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Spectra ofL x rays emitted from Ho targets bombarded by 10 keV electrons and 6 MeV/amu C, Ne, Ar, Kr,
and Xe ions were measured in high resolution using a curved crystal spectrometer. The spectra were analyzed
in order to examine the systematic evolution of theL x-ray satellite structure as a function of projectile atomic
number. Scaling rules are established for the apparent averageM-shell spectator vacancy fraction and apparent
average double to singleL-vacancy population ratio at the time ofL x-ray emission. The results are compared
to those obtained forK-shell ionizing collisions and with predictions of the geometrical model.
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I. INTRODUCTION

Early comprehensive studies of satellite structure appear-
ing in L x-ray spectra were carried out by Richtmyerf1g and
co-workers, Parrattf2,3g, and Randall and Parrattf4g over 65
years ago using x-ray fluorescence and electron bombard-
ment. As many as ten semiresolved satellite peaks were ob-
served on the high-energy side of theLa1 lines of Mo
through Ba, and similar structures were found above theLb
and Lg lines of Ag. Shortly after the discovery ofL x-ray
satellites, Coster and Kronigf5g suggested that these lines
originate from double vacancy states created byL1
→L2 M45 and L1→L3 M4,5 nonradiative transitions. Subse-
quent work by Richtmyer and Rambergf6g confirmed the
plausibility of this hypothesis and presented theoretical pre-
dictions of the complex multiplet structure associated with
the LM double-vacancy satellites ofLa1 and Lb2 in Au.
Other mechanisms contributing to the production ofL x-ray
satellites were later recognized to be the shake-up and shake-
off processesf7g. Double collisions were found to contribute
as well. Over the intervening years, interest in this subject
has endured and notable progress in understanding the struc-
ture and properties ofLM double-vacancy satellites is de-
scribed in Refs.f8–11g.

The present paper concernsL x-ray satellite structure aris-
ing from multiple vacancy production by heavy ion impact.
Following the published high-resolution measurements of
ion-excitedL x-ray spectra by Deret al. f12g, Olsenet al.
f13g obtained spectra that revealed intense satellite structure
indicative of the presence of multipleM vacancies. In their
spectrum of SnL x rays excited by 30 MeV oxygen ion
impact, the satellite average energies disclosed the presence
of four to five spectatorM vacancies. The intensity of the
satellite peaks was substantially greater than that of the
ssingle-vacancyd diagram lines.

Because of the complexity of multiple-vacancyL x-ray
satellite structure, however, only a few subsequent studies
have focused on this topic. The effects of chemical environ-
ment on the relative intensity profiles of ion-inducedL x-ray
satellites have been examined by Rosseelet al. f14,15g. The

gross features and average energies of Ta, Au, and ThL x-ray
satellites produced in 4 MeV/amu Kr ion collisions have
been discussed by Heitzet al. f16g. Recently, Czarnotaet al.
f17g have used a high-resolution von Hamos spectrometer to
study theLa and Lb multiple-vacancy satellite structure of
Mo and Pd atoms excited by O and Ne ions. These authors
compared their spectra to the predictions of multiconfigura-
tional Dirac-Fock calculations that took into account the
complex multiplet structure arising from one- and two-
spectatorM vacancies. The calculations were in reasonable
agreement with the Pd satellite structure observed in colli-
sions by 376 MeV O ions, which was dominated by single
M-vacancy configurations. The satellite structure observed
by these authors in collisions by 178 MeV Ne ions was
found to contain large contributions from configurations in-
volving up to fourM vacancies. Because of the unmanage-
able complexity of the multiplet structure for configurations
involving more than two spectatorM vacancies, this spec-
trum had to be analyzed using calculated average-of-
configurations satellite energies and the assumption that the
distribution of spectatorM vacancies is binomial. Recently,
the systematics of theM- andN-shell ionization probabilities
as a function of projectile and target atomic number and
projectile energy have been deduced from low-resolution
measurements employing a semiconductor detectorf18g. An
elaborate method of analysis was developed to extract ion-
ization probabilities from the energy shifts of the unresolved
x-ray peaks containing theLg diagram lines and satellites.

In the present work,L x-ray spectra of Ho were measured
using a curved crystal spectrometer, employing second-order
diffraction from a LiF crystal. The spectra were excited by
10 keV electrons and 6 MeV/amu C, Ne, Ar, Kr, and Xe
ions. The main objective of these measurements was to study
the systematic evolution of theL x-ray satellite structure with
increasing projectile atomic number. Based on a relatively
simple interpretation of the structure in the measured spectra,
an analysis procedure was developed that reproduced the
shape of the spectra with reasonably good accuracy. This
procedure was also used to determine the apparent average
M-shell and outer-shell spectator vacancy fractions at the
time of L x-ray emission. The results are compared to the
predictions of the geometrical model and with apparent av-
erage spectatorL-vacancy fractions at the time ofK x-ray*Electronic address: V-Horvat@tamu.edu
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emission for atoms havingL binding energies comparable to
the M binding energies of Ho. Relative contributions to the
x-ray yields from ions having more than one initial-state va-
cancy in theL shell were examined as well.

II. EXPERIMENT

Beams of 6 MeV/amu C2+, Ne3+, Ar6+, Kr12+, and Xe18+

ions were extracted from the Texas A&M K-500 supercon-
ducting cyclotron, charge analyzed, collimated, and focused
to a ,3 mm diam spot onto the target oriented at 45° with
respect to the beam direction. The focusing was accom-
plished with the aid of a zinc-cadmium sulfide phosphor and
a closed-circuit television system. During the data acquisi-
tion, the beam intensity was monitored by measuring the
current from the target or from a Faraday cup placed directly
behind the target.

