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Resonance scattering formalism for the hydrogen lines in the presence
of magnetic and electric fields
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We derive a formalism for the computation of resonance-scattering polarization of hydrogen lines in the
presence of simultaneous magnetic and electric fields, within a framework of the quantum theory of polarized
line formation in the limit of complete frequency redistribution and of collisionless regime. Quantum interfer-
ences between fine-structure levels are included in this formalism. In the presence of a magnetic field, these
interferences affect, together with the magnetic Hanle effect, the polarization of the atomic levels. In the
presence of an electric field, interferences between distinct orbital configurations are also induced, further
affecting the polarization of the hydrogen levels. In turn, the electric field is expected to affect the polarization
of the atomic levelgelectric Hanle effedt in a way analogous to the magnetic Hanle effect. We find that the
simultaneous action of electric and magnetic fields give rise to complicated patterns of polarization and
depolarization regimes, for varying geometries and field strengths.
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I. INTRODUCTION to the atomic Hamiltonian(We neglect in this paper the

In thi r we adont th ntum theory of polariz qef‘fect of the hyperfine structure; see the conclusive segtion.
: S paper, we adopt the quantu eory Of polanzeq, yhe case of Lymam, instead, partial redistributioPRD)
line formation in the limit of complete frequency redistribu-

. - . _is known to play a role in the formation of the line emission
tion (CRD) and of collisionless regime, developed by Landi gpecirum even'in the solar atmosphkfmother limitation
Degl'Innocenti[1-4], in order to derive a general formalism

of this work is that the formalism is developed for the colli-

for the description of resonance scattering polarization fromjoniess regime, so the statistical equilibrium of the atomic
a hydrogen atom subject to simultaneous magnetic and elegystem js completely determined by the incident radiation
tric fields. This formalism allows for the possibility that only.2

quantum interferences between distidctevels within an in the CRD approximation, the problem of computing the
atomic term(generally specified by its and Svalues, as-  4|arization of the scattered radiation by an atom subject to
suming that the approximation &fS coupling is valid, and  gyternal fields can be separated in two stages. The first stage
by the principal quantum numbey may be important. Inthe i 6lves the solution of the statistical equilibrium of the

additional presence of an electric field, in the case of they,m i the external fields, illuminated by the incident radia-
hydrogen atontand, more generally, of all one-electron at- yj5, “Once this solution, which provides the excitation state
oms, which are sensitive to the linear Stark effequantum ¢ the atom, is known, we are able to compute the re-emitted
interferences between differentevels are also induced, due (gcattereqi radiation and its polarization characteristics. We
to the dipolar charact_er pf the electric Ham|lton|ar_1. A study remark that the possibility of separating the scattering prob-
of the effect of electric fields on the atomic polarization of |or in such two-stage problem is a direct consequence of the
hydrogen(electric Hanle effegtwas presented in Ref5],  ynothesis of CRD. In fact, since CRD is equivalent to non-

for the special case of Lyman. coherent scattering of radiation, it becomes possible to de-

In order to meet the requirements of CRD, we must aSycine scattering as the temporal succession of two first-order

sume that the incide_nt radiation field has no spectral StrL!CturStom-photon processes, one of absorption of radiation
over the frequency interval of the 'sepgratlon between 'mer(which determines the excitation state of the atomio gasd
fering levels (flat-spectrum approximation In the case of = ,ng of re-emissiofwhere the excitation state previously de-
hydrogen, CRD can be considered a reasonably good apsimined is used to calculate the scattered radiatiBRD
proximation, e.g., in solar plasmas, for the lines of the.gq ires instead the possibility of describing both coherent

Balmer and the Paschen series, because the line absorptigRy noncoherent scattering, and therefore higher-order atom-
spectrum coming from.the solar atmosphere typically i hoton processes must also be taken into account.
Doppler broadened to widths much larger than the frequenc

structure of the line multiplets. This is true also in the pres———— _ _
ence of external fields, so far thig g| <|Hrd, whereHg Inclusion of PRD effects in a self-consistent theory of resonance
and Hg are the electric- and magnétic-field Hamiltonians scattering polarization for complex atoms is an ongoing effort. Until

respectively, andHes is the fine-structurdFS) contribution it is accomplished, CRD is a necessary limitation of any theoretical
) FS modeling.

?Within the limit of the impact approximatiof6], the extension of
the formalism to include collisions is straightforward, since the col-
*The National Center for Atmospheric Research is sponsored biisional rates can simply be added to the rates for the corresponding
the National Science Foundation. radiative processes.
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Following this scheme, in Sec. Il, we derive the expres- i ViV
sions of the radiative rates that enter the equations of the
statistical equilibrium(SE) of a one-electron atom with FS. Ry Ts Ty
The solution of the SE problem is given in terms of the
density-matrix elements of the atomic system, which de- ' V.V v
scribes both the population of the atomic levels, and their
state of polarization and of mutual interference. Next, in Sec. T, Rg Rg
[ll, we derive the expressions of the coefficients entering the
transfer matrix in the radiative-transf@®T) equation for po- A
larized radiation. This equation governs the production and
the transport of polarized radiation through a gas that is gen- FIG. 1. Grotrian diagram illustrating the different radiative pro-
erally optically thick, and it allows the computation of the cesses in the multiterm atom. Straight arrows indicate spontaneous
intensity and the polarization state of the scattered radiatiorgmission processes, whereas wiggly lines indicate radiation-induced
when the density matrix of the atomic system is known atProcessesabsorption and stimulated emissjon
every point in the gas, by having previously solved the SE
problem. In both Secs. Il and Ill, we adopt the formalism ofIn Eq. (1), only radiative processes are considered. The
the irreducible spherical tensdi,8], because it provides a meaning of the differentransfer rates T, g s, andrelaxation
more direct interpretation of the various quantities in termsates Ra g s, associated with these processes is illustrated in
of physical symmetries of the interaction processes of thé&ig. 1, in terms of absorption and emissi@pontaneous and
atomic system with the radiation field. Similarly, for the de- stimulated processes.
scription of the polarization state of the incident and scat- We will develop our formalism for the specific case of
tered radiation, we adopt the formalism of the Stokes paramene-electron atomgypically, the hydrogen atom because
eters[9,10]. of the particular importance that electric fields have for such
In Sec. IV, we present some numerical examples of theystems, because of their sensitivity to the linear Stark effect.
application of our formalism. We show how the simultaneousFor one-electron atoms, the general ket of the standard basis
action of electric and magnetic fieldsarallel to each other, of eigenstates dfi,, in the absence of external fields, can be
in the special case of these examplewdifies the atomic chosen in the form
orientation of the hydrogen levels, and how this translates
into a characteristic polarization signature of the scattered [v) =|nLSIM, 2

radiation in the limit of an optically thin gas permeated by . . .
both fields. In particular, we show how the additional pres-havIng assumed that the conditions forS coupling are

ence of even small electric fields can act as a “catalyst’ 0f/alid and that the effects of hyperfine structure are negligible

the atomic orientation induced by a magnetic field. This(See also the conclusive sectio®bviously S=1/2 in the
case of one-electron atoms.

