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So far all analytic models of heating of clusters in the collisionless domain are based on linear or linearized
concepts, like Mie resonance or other linear oscillations. They are characterized by constant eigenfrequencies
lying well above the frequencies of most intense lasers. In this paper we show that nonlinear resonant excita-
tion constitutes the basis of absorption in the collisionless domain, for individual electrons as well as for entire
electron bunches. With increasing amplitude of the particles oscillating in their own space charge field their
eigenperiod increases and at sufficient driver strength it equals and exceeds the constant laser period. At the
crossing point, and essentially only there, resonant absorption takes place. Neither nonlinearities in themselves
nor asymmetric excitation of the electron cloud of the cluster leads to irreversible energy gain.
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I. INTRODUCTION

High-power-laser interaction with atomic and metallic
clusters of all kinds has gained increasing interest within the
last decade. One of the prominent features of laser-cluster
interaction is the strong coupling of the electromagnetic field
to clustered matter at already moderate laser intensities of the
order of 1016 W/cm2. From Xe clusters highly stripped ions
have been detectedf1–3g, in some cases up to the orderZ
=40 f4g. The excellent absorption of light brings the electron
temperature up to several kiloelectron volts, and even more
in some experimentsf5g. The ion energies resulting from the
concomitant cluster expansion ranged from several tens to
about 100 keV. However, megaelectron volts ions of hitherto
not well understood origin were also foundf6,7g. Additional
important experimental facts are the enhancement of emis-
sion of incoherent hard x raysf8–11g and higher harmonics
of the laser frequencyscoherent x raysd f12,13g.

All experiments are conveniently done in media of under
critical density on the average. In a homogeneous gas, under
such conditions, the interaction of an intense laser beam is
generally weak. On the other hand, the experimental facts
mentioned above all indicate that there is a strong increase of
laser light coupling when molecules or atoms cluster to-
getherf5g. The peculiar situation with clusters is that prop-
erties of solids mix up with the under-critical gas behavior:
dielectric polarization effects are locally as high as in solids
and light freely penetrates large regions since the gross opti-
cal behavior is not changed by clusters of dimensions much
smaller than the laser wavelength. Various models have been
developed along this line and some partial understanding of
the increased coupling has been gained. For example, the
enhanced field ionization in clusters relative to single atoms
has been attributed to ionization ignitionf14g. The efficient
conversion into bremsstrahlung x rays and into short-
wavelengthX-line radiation is qualitatively understood from
the better heating efficiency of the electrons and their inter-
action with more highly charged ions in clusters. A good

overview on the state of the art in laser-cluster interactions is
presented by review articles of Lezius and Schmidt, Tisch
and Springate, and Smith and Ditmiref15g.

The present understanding of laser absorption in clusters
may be characterized as follows. In a first stage of irradiation
the generation of free electrons by laser field ionization pre-
vails f16g which, with increasing “outer” ionization may be
reinforced and finally replaced by ionization in collective
fields f14g. As the ionization process saturates, sometimes
also named “inner ionization,” heating of the plasma is due
to electron-ion collisions, i.e., inverse bremsstrahlung. The
typical electron temperaturesTe observed in the kiloelectron
volts domain, however, cannot be attributed to this absorp-
tion mechanism because already long before it quenches ow-
ing to theTe

−3/2 and laser intensityI0
−3/2 dependence of the

electron-ion collision frequencynei=neisTe,I0d. Rather, fur-
ther absorption is due to collisionless collective effectsf17g.
Particle-in-cellsPICd and molecular dynamicssMDd simula-
tions by various research groups have proven absorption in
the absence of electron-ion collisions to be very efficient in
clustersf18–20g. Unfortunately computer simulations in gen-
eral, and PIC calculations in particular, do not tell what the
underlying physics is which leads to irreversibility. For this
reason analytical models have to be developed to close this
gap.

Under steady-state conditions all phenomena of absorp-
tion of intense laser light in extended media are described by
the cycle-averaged Poynting theorem,

= ·S= j ·E, s1d

whereI = uSu. When the electrons are free and their number is
constant, as is the case for a homogeneous fully ionized
plasma, a phase difference of −p /2 builds up betweenj and
E and no net absorption results. The situation changessid in
the presence of dissipation andsii d at resonances.

sid Ionization of atoms and ionssinner ionizationd and
losses of energetic electrons in the interaction regions“outer
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ionization”d clearly lead to absorption. In terms of Poynting’s
theorems1d absorption comes into play by a finite dephasing
angle. It has explicitly been shown that ionization may be
correctly taken into account by introducing an effective col-
lision frequencynI which phenomenologically acts in the
same way as the collision frequencynei f21g,

j ·E =
1

2
e0vp

2 nI

v2 + nI
2Ê · Ê* s2d

in a harmonic fieldE=Êsxdexps−ivtd; vp is the plasma fre-
quency. Detailed studies on the ionization dynamics of rare
gas atomssinner ionizationd in medium-sized clusterss,103

ions and,8000 electronsd in the moderate intensity range
I0,1014–1016 W cm−2 were undertaken by means of a hier-
archical tree codef16g. By combining a linear oscillator with
ionization damping, it was possible to reproduce the MD
simulations and to interpret them in physical terms. As long
as field ionization goes on the oscillator is highly damped
and takes on energy which is spent for further ionization and
heating. As ionization reducessdiminishing nId absorption
drops.

sii d In spherical clusters Mie resonances occur, the first of
which lies atv0=vp/Î3 sthe Clausius-Mosotti or Lorentz-
Lorenz polarization of classical electrodynamicsd. When a
linear oscillator passes from an eigenfrequencyv0std@v
through resonancev0std=v down to v0std!v the phase of
j =−]P/]t varies from −p /2 through 0 to +p /2. An adiabati-
cally driven harmonic oscillator absorbs energy irreversibly
only at resonance. Atv=v0=const the amplitude grows lin-
early in time. For this reason theslineard Mie resonance at
v=vp/Î3 sor somewhat reduced valued has been made re-
sponsible for most of the absorption of intense laser radiation
in clustersf22g. Owing to fast ionization in the initial stage
and gas dynamic expansion later, resonance lasts only for a
short time. Ifv0std passes through resonance at the charac-

teristic “speed”T−1=] ln v0/]t the amplituded̂ of the oscil-

lator d̈+v0
2stdd=v2d0 exps−ivtd is amplified by the factor

d̂

d0
= svTd1/2UE

−`

+`

eih2
dhU = spvT/2d1/2, vT * p, s3d

with respect to the oscillation amplitude of a free particled0

f23g. The integralue−`
h eih2

dhu yields the familiar Cornu spi-
ral. The finite lifetime of the firstslineard Mie resonance has
explicitly been accounted for later and a significant reduction
of absorption has been foundf24g. Once an undamped linear

oscillator runs out of resonance it is no longer capable of
absorbing energy irreversiblyfsee Fig. 2scd in f16gg. In large
clusters resonance can also occur at the rarefying edge all
over the expansion phasef25g.