The measurements were performed with a thick metallic
Ho foil s,100 mg/cm2d. However, because of x-ray absorp-
tion and projectile energy dependence of theL x-ray produc-
tion, the estimated effective mean target depth for HoL x-ray
detection ranges from 2.7 mg/cm2 for the C-induced spec-
trum to 6.0 mg/cm2 for the Xe-induced spectrum. The effec-
tive mean projectile energy was estimated at 5.5 MeV/amu
in all the cases studied here. The effects of projectile energy
loss on the spectral features of interest were found to be
negligible. The details will be explained in Sec. V.

A 12.7 cm Johansson-type curved crystal spectrometer
with the focal circle oriented perpendicular to the beam axis
was used to measure the x-ray spectra. The x rays diffracted
in second order from a LiFs200d crystal were counted by a
flow-proportional counter operating with P-10 gasfargon
s90%d and methanes10%d at 1 atmg. Control of the
spectrometer-stepping motor was accomplished by means of
a custom-designed electronic module and a personal com-
puter equipped with a dedicated multiscaler expansion card
and the accompanying software. Before each run series, the
crystal angle and focal circle were manually adjusted to
maximize the intensity of HoL x rays.

An energy calibration was performed during each run se-
ries after completing the crystal angle and focal circle adjust-
ments. TheKa1, Ka2, andKb1 diagram lines of Co, Ni, and
Cu were used for these calibrations in addition to theLa1,
Lb1, andLb2 diagram lines of Ho. It was found previously
that diagram linessdue to transitions between single-vacancy
statesd, can be quite prominent when the target is bombarded
by heavy ionsf19,20g. The single-vacancy states are pro-
duced primarily by high-energy electrons ejected in the pri-
mary collisions or by high-energy photons subsequently
emitted from the projectile or target. In general, overlapping
contributions from multiple-vacancy states excited in ion-
atom collisions, were small and did not shift the calibration
peaks by more than 1 eV. The spectrometer energy resolution
sFWHMd for the Ho La1 line excited by 10 keV electron
bombardment was determined to be 9.3 eVsbased on the
Gaussian width of a Voigt function used to fit the corre-
sponding peakd.

III. INTERPRETATION OF THE SPECTRA

The gross features of the HoL x-ray spectra are compared
in Fig. 1. Vertical dashed lines indicate the positions of the

nine most prominentL x-ray diagram lines of Ho in the
energy range between 6400 and 8400 eV. Their spectroscopic
identifications and corresponding initial- and final-state va-
cancy configurations are listed in Table I. The solid line at
the far right in Fig. 1 shows the position of theL3 absorption
edge at 8068 eV.

FIG. 1. Spectra ofL x rays emitted from a Ho target under
bombardment bysad 10 keV electrons and 6 MeV/amu beams of
sbd C, scd Ne, sdd Ar, and sed Kr. The vertical dashed lines indicate
the energy positions of the nine most prominentL x-ray diagram
lines ssee Table Id. TheL3 absorption edge is shown by the vertical
solid line.
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The spectrum obtained by electron bombardmentfFig.
1sadg showssfor the most partd the peaks due to HoL x rays
emitted by singly ionized atomssdiagram linesd. They were
found to be accurately represented by Voigt functions and
their centroids agreedswithin ±2 eV on averaged with the
corresponding recommended transition energies of Deslattes
et al. f21g. The widths of the observed peaks were found to
be in agreementswithin ±2 eV on averaged with the corre-
sponding natural line widths derived from the recommended
level width values of Campbell and Pappf22g. Also, the
relative intensities of the peaks resulting from transitions to
the sameL subshell were found to be within a few percent of
the relative transition rate values recommended by Salemet
al. f23g. The latter observation indicates that the product of
the spectrometer-detection efficiency and the x-ray transmis-
sion probability from the target did not vary significantly
over the energy range of interest. The data referenced above
are also listed in Table I.

Target atomL-shell ionization by heavy ions is usually
accompanied by electron removal from higher shells. Conse-
quently, the resulting x-ray peaksswhich are commonly re-
ferred to as satellite peaksd are broadened and shifted relative
to those corresponding to diagram transitions. Furthermore,
the peak shapes can be very complex due tosid variations in
the initial state vacancy configuration at the time of x-ray
emission andsii d the complicated multiplet structure that
arises from the coupling of initial and final state angular
momenta. In Ho, the satellite transition energies are shifted,
on average, by only a few eV per vacancy in shells higher
than the M-shell scollectively referred to here as outer
shellsd. For L→M transitions, these shifts are smaller than
the natural widths of the transitions involved, and forL
→N transitions they are only slightly larger. Consequently,
peaks due to transitions between states involving multiple
outer shell vacancies cannot be resolved from each other or
from the corresponding diagram lines. Therefore, the struc-
ture observed in the vicinity of the diagram transition energy
includes contributions both from the diagram transitions in
atoms ionized by secondary radiation and from the satellite
transitions in atoms that acquire singleL-shell and multiple

outer-shell vacancies in heavy-ion-atom collisions.
If, on the other hand, heavy-ion-induced HoL-shell ion-

ization is also accompanied by single or multipleM-shell
ionization, the resulting satellite peaks are additionally
shifted up in energy by 20 to 50 eV perM vacancy, depend-
ing on the transition type. They may or may not be resolved,
depending on how their shifts compare to their widths. For a
given number of spectatorM vacancies, the corresponding
satellite peak width depends, for the most part, on the aver-
age number of outer-shell vacancies and the extent of multi-
plet splitting. In the spectrum excited by carbon ionsfFig.
1sbdg, the peaks on the high-energy sides of theLa1, Lb3,
andLb2 lines mainly contain satellite transitions from initial
states having a singleL vacancy plus a singleM vacancy.

