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The dynamical behavior of the entanglement and the squeezing in the system of two ions trapped in a lossy
optical cavity is discussed, in which the vibrational mode of the first ion is coupled to the cavity field via a
linear-mixing interaction and the vibrational mode of the second ion is coupled to the cavity field via an
effective parametric interaction, respectively. It is found that when the effective strength r1 of the coupling
between the first ion and the cavity field is stronger than the strength r2 of the coupling between the second ion
and the cavity field, the motional state of the two ions develops into a robust two-mode mixed Gaussian
entangled state and the two-mode squeezing of phonons appears. But the entanglement between the cavity
mode and the vibrational mode of the second ion can only happen periodically in a small time range. When
r1�r2, only the entanglement between the two vibrational modes appears but the two-mode squeezing does
not exist. And the entanglement between the cavity mode and the motional mode of the second ion can also
take place in a small time range.
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I. INTRODUCTION

Entanglement in the continuous variable regime has at-
tracted a lot of attention in the quantum optics and quantum
information fields. Interest in continuous variable entangle-
ment is being extensively excited due to successful experi-
ments on quantum teleportation �1�, quantum dense coding
�2�, and quantum swapping �3�. A lot of schemes for gener-
ating the continuous variable entangled states, such as utiliz-
ing the ��2� process in optical parametric amplifiers �4�, the
Kerr effect in optical fibers �5�, and the interaction between a
coherent linearly polarized field and cold atoms in a high
finesse optical cavity �6�, have been proposed theoretically
and demonstrated experimentally.

Recent advances in ion cooling and trapping have opened
interesting prospects in entangled state generation. By driv-
ing the ion appropriately with laser fields, its center-of-mass
motion can be manipulated precisely. Recent experiments us-
ing linear traps have reached a very low rate of heating �7�,
so that the dissipation time associated with the vibration of
the center of mass may be neglected. Various schemes of
producing two-mode entangled states of the vibration modes,
such as two-mode entangled coherent states �8�, two-mode
dark pair coherent states �9�, two-mode SU�1,1� intelligent
states �10�, and the superposition of two-mode SU�2� coher-
ent states �11�, have been proposed in a two-dimensional ion
trap. The experimental possibility of trapping an ion inside
an optical cavity �12� has opened different options in conver-
sion of quantum properties between the vibrational mode of
the ion and the cavity field. The influences of the cavity field
statistics on the ion dynamics �13�, the transfer of coherence
between motional states and the cavity field �14�, the genera-
tion of photon-phonon Bell-type states �15�, and the imple-
mentation of quantum phase gate operation when the cavity
mode and the vibrational mode are used to separately repre-
sent a qubit �16�, have been investigated and proposed. A
scheme for the generation of an entangled coherent state for
the photon-phonon modes in the system of a trapped ion
inside a nonideal cavity was proposed by Rangel et al. �17�.

On the other hand, both theoretical prediction and experi-
mental progress show that trapped ions constitute one the
most promising systems to implement scalable quantum
computation �see, for example, Ref. �18��. Very recently a
scheme for coherent-state quantum computation by exploit-
ing the motional degrees of freedom of individually trapped
ions in a cavity has been proposed �19�. Thus it is interesting
to investigate how to prepare the vibrational entangled state
for two individually trapped ions trapped in a cavity.

In this paper, the dynamical behavior of the entanglement
and the squeezing in the system of two ions trapped in a
lossy optical cavity is discussed, in which the motional mode
of the first ion is coupled to the cavity field via a linear-
mixing interaction and the motional mode of the second ion
is coupled to the cavity field via an effective parametric in-
teraction, respectively. It is found that when the effective
strength r1 of the coupling between the first ion and the cav-
ity field is stronger than the strength r2 of the coupling be-
tween the second ion and the cavity field, the motional state
of the two ions develops into a robust two-mode mixed
Gaussian entangled state and the two-mode squeezing of
phonons appears. But the entanglement between the cavity
mode and the motional mode of the second ion can only
happen periodically in a small time range. When r1�r2, only
the entanglement between the two motional modes occurs
but the two-mode squeezing does not appear. Different from
the previous schemes for entanglement preparation between
atoms or ions at separate nodes, such as entangling atoms or
ions through the interaction of the quantum correlated field
with separate atoms or ions �14,20� or through conditional
measurements �21�, the present scheme does not require non-
classical light source or projective measurements. The effec-
tive parametric interaction between the cavity mode and the
second vibrational mode generates continuous variable en-
tanglement between the second ion and the cavity field. The
linear-mixing interaction between the cavity mode and the
first vibrational mode can then transfer this entanglement to
the first ion and thus the vibrational entanglement between
the two ions takes place. The other advantage of the present

PHYSICAL REVIEW A 71, 063817 �2005�

1050-2947/2005/71�6�/063817�9�/$23.00 ©2005 The American Physical Society063817-1



scheme is that the entangled state can be prepared uncondi-
tionally and under steady-state conditions. This paper is
structured as follows: in Sec. II, the Hamiltonian and the
master equation to describe the coupling between the two
ions trapped in the lossy optical cavity are presented. In Sec.
III, we solve the master equation by use of the characteristic
function method and get the time-dependent characteristic
function analytically. Section IV is devoted to discussing the
dynamical properties of the entanglement between the vibra-
tional modes and the two-mode squeezing. The property of
the entanglement between the cavity mode and one of the
two vibrational modes is investigated in Sec. V. Finally we
give a summary in Sec. VI.