atomic orientation must translate observationally in an . -
amount of net circular polarization of the scattered radiatio When both_magqetlc and electric f|elds are present, only
significantly larger than in the case where only a magneti he Bohr' conflgu'ratlon' numper remains a good quantum
field is present, as it is clearly shown in Sec. IV. Finally, in tnhuaTl():?)rrE:‘];gVL\ifaltli?rllt Omﬁl;i:wng;/iilr?%leor:léglzgcg dS.trSe:egtl’;SgSUCé]ef
Sec. V, we summarize the main results of this paper. [11]), besides the fixed spin quantum numigrin other
words, Hg+Hg “mixes” states of the forn2) having differ-
entl’s, Js, andM’s. Because of this, the eigenstatesHyf
in the presence of arbitrarily orient&landE can be written

In this section we derive the statistical-equilibril/8E) as
equations. These represent the quantum-mechanical evolu-
tion equation for the statistical operator of the atomic system INSu) = > C™MnSInLSIM, (3)
pa, Projected on some basis of choice for the Hilbert space of LIM
the atom. If we select the basis of eigenstat@sof the . : . .
atomic HamiltoniarH,, wherev specifies a cor{iplete set of W_'th eigenvalues.,(n3, wherep is a discrete index span-

commuting observables of the atomic system, the SE equdlind the dimension of the Hilbert subspace of the lavelf
tions have the following fornfil,4]: we choose the frame of reference for the description of the

atomic states such that theeaxis (the quantization axjsis

II. EQUATIONS OF STATISTICAL EQUILIBRIUM

d : o m directed likeB, and thex axis lies in the plane determined by
gtPr = 1w P T E [Ra(w, "5/, v") the two vectorsB andE (see Fig. 2 later on then we can
. prove thatH, is real symmetric[11], so the coefficients
+Rg(v, v V" V") + Re(w, v V", V")) por C,™(n9 can also be chosen to be real quantities, satisfying
the following orthogonality propertiegralid within the Hil-
+ 2 T, 5w, ) pyyy + 2 [Tew v 3w, v) bert subspace of each Bohr level
V|V| VUVU
+Tew v m, v )] oyt &y % C.M(nSC, "M (nS = 81 Gy dumr, (40
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FIG. 2. Geometry defining the propagation veckorand the

reference direction of linear polarizati@(k) in the frame of ref-
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="p(u, ) = (NS ulpInS ')

=> X cMinsch”™ (n9 "SHp(LIM,L'I' M),
LIM IRAUYL

pVV

(73
and conversely, using E4a),
"Sp(LIM,L'I'MY) = X CEMn9C ™ (09 "oy ).
wp'
(7b)

One task is to express the SE equations for the density matrix
in the standard representatidfip(LIJM,L’J’M’). In order to
do so, we must apply the double summation of &ip),

> cMngc, ™ (ng x, 8)
!

erence adopted for the diagonalization of the atomic Hamiltonianto each side of Eq.1). Ultimately we want to work with the
The plane of polarization, generated by the basis vectors for linearreducible spherical-tensor representation of the statistical

polarization,e;(k) ande,(k), is normal to the propagation vector

operator. For this, we will also need the transformation for-

The position angley corresponds to the position of the acceptancemula,

axis of the linear polarizer through whiéﬂ +Q) is measuredsee
after Eq.(25) for the definition of the Stokes parametérand Q].

> cMnsciMing =4, (4b)

w
LIM

The atomic Hamiltonian can then be expressed through its

spectral representation,
Ha= 2 2 A, (NSNS u)nS u
nou

=22 > X AMn9cMnsc; ™ (g

noow LMy gy
X|nLSIM{NL'SIM’|, (5)
from which we derive the important sum rule

2N, (SCMSCL ™M (N9 =(NLSIMHAINL'SIM").
M

(6)

In order to derive explicit expressions for the SE equa-

tions, we introduce the following correspondences:

VEnSM, V/ EnSM/’ V”EnSM”, _’}//!EnSM///'
n=nSuw, Y =nSuy/,
WENS sy V= NS K

by which the atomic density matrix becomes, with evident

notation,

S R _ J J K
H(LIM, LI’ M )—%(— 1)’ MHK(M M _Q>
X"Spe(LI,L' ), (99)
and its inverse
L= S G M )
X "SH(LIM,L'I'M), (9b)
having adopted the shorthand notat{d2]
. n=V(a+1)(2b+1)---(2n+1). (10
Both operationg8) and
> (- 1>J‘MHK<;| _JM, _KQ) (11)

MM’
must then be applied to each side of E).

