy " f
(21)

where we have assumed the lens to have infinite transverse
dimension and we have introduced the new variables «,
=K;+k, and k_=(k;—k,)/2. A close inspection of the argu-
ment of the G functions indicates that, for a given value of

both s,=d,+d, and f, the two-photon Gaussian thin-lens
equation 1/s,+1/s;,=1/f defines a unique plane on the signal
side (d,=s;) where a magnified image of the object can be
observed (m=-s,/s,) [2]. Therefore, by imposing the condi-
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tion 1/s,+1/s;=1/f to the biphoton amplitude of Eq. (21)
and performing the integration in both &, and k_, we find

‘1’12(51,52)(13090‘fdﬁof(ﬁo)G(|5o|)[Qp/2cda]

X Iy, QL(& _ 50) o2 DB B,
2c¢d,\'m

(22)

Now, by integrating the modulus square of the above bipho-
ton amplitude over the whole sensitive area of the bucket
detector D,, we obtain the second-order correlation function
describing the EPR position-position measurement:

Q, (b )
h 4(__
tr|:2Cda m P1

(23)

G(z)(thjsﬁZ)(POS)xf dp|t(p)]*

Aobj

In other words, the second-order correlation function is now
given by the convolution of the squared object transfer func-
tion (|#|?) with the modulus square of the spatial correlation
function of the SPDC radiation (|A,/?). Notice that, since we
assumed the lens to have infinite transverse dimension, the
spatial correlation function |h,/|* plays the role of a two-
photon point-spread function. It is easy to prove that, when
the finite dimension of the lens is taken into account, the
function P[Q,/(2¢)Xys(py/m—p,)] (With Xys=R,,,/s,) ap-
pears in the argument of the integral as well. On the other
hand, for a plane-wave pump and an infinite lens, we would
have GP(A,;.p2)(pos) = |t(p,/m)|?, which is the stigmatic
image of the object magnified by a factor of m=-s,/s,. This
result indicates a perfect point-to-point correspondence be-
tween the object and the two-photon ghost image plane
[A(ﬁs_ﬁi) =0]

The meaning of this result in EPR terms is clear: the
position of both photons is unknown; however, when the
position of the idler is measured on the object plane, the
position of the corresponding signal acquires a well-defined
value and a point-to-point correspondence arises between the
object and the ghost image planes. The well-defined position
of the signal can only be measured in position space, whose
existence, on the signal side, is guaranteed by the two-photon
Gaussian thin-lens equation.

The imperfect point-to-point correspondence between ob-
ject and ghost image planes is quantified by the uncertainty

o dNo)? A,

NA
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where the first term in the argument of the square root ac-
counts for the finite size of the pump beam (i.e., for imper-
fect momentum-momentum two-photon correlation) and the
second one is the diffraction limit, due to the finite size of the
imaging lens. The uncertainty A(p;) is defined by the dimen-
sion of the object and A(p,) can be estimated from the inten-
sity distribution of the signal photons on the scanning plane.

The result of Eq. (24) is in agreement with the second
EPR inequality of Egs. (3), but the quantitative values of the
uncertainties A(p,—p;) are different. In fact, even though we
are dealing with an entangled state purely anticorrelated in
momentum [notice the analogy between Egs. (1) and (16)],
the biphoton amplitude associated with the ghost imaging
setup does not factor into a function of p,+p,/m times a
function of p,—p,/m [compare Eq. (2) with both Egs. (21)
and (22)]. This is not in contradiction with the results of Sec.
IT A; it simply indicates that the ghost imaging setup implies
coupling of both the x, and the p, variables. The practical
consequence of this effect is that quantum ghost images are
affected by Rayleigh diffraction and their resolution depends
on the pump size, as indicated by Eq. (24). This result is
quite interesting, since it explicitly demonstrates that the in-
trinsic properties of an entangled two-photon system are very
sensitive to the experimental setup in which the system
propagates.

One may wonder if entangled two-photon states can ever
overcome the Rayleigh diffraction limit and give rise to su-
perresolved images. The answer is positive, if an adequate
optical setup is employed. In fact, the basic idea of quantum
lithography [6,7] is to overcome the Rayleigh diffraction
limit by exploiting the N-photon diffraction of an entangled
N-photon system.

An experimental verification of the idea presented here
has been recently realized by our group [11]. The results
agree with the theoretical predictions developed in this sec-
tion: the coherent superposition of two-photon amplitudes
characterizing the SPDC radiation allows obtaining ghost
imaging effects characterized by almost 100% visibility and
high resolution, as quantitatively expressed by Egs. (20) and
(24). The high contrast and accuracy achieved by entangled
two-photon systems can never be obtained “classically” [25].

C. Popper’s thought experiment

Another interesting consequence of entanglement was for-
mulated by Popper in the form of a thought experiment [9].
The idea is very similar to EPR’s: the quantum correlation
between entangled two-particles implies the possibility of
knowing, with high precision, both the position and the mo-
mentum of one subsystem. Therefore, Popper believed that
entangled systems may violate the uncertainty principle.

The first experimental realization of Popper’s thought ex-
periment has been performed by our group some years ago
[10], by employing an SPDC two-photon source. Surpris-
ingly, the experimental observations agreed with Popper’s
prediction: the existence of a highly resolved ghost image
implies the possibility of localizing a photon without disturb-
ing its momentum. Here, we will analyze Popper’s experi-
ment from the theoretical point of view and we will show
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that, despite the correctness of Popper’s predictions, no vio-
lation of the uncertainty principle can be associated with the
experimental results, in line with the conclusion reached in
[10].

