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Fermionic atoms in an opticalsuperlatticecan realize a very peculiar Anderson lattice model in which
impurities interact with each other through adiscretizedset of delocalized levels. We show that under these
finite-size features strongly correlated phases appear. By tuning the parameters of the superlattice two different
phases could be observed: a Kondo-singlet phase in which each impurity forms a singlet with the Fermi level
of its neighboring conducting islands, and a magnetic phase in which long range magnetic order is established
between the impurities mediated by the intermediate islands. The interplay between these two phenomena
depends on the parity of the number of particles per discretized set. We show how Kondo-induced resonances
of measurable size can be observed through the atomic interference pattern.
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Cold atoms in optical lattices are capturing a lot of atten-
tion from both experimentalf1,2g and theoretical sidesf3–9g.
This interest is highly motivated by the possibility of inves-
tigating the domain of strongly correlated phenomena, the
interaction effectsstypically small in free spaced being en-
hanced due to the periodic confinement. As a unique feature
of these atomic systems, the full control of the system’s pa-
rameters allows one to explore several fascinating directions.
On the one hand, atoms in optical lattices can be used to
provide illuminating and critical insight into models describ-
ing strongly correlated systems. For example, quantum phase
transitions in both bosonicf3g and fermionicf5g Hubbard
models, as well as in spin Hamiltoniansf9g, can be explored
with unprecedented control. On the other hand, in what per-
haps is even more challenging, exotic scenarios can be cre-
ated in which strongly correlated phenomena may occur un-
der novel conditions. A variety of possibilities already
accessible experimentallysdifferent lattice topologies created
with superpositions of multiple laser beamsf10g, indepen-
dent periodic potentials for different internal atomic states
f2,4g, interactions controlled by Feshbach resonancesf11g,
etc.d can be combined, promising new ways to strongly en-
tangle atomic ensembles.

In this paper we study the physics of fermionic atoms in
an opticalsuperlatticef10g. We will show that the system
realizes an Anderson lattice HamiltoniansALH d f12g. The
ALH has been extensively studied in the context of strongly
correlated electronsf13,14g, and is known to capture the
physics of a variety of strongly correlated phenomena, from
Kondo effectf13g to Ruderman-Kittel-Kasuya-Yosida mag-
netismf13,14g. Typical condensed matter systems described
by Anderson models are metallic or intermetallic compounds
with a low concentration of magnetic impurities. The usual
scenario is then that of impurities located far from each
other, each of them coupled to acontinuumof delocalized
electrons. In an interesting volte-face, atoms in a superlattice
naturally realize a quite different situation, allowing us to
investigate a very peculiar regime. For realistic experimental
situations supersitessthat will play the role of impuritiesd
will be separated typically by a small number of lattice sites.
Thereforesif, for instance, tunneling is only allowed along

one directiond the system realizes an array of impurities con-
nected through small “islands” with adiscretizedset of lev-
els. The situation resembles that of an array of the Kondo
boxes theoretically studied inf15g, where impurities can now
interact with each other through the intermediate “conduct-
ing islands.” We will show that, in such a situation, finite size
effects give rise to strongly correlated phenomena. We ex-
plain how to induce and observe the strongly correlated ef-
fects we predict by combining several different techniques.

We consider a gas of fermionic atoms embedded in a
superlattice of periodL with potential depthV0 for “normal”
sites andV08 for “supersites”ssee Fig. 1d. We assume that two
kinds of atoms are presentsgeneralized spins= ↑ ,↓d.

For sufficiently low temperatures atoms will be confined
to the lowest Bloch band of the superlattice and the system
can be described by an ALH of the form

HALH = − t o
k,,,8ls

c,s
† c,8s + Uo

,
n,↑n,↓ − Deo

ss

nss
f

+ Ufo
s
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wherec,s, fss are fermionic operators that annihilate an atom

FIG. 1. sColor onlined AHM for atoms in a superlatticessee
textd.
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with spin states on normal site, and supersites, respec-
tively, andn,s=c,s

† c,s, nss
f = fss

† fss.1

The Hamiltonians1d has been extensively studied in the
context of strongly correlated electrons. It is well known that
in the regime in whichUf, De@ t, V@U, the so-called
Kondo regime f16g, strongly correlated effects appear.
Within this regime the low-energy physics of Hamiltonian
s1d can be described by an effective model in which the
f-atoms degrees of freedom are represented by localized
spins, the well-known Kondo lattice modelsKLM d f13,16g,