A. Evaluation of the depolarization kernel
We first concentrate on the imaginary term in Ef),

Wy Py = ﬁ_lD\Iu(ns) - )\,u/(ng] nsp(/—Lqul)-

To this expression, we consecutively apply the substitutions
(78 and (9a), along with operation$8) and (11). For this
transformation, the identitie&ta) and (6) are also needed.
We obtain in the end

Wy P — 2 2 2 N(nS, LJL,J,KQ, LHJ//L//IJH/KIQ/)
LIIJ/I L//IJII/ K/Q,
% nspg’,(l_”‘]u’ L"), (12)

where
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1 "y M ! -1 J \], K
N(NSLIL'I'KQ;L"I'L"I"K'Q") =71 Y, Tk ,
MM’ M -M" -Q

" n \]” \]’ K’
x[aL,L,,,5J,J,,,E (= 1M (M,, M- ,><nLSJMHA|nL”SJ’M”)
MH Q
J J’” K/ " " " ! !
- Sy M M —Q (NL"SI'M"|HnL'SIM") |, (13
MII/

is the depolarization kernelsee, e.g., Refl4], Chap. 7. In order to explicitly evaluate it, we need the expression for the
matrix elements of the atomic Hamiltonian in the presence of the external fielalsd E, for the particular reference frame
described in the previous section. From the Wigner-Eckart theorem and its cordls8jethis is given by

(NLSIMHAINL'SIM’Y = 81 83y Sum e ol'S

, —(J J 1\]J J 1
+ 5LL/5MMI,LLOB|:5JJ’M +(- 1)L+S+J+J +MHJJ,S\JS(S+ 1)(_ M ){ }:|

M 0/(S S L
, L L' 1 J J 1
+ ageE(— 1)SM A(nL,nL")IIy ( ) , 14
apeE(- 1) ( ) JJ{J/ 3 S}% M M -0 (€e)q (14)
|
where(eg)q, for Q=0, %1, are the spherical components of 3 ——
the unit vector of the electric field, and where we also de- (nLrjnL-1)= Envnz— L?=(nL-1frjnL).  (16)

fined
The FS term in Eq(14) determines a diagonal contribu-
oo onfL tion to the depolarization kernel, which is simply evaluated
A(nLn'LY) =y AnLrn’L >(0 0 0)' (15) using the orthogonality properties of thg §/mbols, in order
to perform the summation over the magnetic quantum num-
having expressed the dipole operatoin units of the Bohr  bers. We find
radiusay.
We notice that the functioA(nL,n’L’) is purely real, and N(NSLIL'I'KQ;L"I'L"I"K'Q')es
also symmetric, the dipole matrix element in it being calcu-
lated through the well-known Gordon formula4], valid for
I[L-L’[=1. In the case of the electric contribution to Ef3),  The nondiagonal contribution to the depolarization kernel,
this function is evaluated only fan=n’, in which case the determined by the external fields, is instead evaluated with
dipole matrix element in Eq15) has the much simpler ex- the help of Eq(6) on p. 454 of Ref[12]. The magnetic and
pression14] electric contributions are, respectively,

!

— nS
- 6LL"5JJ"5L’L"'(SJ'J/"(SKK'6QQ'(1)LJ,L’J’ . (l?a)

! "y ey ! J+J’_Q K KI 1 " K K, 1
N(NSLIL' I KQ;L"I'L"I"K'Q")g = 8L1»0LmBoqy we(— 1) My Syy i3, 5,

-Q Q 0 5
oyl
and
N(nSLJL’J’KQ;L”J”L”’J”’K’Q')E:wE(_1)S—J—Q'+1HKK'2( K K 1 )(eE)Q”
7 \-Q Q -
X|:5L/L”’53/J/”(_1)J,_J,’A(nL,nL,,)HJJ”{J I 1}{K K’ 1}
L” L s]|ly 3 7

, J J 1 K K 1
8- DEAML ) o) {J ¥ JH (179
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where we introduced the frequencieg=wB/% and wg  quantum interferences within a term exisb to comply with

=ayeE/ %, and the function the limit of complete frequency redistribution, in which the
N = present theory is known to be valid; see Seg.then the
63,97 = 83 11N+ 1) radiative rates are independent of the strength of the external

standard representation, without passing preliminarily
through the energy-eigenstate representation. Below, we give
(18) the formal proof of this property in the case of the absorption
transition rater ,, but the same proof holds also for the other
transition rates, and for the relaxation rates as well, with only
a small modification.
If we make the assumption that the radiation illuminating Under the flat-spectrum approximatiofi, satisfies the
the atom is spectrally flat over the frequency range wheréollowing transformation property:

J 1} fields, and we can evaluate their expressions directly in the
S S L

—]J
= (= D"y sV(SH 1)5{

B. Evaluation of the radiative rates

AN

TaNSup/ NSuu)=> 2 > X CLJM(nSCL Im’ (nch My (n, S)CL' M )

LIM L' M’ L"J| |V| L|’”‘]i”M|/"
X TA(nSLJM L’ J Mr;nlsL//J//Ml//,Lr//JI//rM///).

The above expression must be multiplied;t;w ="Sp(y, ), expressed through E(a), and summed over the statgsand
v/. Use of the orthogonality proper{#a) gives

ETA(vv’;v.u,’)pVIV >y CLJM(nS)CLJ M( S

oy LIM L/I'M’

x> 2 X TanSLIML'IMnSLIM,L I M) "SpLM, LI M),
n LM L™/

where for convenience we renam@d M) — (LIM) and(L’J’M’)—>(f’TI\7’). We then apply Eq(8) to both sides of Eq1)
to pass to the standard representation, and use again the orthogonality ptég@emhich brings a product of Kroneckets
between barred and unbarred quantum numbers. Therefore we have proved our initial statement that, after(8peration

> Tawv'; )y — > > > TA(SLIM,L'I'M’;nSLIM,LII M) "Sp(L,IM,, LI I M)). (19

wy n LML g M)

For notational convenience, we now introduce the follow- B, =nLSIM,, B =nL/SIM/,
ing correspondences:

fiy=nL,SIMy = nL.SIM!.