As we have shown in the previous section, the entangled
nature of the SPDC radiation allows one to reproduce a ghost
mage of an object by counting coincidences between a fixed
bucket detector D, and a scanning pointlike detector D,; the
ghost image plane is identified by a two-photon thin-lens
equation. Popper’s experiment can be realized by comparing
the patterns obtained at the far-field distance z behind the
ghost image plane, in two different situations: (1) a real ap-
erture, whose dimensions are identical to the dimension of
the image, is inserted in the ghost image plane, and (2) no
real aperture is inserted in the ghost image plane. For sim-
plicity, we consider the case in which |m|=1. Therefore, Pop-
per’s experiment can be realized in the setup drawn in Fig. 4;
we only need to take the object to be a single slit of dimen-
sion D, the longitudinal distances to give d,+d,=s,=s,=2f
and d;=s;+z. Notice that, since Popper’s thought experiment
is based on the idea of measuring the momentum of photons
propagating in arm b of the setup, the distance z needs to
satisfy the far-field condition D’w/(cz) <1.

Let us start by considering the case in which a real single
slit of dimension D is inserted in both the object and the
ghost image plane. By considering the SPDC state given by
Eq. (16), the field at detector D, given by Eq. (14), and
slightly modifying the field at detector D, [Eq. (15)] to take
into account the presence of a real slit in s;=2f, we find

. (Q D.Xz)
sinc —
2¢ 2 z

2

GA(D,x,) , (25)

which is simply the modulus square of the Fourier transform
of the object. Notice that the second-order correlation func-
tion of Eq. (25) is the perfect copy of the (first-order) dif-
fraction pattern. This is in line with Popper’s original idea:
the goal of this measurement is to evaluate the uncertainty
Ak, , given Ax;=D/2. Based on Eg. (25) we have Ak,
=2/D; therefore, in agreement with the uncertainty principle,
Akstxle [28].

Now we remove the single slit from the ghost image
plane. The second-order correlation function can then be
evaluated using Eqs. (16), (14), and (15) just taking d),=2f
+z. In the plane-wave approximation for the pump beam, we
find

2
Gl eoniniecipy ® 1 (

-5
1+z/f

which is the modulus square of the transfer function of the
object, magnified by a factor 1+z/f; this pattern represents
the geometrical projection of the image. The result in the first
line of Eq. (26) represents the convolution of the ghost image
of the object with a Fresnel weighting factor. Hence, Eq. (26)
indicates that the pattern obtained from the coincidence
counts is an out-of-focus image of the object. Due to the

GA(D,x,)

X2 )
1 +z/f
2
: (26)
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absence of a real object in the signal arm, the intensity dis-
tribution in arm b does not contain first-order patterns any-
more. Therefore, in this case, the second-order correlation
function reproduces a pure second-order effect.

The pattern described by Eq. (26) can be much narrower
than the one described by Eq. (25). For instance, in the ex-
perimental setup of [10] (z=f=500 mm, A;=2\,=702 nm,
D=0.16 mm), the width of the diffraction pattern of Eq. (25)
is AxL =<\ f/D=2.2 mm, while the width of the out-of-
focus image described by Eq. (26) is Ax[znasm]
~\D?*+\f/7=0.37 mm. Hence, in agreement with Pop-
per’s theoretical prediction,

Ax[zn”s”’] < Ax[ZSIi’]. (27)

Notice, however, that the variance Ax[z"‘”lil] of the probability

distribution of Eq. (26) does not represent the uncertainty in
the momentum of the signal photons (Akxs). Hence, the fact
that the pattern of Eq. (26) is narrower than the one described
by Eq. (25) [as reported in Eq. (27)] does not represent a
violation of the uncertainty relation AkaAxSB 1. The appar-
ent inconsistency between entanglement and the uncertainty
principle discussed by Popper derives from an improper in-
terpretation of the predicted results: joint measurements
should not be used to estimate the uncertainty in momentum
of a single particle or photon.

In this respect, it is also worth emphasizing that, since Eq.
(26) describes an out-of-focus image rather than the Fourier
transform of the object, the variance of this pattern is much
closer to the uncertainty A(x,—x;) than to the uncertainty
A(k, +k,). In fact, taking into account the finite size of both
pump beam and imaging lens, we can estimate

N,
Ax,—x;)* = A(xs_xi)?M"'Z(l +E)_J, (28)
fl2m
which is the sum of the resolution characterizing the quan-
tum ghost image [Eq. (24)] plus a term that accounts for the
blurring of the out of focus quantum ghost image.

D. Remarks

The uncertainties A(k, +k,) and A(p,—p,) involved in the
EPR inequalities are related, respectively, to the visibility of
quantum ghost interference and to the resolution of the quan-
tum ghost image.

Based on the results of Egs. (18) and (22), the biphoton
amplitude contains the whole ghost interference-diffraction
pattern, in one case, and the point-to-point correspondence
between the object and the ghost image planes, in the other.
This explicitly indicates that quantum ghost imaging effects
are the result of the coherent superposition of two-photon
probability amplitudes. Therefore, for an entangled source,
all the straight lines drawn in both Figs. 2 and 4 should be
thought as coexisting and coherently superposed two-photon
amplitudes associated with one signal-idler pair: in principle,
one SPDC pair gives rise to the quantum ghost diffraction
pattern in the focal plane of the imaging lens and to the
point-to-point correspondence between the object and ghost
image planes. The coherent superposition of the two-photon
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amplitudes is responsible for the high visibility and high
resolution characterizing quantum ghost imaging patterns [as
quantified in Egs. (20) and (24)].