II. MODEL

Consider that there are two far distant Paul traps inside a
single-mode optical cavity, in each Paul trap an ion is con-
fined to move in the x direction. Both of the ions are cooled
down to very low temperature and may perform small oscil-
lations with frequency � j �j=1,2� around their equilibrium
positions. Two of internal electronic levels for each ion, �ej�
and �gj�, separated by an energy � j, are coupled to the cavity
field and an auxiliary laser with frequency �Lj. The trapping
direction x is coincident with the axis of the cavity and the
laser field is treated as a classical field and is assumed to
propagate in the y-z plane. Therefore the coupling of the jth
ion with the cavity and with the laser field is descried by the
interaction Hamiltonian �13,14,16,17�

Hint
j = gj sin�kxj��a�e��gj� + a†�gj��ej�� + � j��ej��gj�e−i�Ljt + �gj�

��ej�ei�Ljt� . �1�

For simplicity we have taken a sine function as the cavity
standing-wave mode and set the minimum of the two trap-
ping potentials at two separate nodes of the cavity. The pa-
rameter � j is the coupling constant between the jth ion and
the jth laser, gj is the single-photon coupling strength, and k
is the wave number of the cavity field with frequency �c,
which described by the operators a and a†. The position op-
erator of the jth ion is related to the annihilation operator bj
and the creation operator bj

† of the vibrational mode with
frequency � j by xj = �1/2mj� j�1/2�bj +bj

†�, where mj is the
mass of the jth ion. In the Lamb-Dicke limit, the Hamil-
tonian �1�, in the interaction picture, takes the form

HI
j = � jgj�bje

−i�jt + b†ei�jt��a�ej��gj�ei�jt + H.c.� + � j��ej�

��gj�ei��j+	j�t + H.c.� , �2�

where � j =� j −�c is the cavity-ion detuning, and 	 j
=�c−�Lj

is the frequency difference between the cavity field
and the laser field incident to drive the jth ion. � j
=k�1/2m� j�1/2
1 are the Lamb-Dicke parameters.

We now consider that the large cavity-ion detuning � j is
so large that �� j �gj ,� j ,� j, and � j. For t�1/ �� j�, and fol-
lowing the usual procedure for adiabatic elimination of the
excited state �ej� �14,16,17�, we derive the following effec-
tive interaction Hamiltonian:

He
j � rj�bjae−i�	j+�j�t + bja

†e−i��j−	j�t + H.c.��zj , �3�

here �zj = �ej��ej�− �gj��gj�, rj =� j� jgj /�, and the assumption
� jgj 
� j has been adopted. If the ion starts in one of its
electronic levels, for example the ground state, the operator
�ej��ej� may be substituted by zero, since effectively no tran-
sition to the excited state occurs. For the first ion the fre-
quency of the driving laser field is assumed as �L1=�c−�1
and the trap frequency �1 is assumed to be large, such that
�1� �r1�, then utilizing the rotating-wave approximation
gives the motional-light coupling in the first ion as

H1 = r1�ab1
† + a†b1� . �4�

This Hamiltonian describes a linear-mixing process between
the cavity photons and the vibrational mode of the first ion,
in which the creation �absorption� of photons occurs simul-
taneously with the annihilation �creation� of the same num-
ber of vibrational quanta �phonons�. This can lead to the
possibility of exchanging the quantum information between
the cavity field and the vibrational mode. For the second
trapped ion, if we choose the frequency of the driving laser
as �L2=�c+�2 and employ the rotating-wave approximation
once again under the condition that �2� �r2�, then the effec-
tive Hamiltonian for the coupling between the field and the
motion of the second ion is written as

H2 = r2�ab2 + a†b2
†� . �5�

This is the Hamiltonian for a nondegenerate parametric am-
plification process and via this process continuous variable
entanglement can be generated between the first motional
mode and the cavity mode. Without loss of generality, in the
following we assume r1 ,r2
0. From here we can see that
via the nondegenerate parametric interaction, the cavity field
may be entangled with the motional mode 2 belonging to the
second ion. This cavity field is also coupled to the fist ion via
the linear-mixing process, so entanglement of the cavity field
with the vibrational mode 2 may be transferred to the vibra-
tional mode 1, thus entanglement between the two motional
modes may occur.