Limiting the present derivation to electric-dipole transitions,

i = L =~/ = L! M! A~ = L/I !MH ) . : h .
N=nLSIM 1 =nlL'SIM", 7' =nL'SIM", and expressing again the dipole operator in uniteHfwe

’ﬁ/rr = anSJ"Mm, have
|
€52 :
TA(RA 1, R) = 16773%2 (NLSIMr¢InLSIMYNL'SIM’ [rg [niL{ STM/Y (= DTV qr(wny), (203
aq’
T4M,A ;A1) = 16773 E (NL{SIMYJrgInL’SIM XN L, SIM,|r g [NLSIM (- DF'I_,, (@n ), (20b)

qqd’
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2
Te(M,A ;AR = §—a° ﬁnE (NL{SIM{rgInL’SIM’Xn L SIMronLSIM’, (200
e5es
Ra(,A" ") = 87— 5 720 22 (= DT g (w0n D[Sy (NULSIMrgInL' SIM X L SIMyr g [nL"SI'M")*
(W qq
+ 8L Sy g Sy mm(NLySIM I NL"SIM" YN L SIM|r s [nNLSIM T, (200
R,/ ;" R”) = 87 3;050% 2 (= D¥YI_ g (@) [8LLr 81y (DL SI'M” [t L SIMNNL' STM [ [mLi SIM )’
qq’
+ 5L!LH!5J!J!H§M!MH/<nLS\]qu|nlLlS\lM|><nL"S\],M”|rq/|n|L|S\1M|>*], (20e)
Re(A, AR, R”) = §FE 0pny 2 (8117837 8w (NL7SI'M”[rg[MLSIMYNL' ST M [re[ L SIM))
0 q
+ 8oL By g Sy (NLSIMrInLSIMNNL'SIM”|r L SIM)) . (20f)

The general matrix element of the dipole operator can be evaluated through the Wigner-Eckart theorem and its corollaries
[13],

J Y 1\JL L' 1 J J 1
(nLSJqu|n’L’SJM’>:(—1)L+S'MHJJ,L(_ ){ }<n|_||r||n'L'>:(—1)5’MA(nL,n'L’)HJJ,(_ )

M M q/|J J S M M g
J J 1 (21)
L' L S)°
[
Equation(21) in particular shows that the electric-dipole ma- dk
trix elements in Eqs(209—(20f) are purely real quantities JQ(w) E —TQ(| k)S(w k) (25)

(see comment at the end of Sec. ). AVe see that this time
we need to evaluate the quantit(nL,n’L’) for n’ #n, and

therefore we must adopt the Gordon formula to compute ththereTK(l k) are irreducible spherical tensors defining the
dipole matrix element. This quantity is proportional to the

square root of the Einstein coefficients for the tran5|t|onpr0pagatlon directiok and the reference direction of linear

polarization in the particular reference frame of the external

(nD=('LY), fields previously introduced, in which the solution density
- eoao 3 e matrix is calculatedsee Fig. 2 These tensors are given in
AL’ = 2= g o g KNLFIn’L )] Table I. Finally, ($,5,,$,.S)=(1,Q,U,V) is the Stokes
vector of the radiation incident on the atom, whéris the
ﬁ .. . . o
_ W3 BLNLY), (22) _radlatlon _mtensﬁyQ and_U are the two _pa_rameters_spemfy
Aq3c? nbn'L ing the linear polarization of the radiation, and is the
. Stokes parameter of circular polarizatig®10].
when we consider that, because of E2{), We illustrate in some detail the steps to calculate the ex-
A(LN'LY) = (= DE T nLr LY. (23) pressions of the radiative rates in the irreducible spherical-

o o o ~tensor representation. We explicitly refer to the casd gf
The polarization tensors of the incident radiation field,however, an analogous procedure applies also to the other
Joq (wy), must be expressed in terms of their irreducibletransition rates, and also to the relaxation rates with only

spherical components, minor changes. We first apply E€L1) to the right-hand side
L1k of Eq. (19), with "Sp(L,J;M,,L{J/M/) expressed through Eq.

g (@) = E( 1)q+1 ( , )Jg(wm)- (9a), and T, given by Eq.(20a. We then use Eq(21) to

\3 q -9 -Q express the product of dipole matrix elements, and(E4).

for the radiation-field tensors. We thus obtain a product of
(24 . :

five 3] symbols summed upon the sextuplet
The definition of the irreducible spherical tensd@w) is  (M,M’",M,M/,q,q’), which is evaluated through E¢14)
the following: on p. 456 of Ref[12]. The procedure foffg is identical,

062505-6



RESONANCE SCATTERING FORMALISM FOR THE.. PHYSICAL REVIEW A 71, 062505(2005

TABLE |. Components of the polarization tensd’ré(i ,IQ), fori=0, 1, 2, 3, andQ=0 [4]. The compo-
nents with negative) are obtained from the conjugation properT)'fQ(i ,Iz):(—l)QTg(i ,|2)*. The angular
parameters), ¢, andy, for a given propagation directidnand reference direction of linear polarization are
defined in Fig. 2.

T90,k)=1 T9(1,k)=0

T5(0.k)=0 T4(1,k)=0

T1(0,k)=0 Ti(1,k)=0

T(Z,(O,Iz):zfli(S cog9-1) Tg(l,lz):—z%cos 2y sirtd

T(0,k)=—3sin 9 cos® &¢ T(1,k)=—-(cos 2y cosd+i sin 2y)sin ¥ &
T2(0,k) :gsinzf} g2e T2(1 ,Iz):—g[cos 2/(1+cogd)+i2 sin 2y cos¥]e2¢
T9(2,k)=0 T93,k)=0

T42,k)=0 T43,k)=3cos

T4(2,k)=0 T43,k)=—2sin 9 &¢

T3(2 k) =5%sin 2y sin?9 T2(3,k)=0

Ti(z,lz)zf(sin 2y cosd—i cos 2y)sin & €¢ T2(3,k)=0

T2(2,K)=2[sin 2)(1+co$)~i2 cos 2y cosH]e2¢  T3(3,k)=0

whereas fofTg we obtain a contraction of only fourj3ym-  number associated with the summations over terms that ap-
bols, which is evaluated through E) on p. 454 of Ref. pear in Eqs(20d) and (20e. This is accomplished via Eq.
[12]. In the evaluation oR, andRg, we also obtain contrac- (18) on p. 466 of Ref[12], in the case oR, andRg, and
tions of five § symbols, but these are instead evaluatedhrough the orthogonality properties of 8ymbols in the
through Eq.(13) on p. 456 of Ref[12]. Finally, in the case case ofRg.

of Rg, the contraction of four Bsymbols is directly evalu- Following this calculation procedure, the SE equations in
ated through the orthogonality relations. In the case of theéhe formalism of the irreducible spherical tensors can finally
relaxation rates, it is also possible to sum overdlgglantum  be written in the following form:

d
d_tnspg(LJ’LlJ/)z_ E E E [lN(nS, LJL/J/KQ;L//J//L///J///K/Q/) + RA(nSLJL/J/KQ;L//J//L///J///K/Q/)
L”JU LH’J”/ K/Q’