In summary, quantitative analytical understanding of en-
hanced absorption in clusters is limited essentially to linear
models which in turn are based on the linear harmonic oscil-
lator driven at resonance, or when out of resonance, damped
by dissipative effects, like ionization or outflow of energetic
electrons from the interaction region. Unfortunately, the lin-
ear resonance frequencyv0 is much higher than the laser
frequency and the absorption process due to loss of particles
is subject to very special conditionsssee Sec. IIId. At high
laser intensities the collective oscillations become highly
nonlinear and the concept of linear resonance, or more gen-
erally, of a constant phase with respect to the driving field
during an oscillation period, is no longer meaningful. In the
nonlinear regime, withnei<0, nI <0, the problem of colli-
sionless absorption of free electrons reduces to the question
of which physical effects lead to a phase shift betweenj and
E differing from p /2 in Eq.s1d to make absorption possible.

In this paper we give a detailed proof of what makes up
the physical essence of collisionless absorption of laser ra-
diation by the free electrons in clusters. As we shall see the
required right phase betweenj andE is accomplished by the
effect of nonlinear resonance. The proof is based on the ide-
alized interaction model of a rigid electron sphere, oscillating
against the positively charged sphere of the cluster ions
s“rigid oscillator”d, and three natural variants of it. In its
simplest version the model was already used by various au-
thors f26g, but in different contexts.

II. DRIVEN RIGID SPHERE OSCILLATOR

The restoring forceF between two interpenetrating homo-
geneously charged spheres consisting of ions and electrons
and having total chargesqi and −qe, respectively, can be
written as

Fsxd = − er
qiqe

4pe0Ri
2 fsr,rd, s4d

with the symbolsRi ,Re the radii of the ion and electron
spheres,xi ,xe the position vectors of their centers;x=xe
−xi, r = uxu /Re, er =x / uxu, r=Ri /Re. Individual radiiRi ,Re and
chargesqi ,qe are introduced to account for expansion of the
electron cloud and losses of hot electronss“outer ioniza-
tion”d during interactionsReùRi ,qeøqid. The dimensionless
function f is given by

fsr,rd = r2 3 5r for r ø 1 − r,

3sa1r
−2 − a2 + a3r − a4r

2 + a5r
4d for 1 − r , r ø 1 + r,

1/r2 otherwise;
6

a1 =
1

2
F1

3
+

1

48
S 1

r3 + r3D −
3

16
S1

r
+ rDG, a2 =

3

32
S 1

r3 −
2

r
+ rD ,
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a3 =
1

6
S 1

r3 + 1D, a4 =
3

32r
S 1

r2 + 1D, a5 =
1

96r3 . s5d

The associated potentialF, =F=−F, Fs0d=0, is

Fsrd =
qiqe

4pe0Ri
wsr,rd,

wsr,rd = r 35
r2/2 for r ø 1 − r,

3Sb −
a1

r
− a2r +

a3

2
r2 −

a4

3
r3 +

a5

5
r5D for 1 − r , r ø 1 + r,

3

10
s5 − r2d − 1/r otherwise. 6 s6d

Here b=s1−rd2s1+2r−2r2−r3d /20r3. Figure 1 shows
fsr ,rd andwsr ,rd as functions ofr for different values ofr.
The dimensionless functionsfsr ,rd andfsr ,rd are invariant
underRe→aRe andRi →aRi, i.e., when the radii change by
the same ratioaù0. HenceFsxd andFsxd change asFsxd
→Fsxd /a2 andFsxd→Fsxd /a.

The two spheres are bound together by the energy

EI =
3

10
rs5 − r2d

qiqe

4pe0Ri
. s7d

Since the laser wavelength is at least 1 to 2 orders of mag-
nitude larger than the cluster diameter and the concentration
of clusters is low the vacuum values of the laser fieldE and
B=k3E, wherek is the wave vector, act on the elementary
charges −e and +Ze. Then the motion of the electron and ion
spheres is governed bysZ=1d

Neme
d

dt
geve = Fsxd − NeesE + ve 3 Bd,

Nimi
d

dt
givi = − Fsxd + NiesE + vi 3 Bd s8d

wherege=s1−ve
2/c2d−1/2 andgi =s1−vi

2/c2d−1/2.
The total momentum is not conserved during interaction

for two reasons. On the fast time scale of the laser frequency
a net force acts on the center of mass owing to retardation.
On the slow time scale a ponderomotive force causes a drift
of the ions and electrons in the same direction. Hence, con-
trary to the nonrelativistic case the system of equationss8d
cannot be reduced to a single equation for the fast motion in
a rigorous sense. However, such a reduction is possible in an
approximate way by taking the ions as nonrelativistic and
ignoring the ponderomotive force on the fast time scale.
Then, with the reduced massm=NemeNimi / sNeme+Nimid
and relative velocityv= ẋe− ẋi Eqs.s8d reduce to

m
d

dt
sgvd = Fsxd − NeesE + v 3 Bd, g = s1 − v2/c2d−1/2.

s9d

The motion is restricted to the plane perpendicular toB. The
total energy absorbed by the cluster is given by

EA = mc2sg − 1d +
qeqi

4pe0Ri
wsr,rd. s10d

The laser pulse is assumed to propagate in thex direction and
is linearly polarized in they direction, E=eyE0gst ,xd, with
the structure functiongst ,xd,

gst,xd

= Hsinfsvt − kxd/ngsinsvt − kxd for 0 ø vt − kxø np,

0 otherwise.
J

s11d

The pulse containsn/2 oscillations. Equations10d holds for
Re,Ri ,qe,qi =const in time. If at least one of them changes
during irradiation the absorbed energy must be calculated
from the work done by the laser field on the oscillating sys-
tem,