From the point of view of practical applications, the re-
sults presented in this section are quite interesting: the en-
tangled nature of the SPDC signal-idler pairs allows an ac-
curate reproduction of nonlocal or ghost imaging patterns.
The results obtained for the second-order correlation func-
tion indicate that the visibility can be, in principle, 100%.
Furthermore, pump sizes of the order of a few millimeters
give rise to such a strong momentum-momentum correlation
that the resolution of quantum ghost images is basically only
limited by diffraction effects caused by the finite imaging
lens. We can then conclude that entangled two-photon sys-
tems offer the unique possibility of performing nonlocal po-
sitioning measurements, with high accuracy, even beyond the
classical limit.

To clarify the concept of classical limit in the frame of
coincidence measurements, we will consider two different
simulations of the quantum ghost image and interference. In
Sec. V, we analyze the results of ghost imaging experiments
realized with a source of pairs of photons characterized by
classical statistical correlation in momentum, and in Sec. VI,
we consider a chaotic thermal source.

V. GHOST IMAGING WITH SEPARABLE SYSTEMS
OF PHOTONS CLASSICALLY CORRELATED
IN MOMENTUM

A separable system may be described quantum mechani-
cally by an incoherent statistical mixtures of the kind: p

= fdgop(go)|‘l'(§0))<\1'(50)|, where &, is a generic variable,
p(&) is a (positive) probability distribution, and

@), = @), @ |¢@), (29)

is a factorable pure state. The expression “incoherent” is
used to emphasize that no phase information is retained in
the summation.

Here, we are interested in separable systems of photons
simulating the SPDC photon pairs. To this end, we take the

variable &, to represent transverse momentum (&,=k,) and

the pure states |@'%)), and |¢'&)), to be single-photon pure
states characterized by anticorrelation in transverse momen-
tum:

|QD(E0)>1 =C J dl_()fl(’z_ E0)|k)>l’

|p )y, = C, f dify(Kk+ 1%0)|E>2, (30)

where f; (for j=1,2) are real functions. Hence, the density
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matrix for an ensemble of photons manifesting classical an-
ticorrelation in momentum is given by

Pie2= f dEoP(Eo)PEEO) ® PE_EO)’ (31)

where p(1 ) and p(z_"") are the density matrices associated
with the single-photon pure states of Eq. (30).

The system described by Eq. (31) represents the “classi-
cal” (i.e., entanglement-free) simulation of the SPDC signal-
idler pairs. Different from entangled two-photon states, this
classical source emits pairs of independent photons, each one
with a well-defined momentum [25]. The uncertainty charac-
terizing the momentum of each photon is equal to the vari-
ance of the single-photon probability distribution |f]*> of Eq.
(30). Therefore, when this source is used in the setup of Fig.
4, the double-arrowed straight lines assume a very different
meaning with respect to the SPDC case: each line represents
a pair of independent photons and is emitted by the source

Ko

with probability p(k,), at different times.

For the separable system of Eq. (31), if photons 1 propa-
gate in arm a and photons 2 in arm b, the second-order
correlation function defined in Eq. (11) reduces to

G<2)(ﬁ1,52)=fd’?017('?0)

2
X

J d’_()lfl(’_él - E())ga(’;l,w;ﬁlvza)

2
X

J diiof>(Ky + Ko) &Ko, 03,2

(32)

Hence, the second-order correlation function is given by the
weighted sum (over all photon pairs) of the products of the
probability distribution associated with photon 1 (propagat-
ing in arm a) times the probability distribution associated
with photon 2 (propagating in arm b). The result of Eq. (32)
is very different from the one obtained for the SPDC en-
tangled two-photon system, where the second-order correla-
tion function was given by the modulus square of the bipho-
ton amplitude [Eq. (17)]. Does this mean that coincidence
measurements performed in the optical setup of Fig. 4 will
give different results when the SPDC source is replaced by
the classical statistical mixture of Eq. (31)? In order to an-
swer this question, we will now evaluate the second-order
correlation function for the setup of Fig. 4, considering the
incoherent statistical mixture of Eq. (31) as the source.

When detector D, measures the momentum of photons 1
[Eq. (13)] and detector D, detects photons 2 in an arbitrary
plane [Eq. (15)], we have
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G(Z)(ﬁ]sﬁz)(MOM): Cfd'?op('?o)

X

By implementing a momentum-momentum measurement
(i.e., taking d,=f), the second-order correlation function
gives

2

N >z 0., =
G(Z)(plsPZ)(MOM) = CdeOP(KO) f2<gcpz+ Ko)

X deIfI(EI = EO)G(|’—()I|)[—Cda/w]
2
~ . [
XT(KI_ Pl) (34)
Cfcoll

Therefore, if the object is completely covered by the one-

photon beam and the function f;(k,—k,) is narrow enough
(i.e., it approximates a & function), the Fourier transform of
the object can be reproduced by the second-order correlation
function. For this to be a ghost interference-diffraction pat-

tern, the probability distribution p(k;) needs to be wide
enough to erase any first-order effect from the plane of de-
tector Dj.

The incoherence of the source is reflected in the result of
Eq. (34): the coincidence counts are given by the weighted
sum of the hidden first-order effect (given by the modulus
square of the convolution between the Fourier transform of

the object T and the single-photon probability amplitude f;)
with the “single-photon” transverse probability distribution
If5)>. This result is clearly different from the one found for
the SPDC two-photon system [see Eq. (19)]. However, in the

G<2)(51,52)(Pos):CdeOP(EO)

X

P P - = - o
f di,fi(k - KO)G(lKID[—cda/w]T(Kl - _P1>

f dicsf>(Ky + o) G(| Ko ey j dpG (1P wreay -1 e 1P

[ e iesstonin, [ aig, G )68 D™

f diaofy(Ky + f?o)G(|f?z|)(-(c/w){db+[(1/(1/d,;—1/f)]}>exp Ky
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2

CJeoll
2
(33)

plane-wave approximation, we find G (g, ,p,) wow * | T Ko
—p1o/(cf.on)]>, which is exactly the same result we ob-
tained for the momentum-momentum correlation measure-
ment realized on the SPDC signal-idler pairs generated by a
plane-wave pump beam.