+ RS(nSy LJL’J,KQ, LHJHLWJWK!Q!) + RE(nS, LJL!J!KQ, LHJHLWJWK!QI)] nspg’r(l—”‘-]”y LWJ/H)

+2 > 2 2 TASLIL'IKQ;nSLIL I KQ) ”'Spé'l(LuJu,L(J()
noLdi g KIQ

+> > 2 X [TonSLIL'IKQ;nS LIl JK.Q

Ny Lydy L, KuQu

+ Te(NSLIL'I'KQ; S LduL K uQu) ™G (Ludun Lidy).- (26)

In conclusion, we find the following expressions for the various radiative rates:

167 €5ad Yok Joyo1l)y o1
X1 . rq’ - Vb ! (= =J+K|=Q -
TA(NSLIL'IKQ;nSLJL/ I K Q) 3 ﬁZCA(n|L|,nL)A(n|L|,nL)( 1) 05 Lusflu s
K K K
- K Ko K)oy
X 2 V3l 1J I 1 0 Q -0 ‘]Q:(wnr‘,)’ (279
KQr J ‘]I, 1 l r

062505-7



ROBERTO CASINI PHYSICAL REVIEW A71, 062505(2009

. . 167° efaj - ek J o3 1)y a1
T(nNSLIL'J KQ;nuSLUJuLuJUKuQu)=T%A(nuLu,nL)A(nuLu,nL)(—1)Ju Jitku=Qu 1500 LoLslu s
K K, K
= K K, K
X 2 (= DF\3Blk ) d 1 ~Q Q, -0, JQ(wn 0 (27b)
KiQr J J o1 u
- J 3 1
TE(nSLJL’J’KQ;nuS,LuJULL',JL',KuQu)_é% 3 A(nyLy,nLA(n,L, L") Sk g, (— 1)’ +Ju+K+1HJJuJ,JG{L . s}
u
J J 1(JJ J K
X ’ ' ’ ' (27C)
L, L S)|J, & 1
16 , K K K
Ro(NS, LIL'IKQ;L"J'L"I"K’ Q") = m 80502 S (= p)hSIQ +1\,§HKK,K< )JQ'(wn N
3 ACaLKQ Q -Q &

1 ’ n.
Xé{é‘m% y(= DY ANl ng L) A(nL”, nyLy)

X L/ L/// Kr L, LN/ Kr K K/ Kr
JJ S 1 1 L, Jy 3J
+ OLim Oy yn(= FHE I HAKIHG T A (nL, nLy) A(nL”, L)
Jrvkdfe ekl koK 70
J J Sfl1 1 L)y 3 X/l
R (ns’ LJL/J/KQ LHJIIL/IIJH/K!QI) - 16’”’3%2 E (_ 1)L|—S+J+Kr—Q’+lV,’§H , (K K’ Kr )JKr((x) )
& X 3 hzc <& KK’K, Q _ QI Qr QA nny
1 rym
X E |: 5LL”5JJ"(_ 1)L L HJ/JmA(n L’ , n|L|)A(n Lm, n| L|)
X L’ L"/ ‘(r L/ L//V Kr K K/ Kr
J”J S 1 1 L Jy J

+ OLim Oy yn(— DFHE I HAKIHG T A (nL niL)A(NL”, L)
L L” K |JL L K |]K K K,

X : (279
y J s)l11uy)ly a3y

Re(nS,LIL'I'KQ;L"I'L"I"K'Q") = - ;oag?5L|_”5|_/L//'5JJ'5J/JW5KK/5QQ'E Wnny Z[HLZAZ(nL niLy) + I 7A2(nL L)1,
niLy

(279)

We notice that the last equation can also be expressed m‘quatlons°’ This impliesL=L" and L= uI in the expres-
terms of the EinsteinA coefficients, A(nL,nL;) and sions of the transition rates, ahéL’'=L"=L" in the expres-

A(nL’,nL,), if we recall Eqs(22) and(23), and also observe

that w = wp L = opn- IN fact, if only a magnetic field ————

is reg;rr];? we g;glgssu:r?e the dia onali): dl.vef%he above ®This is only approximately true. In fact, even in the absence of
P ’ 9 y external fields, it is possible in principle to excite atomic coherences

between two distinct upper levels-1 andL+1, through absorp-
tion of radiation from a lower levell. However, in the absence of
external electric fields, these coherences are normally negligible.

062505-8



RESONANCE SCATTERING FORMALISM FOR THE.. PHYSICAL REVIEW A 71, 062505(2005

sions of the relaxation rates. In such case, all products of twave will only consider optically thin gases, and therefore we
A’s become perfect squares that can be replaced by the camll only use the expressions of the emission coefficiests,
responding EinsteiA and B coefficients[cf. Egs.(22) and  (i=0, 1,2,3, for the four Stokes parametérQ, U, andV).

(23)]. It is then immediate to verify that Eq$279—(27) However, because in this paper we are presenting the general
reduce to the SE equations for the multiterm atom in thformalism, we derive the explicit expressions of all the quan-

L-S coupling schemé4]. tities involved in Eq.(29).
The expressions for the various radiative coefficients,
lll. RADIATIVE TRANSFER EQUATION 7, pi, ande; (=0, 1, 2, 3, for a transition between a lower

_ ) ) level n; and an upper levei,, and for an atomic gas density
In the previous section, we presented the equations tha§ are the following[1,4]:

govern the statistical equilibriuf8E) of a one-electron atom -
subject to simultaneous electric and magnetic field, and illu- o~ _ = €8 aa’
minated by a radiation field that can be both anisotropic and 71 (@:K) = 4 e NoX, 2 > (-1)

polarized. The solution of this problem, which is achieved by Hu gy ad

solving Eq.(26), is represented by the irreducible spherical S oy NS / _
components of the density matrix operator for the atomic X RETqr (1K) s, 1) P(n gy = @)
system,"$p§(LJ,L"J"), which specifies the populations of X (NS, w1l MS XS gt g IMS )},

the atomic levels, but also the polarization of those levels, as

well as their mutual interference due to the effect of the (308
atomic fine structure and the applied fields. e% 5