FIG. 1. sColor onlined Force and potential termsfsr ,rd and
wsr ,rd as functions of normalized distancer and ratio of the elec-
tron and ion sphere radiir=Ri /Re.
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EA = −E
0

nTL/2

dtSqe − sqi − qed
m

Nimi
DE ·v. s12d

In an extended cluster medium an absorption coefficient
aC is defined in the same way asa for ordinary matter, i.e.,
dI /dx=−aCI sBeer’s lawd. Hence

aC = nCEA/EL, s13d

wherenC is the cluster density andEL the laser pulse energy
incident on the unit area,

EL =E
0

nTL/2

I dt =
1

2
ce0E

0

nTL/2

dt E2std

= TLI0E
0

n/2

dt sin2s2pt/nd = nTLI0/4; s14d

where I0=ce0E0
2/2 is the peak intensity,nTL /2 the pulse

length, andt= t /TL. In a weak laser fieldr !1 and withRe
=Ri =R, qi =4pneeR3/3, the motion of the electron sphere
reduces to that of a driven harmonic oscillator with eigenfre-
quencyv0=vp/Î3, vp

2=e2ne/e0me,

d2y

dt2
+ v0

2y = −
e

me
E0gst,xd, me = m/Ne. s15d

The energy absorbed by the oscillator,EA, is the sum of
potential and kinetic energy residing in the system after the
pulse is over. It is generally only a small fraction of the
maximum energy of the oscillator during the pulse.

III. THE ABSORBED ENERGY

The aim is to study the absorption behavior of the oscil-
lator when driven nonlinearly in a relevant parameter domain
and, possibly, to determine the maximum of energy conver-
sion.

A. The free rigid oscillator

First the eigenperiod is evaluated as a function of ampli-
tude r =x/Re, Re=const. With the help of the potentialFsrd
from Eq. s6d it is determined by

T = 4ReE
0

rmax dr

f2sEos− Fd/mg1/2. s16d

The amplitudeRermax results fromFsrmaxd=Eos. If the total
energy approaches the binding energyEI the periodT tends
to infinity. In Fig. 2 T is shown in units ofT0=2p /v0 for
qi =qe=q and r=1.0,0.9,0.8,0.7. The increase of the oscil-
lation period with decreasingr is to be expected from Fig. 1.
For rù0.5 and amplitudesŷ=Rermax exceedingRi +2Re the
periodT increases asT, ŷ3/2. This is according to Kepler’s
law, which is independent of angular momentum and there-
fore holds also for ellipses degenerating into a straight line.

B. The rigid oscillator driven by a harmonic electric field

For easier physical interpretation and to learn about the
role of the Lorentz force, in a first stage all calculations are

performed by setting the magnetic fieldB=0. The equation
governing the motion is

d

dt
sgvd +

qie

4pe0Ri
2 fsr,rd = −

e

me
E0gst,x = 0d. s17d

The dynamics develops in they direction only; thex coordi-
nate remains fixed. In what followsx=0 is set. The energy
absorption of the rigid oscillator, Eq.s12d, is now studied, if
not stated differently, for the following parameters:

ni = ne = 1023 cm−3, qi = qe = q = Ne,

Ri = Re = R= 20 nm; v0 = vp/Î3 = 1.033 1016 s−1,

Ti:sapphire laserv = 2.363 1015 s−1 = 0.227v0, n = 10.

s18d

1. Weak driver

At low laser intensities the oscillation amplitude lies in
the harmonic domainŷ!R, with ŷ the amplitude, with the
motion governed by Eq.s15d. When it is driven by a pulse of
the shape Eq.s11d from ys0d=vs0d=0, v= ẏ, at positionx
=0 it oscillates according to

v =
eE0

2me
HA sinsv1td − B sinsv2td + AB

4v2v0

nv1v2
sinsv0tdJ ,

y = −
eE0

2me
H A

v1
cossv1td −

B

v2
cossv2td + AB

4v2

nv1v2
cossv0tdJ ,

s19d

where A=v1/ sv0
2−v1

2d, B=v2/ sv0
2−v2

2d, v1=s1−1/ndv,
v2=s1+1/ndv, andn.0.

The energy absorbed from the pulse by a single electron
at tùnTL /2 follows from Eq.s12d,

FIG. 2. sColor onlined EigenperiodT of the rigid oscillator as a
function of the oscillation amplitudermax for different values ofr.
For rmax!1 sharmonic oscillatord, T=T0/r3/2=2pÎ3/svpr3/2d,
wherevp is the plasma frequency. Forrmax.2–3, T, rmax

2/3 holds
sKepler’s third lawd.
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ea =
EA

N
= − eE

0

nTL/2

dt Estdvstd.

For an integer value ofn the integral ofE times the first two
termssdriven oscillationd of v in Eq. s19d yields a zero con-
tribution. The result of the free oscillatingsthirdd term of v
times E is conveniently expressed in units of the stationary
maximum oscillation energyemax reached aftern/4 cycles
for largen,

emax=
v0

2

2

e2E0
2

mesv0
2 − v2d2 . s20d

After approximating sv0
2−v1

2dsv0
2−v2

2d by sv0
2−v2d2 the

simple expression forea=east→`d,

ea <
8

n2

v4

sv0
2 − v2d2f1 − cossnv0TL/2dgemax, s21d

is obtained. Already forn as low as 3 andv=0.227v0 the net
absorption after the pulse is over, according to Eq.s21d is
less thanea=4310−3emax. In Fig. 3 the absorbed energyEstd
is plotted as a function of time forn/2=3,3.3,3.7cycles,
i.e., for integer and realn, and v=0.227v0. The result is
ea/emax=8.1310−4, 1.5310−3, and 4.2310−4. It shows that
the harmonic oscillator, when driven adiabatically, out of
resonance does not absorb energy, in agreement with what is
well known from quantum mechanics. Owing to the qua-
dratic dependence ofea=eas`d on n, adiabaticity is reached
already with very short pulses. The result Eq.s21d applies in
particular to free particles withv0=0. The only effect a laser
pulse has on a free electron consists in a displacement in the
propagation direction by the ponderomotive effect without
any change in momentum after the pulse is over. Since this
effect exists also for particles with internal degrees of free-
dom f27g, at low intensities a cluster undergoes a small dis-
placement proportional tosv0

2−v2d−1.