With the appropriate choice of the probability distribu-

tions |f; ,|* and p(k,), the uncertainty in K+, can be made
quantitatively equal to the one obtained for the SPDC source
[Eq. (18)]. This result is consistent with our initial assump-
tion: the source under investigation is characterized by clas-
sical statistical correlation in transverse momentum. How-
ever, based on Eq. (34), the visibility of the ghost
interference-diffraction pattern is affected by the variances of
both the single-photon probability amplitudes f; and f5.
Therefore, the uncertainty A(k;+k,) has a lower bound
given by

A(I-()l + Ez) = \rO’%+ (T§= \,”E(T,

in agreement with the first EPR inequality for separable sys-
tems given in Eq. (10). This is a consequence of the intrinsic
independence of photons 1 and 2 of each pair of the en-
semble and explicitly demonstrates that photons 1 and pho-
tons 2 are diffracted separately, independently of each other.

Now consider the case in which D, is a bucket detector
implementing position measurement in arm a [Eq. (14)],
while detector D, scans an arbitrary plane of arm b [Eq.
(15)]. The second-order correlation function of Eq. (32)
becomes

2

>

2
: 35
0 (35)

f

1

where we assumed the lens to have infinite transverse dimension. Equation (35) does not lead to any thin-lens equation and
clearly indicates the absence of position-position correlation. In fact, even after integrating over the area of the bucket detector

D,, we have

G(z)(Aobjal;Z)(POS)zCdeOp(RO) fd'zzfz('?z""?o)G(|'?2|)(—(c/w){db+[1/(1/d[;—1/f)]})exp iKy

x [ aiir

= 2

4
f

1

2

Jd’?lfl(’_()l_’?O)G(l’le[—cda/w]eiElﬁ” ; (36)
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Image
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Object Lens
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FIG. 5. (Color online) The source emits pairs of photons in a
classical statistical mixture that simulates the SPDC entangled two-
photon system. The average momenta (dashed lines) of photons 2
intersect in the plane at distance s; from the lens, but the spread in
the momenta of photons 2 (diverging continuous lines) is such that
no image plane can be defined neither theoretically nor experimen-
tally. Only projections (shaded arrows) can be observed. Also notice
that, due to the dimensions of the single-photon beams compared to
the object size, this source does not allow reproducing the Fourier
transform of the object.

i.e., the coincidence counts are unable to reconstruct the ob-
ject transfer function and no image can be observed.

It is interesting to notice that, when f,, are narrow
enough for the momentum-momentum measurement de-
scribed by Eq. (34) to reproduce the ghost Fourier transform
of the object, the joint probability distribution of Eq. (36) is
approximately constant. The opposite situation is drawn in
the pictorial representation of Fig. 5: wide probability distri-
butions f; , (i.e., narrow beams) may give rise to projections
which partially reproduce the shape of the object, but in this
case neither first- nor second-order interference-diffraction
patterns of the aperture is defined.

These results are in good agreement with the results found
in Secs. II B and II C: for separable systems of quanta (here
photons), the higher the accuracy characterizing moment-
momentum correlation measurements, the lower the accu-
racy achievable in position-position correlation measure-
ments (and vice versa). And in fact, based on Eq. (36), we
find A(p;—p,)>1/2\1/07+1/05, in agreement with the
second EPR inequality for separable systems of Egs. (10).

We conclude that a separable system of classically corre-
lated photons can reproduce only one feature of the SPDC
two-photon pairs: the anticorrelation in transverse momen-
tum and, consequently, the ghost interference-diffraction pat-
tern. However, due to the absolute incoherence characteriz-
ing this source, the classical anticorrelation in momentum is
not accompanied by correlation in position: no thin-lens
equation can be found and, consequently, no ghost image can
ever be observed [37].

VI. GHOST IMAGING WITH THERMAL LIGHT

We now consider another example of classical optical
source [25]: a source of chaotic thermal light. Thermal
sources have recently been proposed [18,19] as possible can-
didates for reproducing certain features of quantum ghost
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imaging effects. Several imaging experiments with pseudo-
thermal radiation have been realized in our laboratory
[22,23,38] and, independently, by Magatti er al. [24]. In par-
ticular, a “thermal two-photon thin-lens equation” was theo-
retically proposed in both [21,23] and experimentally veri-
fied in our laboratory [23]. Furthermore, the experimental
work of Magatti er al. [24] reported a ghost image and inter-
ference experiment realized with thermal light. The results of
this experiment have been used to claim that thermal light
can violate an inequality somewhat similar to Eq. (9). This
violation would be in contradiction with many theoretical
[26] and experimental [11,17] works which proved that such
an inequality is a necessary condition for separability. In fact,
as we will explicitly prove, the conclusions drawn in [24]
derive from an incorrect evaluation of the uncertainties in-
volved in the inequality.

In this section we will briefly review the theoretical deri-
vation of both the thermal thin-lens equation and the thermal
ghost interference-diffraction pattern, considering a thermal
source in the EPR-type experimental setup of Fig. 4. We will
then focus on the accuracy of thermal ghost imaging and
compare it with the one characterizing quantum ghost imag-
ing.