When the atomic density matrix is known, it is possible to (s, _ €8 1\’
compute the radiation that is emitted by an ensemble of at- 7 (k) = 47° fic Nw% 2 2, =1
oms through both spontaneous and stimulated processes. In a Fubty 49
gas that is optically thick—that is, such that radiation is ab- XRET_ (i K) "“So( . )P -
sorbed and re-emitted more than once before finally escaping AT (1K) P g 1) Py~ )
the gas towards the observer—the production and transport X (NS, iyl S (NS, g qr NS 1)},
of polarized radiation of angular frequeneyin the direction (30b)
k are governed by the following radiative transt&T) vec-
tor equation: and

d ~ N N N N @9( ) K) = 7@ (e k i=

1 (0,0 = = [K@(@,k) - K9(@,R)] 1(@,K) + I(w,K), Aok = k)iRe— Im} - (i=1,2.3,

ds (31a

(28)

_ . . R ~  Ann -
wh(_are_l =l ,Q,U,V()a)IS the S}gkes vector of the polarlzed ei(w,K) = — zwﬁunlni(S)(w’k) = _U|77i(3)(w,k)-
radiation [9,10], K® and K are the absorption and 4m°c Bnn
stimulated-emission matrices, (31b)

(a;s) (a,s) (a,s) (a;s) “
77'(as) 77815) n(L;s) n"(as) The geometric tensor$,y (i, k) are expressed in terms of
K@s = Q " Pv ~Pu . (29 their irreducible spherical componen‘[é(i ,K) (see Table)l
7781’5) —P§? o ﬂfa’s) PS’S) through a transformation formula identical to Eg4).
77615) p(J"S) _pg,s) 77fa,S) The line profile ®(w) is determined by the thermody-

) . o namic properties of the emitting gas, and is generally given
and finally J=(e|,2q,&y,8y) is the emissivity vector. The py the normalized Voigt profile characteristic of the tempera-
length parametes measures the distance along the line oftyre and density of the gas. If pressure broadening is negli-
sight, in the direction of the propagation unit veckor gible, the Lorentzian contribution to the Voigt profile must be
If the gas is optically thin, one can rely on the so-calledthe one corresponding to the natural width of the spectral
single-scattering approximatiormeaning that the radiation line, which is determined by the sum of the Einstéicoef-
incident on the gas of atoms is absorbed only once beforéicients of the atomic levels, andn, (see, e.g., Sec. 63 of
escaping the gas towards the observer. In such case, it is eaRgf. [15]).
to show that the Stokes vector of the radiation received by Using the same substitutions as in the derivation of the
the observer is simply proportional to the emissivity vectorradiative rates of the SE equations, we get, after some te-
J. In the illustrative examples presented in the next sectiondious but straightforward algebra,
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~ 7T2 2 1 n
Bl =TS, S S S S S S
LML o M) LMy budaMu L gimY ad!
o9 1\ ¥ 3 o1
xEcLIJ'MInS) LJIMI(nS)c“Mu(n S)cLuJ Mi(n, S)EE\GHKKl( ,\jl M' )( W )
Kty KQ KiQ 1 q4/\=M; Mpq
x(l ! K)(‘W A K') S S R ALy, L)AL, L))
73374 (N , N n ,N
_q q/ _Q MIII _MI! _QI \]| Ju S \]|, Jl/J S ‘Ju‘]u‘ll‘]| ut-us I utu )
X Re{Tg(l,l’%) ns K|(L//J|” L J )CID(wn o a))}, (323)
L 772 +q'+
7w k) = — hN PRI YD VDN CH e b

LuduMu L gimy Loy B gl ad!

> CLMin, S)CLuJuMu(n S)CL|J|M|(nS)CL M 9SS \3HKK< Joo 1)( o 1)

ptl KQ K,Q, My My g/\-M, M/ ¢
11 kY v ok \uoy ol oy o
X ’ ’ " ’ ’ HJ J'J J’A(nul—w nlLI)A(nuLw r-]II-I )
-q q -Q/\M, -M] -Q,/|J I SJ|J I, S) “uum
% Re{TQ(I k) nS K”(L ‘]u!LHJ’,)(D(wnu/‘uvnlﬂl -w)}. (32b

The above equations simplify considerably if one is only interested in the polarization signal integrated across the line
spectral range. In that case, if we approximate @n in the overall factor in front of Eq9.32a8 and(32b), the frequency
integral of the line profile is equal to 1, so all dependences on the energy-eigenvector expansion coefficients disappear thanks
to the orthogonality relatiofda). It then becomes possible to contract the product of fqusyBnbols(using Eq.(8) on p. 454
of Ref.[12]), and also to perform the summation over theumbers of the final level of the transitidgnsing Eq.(18) on p.
466 of Ref.[12]). We finally obtain(here and in the following, we place a bar over frequency-integrated quantities

72 (k) = 4 e eOaOan 2 22 DHLESIHA (L, L) A (L, L)

3 he Lt Ly 39 KQ
NN I i L S B S k) "Sol (L3, L)), (33a)
/ ’ | y
L o1 |y g s) e !
4 2 L+ + +K+ '
(k)=— 3 e;; O 2 2 2 (= DRHESEEKIA (L L) A(nLy niLy)
LybiLy 3,9, KQ
A Lu LI;K LU LL,JK K by ngS K
XN3I; To(i k) v L/ J, L. 33b
\ JuJu{l 1L J(, J, S Q( ) PQ( WirLudy) (33b)
[
Using the conjugations properties, Equation(33b), together with Eq(31b), will be used in
the following section to compute the integrated linear and
Té(i,l?)*:(— 1)Q-|—§Q(i’|2), circular polarization of the radiation scattered by an en-

semble of hydrogen atoms subject to simultaneous electric
' and magnetic fields.

po(LI,L7I)" = (= P8 (L1 T, L), Finally, we want to comment on the fact that the calcula-

tion of the radiative coefficients entering the RT equation for

we can easily demonstrate that the integrated quantities gjolarized radiation requires the preliminary solution of the
Egs. (339 and (33b are purely real. In particular, this im- SE equations, in order to determine the density matrix of the
plies that the frequency-integrated coefficiepés,y, which  atomic system. Because the SE of the atom is generally de-
are responsible for magneto-optical effects in the line propendent on the local radiation field, the self-consistent solu-

files, vanish identicallysee Eq(313]. tion of the scattering problem typically entails an iteration
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FIG. 3. Atomic orientationp3(LJ)/pS(LJ), of
the levelsn=1, 2, 3, 4 of hydrogen, as a function
of the strengtiB, of a vertical magnetic field.e.,
parallel to the direction of the incident radiatjon
(@) without electric fieldsi(b) with E=1 V cm?
parallel toB. The dotted lines indicate the higher
values ofJ in the corresponding panels.