The complex multiplet structure, resulting from the angu-
lar momentum coupling of multipleL plusM vacancy states,
together with the additional modifications imposed by vacan-
cies in the outer shells, makes a detailed analysis of the sat-
ellite structure an impossible taskf17g. Nevertheless, the
spectrum ofL x rays induced by C ionsfFig. 1sbdg does
exhibit definite structural features thatsas will be shown be-
lowd strongly correlate with the transition energies expected
for L1M0, L1M1, and L1M2 initial state vacancy configura-
tions with additional outer-shell vacancies. In this paper, the
satellite peaks will be labeled using the notationLijMj,
whereLiMj denotes the initial state vacancy configuration of
the L and M shells, whilej identifies the transitionse.g.,j
=a1,b2,15,h, …d. Note thatj is also the number ofspectator
M vacancies for each transition.

Apparently, theL x rays that predominantly contribute to
the spectrum in Fig. 1sbd are emitted in the presence of a
small number of outer-shell vacancies. This is evidenced by
relatively small energy shifts of theL1jM0 satellites from the
corresponding diagram transition energies and a relatively
small increase in their widths compared to the corresponding
diagram-transition peaks. The energy shift of theL1b2,15M

0

satellite is somewhat larger than the others because the tran-
sition in this case involves anN electron whose binding en-
ergy is less sensitive to the presence of spectator vacancies.
According to calculations performed with the multiconfigu-

TABLE I. The most prominentL x-ray diagram lines of Ho in the energy range between 6400 and 8400
eV.

Line Transition EnergyseVda Natural widthseVdb Relative intensityc Label in Fig. 1

La1 L3→M5 6719.7 5.1 100.0 B

La2 L3→M4 6678.5 5.1 11.1 A

Lb6 L3→N1 7635.8 9.6 1.1 F

Lb2 L3→N5 7911.4 6.8 18.2 I

Lb15 L3→N4 7902.9 7.2 2.0 H

Lb1 L2→M4 7525.7 5.2 100.0 E

Lh L2→M1 6786.9 17.5 2.2 C

Lb3 L1→M3 7651.8 12.3 100.0 G

Lb4 L1→M2 7471.1 10.8 62.6 D

aRef. f21g.
bDerived from the data in Ref.f22g.
cEstimated using data from Ref.f23g.
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rational Dirac-FocksMCDFd code of Desclauxf24g, a single
N spectator vacancy causes theLa1sL3→M5d and Lb2sL3

→N5d transitions to shift up in energy, on average, by 2.3
and 9.2 eV, respectively.

L x-ray satellite peaks are the dominant features appearing
in the spectra obtained with Ne, Ar, and Kr ionsfshown in
Figs. 1scd–1sed, respectivelyg. The same is true for the spec-
trum obtained with Xe ionssnot shownd. It is evident that the
degree of multiple ionization in theM shell of the target
atom increases rapidly with the projectile atomic number.
Consequently, the centroids of the satellite peak distributions
sincluding all satellites, regardless of the corresponding num-
ber of spectatorM vacanciesd are shifted higher in energy
and the widths of the satellite peak distributions increase. In
addition, because of the increased degree of multiple ioniza-
tion in the outer shells and the increasingly complex multi-
plet structure, satellite peaks corresponding to a given num-
ber of spectatorM vacancies are no longer resolvable.
Apparently, the increase in the energy shifts of the satellite
distribution centroids is larger than the corresponding in-
crease in the distribution widths, so that the satellite distri-
butions contribute less in the vicinity of the corresponding
diagram transition energies. On the other hand, the contribu-
tions from secondary ionization are substantial, and so the
peaks due to diagram transitions become prominent. This is
clearly the case for theLa2, La1, Lb1, andLb2 diagram lines
in the Ar- and Kr-induced spectrafFigs. 1sdd and 1sed, re-
spectivelyg. The same is true for the Xe-induced spectrum
snot shownd, which displays somewhat larger satellite energy
shifts sas expected from the trendd, but otherwise is not es-
sentially different from the Kr-induced spectrum.

IV. ANALYSIS OF THE SPECTRA

Interpretation of the diagram line contributions in the
spectra excited by heavy ions was facilitated by a least-
squares analysis of the HoL x-ray spectrum obtained by 10
keV electron bombardmentfFig. 1sadg. In this analysis, each
peak was represented by a Voigt function with variable
Lorentzian width. To simplify the fitting procedure, the
Gaussian widths of the Voigt functions, representingsfor the
most partd the resolution of the spectrometer, were assumed
to be the same for all the diagram lines. The peak profiles
determined in this way were subsequently used in the analy-
sis of the diagram lines in the spectra of HoL x rays induced
by heavy ions.

The analysis procedure for the satellite peaks was devel-
oped using the spectrum of HoL x rays induced by
6 MeV/amu C ionsfshown in Fig. 1sbdg because the satellite
peak structure in this spectrum contains the most resolved
structural features. The same analysis procedure was then
applied to the other spectra. To ensure stability of the least-
squares fitting process and reproducibility of the results, the
number of adjustable parameters was kept at a minimum. For
example, the peak centroids of all the satellite peaks in a
given spectrum were varied using only one free parameter,
while their relative intensities were fitted using only four
independent parameters. Gaussian widths of allLa2, La1,
andLh satellite peaks combined were determined with only

two parameters. Peaks due to the presence of a spectator
vacancy in theL shell at the time ofL x-ray emission were
taken into account using only one additional fitting param-
eter. A detailed description of the method is given in the
Appendix.