HKLM = − t o
k,,,8ls

c,s
† c,8s + Jo

s

Ss
f ·Ss

c, s2d

where Ss
f = 1

2os,s8ts,s8fss
† fss8 are localized spins andSs

c

= 1
2os,s8ts,s8dss

† dss8 with dss=oks,,lc,s, t being the vector of
Pauli matrices. The exchange interactionJ=2V2/De is anti-
ferromagnetic, and though typically very smallsJ! td in con-
densed matter systems, is the source of interesting many-
body effects. The KLM has been studied typically in two
different situationsf16g. s1d A single localized spin weakly
coupled to a continuum, which is the usual Kondo problem
f13,14g; and s2d a Kondo lattice with typically one impurity
per conduction electronf16g.

The atomic system that we have under consideration re-
alizes a situation which is essentially different from these
two typical condensed matter cases, the finite size effects
playing here a dominant role. Let us assume that tunneling is
only allowed along one directionspotential barriers have
been made very high in the other directionsd and that the
parameters in Eq.s1d fulfill the conditions to be in the Kondo
regime. The system realizes then a one-dimensionals1Dd
Kondo lattice in which impurities interact with each other
through a discretized set of levels. A new characteristic en-
ergy scale appears, namely the separation between levels of
an island,D. For n=1/2 sn=M /N, N being the number of
particles andM the total number of sitesd, the separation of
the Fermi level and the next excitation isD=2t sinsp /Ld,
which is finite in our case. In addition, the ratiot /J sas we
show laterd can be varied, so that discussion of both the
strong and weak coupling limits is experimentally relevant in
this case.

Strong coupling regime: J@D. Kondo screening domi-
nates the physics of the problem. Since tunneling is very
small, impurities are basically disconnected from each other
and singlet formation occurs independently for each of them.
In this limit we can use a generalization of the variational
wave function of Varma and Yafetf17g for the ground state:

uCl = p
s
Sb + o

k

bksfs↑
† Ask↑ + fs↓

† Ask↓duFSlsD , s3d

where Asks=Îs2/Ldoks,,slsinsk,dc,s, k=pn/L, n=1,… ,L
−1, anduFSls=pk,s

kF Asks
† with kF=pN/2L. The variational co-

efficientsb andbk satisfy ubu2+2okubku2=1. For eachf-site,
Eq. s3d describes singlet formation with a delocalized state of
momentumk with an amplitude given bybk. Minimization
of E=kCuHuCl / kC uCl with respect to theb’s yields: bk/b
=−s2/ÎLdV sink/ sT+Dkd, whereT is the gain in energy due
to the formation of the singlet, given by

T = De − eskFd +
16V2

L
o
k

kF sin2k

T + Dk
. s4d

Here, Dk=eskFd−eskd, eskd=−2t cosk. This gain in energy
defines a characteristic temperature below which a singlet is
formed and the system is strongly correlated. Note that under
realistic conditions we will haveL,10 and the sum in Eq.
s4d will be a discrete sum with a fews,L /2 for n=1/2d
terms, so thatT is always analytic inJ. In particular,T does
not go to zero witht /J sFig. 2d, but remains,J due to the
finite size of the conducting island. WhenD becomes of the
order ofJ the size of the singlets becomes comparable to the
separationL between supersites, so that the screening cloud
of one impurity starts affecting the next supersite. An inter-
play between singlet formationslocalized in the vicinity of
the Fermi level of an islandd and magnetism takes place.

Weak coupling regimeD@J. A very different situation
corresponds to the regime in which the spacing between en-
ergy levels in the conducting islandsf,2t sinsp /Ldg be-
comes much larger than the temperatureTs,Jd. Within this
limit atomic orbital degrees of freedom are completely fro-
zen, with excitations above the Fermi level in each of the
islands taking part of the problem only as virtual states. Per-
forming adiabatic elimination of these excitations in Hamil-
tonian s2d, we obtain an effective Hamiltonian for the spin
degrees of freedom. As an interesting feature the resulting
Hamiltonian depends on the parity of the number of particles
per conducting island,Nc. This even-odd effect is a clear
manifestation of the finite size of the conducting islands.