One may ask now what the effect of an anharmonicity on
the harmonic oscillator is. If the anharmonic term is a power
of the excursion or a finite sum of power terms, harmonics of
the driving frequency are generated, and perhaps secular
termsszero frequencyd, but no phase shifts, and hence almost
no net absorption results in such a case either.

At resonance the situation is peculiar owing to the time-
dependent amplitude −seE0/medsinsvt /nd of the driver which
leads to the detuned frequenciesv1 andv2 in Eq. s19d. The
inhomogeneous part of the solution of Eq.s15d for the driver
s11d can be written assk=−eE0/med

ystd =
k

4v0
sinv0tE

0

t

dt8hcossv0 − v1dt8 − cossv0 − v2dt8

+ cossv0 + v1dt8 − cossv0 + v2dt8j

+
k

4v0
cosv0tE

0

t

dt8hsinsv0 − v2dt8 − sinsv0 − v1dt8

+ sinsv0 + v2dt8 − sinsv0 + v1dt8j. s22d

The stationary resonant driverk sinv0t at x=0 is obtained
from Eq.s11d for n taken very large in a time interval around
t0=np /2v0. It exhibits the well-known particular integral
ystd=sk /2v0dt sinv0t and the absorbed energy per particle
and cycleeasTLd=−2pke/4v0

2. For small and moderate val-
ues ofn exact resonance occurs at eitherv1=v0 or v2=v0.
In the first case one deduces from Eq.s22d

ystd =
k

4v0
HSt −

n − 1

2v0
sin

2v0t

n − 1
Dsinv0t

−
n − 1

2v0
S1 − cos

2v0t

n − 1
Dcosv0tJ . s23d

As a consequence, the absorbed energy at the end of the
pulse for integern,

easnTL/2d =
me

2
v0

2y2snTL/2d s24d

=
snpeEd2

8mev0
2 F1 +

1

4p2S1 −
1

n
D2G , s25d

is four times less than for the stationary driver above. For
v=v0 the result isv0−v1=v0/n, v0−v2=−v0/n, and v0
+v1<v0+v2<2v0@v0/n. Hence apart from two small,
fast oscillating contributions,ystd andeasnTL /2d are now

ystd = −
k

2v0
2S1 − cos

v0t

n
Dcosv0t,

easnTL/2d =
e2E0

2

4mev0
2s1 − cosv0TL/2d =

e2E0
2

2mev0
2 . s26d

Thus, atv=v0 the absorbed energy is much less than at
partial resonancev1=v0 or v2=v0. The presence of modu-
lations in Eq. s22d indicates that a fraction of the energy
absorbed by the linear oscillator close to resonance may be
reversibly converted back to the driver.

FIG. 3. sColor onlined Energy eastd of a harmonic oscil-
lator seigenfrequency v0d driven by a laser pulseEstd
=E0 sinsvt /ndsinsvtd, v=2p /TL=0.227v0 fsee Eq.s11dg. Normal-
ization factoremax from Eq. s20d. The laser pulse containsn/2=3,
3.3, and 3.7 cycles. In all cases the net absorbed energyeas`d os-
cillates between 4.2310−4emax and 1.5310−3emax.
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2. Nonlinear resonance and the origin of phase shift

As the amplitude increases with the driver strengthE0 the
effective oscillation frequencys16d veff=2p /T decreases in
agreement with what one predicts from Fig. 2. Thus it is
possible to study the behavior of absorption and dephasing of
j relative toE of the rigid oscillator at resonanceveff=v by
choosingE0 appropriately and by determininge0

t dt8vE as a
function of time.

In Fig. 4 the net energyea of the rigid oscillator irrevers-
ibly extracted form the laser is plotted as a function of the
peak laser intensityI0=e0c

2E0
2/2 sdashed curved. In the linear

regime sI0,1014 W cm−2d the absorbed fractionea/ I0

,ea/emax is very low as it should be according to Eq.s21d
out of resonancesv=0.227v0d. A strong, steplike increase of
ea by 2 orders of magnitude occurs atI0=2.7531018

W cm−2 where veff=v is reached at the maximum of
the pulse. In Fig. 5 the time history ofy, v, E, and eastd
=−ee0

t dt8vE is shown for intensitiesI0 around the first reso-
nance. The graphs ofeastd, together with that ofea=eas`d
from Fig. 4, show, very much in analogy to the absorption
behavior of the linear oscillator,s1d almost no “positive,”
i.e., absorptive, dephasing betweenv and E before reso-
nance, i.e.,east, tresd<0; s2d strong positive dephasing at
nonlinear resonanceveff<v; ands3d that a major part of the
energy pumped into the oscillator at resonance is reversible
on the average; only a smaller fraction of it appears as net
absorptioneas`d when the pulse is over.

The spikes in Fig. 4 and the modulational evolution of
eastd in Fig. 5 are not surprising because they are present to
a minor degree already in the formulas of Sec. III B 1.

When the electron sphere remains bound after resonance
sEA,EId, it enters a second resonance on the decaying side
of the pulse. Its contribution toea depends crucially on the
phase ofv at this second entrance. The spiky graph of Fig. 4
at the right-hand side of the resonance exhibits constant en-

ergy, i.e., no energy gain, against increasingI0. This is to be
expected from the fact that the resonance of Fig. 5 shifts to
the left with increasingI0. The plateau does not depend on
the pulse length. This has been tested with a driver given by
s11d but the number of cyclesn/2=10, 20, and 30. The only
changes are limited to the spacing of the spiking fine struc-
ture atI0. I res. This behavior is an additional proof that the
energy gain takes place only during one cycle approximately
at resonance.