As mentioned in the Appendix, the relative number of
counts in eachL1jMj satellite peak for a given transition
sspecified byjd was assumed to follow a binomial distribu-
tion as a function of the number of spectatorM vacanciess jd.
This assumption was justified by the fact that, in practice, it
yielded good representations of the measured spectra of x
rays emitted from multiply ionized atoms. In order to convert
the measured x-ray yields to initialvacancyyields, correc-
tions must be applied to account for vacancy rearrangement
between the time of collision and the time ofL x-ray emis-
sion. Also, it is necessary to take into account the fact that
fluorescence yields depend on the spectator vacancy configu-
rations at the time ofL x-ray emission. Although approxi-
mate methods for accomplishing these tasks have been de-
veloped and applied in the analysis ofK x-ray spectra
f19,25g, the much more complex decay scheme for
L-vacancy decay, together with large uncertainties associated
with available theoretical transition rates and their scaling,
makes such an analysis forL x-ray spectra impractical at the
present time. Therefore, the centroid of the binary distribu-
tion determined in the present workspM

x d represents the ap-
parent averageM-shell spectator vacancy fraction at the time
of L x-ray emission. Under the assumption that the net effect
of vacancy rearrangement and fluorescence yields does not
depend significantly on the number of contributingM-shell
spectator vacanciesssince the two effects tend to counteract
each otherd, pM

x is approximately equal to theM-shell ioniza-
tion probability per electronspMd in L-shell ionizing colli-
sions, as defined in the framework of the independent elec-
tron approximationf26g.

The quality of the fit achieved in the case of the HoL
x-ray spectrum excited by 6 MeV/amu C ionsfFig. 1sbdg is
demonstrated in Figs. 2sad and 2sbd, where the experimental
data points, fitted curve, background component curve, and
five L1jMj satellite peaksswith j =0–4d are shown. Satellite
peaks forj .4 andL2jMj satellites are too small to be seen.
The diagram lines are not shown because their contribution
was found to be negligible in this spectrum. This is not sur-
prising becausesid the secondary electron yield produced by
C ions is expected to be much smaller than the yields pro-
duced by the heavier projectiles andsii d the degree of Ho
ionization produced by carbon ions is relatively low, so that
only a very small fraction of the satellitesLb2,15d x-ray spec-
trum extends above theL3 absorption edge. Although the
entire spectrum was fit simultaneously, the two spectral re-
gions are shown separatelyfFigs. 2sad and 2sbdg in order to
reduce the amount of empty space and enhance the details.

In a similar way, Figs. 2scd and 2sdd show the fit of the Ho
L x-ray spectrum excited by 6 MeV/amu Ne ions. In this
spectrum, the individual contribution from sixL1jMj satel-
lites can be clearly seen. The same holds for the diagram
lines smainly La2, La1, Lb1, and Lb2d and the combined
contribution from theL2jMj satellites.

Components of the spectrum of HoL x rays induced by
6 MeV/amu Kr ions are shown in Figs. 3sad and 3sbd to
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illustrate the features that are not as prominent in the spectra
shown in Fig. 2. Here the diagram peaks contribute substan-
tially and some of themsLa2, La1, andLb1d are well sepa-
rated from the correspondingL1jMj satellite groups, which
peak at much higher energies. In addition, theL1jMj satellite
distributions do not display any structural features because
the widths of the individualL1jMj satellite peakssnot
shownd are large compared to their separations. TheL1b3M

j

satellite distribution appears as a shoulder on the high-energy
side of theL1b1M

j satellite distribution. Although theL2jMj

satellite distributions cannot be resolved from theL1jMj sat-
ellite distributions, their contributions are more substantial in
this spectrum than in the spectra shown in Fig. 2. Contribu-
tions from the L3jMj satellite distributions are relatively
small and also unresolved, but they can be clearly identified.

In addition to providing energy calibrations for the analy-
ses of the HoL x-ray spectra, the spectra ofK x rays mea-
sured for Co, Ni, and Cu targets allowed a comparison to be
made of the apparent averageL-shell spectator vacancy frac-
tion spL

xd for K-vacancy-producing collisions withpM
x for

L-vacancy-producing collisions in atoms having comparable
transition energies. TheK x-ray spectra were analyzed by

applying the same procedures used in the analyses of theL
x-ray spectra. An example of a fit to a spectrum of CoK x
rays excited by Kr ions, showing the contributions from the
Ka1 and Ka2 diagram lines,K1a1L

i satellites, andK1a2L
i

satellites, is given in Fig. 4.

V. RESULTS AND DISCUSSION

A summary of the results of primary interest is presented
in Table II. Listed in the first three rows are thepL

x values
obtained in the analyses of the Co, Ni, and CuK x-ray spec-
tra. The next two rows contain the values ofpM

x and pN+
x

obtained in the analyses of the HoL x-ray spectra. ThepN+
x

values were calculated by dividing the average number of
spectator outer-shell vacanciesskd determined in the fits by
the maximum value of 39, and hence they represent the ap-
parent average vacancy fractions for theN shell plus all
shells above it.