[ S j‘ 0 i
-0.1 -0.1
-02 -0.2
-03 i -03 F

01 1 10 16* 10° 10¢ 10° 01 L 10 10° 10° 10+ 10
B (G) B (G)

scheme where the SE equations are solved atisaéipr the  sumed that the illumination is provided by a single pencil of
radiation tensors]g have been recalculated from the solution radiation incident on the atom, so that the radiation aniso-
of the RT equation at step-1. If the gas is only slightly tropy, J3/J35, attain its maximum value of 2.

polarizing, a typical approach to this problem is to solve the We start by commenting that our formalism recovers all
scalar transfer problerfi.e., for the radiation intensity only ~the results of Ref[5] for the scattering polarization of Ly-
through ordinary iteration schemes, and then use the spatif}an « in the presence of an electric field, once we restrict
distribution of the radiation intensity in the gas to solve thethe model atom to the Bohr levets=1, 2, and we impose
SE equations only once. The solution density matrix so calthat the ground level be naturally populated, so to match the
culated is finally entered in the expressions of the radiativéPProximations of that paper. The results that we present in

coefficients to compute the scattered radiation at each poirlipiS section concern T“OS“V théa I.ine_ instead, in the pres-
in the gas. ence of both magnetic and electric fields, and also allowing

for atomic polarization in the ground level. However, we
limited our sample calculations to the case of parallel fields
only, in order to reduce the number of free parameters.
V- ILLUSTRATIVE RESULTS In Fig. 3 we plot the atomic orientatigs}(LJ)/ pS(LJ), for
In this section, we present some examples of the effect ol Bohr levels in our hydrogen model, as a function of the
simultaneous magnetic and electric fields on the atomic pomagnetic-field strength. For this figure we assumed a mag-
larization of hydrogen. In particular, we show how the addi-netic field aligned with the direction of the incident radiation.
tional presence of an electric field significantly modifies theln Fig. 3(@), we show the atomic orientation in the presence
amplitude and the magnetic regime at which atomic orientaef only a magnetic field. In Fig. ®), we show how the
tion is produced. For the calculations in this section, weorientation is modified by the additional presence of an elec-
adopted a model atom of hydrogen inclusive of all Bohrtric field, parallel toB, with strengthE=1 V cmi't. We notice
levels up ton=4, and an incident radiation field correspond- that the presence of an electric field modifies the magnetic
ing to a Planckian distribution &t=20 000 K. We also as- regime at which a local maximuitin absolute valugof the
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atomic orientation is attained. In the absence of electric L
fields, magnetic fields of the order of 3G or larger are 0.97492324 - T
necessary to achieve a maximum of atomic orientation. ‘ ]
However, at those magnetic strengths, the resonance pola
ization of hydrogen is typically dominated by the Zeeman L
effect, especially for the circular polarization. The rearrange- o.g7492323f
ment of the magnetic sublevels determined by the presenc .
of an electric field introduces instead a different set of level
crossings and anticrossings, and corresponding quantum ir
terferences, so that a significant peak of the atomic orienta:
tion is already attained fd8~20 G, in the case of the level
3°D,,,. The reason for this can be seen in Fig. 4, where we
show the energy of the’B,,, and 3D, levels as a function
of B, (a) in the absence of electric fields, arfd) in the
presence ofE=1V cm? parallel toB. In the absence of
electric fields, the two levels are completely independent,
because of the diagonality of the magnetic Hamiltonian with
respect td_, so the level crossings that are visible in Figp)4 C
do not contribute to the creation of atomic orientation in  o.9749z32f
those levels. On the contrary, when an electric field is C
present, the two levels are coupled because of the dipola
form of the electric Hamiltonian, and a different set of level _
crossings is produced. In particular, we notice in Fidp) 4he 0.97492319 |
anticrossings aB~6 G andB=17 G. The latter is respon- ; o ]
sible for the appearance of the significant peak of atomic TR PRI R IR BRI B
orientation in the 3,,, level for B=~20 G. Because of the () 0 5 10 20 5 30
smaller magnetic strengths at which a maximum of atomic
orientation is attained, the circular polarization emission this N I U LN R
time is dominated by the atomic polarization rather than the o.97402324} ’
Zeeman effect. Therefore one should expect strong devia -
tions of the circular polarization line profile from the anti-
symmetric shape characteristic of the longitudinal Zeeman _
effect. 0.97492323 |
From Fig. 3, we also realize that the modifications of the
atomic orientation, determined by the presence of an electric
field, become more complex for larger principal quantum
numbers. This is easily understood, when we consider tha
the complexity of the level structure increase withand also ~ ~
that the fine structure of the level becomes less important, S('g
that more complicated patterns of level crossing and anti-g,
crossing must be expected for a given electric strength. As arf 0.97a92321 |
example, the secondary peak of the atomic orientation of the :
level ¥D,,, is determined by a new anticrossing between the
same sublevels responsible for the primary peakBat
~20 G. This second anticrossing,Bit=620 G, is shown in
the right panel of Fig. 5marked as number)lAnother
anticrossing visible in that same paitat B~ 360 G; marked
as number Ris responsible for the sharp secondary peak of
the atomic orientation of the levefS, .. In the left panel of
Fig. 5, we plot the energy diagram of the Bohr lewet2.
There we marked the anticrossing resonance that is respor

T
1

0.97492322 |

W (105 em~t)

0.97492321 |

15
B (G)

0.97492322f

0.9749232}

0.97492319 |

sible for the broad peak of the atomic orientation of the level b) o 5 10 15 20 25 20
2%3,,, centered aB~ 1200 G.(We notice that thes axis in B (6)
the plots of Fig. 5 is drawn in logarithmic scale.