Nc=even. The Fermi level of each island is occupied by
two atoms. In this case the only spin degrees of freedom
correspond to atoms localized in supersites. An effective

1Considering Gaussian wave packets we have:t=3h2e−sph / 2d2ER,
U=askÎ8/ph3, Uf =UsV08 /V0d3/4, De=fh4sg4−1d−3h2sg2−1dgER,
V=Î2be−sphbd2/4t, with ER="2klaser

2 /2m, g=sV08 /V0d1/4, b=g / s1
+g2d1/2.

FIG. 2. sColor onlined Energy gain,T, as a function ofJ/ t.
Different curves correspond to increasing values ofLsN=L /2d. For
realistic casessin oranged, the arrows mark points at whichT=2D,
to the right of which expressions4d is not valid.
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spin-spin interaction between neighboring supersites ap-
pears, mediated by the Fermi sea in between them. To second
order perturbation theory inJ,

HSS= Jef f
M o

ks,s8l

Ss
f ·Ss8

f , s5d

where Jef f
M =sJ2/ tLdsinskFdsinfkFsL−1dgsinskF+DkdsinfskF

+DkdsL−1dg, and Dk=p /L. We see that magnetism is in-
duced for localized atoms, the ground state being antiferro-
magnetic or ferromagnetic depending on bothL andkF. We
note that due to the characteristic topology imprinted by the
superlattice, only neighboring impurities interact with each
other.

Nc=odd. The Fermi level of each island is occupied by
one atom, whose spin comes into play. The effective Hamil-
tonian is in this case H=Jef f

K osSs
f ·Ss

kF, where Ss
kF

= 1
2os,s8ts,s8AskFs

† AskFs8, andJef f
K =4J/L. Singlet formation at

the Fermi level takes place in this case and magnetism is not
induced. The ground state consists in this case of singlets
formed by each localized atom and the atoms at the Fermi
level in neighboring islands. The characteristic temperature
is T=2Jef f

K .
Numerical results. To illustrate the predictions above we

have numerically diagonalized Hamiltonians1d for a small
1D superlattice. In Figs. 3 and 4 we plot the spin-spin corre-
lation functionskSf ·S,l sspatial correlation of a fixedf-spin
with the rest of sites in the chain,,d, andkSf ·Skl scorrelation
of a fixed f-spin with a delocalized spin with momentumkd
for the exact ground state. We consider different cases.sad
L=4, Nc=4 sFig. 3d. Figure 3sad shows a clear smooth tran-
sition from local Kondo singlet formation to magnetism of
localized spins. For small values oft /J each localizedf-spin
is antiferromagnetically correlated with its next neighboring
sitessforming a singlet with themd. As t /J increases correla-
tions of each impurity with its neighboring islands disappear
at the same time that correlations between next supersites are
induced. As stated by Hamiltonians5d impurities are antifer-
romagnetically coupledsJef f

M =−J2/16td. sbd L=4, Nc=3 sFig.
4d. Localization of the singlet at the Fermi level of the island
appears in this case ast /J increases. In real space Fig. 4sad
shows how singlet-type correlations become more and more
extended along the conducting islands next to each impurity,
whereas neighboring impurities remain uncorrelated. Delo-
calization of the singlet becomes more evident in momentum
spacefFig. 4sbdg, where a resonance, which resembles the
Kondo resonance in the continuum, appears at the Fermi
level. The characteristic temperature is always of the order of
J fsee inset of Fig. 4sbdg, reaching the limiting valueT
,2Jef f

K =2J for J!D, as predicted above.
We discuss now the experimental realization of the re-

gimes we have studied above. First of all we needUf @U.
SinceUf /U,V08 /V0 the potential depth of supersites must be
very large. As a consequence the energy offsetDe,V08−V0
will be also large whereas the couplingV will be very small.
For a typical value ofV08 /V0,10 we obtainJ,10−4t, which
yields extremely small characteristic temperatures, com-
pletely unrealistic with current technology. In order to over-
come this problem we propose the following scheme. Let us