As pointed out in Ref. �7� in recent Paul trap experiments,
the vibrational states are easier to protect from the environ-
ment than the cavity field. So here we only consider cavity
losses and neglect the dissipation of the two vibrational
modes of the two ions with the environment. Then the master
equation for the total system density operator ��t� is ex-
pressed as

d

dt
� = − i�H1 + H2,�� + Lcav� , �6�

with

Lcav� = ��2a�a† − a†a� − �a†a� . �7�

Here Lcav� describes the cavity loss at zero temperature, � is
the cavity decay rate.
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III. TIME-DEPENDENT SOLUTION OF THE
CHARACTERISTIC FUNCTION FOR THE SYSTEM

In order to solve the master equation �6�, we introduce
two new Bosonic operators,

c1 =
1

�
�r1b1 + r2b2

†� , �8�

c2 =
1

�r2
���r2b1 + r1b2

†� + r1�r2b1
† + r1b2�� ,

with �2=r1
2−r2

2. Evidently, these new operators obey the
commutation relations �cm ,cn

†�=	mn�m ,n=1,2�. Then the
master equation �6� can be rewritten as

d

dt
� = − i��ac1

† + a†c1,�� + Lcav� . �9�

From the above equation we can see that the coupling system
can be effectively treated as a linear mixer between the com-
bined vibrational mode c1 and the field mode a in a lossy
cavity at zero temperature. Equation �9� can be solved ana-
lytically by use of the method of the characteristic function.
The characteristic function for the system of the coupling
between the motional and light modes in Wigner representa-
tion is defined as �22�

���a,�c1
,�c2

,t� = Tr���t�exp��aa† + �c1
c1

† + �c2
c2

† + H.c.�� .

�10�

Using the standard operator correspondence we find that the
above characteristic function obeys

�

�t
��t� = − �i��A1 + A2� + �A3 + �B1���t� , �11�

in which

A1 = �a
* �

��c1

* − �a
* �

��c1

,

A2 = �c1

* �

��a
* − �c1

* �

��a
,

A3 = �a
�

��a
+ �a

* �

��a
* ,

A4 = �c1

�

��c1

+ �c1

* �

��c1

* ,

B1 = ��a�2, B2 = ��c1
�2,

B3 = − �c1
�a

* + �c1

* �a. �12�

Using the commutation relations among the operators Aj�j
=1,2 ,3 ,4� and Bk�k=1,2 ,3�, we have

���a,�c1
,�c2

,t� = exp�g1B1 + g2B2 + g3B3�e f2A2ef1A1

� ef3A3+f4A4���a,�c1
,�c2

,0� , �13�

in which

f1 = −
2i� sinh��t

2

��2 	�� cosh
��t

2
− � sinh

��t

2

 ,

f2 = −
2i� sinh��t

2

�� cosh��t
2 − � sinh��t

2

,

f3 = − �t + ln
cosh��t

2 − � sinh��t
2

��
,

f4 = − �t − ln
cosh��t

2 − � sinh��t
2

��
,

g1 =
e−�t

2��2 �− 4�2 + �2 cosh ��t − ��� sinh ��t� −
1

2
,

g2 =
e−�t

2��2 �− 4�2 + �2 cosh ��t + ��� sinh ��t� −
1

2
,

g3 =
i��e−�t

��2 �cosh ��t − 1� ,

where ��=��2−4�2.
Assuming initially that the cavity mode and both of the

motional modes are in the vacuum state �0a ,0b1
,0b2

�, we
can obtain the time-dependent characteristic function
���a ,�c1

,�c2
, t� for the coupling system explicitly. The Weyl-

Wigner characteristic function for the phonon-photon cou-
pling system in the representation of Bosonic operators a, b1,
b2 is defined as

���a,�b1
,�b2

,t� = Tr���t�exp��aa† + �b1
b1

† + �b2
b2

† + H.c.�� .

�14�

By use of the relations among the operators b1, b2, c1, and c2,
we can get the time-dependent characteristic function
���a ,�b1

,�b2
, t� in the three-mode photon-phonon coupling

system as

���a,�b1
,�b2

,t� = exp�− 	e1
2 +

1

2

��b1

�2 − 	e2
2 −

1

2



���b2
�2 − 	1

2
+ e3

2 +
�2

2��2e−�t sinh2��t

2



���a�2 − e1e2��b1
�b2

+ �b1

* �b2

* �

+ ie1e3��a�b1

* − �a
*�b1

�

+ ie2e3��a�b2
− �a

*�b2

* �
 , �15�

where
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g�t� = e−�t/2
�� cosh��t

2 + � sinh��t
2

��
,

e1 =
r1r2

�2 �g�t� − 1� ,

e2 =
1

�2 �r2
2g�t� − r1

2� ,

e3 =
2r2

��
e−�t/2 sinh

��t

2
. �16�

After having the characteristic function ���a ,�b1
,�b2

, t�, we
can discuss the nonclassical properties such as entanglement
and squeezing in the three-mode photon-phonon coupling
system.