For thermal sources, the second-order correlation function
of Eq. (11) reduces to the summation of the products of

intensities (i.e., first-order correlation functions) [19,30,39]:
GOF ity 1) = G(lll)G(212) + |G(112)(’71’72§t1 -n)]%, (37)

where [18,19,23]:

Gi\Gpn1) = [ i [ dogi(rp2g i wis2)

X(n, e, (38)

for i,j=1,2; (n,)=("" —1)! is the average photon
number at temperature 7. The second-order correlation func-
tion for chaotic thermal light has a peculiar functional form:
the first term of Eq. (37) represents a constant background
noise, given by the product of the intensities at the two de-
tectors (D, and D,, respectively); the second term is the
modulus square of the first-order correlation function mea-
sured by the two spatially separated detectors. In other
words, no second-order coherence exists. The term ngz of
Eq. (38) indicates that the second term of Eq. (37) is the
result of an interference. In order to emphasize the similarity
with the SPDC biphoton amplitude, which contains a g;g,
term, we may regard this interference as a coherent superpo-
sition of the probability amplitudes associated with two spa-
tially separated optical arms. Hence, despite the fact that
thermal sources are incoherent sources, thermal second-order
effects may be seen, in part, as the result of the coherent
superposition of two-photon probability amplitudes [23,38].
It is then reasonable to expect that coincidence experiments
realized with thermal light, in the setup of Fig. 4, might
reproduce the results found in Sec. IV for SPDC entangled
two-photon pairs. Notice, however, that the constant back-
ground noise reflects the very different physics governing
thermal sources [12,19] and, in particular, their incoherent
nature. Furthermore, the fact that the thermal two-photon
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probability amplitude has the functional form g,g,(n), re-
minds us that the coupling between arm 1 and arm 2 is the
result of an “intensity” measurement, rather than a pure
second-order effect.

To better understand the analogies and differences be-
tween the experimental results obtained with thermal and
SPDC sources, we will now evaluate the second-order cor-
relation function describing a thermal source in the setup of
Fig. 4. Differently from the previous cases, the finite size of
the pump beam will now be taken into account through the
fields, rather than the state of the source; by reevaluating the
transfer functions g, and g, for the same optical setup de-
scribed by Eq. (13) [or Eq. (14)] and Eq. (15), but taking into
account the finite transverse area of the source, we find (see
the Appendix)

_ wZei(w/c)za

a ’_()’w; *a’za=du+ CO\ = 8 g s
8l P feon) (277c)2 dfor

G(|ﬁu|)[w/(cf(_0”)]

X f dﬁot(ﬁo)G(I 50|)[w/(cda)]e—i[w/(cf;,-nu)]ﬁ(wﬁa
A

obj

X f dp.f(p.) G(|p)[wrce dﬂ)]ei{:é—[w/(cd“)],go}.ﬁx
A

source

(39)
and

_ wzei(w/C)Zh

Kw;pp2y=d,+d,)=———
gl P2 =dp +dy) (277c)2dbd,;

G(|5b|)[w/(cd,;]

Xf dﬁxf(ﬁx)G(|ﬁx|)[w/(cdb)]ei’zﬁx
A

source

X f d51G(|l31|)[(w/c)(l/db+1/d,;—1/f)]
A

lens

W ﬁx ﬁb >
Xexp| —i—({—+— |- s
p[ C(db d;’,) Pz}

where f(p,) describes the finite source aperture.

Let us start by considering the case of a momentum-
momentum measurement: the fields at the detectors are re-
lated to the transfer functions of Egs. (39) and (40), with
d,=f. By plugging in these expressions into Eq. (38), we find

(40)

G(z)(ﬁl b 52’ Tl s TZ)(MOM)

desw(ﬁl’ﬁZ’T] - T2)

[ a{s-25)
KT\ K= ——p,
Cfcoll

~ w
XFz(*——*)G <Dred o
K cfp2 (|K|)[ d jw]

1)~
= G(l 1)G(22) +

2
, (41)

where the first term represents a background noise, given by
the product of the intensities at each detector:
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C04
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Gy f dait,) f dplf(p)?

X
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o« [[awmpe? [aplrpr. @
The analogy between the SPDC result of Eq. (19) and the
second term of Eq. (41) is quite interesting. First of all, we
notice that, similarly to the SPDC case [see Eq. (18)], the
transverse spatial correlation can only be observed by count-
ing coincidences within the “coherence time” characterizing
thermal radiation, given by the frequency integral of

o ( {
———exp|lio\ T, - T
(zwc)szcoll : ?

4[@_@(1_@)”)
2c fcoll f f .

(43)

Su(p1:p2 Ty = Ts) =72,

Furthermore, the transverse spatial part of the second term of
Eq. (41) indicates that, when detector D, is fixed in the far
field of the object and detector D, scans the focal plane of
the imaging lens, the Fourier transform of the object transfer

function (7) is reproduced by the coincidence counts. Similar
to the SPDC case, the resulting pattern is given by the con-

volution of the Fourier transform of the object (7~") with the

angular distribution of the thermal radiation [F2=FT(|f{%)]
and the envelope of the radiation on the aperture plane (G).

Based on Eq. (42), the single counts at both detectors are
constant: no first-order effect exists. Therefore, thermal
sources give rise to ghost interference-diffraction. However,
due to the first term of Eq. (41), the thermal ghost
interference-diffraction pattern lays over a constant back-
ground noise extending (after normalization) from 0 to 1; the
maximum achievable visibility of the thermal ghost
interference-diffraction pattern is only 33%.