There is still an open question: Does positive dephasing
with the rigid oscillator occur only at resonance or also be-
yond resonance,t. tres? That there is no such dephasing for
t, tres and for the whole laser pulse intervalnTL /2 for I0
, I res has already been seen from Figs. 4 and 5. By compar-
ing with the linear oscillator it is clear that a positivesi.e.,
absorptived dephasing fort. tres can originate, if at all, only
from the nonlinearity of the rigid oscillator. The question can
be answered only by analyzing the dephasing betweenv and
E at higher intensities. Numerous computer runs with a
whole variety of parameterssintensity, driver frequency,
pulse lengthd give, with respect to phase shift, an identical
answer as Fig. 6 forI0=6.031018 W cm−2. Except for the
narrow interval of resonance of durationT&2p /v around
t= tres<3.5 cycles the phase difference betweenv and E is
p /2 everywhere. An additional result is that the irreversibly
absorbed energy varies considerably as the parameters are
changed only by small amounts, i.e., the driven rigid oscil-
lator evolves into chaos. A careful study of the pertinent
Lyapunov exponentssto be published elsewhered confirms
the hypothesis. In nearly all cases the energy at the end of the
pulse is lower than at the end of resonancet= tres+e,

− eE
0

tres+e

dt vE . − eE
0

nTL/2

dt8vE. s27d

The inequality is inverted in the rare cases where the oscil-
lator enters the second resonance point with the right phase.

FIG. 4. sColor onlined Rigid oscillator sRe=Ri =R=20 nmd
driven by the Lorentz force in Eq.s29d. Absorbed energy per elec-
tron ea=east→`d normalized to its rest energymec

2 as a function
of peak laser intensityI0 in W cm−2 for pulses containingn/2=10,
20, and 30 cycles. Dashed, magnetic fieldB=0; solid,B included;
dotted straight lines, harmonic oscillator off resonancesv
=0.227v0d. When the oscillator crosses the nonlinear resonanceI res

sarrowd ea increases by a factorù300–108 deterministic chaosd.

FIG. 5. sColor onlined Rigid oscillatorsR=20 nmd, B=0. Excur-
sionystd in units oflL smagnified by 10d, with electric fieldEstd, b
an arbitrary factor, and absorbed energyeastd in units of rest energy
mec

2 sbold curved. The horizontal lineeI =const marks the average
binding energy of an electronsouter ionization potentiald. Reso-
nance is reached atI0=2.7531018 W cm−2 and t<6. All net en-
ergy eas`d is gained during one cycle around resonance. The
change of phase byp betweenvy andE is clearly seen by compar-
ing vy andy with E before and after resonance.
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From the analysis we conclude thats1d irreversible energy
absorption by the rigid oscillator occurs at nonlinear reso-
nances; ands2d absorptive dephasing betweenj and E is
limited to the crossings of resonances. Neither nonlinearities
nor asymmetric excitation of the clusterfseeystd andvstd for
t. tres in Figs. 4 and 5g leads to collisionless absorption.

To test the accuracy of the numerical integration proce-
dure time reversalt→−t at the endt=nTL of the laser pulse
was carried out. The result was very satisfactory in all cases,
even across the resonance.

So far all numerical calculations were done with clusters
having the size ofR=20 nm. From the scaling law of the
eigenperiodT on R in Sec. III A it follows that for a cluster
of sizeaR to be at resonanceTres=2pveff=0.227v0=const,

a3/2fwsrmaxdg−1/2 = const, s28d

or wsrmaxd=wsI0d,a3 must be satisfied. Unfortunately, this
implicit equation can be solved only numerically. In Fig. 7
I res= I0 is plotted for smaller clusters as a function ofa. For
clusters of half the standard size,R=10 nm, resonance oc-
curs atI0=6.9631017 W cm−2.

3. The effect of the Lorentz force on the rigid oscillator

The cycle-averaged oscillation energy of a free electron
Eos=mec

2fs1+a2/2d1/2−1g, a=eE0/mevc, in a Ti:sapphire la-
ser beam equals the rest energy of the electron ata=6, cor-
responding toI0=6.531018 W cm−2. Therefore one could be
tempted to conclude that the hitherto ignored Lorentz force
should not play an important role for laser-cluster interaction
below I0<1018 W cm−2. As is shown now this is not true for
several reasons.

The equation of motion to be solved is

d

dt
sgvd +

eqi

4pe0meRi
2 fsr,rd = −

e

me
E0S1 + v 3

ez

c
Dgst,xd.

s29d

Since the motion takes place also in thex direction, in addi-
tion to the transverse excursion along they axis, the longi-
tudinal Doppler effect leads to laser period dilationfvxstd
.0g and contractionfvxstd,0g, and to significant distortion
in time of the sinusoidal driver field. Figure 8 illustrates the
difference from Fig. 5 at the threshold of the resonance in-
tensity which lies now at the slightly lower valueI res
=2.631018 W cm−2. The lowering is a consequence of the
period lengthening att* tres, clearly seen in the figure. As
long as the electron sphere is bound,t, tres, vx oscillates at
2v. In the directiony of the electric field the period isv. The
apparent 2v structure ofvy before resonance is due to a
disruption caused by thevxBy contribution tovy because it is
of opposite sign. The stretching of the driver field becomes
very pronounced well above threshold atI res=631018

W cm−2 in Fig. 9. Absorptive dephasing is limited again to
the resonance transition. Whereas the absorbed energies at
the thresholdI res in Figs. 5 and 8 are the same, in Fig. 9 it is
by 13% higher than in Fig. 6. With a look at the solid line
sLorentz force includedd and the dashed linesB=0d in Fig. 4
the fraction of absorption increases by 15–20% due to the
effect of the magnetic field. In addition the spiky structure
for I0. I res is more pronounced than withoutB. At I0, I res
the Lorentz force leads to partial suppression of structures.

FIG. 6. sColor onlined Rigid oscillator, B=0, at I0=6.0
31018 W cm−2. I res. Resonance threshold is crossed att<3
within one cycle with phase shift byp. There are no contributions
to eas`d beyondtres. Units and symbols as in Fig. 5.

FIG. 7. sColor onlined Resonance thresholdI0 W cm−2 as a
function of cluster sizeRe=Ri =aR, R=20 nm,v=0.227v0, v3B
neglected.