The sixth and seventh rows of Table II list the quantities
RK

2/1 andRL
2/1. The former is the apparent average double-

to-singleK-vacancy population ratio at the time ofK x-ray
emission in Co, Ni, and Cu, whereas the latter is the apparent

FIG. 2. sColor onlined Fit of the HoL x-ray spectrum excited bysad and sbd 6 MeV/amu C ions andscd and sdd 6 MeV/amu Ne ions
showing the experimental data pointssblackd, overall fitted curvesredd, background component curvesgrayd, and individualL1jMj satellite
peakssblue and brownd. Some of the peaks are offset in the vertical direction to avoid excessive overlapping. Only one representative peak
in each group is labeled in order to avoid overcrowding. The remaining curves, as labeled, represent the combined contribution from theL
x-ray diagram linessmagentad and the combined contribution from theL2jMj satellite peakssgreend.
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average double-to-singleL-vacancy population ratio at the
time of L x-ray emission in Ho. Since a configuration with
two K or L vacancies decays by the emission of a double-
sK or Ld vacancy satellite x ray followed by the emission of
a single-sK or Ld vacancy satellite x ray, these ratios were
calculated by first subtracting the intensity of the double-
vacancy satellites from the intensity of the single-vacancy
satellites and then dividing the double-vacancy satellite in-
tensity by this corrected single-vacancy satellite intensity.
Under the assumption that the effects of vacancy rearrange-
ment and fluorescence yields on the double- and single-

vacancy decays are nearly the same and counteracting, this
ratio is approximately equal to the ratio of the double- and
single-vacancy production cross sections. For the cases in
which tripleL-vacancy satellite x rays contribute, the double-
vacancy satellite intensity was corrected following the same
logic. However, the single-vacancy satellite intensity for
these cases was corrected by subtracting the intensity of the
“uncorrected” double-vacancy satellites.

The eighth and ninth rows in Table II show, respectively,
the fraction of combined diagram x-ray intensity and the
fraction of combined intensity ofLijMj satellites fori .1
relative to the totalL x-ray intensity. In cases where one or
both of these fractions are substantial, estimation ofpM

x or pM
values from low-resolution spectra can lead to large errors.

According to the geometrical modelf27g, ionization prob-
abilities per electronspnd for near-central collisions should
lie on a universal curve when plotted as a function of the
universal variablesXnd, given by

pn = Xn
2/h4.2524 +Xn

2f1 + 0.5 exps− Xn
2/16dgj, s1d

where

Xn = 4VfGsVdg1/2Z1/snv1d. s2d

In Eq. s2d, Z1 is the projectile atomic number,v1 is its speed
in atomic units,n is the principal quantum number of the
ionized target electron,V=v1/v2 is the scaled projectile
speedsv2 is the average target electron speed prior to ioniza-
tiond, andGsVd is the binary encounter approximationsBEAd
scaling functionf28g, originally formulated to describe the
universal scaling of the cross sections for inner-shell ioniza-
tion. The results of geometrical model calculations may vary
based on the choice of the value adopted forZ1 se.g., the
projectile nuclear charge or a screened effective charged, the
electronic configuration of the target atom for calculation of
v2, and which one of the many available forms of the func-

FIG. 3. sColor onlined Fit of the HoL x-ray spectrum excited by 6 MeV/amu Kr ions. The circles represent the measured data points;
the solid lines represent the overall fitsredd, the scombinedd LijMj satellite groupsfblue, green, and brown, shown separately for different
numbers of initialL vacanciessid, as indicatedg and scombinedd contribution from theL x-ray diagram linessmagentad. Satellite peaks
corresponding to different values ofj are not shown individually, although they were included in the analysis as such. The dashed linesgrayd
represents the background.

FIG. 4. sColor onlined Spectrum ofK x rays emitted from a
thick Co target bombarded by 6 MeV/amu Kr ions. The circles
represent the measured data points; the solid lines represent the
overall fit sredd, the contributions fromKa1 andKa2 satellitessblue
and brown, respectivelyd, and the combined contribution from the
Ka1 andKa2 diagram linessmagentad. The dashed linesgrayd rep-
resents the background.
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tion GsVd is used. In the more fundamental approach, which
was originally used to derive Eq.s1d, the results also depend
on the choice of electronic wave functions used and the cho-
sen form of the ionization efficiency functionssee Ref.f27g
for detailsd. In the present application,Z1 is taken to be the
projectile nuclear charge andv2 is computed from the neutral
atom binding energyf29g. sFor L electrons,v2 was calculated
from the weighted average ofL subshell binding energies.d
The form of the functionGsVd employed here is one devel-
oped by Gryzinski, as presented in analytical form in Ref.
f28g.

The apparent average vacancy fractionsspL
x, pM

x , andpN+
x d

obtained in the present work are plotted in Fig. 5 as a func-
tion of the universal variablesXnd. The dashed solid line
shows the predictions of the geometrical modelfEq. s1dg.
Evidently, the scaling predicted by the geometrical model is
appropriate, since the measured apparent average vacancy
fractions do seem to follow a universal curve as a function of
Xn. However, this universal curve is not in agreement with
Eq. s1d, which increasingly overestimates the experimental
data points asXn increases. The solid line in Fig. 5 is a
logistic curve that has been fit to the data points and repre-
sents an empirical universal function for the apparent aver-
age vacancy fractions. It is given by

ps
x = a/f1 + sb/Xndcg, s3d

where a=0.579±0.016,b=1.86±0.11, andc=1.95±0.09.
Notably, at large values ofXn, thepM

x values seem to system-
atically exceed those ofpL

x, which may indicate that the uni-
versality of the geometrical scaling breaks down at largeXn.
Furthermore, thepN+

x values deviate from the best-fit line
more than thepM

x values do. This is a consequence of the fact
that, for largeXn, only pM

x was varied independently in the
spectral analysis fitting procedure, whilepN+

x was estimated
from pM

x sas explained in the Appendixd based on the dashed
curve in Fig. 5, which has a larger slope as a function ofXn
compared to the best-fit curve.