Some important differences between the Gﬁ)OM obtained
for thermal, classically correlated, and entangled (SPDC)
systems deserve to be emphasized. First, we notice that,
while for both SPDC and classically correlated photon pairs
the second-order correlation function depends on &+ K5, for
thermal light it depends on &, — k,. This is due to the fact that
SPDC radiation is intrinsically characterized by anticorrela-
tion in transverse momentum, and classically correlated pho-
ton pairs were built in such a way to simulate the same
anticorrelation; however, thermal effects are the result of the
self-correlation of each mode of the thermal radiation with
itself.
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Of particular interest is the fact that, based on the prob-
ability distribution of the coincidence counts found in Eq.
(41), the uncertainty in k, -k, is given by

S RV - -2
Ak = Ky) = \'/A(’ﬁ — K2)pack + A(Ky = K2) prak

i.e., is the sum of the uncertainty characterizing the constant
background plus the uncertainty characterizing the peak
|G(112)|2. Since the background is given by the product of the
intensities at detectors D; and D,, we have A(K;—Ky)gack
=A(k,)?+A(K,)% which, based on Eqs. (42), is very large;
then,

A(Ry = Ry) = VAR + A(Ry)? + ARy — &) 2k
SRR
= \/A(Kl)z + A(Kz)z = 00, (44)

Therefore, within a very good approximation, thermal
sources satisfy the inequalities of Sec. II B for independent
quanta. This result is a consequence of both the lack of cor-
relation and the intrinsic incoherence of thermal light.

It is quite interesting to compare the result found here
with the one obtained in Sec. V, where we have seen that the
ghost Fourier transform of the object can only be observed
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when the classically correlated pairs of photons are charac-
terized by a small uncertainty A(x,+«,) [see Eq. (34)]. From
this perspective, it is quite surprising that thermal sources,
which are characterized by the lack of correlations [as indi-
cated by Eq. (44)], give rise to a ghost interference-
diffraction pattern, as well. However, the Fourier transform
of the object appearing in the thermal coincidence counts
may be regarded as the result of the coherent superposition
of two-photon amplitudes. In other words, the classical Sec.
V simulates the momentum-momentum correlation of en-
tangled two-photon systems but cannot simulate the coherent
superposition; a chaotic thermal source, on the contrary,
simulates the coherent superposition of two-photon ampli-
tudes. In both cases the quantum ghost interference-
diffraction pattern can be simulated, even if the functional
forms are very different in the two cases.

Let us now consider the case of a position-position mea-
surement realized on thermal light in the setup of Fig. 4. By
substituting the expressions for the transfer functions given
by Egs. (39) and (40) in Eq. (38) and performing the inte-
grations over transverse momenta and imaging lens, we find,
for the spatial part,

Ny > - I N ; > > N R N
G13(B1.p)pos) f dpot” () G| o ) e o™ o0 f dpJF(PII G (wre) (1,1 sy 5110 -1

X exp[ ;2 ( P2
d)d,(1/d, + 1/d;, - 1/f)

where the imaging lens has been assumed to have infinite
transverse dimension. The argument of the integral over the
source indicates the existence of a “two-photon thin lens
equation” [21,23]: 1/s,+1/s;=1/f, with s,=d,—d, and s,
=d,. In the two-photon image plane defined by this thin-lens
equation, the second-order spatial correlation function re-
duces to

G(z)(Aobj’ﬁZ’tl’IZ)(POS) * G G(l) Jdﬁo|t(ﬁu)|2

Jels(z-a)]

where m=-s,/s, and the intensities at the two detectors are

N 2
GV o fdplfdpx|f(px)| [ (d fp_ln)}

Gy o f dplf(BP. (47)

2
., (46)

Equation (46) indicates that, whenever D, is a fixed bucket
detector and D, scans the image plane defined by the two-
photon thin-lens equation found above, the coincidence

Po | -
da)px} , (45)

counts reproduce the ghost image of the object, magnified by
a factor of m=-s,/s, [21,23]. This image is accompanied by
a constant background noise, given by the product of the
intensities at detectors D; and D,. The existence of a two-
photon thin lens equation may again be regarded as the result
of the coherent superposition of two-photon amplitudes.
Similarly to the SPDC case, the image is given by the con-
volution of the object transfer function with the angular spec-
trum of the thermal radiation (F2); this result is due to the
fact that we considered the imaging lens to have infinite
transverse dimension. When the finite dimension of the im-
aging lens is taken into account, the function
Plw/cXys(py/m—p,)] (with Xys=R,,,/s,) also appears in
the argument of the integral over the object.

Regarding the position-position EPR-type correlation
measurement, the first noticeable difference between thermal
sources and SPDC two-photon systems is the two-photon
thin-lens equation. For SPDC, the object (or image) distance
is s,=d,+d,, while for thermal photons it is s,=d;—d,. The
practical consequences of this results are discussed in
[21,23]. However, the most important difference between
quantum and thermal ghost images is given by the values of
the uncertainties in p, - p,—i.e., by the resolution. Following
the same argument that brought us to write Eq. (44), we find
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ABy = f2) = VA1) + ABa)? + A — po)pax
INEEC YRR
~ \’A(Pl)z + A(Pz)z, (48)

with A(p;)=A,, and A(p,)=0, both of which are much
larger than the uncertainty:

G- 1 (1.22>\>2 “9)
= e —_— + —_— N

P1 = P2)PEAK 252 Xys 2

where o’f is the variance of the source-size function f(p). In
summary, similarly to entangled systems [see Eq. (23)], ther-
mal sources can reproduce a ghost image [see Eq. (46)];
however, due to the significant background noise, thermal
sources can never achieve the same high resolution [compare
Eq. (48) with Eq. (24)]. Notice, for instance, that the function

F2, alone, can no more be regarded as two-photon point-
spread functions: the two-photon point-spread function for
chaotic thermal radiation also contains the constant back-
ground noise.

It is interesting to notice that, in the thermal case, com-
plicated objects give rise to a larger background noise; there-
fore, well-resolved thermal ghost images of complicated ob-
jects are always characterized by a decreased visibility
[21,23]. In other words, for thermal sources, high visibility
and high resolution are incompatible. This effect is exclu-
sively due to the presence of a constant background noise.
Therefore, from a point of view of practical applications, it
would be useful to find a detection scheme which is capable
of subtracting the background noise. In fact, after removal of
the constant background, the resolution of the thermal ghost
image may become comparable to the one achieved by en-
tangled states [compare Eq. (24) with Eq. (49)]. Such a de-
tection scheme would lead the way toward the application of
thermal sources for high-accuracy nonlocal positioning.