IV. SQUEEZING AND ENTANGLEMENT OF THE
MOTION FOR THE TWO IONS

It is interesting to study the entanglement properties of the
bipartite system which is obtained when one of the three
modes is traced out. This study may be interesting for pos-
sible applications of the present scheme for quantum infor-
mation processing. In the following we discuss the quantum
properties of the motion for the two ions, i.e., to trace the
cavity field out. The time-dependent characteristic function
�b��b1

,�b2
, t� for the two vibrational modes can be obtained

through the identity relation �22,23� �b��b1
,�b2

, t�=���a

=0,�b1
,�b2

, t�. The expression of �b��b1
,�b2

, t� is written as

�b��b1
,�b2

,t� = exp�− �	e1
2 +

1

2

��b1

�2 + 	e2
2 −

1

2

��b2

�2

+ e1e2��b1
�b2

+ �b1

* �b2

* �
�
= exp	−

1

2
�b

†Vb1b2
�b
 . �17�

Here �b
†= ��b1

* ,�b1
,�b2

* ,�b2
� is a four-dimensional vector and

the matrix Vb1b2
is a 4�4 covariance matrix for the two

motional modes.
From Eq. �17� we can see under the interaction with the

cavity field that the two ions initially in the vacuum state
�0b1

,0b2
� evolve into a two-mode Gaussian state. The purity

of the two-mode Gaussian state for the two motional modes
can be measured by the linear entropy as follows:

S�t� = 1 − Trb1,b2
„�b

2�b1,b2,t�…

= 1 −
1

�2 � d2�b1
d2�b2

�b��b1
,�b2

,t��b�− �b1
,− �b2

,t�

=
2�e2

2 − e1
2 − 1�

2�e2
2 − e1

2� − 1
=

2��b2
†b2� − �b1

†b1��
2��b2

†b2� − �b1
†b1�� + 1

, �18�

where �b1
†b1�=e1

2 and �b2
†b2�=e2

2−1 are the expectation val-
ues of the phonon number operators b1

†b1 and b2
†b2. Here

S�t�=0 corresponds to the phonons in the two ions trapped in
the cavity being in a pure two-mode Gaussian state and
S�t��0 means the motional phonons in a mixed two-mode
Gaussian state. If the cavity dissipation can be neglected, i.e.,
�=0, then �a†a�= �b2

†b2�− �b1
†b1� because the operator a†a

+b1
†b1−b2

†b2 commutates with the Hamiltonian H1+H2 of the
system and all the three modes are initially assumed in their
ground states. So the purity of the two-mode Gaussian state
for the two motional modes is decided by the average photon
number in the cavity. For the case of the coupling constants
r1 and r2 satisfying r1
r2, i.e., the linear-mixing process is
stronger than the parametric amplification process, the whole
system can be regarded as an effective linear mixer with the
coupling strength �=�r1

2−r2
2. The average photon number is

obtained as �a†a�=r2
2 sin2 �t /�2. We can see that when �t

=2n� �n=1,2,…�, S�t�=0 corresponding to that the two vi-
brational modes evolve back to their initial ground state, a
pure state. And for �tn= �2n+1�� �n=1,2,…�, S�tn�=0 indi-
cating that the two vibrational modes evolve to another pure
state. This is because at these moments, the cavity field is in
its vacuum state, the strong linear-mixing process between
the cavity mode and the first motional mode transfers com-
pletely the cavity property to the motional mode 1 so that the
cavity mode is decoupled with both of the two motional
modes. In fact, at these moments, the two vibrational
modes are in a two-mode squeezed vacuum state ��b1,b2

�
= �1/cosh r��n=0

� �−tanh r�n�n ,n� with tanh 2r=4r1r2�r1
2

+r2
2� / ��r1

2−r2
2�2+8r1

2r2
2�. If r1�r2, which means that paramet-

ric amplification process is stronger than the linear-mixing
process, we find that �a†a�=r2

2 sinh2�r2
2−r1

2t / �r2
2−r1

2�. Evi-
dently, the behavior of the whole system looks like an effec-
tive parametric amplifier since the parametric amplification
process is dominant. In this case, �a†a�
0 so that S�t��0,
that is, the two motional modes evolve into a mixed state
although there is no cavity dissipation. This is because the
linear-mixing process is weaker than the parametric amplifi-
cation process; the linear mixer cannot transfer completely
the cavity field into the first ion during the parametric ampli-
fication between the cavity field and the second ion. So ex-
cept at t=0, the two motional modes are in a mixed state.
However, if the cavity dissipation is taken into account, i.e.,
��0, it is easy to find that S�t��0 except t=0 no matter
when r1
r2 or r1�r2, that is to say, the two motional modes
initially in their ground state evolve into a mixed Gaussian
state due to the cavity dissipation.