It is important to recognize that the geometric model pre-
dicts ionization probabilities per electron, whereas the
present experiments measure apparent average vacancy frac-
tions at the time ofL x-ray emission. This fact may account
for some of the deviations from a universal scaling described

above. However, it cannot explain the large difference be-
tween the predicted geometrical model universal curve and
the empirical universal curve in Fig. 5. It is estimated that the
net result of vacancy rearrangement and fluorescence yield
enhancement would be to increase thepM

x andpN+
x values by

only about 10 to 20%, based on a previous analysis of these
effects on the pL

x values of a Cu target excited by
10 MeV/amu projectiles ranging from Ne to Bif19g.

It should be noted also that the measured values ofpL
x, pM

x ,
and pN+

x correspond to the effective average value of the
projectile speedv1, which was calculated by taking into ac-
count the projectile penetration depth dependence onsid the

TABLE II. Summary of results. Numbers in parenthesis denote the statistical error in the last digit of the
result.

Parameter\Z1 6 10 18 36 54

pL
x sCod 0.105s3d 0.232s3d 0.370s5d 0.49s2d 0.54s2d

pL
x sNid 0.092s3d 0.205s3d 0.353s5d 0.50s2d 0.53s2d

pL
x sCud 0.084s3d 0.216s3d 0.341s5d 0.47s2d 0.53s2d

pM
x sHod 0.061s2d 0.116s1d 0.235s2d 0.419s4d 0.501s5d

pN+
x sHod 0.070s2d 0.132s1d 0.265s2d 0.461s4d 0.546s5d

RK
2/1 0.053s5d 0.086s8d 0.043s4d

RL
2/1 0.00653s7d 0.0335s2d 0.123s2d 0.228s6d 0.215s2d

IsLx
diagr.d / IsLx

totd 0.00201s4d 0.0434s2d 0.030s3d 0.0474s8d 0.0421s4d
IsLx

i.1d / IsLx
totd 0.00643s7d 0.0300s1d 0.108s8d 0.208s3d 0.2141s7d

FIG. 5. sColor onlined Ionization probabilities per electron
sdashed curved plotted as a function of the universal variablesXnd
according to the geometrical modelf27g. The data points are experi-
mental apparent average vacancy fractions obtained in analyses of
Co, Ni, and CuK x-ray spectraspL

xd and HoL x-ray spectraspM
x and

pN+
x d. Index N+ refers to Ho outer shellssN shell plus the shells

above itd. Xn was determined using Eq.s2d and expressed in atomic
units.
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projectile energy,sii d the x-ray production cross section, and
siii d the x-ray transmission probability. Ziegler’s method was
used to estimate the projectile energy lossf30g, whereas the
x-ray production cross sections were approximated by the
combined cross sections for direct ionization and ionization
by nonradiative electron capture, calculated according to the
perturbed stationary-state theory with corrections for energy
loss, Coulomb deflection, and relativistic effectssECPSSR
theoryd f31g. The current recommended valuesf32g were
used for the x-ray attenuation coefficients. The effective av-
erage values ofv1 were subsequently used to determine the
most appropriate values ofXn for the data points shown in
Fig. 5. The calculations were performed forL3 ionization and
La1 x rays sfor n=3d and also forK ionization andKa1 x
rays sfor n=2d. The uncorrected values ofXn were found to
be as much as 5% lower than the corrected values.

In order to examine the effect of projectile energy loss and
provide justification for employing a thick Ho target, the
dependence ofpM

x on v1 contained in the empirical universal
curve fEq. s3dg was used to calculate the effective average
values of pM

x by applying the same procedure described
above for determining the effective average value ofv1. It
was found that the largest difference between the effective
average value ofpM

x and its “actual” value at the effective
average projectile energysfor the cases studied hered was
0.0002 units, which is well below the statistical uncertainties
listed in Table II.

In the determination ofXn, the average target electron
speed prior to ionizationsv2d was calculated from the bind-
ing energy of HoM5 electronssfor n=3d and the binding
energies of Co, Ni, and CuL3 electronssfor n=2d f29g, since
these electrons have the smallest binding energies of their
respective shells and, therefore, are the most likely to be
ionized. Since the outer-shell electrons are mostly in theN
shell, the values ofXn for pN+

x were calculated using the
binding energy and the principal quantum number of HoN5
electrons. If different binding energies were used, for ex-
ample, those ofL1, M1, andN1 electrons forn=2, 3, and 4,
respectively, the corrected values ofXn for pL

x, pM
x , andpN+

x

would decrease by approximately 5, 17, and 12%, respec-
tively. This would move the data points in the horizontal
direction somewhat closer to the dashed line in Fig. 5, but as
a result, the universality of the scaling would slightly dete-
riorate.

In the independent electron approximationf26g, the cross
sectionssmd for the removal of exactlym electrons from a
shell containingN electronssmøNd is expressed in terms of
the single-electron ionization probabilitypsbd as

sm = 2pE
0

` SN

m
Dpsbdmf1 − psbdgN−mbdb, s4d

whereb is the impact parameter. Ifpsbd is approximated by
an exponential decay functionf33g,

psbd = po exps− b/rd, s5d

in which po and r are parameters that do not depend onb,
then

sm = 2pr2SN

m
Dpo

mo
i=0

N−m

s− 1diSN − m

i
Dpo

i /sm+ id2. s6d

In this approximation, theratio s2/s1 depends only onpo
and not onr. The parameterpo=ps0d is the ionization prob-
ability per electron at impact parameter equal to zero, and
therefore it can be approximated by the parameterps

x given
by Eq. s3d under the assumptions discussed in Sec. IV.