FIG. 8. sColor onlined Rigid oscillator,B included. Resonance
shifts from I0=2.7531018 sB=0d to 2.6031018 W cm−2. Period
lengthening is due to longitudinal Doppler effect. Velocitiesvx and
vy are of the same order of magnitude. Units as in Fig. 5.
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Beyond resonance there is a tendency foruvxu to become
larger thanuvyu se.g., in Fig. 9d; however, at the threshold
I0= I res it is not truessee Fig. 8d. Below the outer ionization
thresholdI res the electron sphere is bound and the amplitudes
v̂x and v̂y are of the same magnitude. As a consequence of
the central force deviating from a 1/uxu2 law and the presence
of the driver the orbits are no longer closed, and rotate. This
causes the kinetic energy to oscillate between thex and y
directions. The eigenperiod of the free oscillatorT of Fig. 8
undergoes almost no change because it is solely a function of
the major half axis of the Kepler-like orbit.

The majority of PIC or MD simulations were using pure
electrostatic codes and linearly polarized laser fields
f18–20,22,26,28,29g. The interplay of the driver with the po-
larization and space charge fields in combination with the
cluster geometrysi.e., driver and electrostatic fields exhibit
different symmetryd lead to some degree of randomization of
the electrons leaving the cluster; however, there is also a
clear signature, common to all of these simulations, of a
favored polarized motion in the direction of the electric laser
field. From the model calculations described in this subsec-
tion we conclude that the Lorentz force greatly enhances
directional randomization due to mixing of the electron dy-
namics along different directions. The Lorentz force may be
important already at intensitiesI0,1017 W cm−2 owing to
the resonant increase ofvy in small and/or expanding cluster
electron cloudsssee belowd.

C. Alternative oscillators

So far the rigid oscillator model has shown that collision-
less energy absorption takes place when the electron sphere
is driven through the nonlinear resonance. There are tidal
forces acting on the various regions of this sphere because
portions adjacent to the quasistatic sphere of ions experience
a stronger attraction than portions in the opposite location;
after half an oscillation period of the electron sphere the
situation is inverted. As a consequence of such modulational
forces varying from point to point local space charges are
induced which lead to a rapid disassembly of the outer shell

of the “rigid” electron sphere, as manifested in PIC simula-
tions. The tidal forces are stronger in larger clusters and
reach, each portion individually, a maximum for an excur-
sion r lying in the nonlinear domain of oscillation. At van-
ishing excursionr !1 the tidal forces are limited to the bor-
ders lying outside the ion sphere whereas all parts lying
inside experience the constant Clausius-Mosotti space charge
field E=P/3e0. In small clusters tidal forces and space
charges play a subdominant role, also because their equilib-
rium electron charge is lowf30g.

The main purpose of the paper is to prove the hypothesis
raised by us that the electrons, after having been set free by
inner ionization, gain their additional energy from crossing
resonances. In this way one is led directly to the two alter-
native models ofs1d one single electron in the field of the ion
sphere driven by the laser field ands2d a single electron
moving under the combined field of the laser and driven
rigid oscillator of Sec. II. In this second case the single elec-
tron moves in the static field of the ion sphere under the
action of two drivers, the nonautonomous external driver,
and the autonomous field of the oscillating electron sphere. It
is given the name “modal oscillator.”

1. Single electron in the static ion field

The test electron starts att=0 from a given positionx0
with velocity v=0. The laser field is taken from Eq.s11d; the
additional force is represented by the attraction of the ion
sphere of chargeqi =q,

Fsrd = − er
eq

4pe0Ri
2Hr , r ø 1,

1/r2, r . 1.
J s30d

In order to have a direct comparison with the results of
the foregoing section use is made of the parameters from Eq.
s18d. An electron starting fromx0/R=0 andy0/R=0.01 en-
counters the nonlinear resonance atI res= I0=1.831019

W cm−2, i.e., at a 6.5 times higher intensity than for the rigid
oscillator sFig. 10d. Apart from this in all essential aspects

FIG. 9. sColor onlined Rigid oscillator, B included. I0=6.0
31018 W cm−2; to be compared with Fig. 6. Period lengthening is
very pronounced; phase shift at resonance is clearly seen. Units as
in Fig. 5.

FIG. 10. sColor onlined Single electron in static ion field at
resonance thresholdI0=1.831019 W cm−2, B=0. The electron
starts atx0=0, y0/R=0.01. Owing to the high ion potential,I res is
6.5 times higher than in Fig. 5. Apart from this, its behavior is
similar to the rigid oscillator at its resonance threshold. Units as in
Fig. 5.

P. MULSER AND M. KANAPATHIPILLAI PHYSICAL REVIEW A 71, 063201s2005d

063201-8



the figure very much resembles Fig. 5. In particular, all en-
ergy is gained from the field during one cycle attresst=5d
and the phase shift ofvy relative toE by p is clearly seen. In
addition, asymmetric excitation beyondtres does not lead to
any additional energy gain. As the initial positionx0 shifts
outwardI res= I0 is gradually reduced and at the border of the
ion charge sx/R=0,y/R=1.0d it becomes as low asI0

=1.231018 W cm−2. With the magnetic field included
fdriver according to Eq.s29dg the resonance for the initial
conditions of the Fig. 10 lies now atI0=1.6831019

W cm−2 sFig. 11d. Both velocitiesvx and vy are of compa-
rable magnitude, which leads to a very pronounced Doppler
effect. For the irreversible energy gain and the phase shift the
same holds as forB=0. The absorbed energyea between
Figs. 10 and 11 differs by a factor of 3. A slight change of the
driver may invert the situation. Averagingea over numerous
runs with B=0 and BÞ0 did not show any pronounced
trends in the energy ratios. Again, shifting the initial position
toward the border of the cluster atBÞ0 brings the electro-
magnetic driver gradually down to the minimumI res= I0
=1.131018 W cm−2. With respect to energy absorption and
phase shifts nothing changes due to the presence ofB. The
conclusions from Sec. III B 2 can be extended to the single-
electron oscillator also.