The expectation values of two phonon operators b1b2 and
b1

†b2
† can be easily obtained from Eq. �17� as �b1

†b2
†�= �b1b2�

=−e1e2. It is easy to check that ��b1
†b2

†��
��b1
†b1��b2

†b2�,
which indicates that nonclassical correlation between the two
motional modes can be established through the interaction
with the cavity field. This nonclassical correlation may lead
to the appearance of the squeezing and the entanglement for
the two motional modes. The position and momentum opera-
tors for each motional mode can be defined as

Xj = bj + bj
†, Pj = − i�bj − bj

†��j = 1,2� . �19�

The variances in the sum and difference operators are de-
rived as
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�X±
2 = ��X1 ± X2�2� − ��X1 ± X2��2

= ��P1 � P2�2� − ��P1 � P2��2 = 2	 r2g ± r1

r1 ± r2

2

.

�20�

For the ions that are both in their ground motional states, the
variances equal 2. Here we can see that the variances of the
sum position operator X1+X2 and the difference momentum
operator P1− P2 may be smaller than 2, indicating that a
two-mode squeezing motional state can be generated.

First we discuss the case in which the coupling param-
eters r1 and r2 obey r1
r2. In this case the linear-mixing
process is stronger than the parametric amplification process,
the dynamic behavior of the system is dominated by the
linear-mixing process, and the system can be effectively
treated as a new linear mixer. If the cavity dissipation is
neglected, i.e., �=0, then �X+

2 =2��r2 cos �t+r1� / �r1+r2��2

�2. We find at �tn= �2n+1��, the variance �X+
2 reaches its

minimum value

�X+
2�tn� = 2	 r1 − r2

r1 + r2

2

. �21�

This may be understood as follows: the nondegenerate para-
metric process between the cavity mode and the second mo-
tional mode produces the strong correlation for the cavity
mode and the second motional mode, via the linear-mixing
process between the cavity mode and the first motional
mode, the quantum property of the cavity field is exchanged
to the first motional mode, so that nonclassical correlation
between the two vibrational modes is established. At time
points tn, the cavity field evolves into its vacuum and
�b1

†b1�= �b2
†b2�, the cavity field completely transfers its non-

classical correlation with the second motional mode to the
first motional mode, so that a pure two-mode squeezed
vacuum state for the motional modes arises. But for t� tn
and �t�2n�, �a†a��0 and �b1

†b1�� �b2
†b2�, which means

that the cavity field only transfers partially its nonclassical
correlation with the second vibrational mode to the first vi-
brational one, so the resulted vibrational state of the two ions
is a two-mode mixed Gaussian state and its squeezing be-
comes weaker. The larger �a†a� is, i.e., the difference be-
tween the two vibrational modes is, the weaker the squeezing
is. Evidently, if r2 tends to r1, �X+

2�tn�→0, which indicates
that the pure two-mode motional state becomes a perfectly
squeezed vacuum state. Unfortunately, it cannot be achiev-
able in the present scheme. Because at these time points, the
phonon numbers are expressed as �b1

†b1�= �b2
†b2�=4r1

2r2
2 / �r1

2

−r2
2�2. Evidently when r2→r1, the phonon numbers in the

two ions tend to infinity and the state becomes the original
Einstein-Podolsky-Rosen �EPR� state �24�. This is invalid in
the present scheme, because the Lamb-Dicke limit assump-
tion breaks down when the mean phonon numbers become
large enough such that the extent of the atomic wave packet
is no longer much smaller than the wavelength of the light.
Therefore, when we choose the parameters r1 and r2, the case
of r2 tends to r1 should be avoided. Because the system can
be effectively regarded as a linear mixer when r1
r2, the

system can reach a steady state when the cavity dissipation is
taken into account �i.e., ��0�. In the limit t→�, the vari-
ance �X+

2 reduces as

�X+���2 =
2r1

2

�r1 + r2�2 . �22�

We can check that when r2 tends to r1, �X+
2��� reaches its

minimum value 1/2 and the two-mode vibrational squeezing
achieves its maximum value. This can also not be achieved,
because in the long time limit, the phonon numbers are
expressed as �b1

†b1����=r1
2r2

2 / �r1
2−r2

2�2 and �b2
†b2����

=r2
2�2r1

2−r2
2� / �r1

2−r2
2�2. Evidently when r2→r1, the phonon

numbers in the two ions tend also to infinity, so the present
model is not valid. Comparing Eq. �21� with Eq. �22�, we can
find that the cavity dissipation is harmful for the two-mode
squeezing for the motional modes, for the same values of the
parameters r1 and r2, the fluctuation of the X+ component
when �=0 is squeezed deeper than that when ��0. But
from Eqs. �21� and �22� we see that the strongest squeezing
for the two motional modes happens at r2→r1, although this
cannot be reached in the present scheme. This is because for
r2→r1, the difference between the two vibrational modes
becomes much smaller so the two-mode squeezing for the
motional modes becomes stronger.