The solid lines in Fig. 6sad represent the values ofs2/s1
for L-vacancy production in Ho andK-vacancy production in
Ni, calculated using Eq.s6d and plotted as a function ofpo.
They are compared to the measuredRL

2/1 and RK
2/1, for

which the corresponding values ofpo si.e., ps
xd were deter-

mined using Eq.s3d. The calculations agree with both sets of
measured data reasonably well. Predicted values ofs2/s1
can also be presented as universal functions ofXn by ex-
pressingpo in Eq. s6d in terms of the universal variable,
using either the empirical curvefEq. s3dg or the geometrical
model curvefEq. s1dg. Both results are shown in Fig. 6sbd
and compared to the experimental data.

VI. CONCLUSIONS

Spectra ofL x rays emitted from Ho targets bombarded by
10 keV electrons and 6 MeV/amu C, Ne, Ar, Kr, and Xe
ions were measured in high resolution using a curved crystal
spectrometer. Interpretation of the spectra induced by the
heavy ion beams was based on the independent electron ap-
proximation and the results of Dirac-Fock calculations. This
approach resulted in a satisfactory representation of all the
major structural features in the spectra. It was found that
transitions from atoms with singleL- and multipleM+ outer-
shell vacancies in the initial state dominate the spectra. In
addition, contributions of up to 21% of the total intensity,
from L x rays emitted by atoms with two or threeL vacan-
cies in the initial state, were clearly identified. Significant
contributionsstypically ,4% of the total intensityd from dia-
gram lines originating from photoionization and ionization
by secondary electrons were found in the spectra induced by
Ne, Ar, Kr, and Xe ions. In the spectrum induced by C ions,
the satellite peaks arising fromLb1 andLb2 x-ray emission
in the presence of a single-spectatorM vacancy were seen
resolved.

M-shell and outer-shell apparent average vacancy frac-
tions in near-central collisionsspM

x andpN+
x d were obtained in

the analyses of the spectra of HoL x rays and compared to
L-shell apparent average vacancy fractionsspL

xd obtained in
similar analyses of Co, Ni, and CuK x-ray spectra excited by
the same heavy ion beams. It was found that the values ofpL

x,
pM

x , andpN+
x lie on a universal curve when scaled according

to the geometrical model. However, the actual predictions of
the geometrical model for the corresponding ionization prob-
abilities per electronspL, pM, andpN+d were found to increas-
ingly overestimate the experimental data points as the uni-
versal variable increased beyond 0.5sin atomic unitsd.

Using a model based on the independent electron approxi-
mation with the assumption that the relevant ionization prob-
abilities are exponential decay functions of the impact pa-
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rameter, it was found that the average double-vacancy
production to single-vacancy production cross-section ratios
can be expressed in terms of the single-electron-ionization
probability at small impact parameters or as a function of the
geometrical model universal variable. Predictions of the
model agree reasonably well with both sets of measured
data. General validity of these results remains to be tested
experimentally for different collision parameters.
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APPENDIX: DETAILS OF THE LEAST-SQUARES
FITTING METHOD IN THE ANALYSIS OF THE SPECTRA

Individual L1jMj satellite peaks were represented by
Voigt functions having Lorentzian widths equal to those of
their corresponding diagram lines. Gaussian widths of the
Voigt functions were adjusted to account for the gross effects
of outer-shell ionization and multiplet splitting. Specifically,
they were parametrized using the following expression:

ss j
jd2 = sso

jd2 + js18 − jdfss1
jd2 − sso

jd2g/17, s j ù 2d
sA1d

in which so
j ands1

j are the parameters of the fit representing,
in principle, the Gaussian widths of theL1jMo and L1jM1

satellite peaks, respectively. For simplicity, the two param-
eters were assumed to have common values within each of
three groups of transition types classified according to tran-
sition energy. The first group includeda2, a1, and h; the
second group includedb4, b1, b6, and b3; and the third

group includedb15 and b2. The second term in Eq.sA1d
approximately accounts for the fact that multiplet splitting
causes the Gaussian width of a satellite peak to depend on
the number ofM vacancies. Because the number of allowed
transitions in a multiplet is expected to be about the same for
configurations containingj spectatorM vacancies orj spec-
tator M electronss18-j vacanciesd, this correction was taken
to be proportional tojs18-jd.

For a given transitionsspecified byjd the relative number
of counts in eachL1jMj satellite peak was assumed to follow
a binomial distribution as a function of the number of spec-
tator M vacanciess jd. It was assumed that this distribution,
characterized by its centroidspM

x d is the same for all transi-
tions. The parameterpM

x is interpreted to be the apparent
averageM-vacancy fraction at the time ofL x-ray emission.
The relative intensities of peaks due to transitions to the
sameL subshell were kept fixed at the values given in Ref.
f23g. The background in the spectra shown in Figs. 1sdd and
1sed was parametrized as a linear function of energy, whereas
that in the spectra shown in Figs. 1sbd and 1scd had to be
described by an exponential decay function plus a constant.

Determination of the centroids of theLijMj satellite peaks
was based on a set of reference values,sEi,j ,k

j dcalculated, ob-
tained for each transition typej using the MCDF program of
Desclaux f24g. The calculations were performed in the
average-of-configurations mode with configuration interac-
tion. Initial state configurations included those with single
si =1d and doublesi =2d L vacancies and eithersid 0, 1, 16,
and 17 spectatorM vacanciessfor L→M transitionsd or sii d
0, 1, 17, and 18 spectatorM vacanciessfor L→N transi-
tionsd. The spectator vacancies were distributed statistically
over theM subshells. The vacancy population of the outer
shellsskd was the same as in the ground state of the neutral
atom si.e., k=0d. Reference values of transition energies for

FIG. 6. sColor onlined Double-vacancy production to single-vacancy production cross-section ratiosss2/s1d, calculated using Eq.s6d,
plotted sad as a function of the single-electron ionization probability at small impact parametersspod and sbd as a function of the corre-
sponding universal variablesXnd determined using Eq.s3d. The solid lines represent the results for theL-shell ionization of Hosredd and
K-shell ionization of Nisblued. Also shown are the measured values ofRL

2/1 sopen circlesd and RK
2/1 ssolid circlesd, for which Xn was

determined using Eq.s2d and the corresponding values ofpo were determined asps
x using Eq.s3d. The data point shown by the solid diamond

smeasured using a 6 MeV/amu N beam on a Ni targetd was taken from Ref.f34g. The dashed lines represent the universal function predicted
by the geometrical model, as given by Eq.s1d.
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other degrees ofM-shell ionizations jd were obtained from
the calculated energies for the cases mentioned above by
interpolation using a cubic polynomial.