2. Modal oscillator

The modal oscillator represents a suitable tool to study the
motion of single electrons starting at velocity zero from dif-
ferent positions. At the same time this modal oscillator is
close to reality in so far as it follows the motion of the
particle in the two basic fields in a plasma, i.e., the regular
external driver and the intense collective field of the entire
ensemble of the charges. In Fig. 12 the trajectories relative to
the excursion of the electron cloudye−y are plotted for
seven different initial positions, with the electrostatic driver
sB=0d at I0=2.631018 W cm−2, I res and qe=qi =q. After
four cycles symmetric electron diffusion sets in for all initial
positions and at the end of the pulse of ten cycles the elec-
trons have moved away from the cluster by nearly 200 clus-
ter radii R saverage value<100Rd. When the Lorentz force

is included it is convenient to plot the distancefsxe−xd2

+sye−yd2g1/2 from the center of the oscillating electron
cloud. ForI0=2.5931018 W cm−2 these quantities are shown
in Fig. 13 for the same initial conditions as in the Fig. 12, but
qe=qi /2 now. The result is about the same as before. Rapid
particle diffusion is to be expected from the PIC simulations.
A more detailed analysis shows also that, due to theB field,
diffusion in thex direction occurs with the same speed as in
the y direction.

There is a significant aspect which emerges form both
pictures, i.e., each of the individual particles suddenly ac-
quires, during one cycle, almost its final drift energy, in both
the x andy directionssseparately provedd, indicating in this
way that the energy gain is due to transiting locally a reso-

FIG. 11. sColor onlined Single electron in static ion field at
resonance thresholdI0=1.6831019 W cm−2, BÞ0; to be compared
with Fig. 8. Units as in Fig. 5.

FIG. 12. sColor onlined Single-particle motion in the laser-
driven modal oscillator: driving fieldE is the sum of the laser field
EL and the field of the electron sphere, i.e.,Estd=ELstd+Eestd. yestd
is the coordinate of the single oscillator,ystd the center of the os-
cillating electron cloud; initial positions arex0/R=0, y0/R= ±0.01,
±0.1,±0.5,±1.0. I0

=2.631018 W cm−2, B=0. Note that the drift, i.e., average velocity,
does not change its slope.

FIG. 13. sColor onlined Single-particle motion in the laser-
driven modal oscillator with Lorentz force included. Separation
uxe−xu /R=fsxe−xd2+sye−yd2g1/2/R. xstd is the center of the oscil-
lating electron sphere; initial positions as in Fig. 12;I0=2.59
31018 W cm−2. Note that the final drift velocity is acquired in a
single acceleration event, i.e., at its local resonancessee straight
solid lined.
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nance in the combined field of the ion and the displaced
electron clouds. The proof of this assertion to be the correct
interpretation is given in Fig. 14. The time history of position
and velocity vy of an individual electron starting atx0/R
=0.0, y0/R=0.5 is depicted for the laser intensityI0
=5.031017 W cm−2 and B=0; the driverE=EL+Ee. Reso-
nance occurs att<6 where all energy is gained during one
cycle. The change of phase byp betweenE, v, andy can be
pursued in the neighborhood of resonance, 5,t,7. The
oscillating space charge fieldEe is larger than the laser field
before the electron has escaped. The irreversible energy gain
sdriftd in all other cases occurs in combination with a phase
jump by p during one oscillation as well.

3. Expanding rigid oscillator

Slight changes of parameters may drastically change the
amount of absorbed energy by the rigid oscillator; see in
particular Fig. 4. In PIC simulations or experiments such
anomalies are not observed owing to the presence of smooth-
ing effects, such as averaging over clusters of different sizes
in the experiment, smoothing due to thermal expansion of
the electron and, eventually, also of the ion cloud, and
smoothing by successive resonances of local bunches of
electronsstidal effectsd. To complete the present investiga-
tion on nonlinear resonance absorption we study characteris-
tic changes due to the expansion of the electron cloud in the
rigid oscillator model.

To this end the electron sphere is assumed to increase its
radiusRe according to a linear law,

Re = Ri + v0t, s31d

with a linear radial velocity flow profile,ve=hr. The linear
profile guarantees the uniform charge distribution within the
sphere. The expansion velocityv0 of the border is a free
parameter varying typically between the ion and the electron
sound speed. From Fig. 1 and from Eq.s16d it is expected

that, in addition to smoothing, expansion will considerably
facilitate resonance of the rigid oscillator at lower laser in-
tensities. In Fig. 15 the time evolution of the rigid oscillator
with the electron sphere expanding now according to Eq.
s31d from the initial radiusRi =20 nm to the final radiusRf
=100 nm att=10 is shown.I0=5.031017 W cm−2 and B
Þ0. The maximum energy gain is centered att<4.5 when
the electron cloud has expanded by the factor 1/r=3. The
oscillation amplitude is much smaller thanRf in this case and
hence resonance occurs at the harmonic frequencyv0st
=4.5d which according to Eq.s5d is reduced byr3/2. This
means vres=v0st=4.5d=r3/2v0st=0d=0.21v0st=0d. This
value is in good agreement with the driver frequency ratio of
0.227 used throughout this paper. The energyeastd is to be
calculated according to

eastd = − eE
0

t

dt vysEL − vxB + Eid, s32d

whereEistd is the time-dependent average electric field of the
rigid ion sphere acting on the single electron of the expand-
ing electron sphere. The expansion is stopped att=10. A
very similar result is obtained with an overall expansion by
the factor 1/r=25 during the laser pulse deliveringI0
=1017 W cm−2. The main differences are an earlier crossing
of the linear resonance point, as expected, and a more pro-
nounced increase of velocityvy for t.10 owing to slow
oscillations in the shallow potentialfeas`d,eIg.

The general scaling of nonlinear resonance absorption in
big clusters under simultaneous expansion of the rigidly os-
cillating electron could is shown in Fig. 16 as a function of
the laser strength for three degrees of expansion,Rf =1.5Ri,
2Ri, and 25Ri, respectively, with the Lorentz force taken into
accountsbold graphsd and withoutsthin graphsd. For com-
parison, the situation forRf =Ri is also shown. It is identical
to the corresponding graph in Fig. 4. The dotted diagonal
straight line refers to the linear oscillator withv0=constsno

FIG. 14. sColor onlined Modal oscillator, i.e., single electron
driven by the laser fieldEL and the space charge fieldEe of the
oscillating electron sphere.I0=5.031017 W cm−2, B=0, initial po-
sition x0/R=0.0, y0/R=0.5. The final energyeas`d is entirely
gained during one cycle att<6; the resonant type of coupling is
proved by the phase jump byp of velocity vy and positiony in the
interval 5,t,7. Units as in Fig. 5.