Second we consider the situation of r1�r2, in which the
parametric interaction process is stronger than the linear-
mixing process; the behavior of the system is similar to a
parametric amplifier. In this case the analytical expressions
of the characteristic functions ���a ,�b1

,�b2
, t� �Eq. �15�� and

���b1
,�b2

, t� �Eq. �17�� are still valid, but the total system
could not reach a steady state since it gains more energy
from the external driving lasers than it dissipates through the
cavity dissipation. The average phonon numbers exhibit an
exponential growth so that the Lamb-Dicke assumption can
be also violated as mentioned in the above. That is to say, the
present model described by Hamiltonian Eqs. �4� and �5�
may be valid in a small time regime. However, the value of
the function g�t�
1 for t
0, since ��=��2+4�r2

2−r1
2�
�.

The variances �X±
2 are larger than 2 for all times. Therefore

no two-mode squeezing happens when r1�r2. The reason
why there is no two-mode squeezing when r1�r2 is that the
linear-mixing process is weaker than the parametric interac-
tion process; the behavior of the system is dominated by an
effective parametric amplification. This leads to the photon
number of the cavity growing exponentially with time.
Therefore the linear-mixing process could only transfer par-
tially the nonclassical correlation of the cavity mode with the
second vibrational mode generated by the parametric inter-
action process to the first vibrational mode. Although the
nonclassical correlation between the two motional modes can
also be established, the difference between the two vibra-
tional modes becomes large because of the dominant behav-
ior of the system being an effective parametric interaction
process. So no two-mode squeezing appears. Although there
is no two-mode squeezing for the phonons, we can show that
there still exists the entanglement between the phonons in the
two ions due to the nonclassical correlation between the two
vibrational modes.
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The entanglement property of the state characterized by
Eq. �17� can be analyzed by use of the separability criteria
for two-mode Gaussian states established by Simon �25�.
The separability criterion established by Simon �25� can be
understood as a valid Wigner-class-conservative quantum
map under local time reversal �25,26�. A necessary and suf-
ficient condition for a two-mode Gaussian quantum state
to be separable is that its covariance matrix must satisfy

Ṽ+ �1/2�E�0, under a partial phase space mirror reflection

Ṽ=TVT �26�, with

T = 	I 0

0 X

, X = 	0 1

1 0

 ,

E = 	Z 0

0 Z

, Z = 	1 0

0 − 1

 . �23�

Otherwise the state is entangled. There are four eigenvalues

of Ṽb1b2
+ �1/2�E for the two-mode motional state described

by Eq. �17�, which are listed as

�1,2,3,4 =
1

2
�e1

2 + e2
2 ± 1� ±

1

2
��e1

2 − e2
2 + 1�2 + 4e1

2e2
2.

�24�

It is easily verified that only the eigenvalue �4=1/2�e1
2+e2

2

−1�−1/2��e1
2−e2

2+1�2+4e1
2e2

2 is negative and the negativity
of �4 is important to determine the nonseparability of the
two-mode vibrational state. In fact, from the expression of
�4�t�, we find that �4�t��0 is equivalent to �e1

2�e2
2−1�

� �e1e2�, which can be re-expressed as ��b1
†b1��b2

†b2�
� ��b1

†b2
†��. That is to say, the nonclassical correlation be-

tween the two motional modes established through the inter-
action with the cavity field results in the entanglement be-
tween the two vibrational modes. For the pure two-mode
squeezed motional state produced at tn when r1
r2 and �
=0, we have �4�tn�=−2r1r2 / �r1+r2�2. As pointed out above,
when r2→r1, this two-mode squeezed state reaches the per-
fect EPR state �24�, the maximally entangled state with con-
tinuous variable, we find that �4�tn�=−1/2. So for the two-
mode Gaussian entangled state described by Eq. �17�, the
value of the negative eigenvalue �4�t� varies from −1/2 to 0.
The deviation of �4�t� from −1/2 means that as the entangle-
ment decreases, the larger �4�t� is, the weaker the entangle-
ment. Thus the negative eigenvalue �4�t� is a good measure-
ment of the entanglement for the mixed state described by
Eq. �17�.