Since the outer shells were assumed to have no missing
electrons in the initial states, the calculated reference ener-
gies for i =1 andk=0 represent the lowest possible centroid
energies of theL1jMj satellites. To obtain centroids of the
actualL1jMj satellite peaks, the reference energies need to
be corrected for the effects of outer-shell ionization. In view
of the uncertainties associated with the calculated transition
energies and the lack of information about the distribution of
outer-shell vacancies, it was assumed that the centroids of
theL1jMj satellite peaks,sE1,j ,k

j dobserved, corresponding to the
averagenumber of outer-shell spectator vacanciesskd, could
be approximated reasonably well by adding a correction term
to the calculated reference energies,sE1,j ,0

j dcalculated, so that
for any given transition typej and a specified number of
spectatorM vacanciesj sj =0–18 for L→N transitions or
0–17 forL→M transitionsd

sE1,j ,k
j dobserved= sE1,j ,0

j dcalculated+ k« j
j. sA2d

The last term in Eq.sA2d is to correct the satellite energy for
outer-shell ionization, assuming thatk is the same for all
values ofj . The energy shift of theL1jMj satellite peak per
outer-shell spectator vacancyf« j

j in Eq. sA2dg was estimated
using the expression

« j
j = fs jmax− jd«min

j + j«max
j g/ jmax, sA3d

where

«min
j = fsE1,0,kmax

j dcalculated− sE1,0,0
j dcalculatedg/kmax sA4d

and

«max
j = fsE1,jmax,kmax

j dcalculated− sE1,jmax,0
j dcalculatedg/kmax,

sA5d

are, respectively, the minimum and maximum transition en-
ergy shifts per outer-shell vacancy. In the expressions above,
jmax=17,kmax=39 for L→M transitions, while forL→N
transitionsjmax=18,kmax=38. The calculated values of«min

j

and«max
j are listed in Table III. Calculations ofE1,0,kmax

j and
E1,jmax,kmax

j were performed using the method described
above for the reference energies.

The average number of outer-shell spectator vacanciesskd
was determined in the fitting procedure in the case of the C-
and Ne-induced spectrumfFigs. 1sbd and 1scdg. In the analy-
ses of the other spectra, this parameter was found to have a
strong dependency onpM

x . Such behavior was not surprising
because the satellite distribution in those spectra is devoid of
structure and can be well described by a single peak. There-
fore, a large increase in the value ofk can be fully compen-
sated by a relatively small decrease in the value ofpM

x with-
out significantly affecting the quality of the fit. In order to

obtain reasonable best-fit values of these two parameters in
those cases, it was assumed thatpM

x andk are related to each
other according to Eqs.s1d and s2d for M- andN-shell ion-
ization probabilities per electronspM andpN, respectivelyd.

The values ofpM and pN were calculated for the ioniza-
tion of M5sn=3d andN5sn=4d electrons of Ho, respectively,
by projectiles ranging in atomic number from 1 to 92 using
Eq. s1d. The calculatedpN values were then plotted versus
the calculatedpM values, and the resulting data points were
fit by a second-order polynomial passing through the origin.
It was found thatpN can be estimated from the corresponding
value ofpM using the expression

pN = 1.16pM − 0.150pM
2 . sA6d

The data points were below the curve defined with Eq.sA6d
by 4 to 1% forpM between 0 and 0.2 and deviated by less
than ±1% for other values ofpM. Then it was assumed that
Eq. sA6d holds whenpN is replaced bypN+

x , while pM is
replaced bypM

x , so that

k = kmax3 f1.16pM
x − 0.150spM

x d2g. sA7d

Contributions to the spectra from multipleL ionization
were found to be small in all cases studied here. Therefore,
they were described with much less sophistication. It was
assumed that theLijMj satellites havingi .1 could be de-
scribed in the same way as those corresponding toi =1, only
scaled down in intensity. The same scaling factor was ap-
plied to all peaks, and its best value was determined from the
fit. Energy shifts of theL2jMj satellites were estimated using
the same procedure as described earlier for theL1jMj satel-
lites. TheL3jMj satellites were considered only if their in-
clusion led to significant improvement of the fitswhich was
the case for the spectra of HoL x rays induced by Ar, Kr, and
Xe projectilesd. Energy shifts per spectatorL vacancy for the
L3jMj satellites were assumed to be the same as those for the
L2jMj satellites. Satellites fori ù4 were not considered in
this work.

TABLE III. Minimum and maximum energy shifts«min and
«max , respectivelyd of the L1jMj satellites per outer-shell vacancy.

Transition typesjd «minseVd «maxseVd

a1 2.3 5.1

a2 2.3 5.0

b6 9.0 18.1

b2 9.2 16.6

b15 9.2 16.5

b1 2.4 5.3

h 2.9 6.9

b3 2.7 6.2

b4 2.5 5.7
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