FIG. 15. sColor onlined Resonant energy gain of the rigid oscil-
lator with uniformly expanding electron cloud fromRf =Ri

=20 nm at t=0 to Rf =5Ri at t=10. Laser intensityI0=5.0
31016 W cm−2. Resonance occurs in the harmonic regime. Dashed
horizontal line indicates the outer ionization energyeI; the electron
sphere remains boundfeas`d,eIg. Units as in Fig. 5.
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resonanced. As a consequence of expansionv0std approaches
v by dilution fsee Eq.s5dg, in addition to the power shift of
v0 according to Eq.s16d, and the concomitant gradual
smoothing and downshift of the resonance profile. ForRf
=25Ri the onset of resonance is no longer detectable in this
figure. However, by close inspection and comparing with the
aforementioned time history forRf =25Ri a change in the
slope of the curve indicating resonance is detected atI0
=8.031016 W cm−2.

This concludes the proof of our assertion that collisionless
absorption after the electrons have been set free by inner
ionization in clusters is due to nonlinear resonance.

IV. DISCUSSION AND CONCLUSION

The excellent coupling of laser beams with matter in its
clustered form is a well-established fact, experimentally as
well as by PIC and MD simulations. However, it is an
equally incontestable fact that the physical understanding of
absorption by the freed electrons in the cluster is rather poor.
All analytical models hitherto presented are based on linear
resonances. Since linear resonance frequencies are generally
much higher than the laser frequency, coupling is imagined
to become good only after adequate dilution by expansion of
the cluster plasma, e.g., in the case of the fundamental Mie
resonance atvp/Î3, or by the assistance of multiphoton
resonance, i.e., the appearance of the third laser harmonic 3v
which may eventually lie close tovp/Î3 f31g. This latter
model is also a linearized concept in its nature and the
mechanism is not straightforward enough as to be very effi-
cient. In addition to such considerations the collisionless ab-
sorption is not understood so far despite some attempt to
explain its underlying physical principle. In connection with
clusters the expression “laser dephasing heating” has been
coined and has been addressed as the physical mechanism.
On closer inspection, however, dephasing is the basis of all

kinds of absorption, without exception, since the only access
to it, according to Maxwell’s equations, regardless whether
in classical or in a quantum mechanical version, is through
Poynting’s theorem, Eq.s1d. A valid explanation of where
such a dephasing comes from with free electrons has never
been given so far.

With the help of the rigid oscillator model in its various
versions we were able to show that nonlinear resonance is
the physical mechanism leading to the compulsory dephasing
needed for absorption in Eq.s1d. Free electrons or entire
bunches of them oscillate, depending on geometry, in the
neighborhood of the plasma frequency under infinitesimal
displacements. At increasing separation from each other
slarge amplituded the restoring force becomes Coulomb-like
with an enormous increase of the oscillation period as quan-
tified by Eq. s16d. In other words, at sufficient laser power
the cluster eigenperiod, or several eigenperiods of it, are
brought down to direct resonance with the laser periodTL
=2p /v. In an early stage of collisionless interaction, still
overlapping with ionization or not, it may happen in big
clusters that only the region at the surface is already driven
into resonance and that the inner parts enter this stage later.
In any case, as a straightforward process nonlinear resonance
is very effective. In our interpretation it is this nonlinear
resonance which causes the sudden acceleration of electrons
at the border of the cluster and their subsequent ejection,
observed in MD simulations of small clusters as wellf20g.

The concept of resonance brought up in this paper may
serve as a basis for forthcoming models which will allow the
approximate calculation of the electron distribution function
and the effective electron temperatureTe,eff of the heated
clustered matter. “Freed” electrons by inner ionization,
whether embedded in a macroscopic space charge field or
completely free, represent oscillators of linear or nonlinear
type. From a quantum mechanical point of view it is rather
evidenta priori that such systems can gain energy irrevers-
ibly only at resonance. Thus, it becomes nearly obviousa
posteriori that “free” electrons in extended smooth fields can
gain energy solely by going through a resonance. As we have
shown in Sec. III nonlinearities or asymmetries themselves
do not lead to absorption.

Particle collisions also lead to dephasingfsee Eq.s2dg.
Thereby it makes no difference, in principle whether an elec-
tron interacts with the field generated by another particle or a
field of collective origin. Therefore, sometimes collisionless
absorption has been attributed to collisions with fluctuating
macroscopic fields. Such fields, however, can act like colli-
sions only if their duration on the particle is shorter than
TL /3; any interaction of longer duration falls into the class of
adiabatic processes which are reversiblef32g. The main fluc-
tuations are concentrated aroundvp and have spatial exten-
sions larger than a Debye lengthlD. From kinetic theory it is
well known that for all impact parametersb.lD=vth/vp,
wherevth is the average velocity, collisions become ineffi-
cient. Thus, the collision time must obey the inequalitytcoll
,minsTL /3 ,lD /vthd=mins2/v ,1 /vpd. There is no doubt
that field fluctuations of collisional character contribute to
heating of clusters; their contribution, however, is small. In
PIC simulations a kind of threshold behavior of absorption
has been observed by various authorsf18,19,26,28g. The

FIG. 16. sColor onlined Irreversible energy gaineas`d as a func-
tion of the laser intensity of the rigid oscillator with uniform ex-
panding electron sphere of initial radiusRi =20 nm and final radii
Rf =Ri, 1.5Ri, 2Ri, and 25Ri. Bold solid graphs with Lorentz force
included, thin solid and dashed curves withoutB; dotted line refers
to the harmonic oscillator out of resonance. Due to expansion reso-
nance structures of Fig. 4 are softenedsat Rf =25Ri almost disap-
pearedd and downshifted on theI0 axis; initially v /v0=0.227.
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rigid oscillator model makes such a threshold well under-
standable. It is particularly pronounced inf26g where a sim-
plified version of this model was introduced. In addition, at
high laser intensitiessI0ù1018 W cm−2d excellent agreement
of this model with their PIC simulations was found. Espe-
cially in view of Figs. 12 and 13 such a degree of agreement
is surprising and represents a not yet well understood fact.

Summarizing we conclude thatsid nonlinear resonance is
a leading absorption process in clusters;sii d without crossing
a resonance point nonlinear collisionless interaction is inef-

ficient; siii d the Lorentz force does not substantially alter the
behavior of resonance however, it plays an important role in
thermalization of electrons.
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