Figure 1 displays the time evolution of the negativity
�4�t� and the variance �X+

2�t� for coupling constants obeying
r1
r2. In this case, the system can be effectively treated as a
linear mixer with coupling constant �r1

2−r2
2. We can see that

when r1
2
r2

2+�2 /4, both the entanglement between the two
motional modes and the two-mode squeezing of phonons in
two ions happen simultaneously. The functions �X+

2�t� and
�4�t� do a damped periodic oscillation with period
2� /��r1

2−r2
2�−�2 /4. With the increase of the ratio r2 /r1,

both the entanglement between the two motional modes and

the two-mode squeezing of the phonons increase. This is
because with the increase of the ratio r2 /r1�1, the cavity
field has a strong tendency to transfer its nonclassical corre-
lation with the second vibrational mode to the first vibra-
tional one; the difference between the two vibrational modes
decreases, so that both the entanglement and the two-mode
squeezing increases. The long time behavior of �4�t� and
�X+

2�t� reaches two different constants dependent on the ratio
r2 /r1. This means that the two ions evolve into a robust
two-mode Gaussian entangled state. As proved in Eq. �18�,
the linear entropy of this state is smaller than 1, so this state
is a mixed state. If r2

2�r1
2�r2

2+�2 /4, the periodic oscillation
disappears in the time behavior of �4�t� and �X+

2�t� because
of the strength of the effective linear mixer being weaker
than the dissipation rate of the cavity mode. The entangle-
ment and the two-mode squeezing occur even in the long
time limit. And in the long time limit, the two-mode mo-
tional state of the two ions evolves into a robust mixed en-
tangled state. Comparing Fig. 1�a� with Fig. 1�b�, we see that
for the case of r1
r2, when t→�, the values of �4�t� and
�X+

2�t� are only dependent on the ratio r2 /r1 but independent
of the values of r1 and r2.

However, for the case of r2
r1, the behavior of the sys-
tem is dominated by the parametric amplification; with the

FIG. 1. The dynamic behavior of the negativity �4�t� and the
variance �X+

2�t� for the two-mode vibrational modes when r1
r2,
where �a� r1=5�, r2 /r1=0.4 �solid�, 0.6 �dashed�, and 0.8 �dotted�;
�b� r1=0.5�, r2 /r1=0.4 �solid�, 0.6 �dashed�, and 0.8 �dotted�.
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time development, the cavity field grows exponentially, so
the ability of the cavity field transferring its nonclassical cor-
relation with the second vibrational mode to the first one
becomes weak. The difference between the two vibrational
modes becomes large with the time development. So the
two-mode squeezing cannot take place. But the nonclassical
correlation between the cavity field with the second ion can
still partially transfer to the first ion, so the entanglement
between the two motional modes still happens as shown in
Fig. 2; the entanglement degree increases with the time and
with the increase of the ratio r1 /r2, and the two ions cannot
evolve into a steady state. These results are only valid in the
short time range. As mentioned previously, since the mean
phonon numbers increase exponentially, the assumption of
the Lamb-Dicke limit will be violated at some certain time.

V. ENTANGLEMENT BETWEEN THE CAVITY MODE
AND ONE OF THE TWO MOTIONAL MODES

In this section we discuss the properties of entanglement
between the cavity mode and one of the two motional modes.
Setting �b2

=0 in Eq. �15�, we get the characteristic function
for the coupling system between the cavity mode and the
first motional mode as

���a,�b1
,t� = exp�− 	1

2
+ e3

2 +
�2

2��2e−�t sinh2��t

2

��a�2

− 	e1
2 +

1

2

��b1

�2 + ie1e3��a�b1

* − �a
*�b1

�

= exp	−

1

2
�ab1

† Vab1
�ab1


 . �25�

Here �ab1

† = ��a
* ,�a ,�b1

* ,�b1
� is a four-dimensional vector and

the matrix Vab1
is a 4�4 covariance matrix for the cavity

mode and the first motional mode. The four eigenvalues of
the operator TVab1

T+ �1/2�E are listed as follows:

�1,2,3,4
ab1 = ±

��e3
2 + �2

2��2 e−�t sinh2 ��t
2 − e1

2 ± 1�2
+ 4e1

2e3
2

2

+
e1

2 + e3
2 + �2

2��2 e−�t sinh2 ��t
2 + 1

2
. �26�

It is easily to prove that �1,2,3,4
ab1 �0 when t�0 for arbitrary

values of r1 and r2, so there is no entanglement between the
cavity mode a and the motional mode b1 of the first ion. This
is because when the interaction between the cavity mode and
the first motional mode is via linearly mixing processes, the
entanglement between these two modes under this interac-
tion requires that the input state be nonclassical �23,27�, but
here the chosen initial state of these two modes is classical,
so no entanglement happens between the cavity mode and
the motional mode of the first ion.