consider an ensemble of6Li atoms, which have six hyperfine
statesuF ,MFl, with a total spinF=1/2, or 3/2 f18g. We
consider a situation in which four of these internal states,
a↑ ,a↓ ,b↑ ,b↓ are trappedsas shown in Fig. 5d. We will also
assume that interactions are engineered in such a way that
interactions of typea-a anda-b are negligible, whereasb-b
are positive and large. The goal is to usea-atomssnoninter-
actingd as “conducting”c-atoms, andb-atomssstrongly in-
teractingd as localizedf-atoms. One possibility is the follow-
ing. Let us assume we load6Li atoms in an optical lattice,
with N↑=N↓, nb=1, andna,1 svariabled. Atoms of typea
will delocalize along the lattice forming a Fermi sea, whereas
atoms of typeb will be localized forming a Mott phase. If the
superlattice is now adiabatically turned on supersites will be
filled up, each supersite containing twoa-atoms with oppo-
site spins and only oneb-atom. The idea is to couplea-atoms
in normal sites withb-atoms in supersites by using an off-
resonant laser. By tuning the intensityV and frequencyD of
the laser, the parametersDe andV can be tuned to the desired
values. The only restriction here is that the laser must not
excite other processes, as for example, transitions between
a-atoms andb-atoms in normal sites. This sets the condition
sV /dd2!1 ssee Fig. 5d. Taking this into account it is possible

FIG. 3. sColor onlined Spin-spin correlation functions of a fixed
f-site ss=5d with the rest of sitessad and thek-momentum states of
a neighboring islandsbd, as a function oft /J. Parameters:M =9,
N=11sNc=4d, U=0, Uf =10De, and De=10J. In the inset ofsad
correlations of supersite 5 with sites 6, 7, and supersite 9 are
plotted.
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to make 0.5, t /J,20, with values ofJ,0.1ER. This yields
temperaturesT,mK, which are of the order of the ones
required to observe superfluidity for fermionic atoms in op-
tical latticesf5g. Finally, we discuss realization of the super-
lattice. Each of the Fourier components of the superlattice
seiknx, with kn=kn/L, n integerd can be realized experimen-
tally by two counterpropagating laser beams with wave vec-
tor k forming an appropriate angleun. Therefore the number
of lasers required for a good realization of the superlattice
increases withL sfor V08 /V0,4 a set of ,2L lasers is
neededd; but, as we have shown, systems withL=3, 4 al-
ready display the strongly correlated phenomena we have
predicted.

Experimental observation. One of the most clear manifes-
tations of the localization of the Kondo singlet at the Fermi
level is the appearance of Kondo-induced resonances in sev-

eral physical magnitudes, as, for instance, spin-spin correla-
tion functions. These correlations may be, however, hard to
measure in actual experiments, since they involve two par-
ticle correlations. Instead, we propose to measure the one-
particle correlation functionkAks

† fsl. From Eq. s3d we get
kAks

† fsl,bbk, so that the localization of the singlet in the
vicinity of the Fermi levelsKondo resonanced will show up
in this quantity. This correlation can be obtained in the fol-
lowing way. Bothkcs,

† cs,8l and kfss
† fss8l can be detected in

the interference pattern measured after free expansion ofa-
andb-atoms, respectively. As well, by applying ap /4 laser
pulse between the internal statesa and b right before mea-
surement,ksf†+c†dsf +cdl can be obtained. Combining these
three we obtain the desired correlation. Finally, magnetism
between impurities can be detected by using spin-dependent
Bragg scattering, which will show up the antiferromagnetic
or ferromagnetic order of the localized spins.

In conclusion we have shown that fermionic atoms in op-
tical superlattices exhibit strongly correlated phases, from
Kondo singlet formation to magnetism of localized spins.
Characteristic features of this system are the finite size of the
conducting islands coupled to supersites, which strongly in-
fluence the competition between Kondo effect and magne-
tism. These entangled phases could be used for atomic spin-
tronics and spin-filtering.

Discussions with G. Gómez-Santos and J. von Delft are
gratefully acknowledged.
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FIG. 4. sColor onlined Same as in Fig. 3 withN=9sNc=3d. The
Kondo temperature is plotted in the inset ofsbd.

FIG. 5. sColor onlined Experimental schemessee textd. The

renormalized parameters areDẽ=vHF+De−D swith vHF the hyper-

fine frequencyd, andṼ=VV.
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