From a fundamental physics perspective, the role of the
constant background noise is essential: it is a manifestation
of the different physics governing entangled and thermal
sources. In fact, the constant background determines the val-
ues of the uncertainties A(x,—x,) and A(p,-p,), thus guar-
anteeing that the uncertainty relation A(k,—k,)A(p;—ps)
=1 is satisfied.

In this respect, it is worth pointing out that Magatti et al.
[24] have drawn an incorrect conclusion by claiming a vio-
lation, for thermal light, of the separability condition Ax,|,
Ak, |=1 [26]. In fact, Magatti et al. evaluated the condi-
tional uncertainties A x,|; and A k,,|; (which characterize the
measurement of x, and k,, conditioned by the measurement
of x, and k,;, respectively) by considering only the “peak” of
the second-order correlation function for thermal radiation—
i.e., subtracting the significant constant background noise
from the measured joint probability distribution. This led
them to conclude that thermal radiation can violate the sepa-
rability condition reported above. The violation never occurs
if the whole measured joint probability distribution G? is
taken into account, as it should. Furthermore, since, for ther-
mal radiation, the conditional uncertainties are A x,|;=A(x,
-x,) and A ky,|,=A(k,;—k,,), and since (x;—x,) and (k,,

PHYSICAL REVIEW A 72, 013810 (2005)

—k,,) are conjugate variables, the result presented in [24]
(namely, A x,|,A k|, <1) would in fact represent a violation
of the uncertainty relation.

VII. SUMMARY AND CONCLUSION

We have proposed an operational approach for the imple-
mentation of momentum-momentum and position-position
correlation measurements on systems of photons. Through
the evaluation of the second-order correlation function
GP(p,,z1;p4.25) associated with EPR-type ghost imaging
setups, we have quantified the uncertainties A(x,*x,) and
A(p,—p,) for entangled photon pairs, for classically corre-
lated photons, and for thermal light. Both A(k;+k,) and
A(p,—p,) have a precise operational meaning: they are re-
lated to the resolution and the visibility of ghost imaging
patterns.

Entangled two-photon systems are characterized by two
peculiar properties: (1) coherent superposition of two-photon
amplitudes and (2) correlation in both momentum and posi-
tion variables. Both these properties give rise to ghost im-
ages whose resolution may only be limited by the finite nu-
merical aperture of the image forming system. In principle,
quantum ghost imaging can achieve 100% visibility.

It is worth emphasizing that the classical Rayleigh diffrac-
tion limit does not necessarily impose a limit on entangled
two-photon systems: with an adequate choice of the experi-
mental setup (see [6,7]), entangled two-photon systems can
overcome the Rayleigh diffraction limit and give rise to
super-resolved optical images, still characterized by 100%
visibility.

Separable systems of photons may simulate only one of
the two distinctive properties of entangled states. Therefore,
only one aspect of quantum ghost imaging effects can be
reproduced by classical sources [25]. In particular, separable
systems of photon pairs can simulate the momentum-
momentum correlation and, consequently, the ghost
interference-diffraction effect. Under certain experimental
conditions, entangled and classically correlated photon pairs
can give rise to the same quantitative value of the uncertainty
A(k,+k,). However, separable systems of photon pairs are
intrinsically incoherent and the correlation in momentum is
not sufficient to produce the position-position correlation re-
quired to generate a ghost image.

On the other hand, chaotic thermal sources give rise to a
sort of coherent superposition of two-photon amplitudes;
they can then reproduce both ghost interference-diffraction
and ghost images, but always accompanied by a significant
background noise. The uncertainties in both A(k,—k,) and
A(p,-p,) are considerably large, and their product is much
larger than the limit imposed by the uncertainty relation. Fur-
thermore, the results of Egs. (44) and (48) indicate that cha-
otic thermal sources are characterized by the lack of correla-
tion both in momentum and in position. The constant
background noise imposes stringent limitations on the vis-
ibility (max 33%) and the overall resolution of thermal ghost
images. However, as far as practical applications are con-
cerned, thermal sources are interesting candidates for high-
accuracy nonlocal positioning; such applications rely on the
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development of detection schemes which are capable of
eliminating the constant background.
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APPENDIX: EVALUATION OF THE FIELD OPERATORS
AT THE DETECTORS

In this appendix we wish to prove the validity of Eqs.
(13)—(15) for the fields at the detectors in the setup drawn in
Fig. 4. We will start from the evaluation of the optical trans-
fer functions (g, and g,) for arms a and b and we will plug
the results in the generic expression of the field given in Eq.
(12); the paraxial approximation will be used everywhere.

The optical transfer function describing arm a of the setup
of Fig. 4 is given by [31,32]

8u(K, @32, =d, +d)

= f dﬁx J dﬁo
A:aume Aah_ j

—-lw .-~ .
elK'pxel(w/C)duG > _ > .
27TCda (|px po|)[w/(cda)]

—iw

2med!

a

% 1, G|, - /3a|)[w/(cd;)]} )

(A1)

where p, and p, are two-dimensional vectors defined, respec-
tively, on the (transverse) output plane of the source and on
the object plane; the function G(|a)4 is a Gaussian in |af,
whose imaginary variance is related to the parameter

B[G(|a|)[5]=ei5/2|“‘2]; the function #(p,) is the transmission
function of the object. The terms in the first and second curly
brackets of Eq. (Al) describe free space propagation from
the output plane of the source to the object plane and from
the object plane to the detection plane, respectively.