If we trace out the motional mode of the first ion, then the
characteristic function for the coupling system between the
cavity field and the motional mode of the second ion is ex-
pressed as

���a,�b2
,t� = exp�− 	1

2
+ e3

2 +
�2

2��2e−�t sinh2��t

2

��a�2

− 	e2
2 −

1

2

��b1

�2 + ie2e3��a�b2
− �a

*�b2

* �

= exp	−

1

2
�ab2

† Vab1
�ab2


 , �27�

where �ab2

† = ��a
* ,�a ,�b2

* ,�b2
� is a four-dimensional vector and

the matrix Vab2
is a 4�4 covariance matrix for the cavity

mode and the second motional mode. The possible negative
eigenvalue of the matrix TVab2

T+ �1/2�E, which is important
to determine the entanglement between the cavity mode and
the second motional mode, is written as

�− = −
��e3

2 + �2

2��2 e−�t sinh2 ��t
2 − e2

2 + 1�2
+ 4e2

2e3
2

2

+
1

2
	e2

2 + e3
2 +

�2

2��2e−�t sinh2��t

2
− 1


= −
���b2

†b2� − �a†a��2 + 4��ab2��
2

+
1

2
��b2

†b2� − �a†a�� ,

�28�

where �a†a�=e2
2+ ��2 /2��2�e−�t sinh2���t /2�, �b2

†b2�=e2
2−1,

and ��ab2��= �e2e3�. Similar to the case for the entanglement
between the two motional modes, here the entanglement be-
tween the cavity mode and the second motional mode re-
quires the existence of the nonclassical correlation between
the cavity mode and the second vibrational mode, i.e.,
��ab2��
��a†a��b2

†b2�. However, the nonclassical correlation
established by the parametric interaction process is damaged
by the direct dissipation of the cavity, therefore this inequal-
ity cannot be held at all times and the entanglement between
the cavity mode and the second vibrational mode may appear
only in some time period.

FIG. 2. The time evolution of �4�t� for the two-mode vibrational
modes when r1�r2, in which r2=�, r1 /r2=0.4 �solid�, 0.6 �dashed�,
and 0.8 �dotted�.
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For the case of r1
r2, the behavior of the system is domi-
nated by the linear-mixing process; the system can reach a
steady state at the long time limit because of the cavity dis-
sipation. That is to say, the cavity field is in a vacuum state at
t→� so the cavity field is decoupled with the two motional
modes. Therefore �−��� equals zero and no entanglement
happens between the cavity mode and the motional mode of
the second ion. so the entanglement can only appear in the
short time range. When r1

2
r2
2+�2 /4, we can see from Fig.

3�a� that �−�t� displays a damped periodic oscillation. At
time points tm=2m� /�4�r1

2−r2
2�−�2�m=0,1 ,2 ,…�, we can

find that �a†a�=0 which means that the cavity field returns
back to its initial ground state, so no entanglement exists
between the cavity field and the second ion. But if t� tm,
�−�t��0 holds in a certain time range, which reflects that the
entanglement between the cavity mode and the second mo-
tional mode appears. With the increase of the ratio r2 /r1, at
the short time range, the entanglement increases. When r2

2

�r1
2�r2

2+�2 /4, the degree of the entanglement increases
with the ratio r2 /r1, but the time range for the appearance of
the entanglement decreases. When r2
r1, that is, the
strength of the parametric interaction between the cavity and
the second ion is stronger that of the linear-mixing interac-
tion between the cavity and the first ion, the dynamics of the

system is dominated by the parametric interaction. However,
due to the damage of the cavity dissipation, the nonclassical
correlation between the cavity field and the second ion es-
tablished by the parametric interaction may disappear with
the time development. So the entanglement can only happen
within the short time range. We can see from Fig. 4 that the
entanglement decreases with the increase of the ratio r1 /r2.

VI. CONCLUSION

In conclusion, the dynamical behavior of the entangle-
ment and the squeezing in the system of two ions trapped in
a lossy optical cavity is discussed, in which the motional
mode of the first ion is coupled to the cavity field via a
linear-mixing interaction and the motional mode of the sec-
ond ion is coupled to the cavity field via an effective para-
metric interaction, respectively. The time-dependent charac-
teristic function for the two vibrational modes and the cavity
mode are solved analytically. It is found that the motional
state of the two ions develop in a robust two-mode mixed
Gaussian entangled state and the two-mode squeezing of
phonons appears when the two coupling constants between
the cavity mode and the motional modes obey r1
r2. When
r1�r2, only the entanglement between the two motional
modes appears but the two-mode squeezing does not exist.
There is no entanglement between the cavity mode and the
motional mode of the first ion because the interaction be-
tween the first ion and the cavity field is via linear-mixing
processes. For r1
r2, due to the cavity decay, the cavity
field evolves into a vacuum state in the long time limit so
that the entanglement between the cavity mode and the mo-
tional mode of the second ion can only happen periodically
in the small time range. And for r1�r2, the entanglement can
also take place in the small time range.
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FIG. 3. The dynamic behavior of the negativity �−�t� for the
cavity mode and the second vibrational mode in the case of
r1
r2, where �a� r1=5�, r2 /r1=0.4 �solid�, 0.6 �dashed�, and 0.8
�dotted�; �b� r1=0.5�, r2 /r1=0.4 �solid�, 0.6 �dashed�, and 0.8
�dotted�.

FIG. 4. The time evolution of �−�t� for r1�r2, in which r2=�,
r1 /r2=0.4 �solid�, 0.6 �dashed�, and 0.8 �dotted�.
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