The Gaussian function G(|al);4 satisfies the following

properties [31,32]:
G (| =G(a)_g.

G(la)pepy= G| aDaG(lals

G(la+a'|)g= G(|5Z|)[,g]G(|5Y'|)[,g]eiﬁ&'&’,

- - i‘, o . 27T -
JdaG(|a|)[ﬁ]e 7= ’EG(WD[—I/B]- (A2)
Notice that the last equation in Egs. (A2) is the Fourier trans-
form of the G(|oz|)[m function. As we shall see in the follow-
ing, these properties are very useful in simplifying the cal-
culations of the optical transfer functions g(k,w;p;,z;).
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By employing the second and third expressions given in
Egs. (A2), the optical transfer function of Eq. (A1) simplifies
to

8a( K 03Py 2= dy +d,)
wzei(w/c)z,l G(| . |)
= (ZWC)zdud; Pa [(w/cda)]

X J ot (Bo) G|PoDi(arey11a,r11aryye PP
thj
L ol(cd, o .

X f dﬁxG(|ﬁx|)[w/(L'du)]e (AS)

A

source

After using the last property of Eq. (A2) and further simpli-
fying the result we obtain
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where the area of the source has been taken to be infinite.
This can be done anytime the finite size of the source is
included in the state of the source. Substituting the result of
Eq. (A4) in the expression of the field given in Eq. (12), we
obtain the field at detector D,:

E (Buzaity)
—iw

=C -
2ed,,

fdwe_i“’(ta_zalc)G(|5a|)[w/(cd,’)]

de’;Gd'zD[—cdu/w]f dﬁot(ﬁo)GdﬁoD[(w/c)(l/d;)]

obj
X ei{’;_[“’/(c‘iz;)]’;a}";ﬂa,;, (A5)
where we have assumed that only one polarization can be
detected by D, and we have taken slowly varying terms in w
outside the frequency integral.

Now, in order to implement momentum measurement on
photons propagating in arm a of the setup of Fig. 4, we need
to place the pointlike detector D,, in the far field of the object
[D’w/(cd!)<1] or, equivalently, in the focal plane of a con-
verging lens (d)=f,,;). We implement this last situation by
multiplying the field Ef;)(ﬁa,za;ta) of Eq. (A5) by the trans-
mission function of a lens placed in the plane of the object
[Py, ;= GPol-aricr, 1) The field at detector D, as
given in Eq. (A5) becomes

E£1+)(5a’za = da +fcoll; ta)(MOM)

—iw .
=C dwe™ )G (|5, wie
27Twa[[ f (|pa|)[w/(cfc.0”)]

. N ~ > w
X dKG(|K|)[_Cda/w]T K———p,|a;, (A6)
Cfcoll
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where T is the Fourier transform of the object transfer func-
tion #(p,). This is the result employed in Eq. (13).

On the other hand, by replacing the pointlike detector D,
with a “bucket detector,” we can measure the position of all
photons transmitted by the object, independently of their mo-
menta. From the experimental point of view a bucket detec-
tor may be implemented by inserting a short-focal-length
converging lens in the object plane and by placing the detec-
tor in its focus; the sensitive area of the detector needs to be
large enough to collect a big portion of the radiation in the
focal plane of the collection lens. Therefore, also in this case,
the field in one point of detector D, is given by

EE;-)(ﬁa’ = da +fcoll;ta)(POS)

—iw .
— dwe—la)(ta—z“/c)G -
27chw”f (|pa|)[w/(c o]
- - ~ - (OB
X dKG(|K|)[—Cdu/w]T K= Pa |G (A7)
Cfcoll

the integration over the area of the detector will be done after
evaluating the correlation function G®(p,,p,). The result of
Eq. (A7) is reported in Eq. (14).

Let us now evaluate the optical transfer function describ-
ing arm b of the setup of Fig. 4:

8K, Pz = dyy + dy)

=f dﬁxf 4
A

source A lens

—iw

ei/?-ﬁxei(w/c)dbG > > ]
27TCdb (|px pl|)[a)/(cdh)]

N —iw ’ N N
x 1(|p)) 277cd’el(w/6)dbG(|p[_pr[w/(Cd’;)]}
b

(A8)

where p, is a two-dimensional vector defined on the (trans-
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verse) plane of the imaging lens; all other variables are de-
fined as before. Again, the terms in curly brackets describe
free space propagation from the output plane of the source to
the lens and from the lens to the detection plane, respec-
tively; the function in between them is the transmission func-
tion of the imaging lens of focal length f. Using the proper-
ties of the G functions reported in Eq. (A2), we simplify Eq.
(A8) to

8b(K, w3 P2 = dy + d})
_ iwei(w/c)zb R i
- Tcdl’)qub')[w/(C(lé)]G('K|)[—cdb/w]

i{i—[w/(cd;)]ﬁb}-ﬁl,

X J dﬁzG(|51|)[(w/c)(1/d;’—1/f)]e
Alens

(A9)

where, again, the source has been taken to be infinite in the
transverse direction. The expression for the field at detector
D,, can now be obtained by inserting this result into Eq. (12);
we get

E§g+)(ﬁb’zb;lb)

® P N
= p fdwe ioliy ”b/L)G(|Pb|)[w/(cd};)]
X J d’zG(l’zD[—cdb/w]

< f dﬁlei{x—[w/(cdb)]Ph}'P/G(|ﬁ1|)[(w/c)( l/dé_l,f)]a,;,
Alens

(A10)

where we have assumed that only one polarization can be
detected by D, and we have taken slowly varying terms in w
outside the frequency integral. This is the same result re-
ported in Eq. (15).
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