Finally, we notice that the atomic orientation of the
ground level and of thEIZPJ levels is mostly unaffected by
the additional presence of a small electric field. This is be-

FIG. 4. Energy diagrams of the IeveI§F1>3,2 (continuous ling
and D, (dotted ling as function of the magnetic strengtia)
without electric fieldsyb) with E=1 V cnmi L. The additional pres-

cause the resonant Lyman transitions stronaly couple thence of an electric field determines a new set of level crossings and
y aly P gnticrossings for the two multiplets, ultimately affecting the depen-

population and atomic polarization of those levels with the ..o o atomic polarization on the field strengths
intensity and polarization of the incident radiation. Thus the '
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FIG. 5. Energy diagrams af=2 (top panel and ofn=3 (bottom
pane), for the same conditions of Fig(l#). These plots show some .
anticrossing resonances that are responsible for significant peaks 50
the atomic orientation of the hydrogen levels invol{ede text for

more details

108
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modifications to the atomic orientation determined by the
additional presence of a small electric field turn out to be
significant only for those levels that are connected to the
n’P, levels via secondaryi.e., nonresonajtransitions.

Figures 6—8 show surface plots for the integrated linear
polarization, PL.=VQ?*+U?/I (left panel3, and for the net
circular polarizationP,,=V/I (right panel$, as functions of
both magnetic and electric fields. For the calculation of these
plots, we only considered the expression of the emission vec-
tor J [see Egs(31b) and(33b)]. This is equivalent to assum-
ing that the emitting gas is optically thin, and that its ther-
modynamic properties, and the electric and magnetic fields
in it, are constant along the line of sight. As we anticipated in
Sec. lll, under these conditions, we do not need to solve Eq.
(28), since the emerging radiation is simply proportional to
J.

In Figs. 6—8, the case in which only a magnetic field is
present is obviously represented by the intersection of the
surfaces with the planE=0. In particular, in such case we
notice the monotonic negative trend of the linear polarization
degree, and the very small net circular polarization that can
be expected in the presence of magnetic fields up to 100 G.
The modifications introduced by the additional presence of
an electric field are striking. First of all, for a given geometry
of the fields, one finds certain ranges of the electric field
where the linear polarization degree increases again with the
magnetic field after the initial descent from the field-free
value. Second, and more importantly, from the plots of the
net circular polarization we see that the presence of even a
very small electric fieldnonhorizontal greatly enhances the
possibility of creating significant asymmetries in the Stokes-
V profile of He, without requiring very strong magnetic
fields. This is in agreement with the argument presented in
the discussion of Fig. 3. However, the surface plots of the net
circular polarization provide a more complete picture of this
phenomenon, as they also take into account mixed-level in-
terferences of the forrpé(LJ,LJ’).

We want to remark that the creation of a significant level
of atomic orientation at small magnetic strengths, induced by
the presence of an electric field, and the ensuing asymmetries
in the circular-polarization profile, truly are an effect of the
simultaneous action of the applied electric and magnetic
fields. We could say that the electric field acts here as a
“catalyst” for the creation of significant levels of atomic ori-
entation for relatively small magnetic strengths. This is par-
ticularly evident in the case of Fig. 3, since the electric field
by itself, no matter how strong, is unable to create any
amount of atomic orientation for that particular field geom-
etry. Even for field directions such that the electric field can
directly induce atomic orientation in the system, the strength
that are necessary to attain a significant level of orientation
in the absence of magnetic fields are of the order of
50 V cnr? (see Figs. 7 and)8

The fact that a small electric field can alter so radically
the amount of atomic orientation that can be created by an-
tropic irradiation, for a given strength of a pre-existent
magnetic field, is of great diagnostic interest for the inference
of magnetic fields in laboratory and astrophysical plasmas
using polarimetric analysis of the scattered radiation in hy-
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drogen lines. A characteristic example is represented by re- V. CONCLUSIONS

cent observations of an anomalously large degree of net cir- | this paper we derived a formalism for the description of
cular polarization in Ha radiation emitted by solar resonance scattering in hydrogen lines, subject to the simul-
prominenceq 16], which cannot be explained in terms of taneous presence of electric and magnetic fields. This work
atomic orientation induced by the presence of magnetigeneralizes previous investigations on the polarized emission
fields of strengths typical of these solar structurds  of hydrogen lines that were pursued in Réfl], for the case
=100 G. The additional presence of small electric fields inof naturally populated hydrogen atorfise., without inclu-

the partly ionized hydrogen gas, of which these structures arsion of atomic polarizationin the presence of both electric
mostly composed, could provide a possible explanation foand magnetic fields of arbitrary geometry, and in R, for

the anomalous circular polarization signal observed. the case of resonance scattering polarization of hydrogen Ly-
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FIG. 7. Same as Fig. 6, but faig g=45°.

In the description of the hydrogen atom, we neglected the

[17], which confirm the results on the linear polarization of contribution of the hyperfine structufelFS). This might be

theory of polarized line formation presented in Réfs-4],

an important limitation for some applications, because of the

For the derivation in this paper, we adopted the currenknown role of HFS depolarization in resonance scattering

drogen atom, so we did not derive a parallel formalism forues ofn.

the description of collisional polarization, although it would
approximation 6].

(e.g., Ref[18]). There are no additional conceptual difficul-
which is valid in the limit of complete frequency redistribu- ties in rederiving the formalism presented in this paper also

tion (noncoherent scatteringWe only focused on the role of including the contribution of HFS, although the numerical

radiation in determining the statistical equilibrium of the hy- problem becomes rapidly unmanageable for increasing val-

The main result of this work is the realization that the

be possible in principle to do so in the limit of the impact effect on resonance scattering polarization of simultaneous

magnetic and electric fields cannot be reconciled with the
062505-15
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simple superposition of the separate effects of magnetic ande concluded that the electric field, even at small strengths,
electric fields. The rearrangement of the atomic level strucacts as a “catalyst” for the atomic orientation induced by the
ture in the presence of both fields, in fact, introduces a wholg@resence of a magnetic fie{dia the alignment-to-orientation
different set of level crossings and anticrossings, which ulti-conversion mechanism; see, e.g., Rgds19]). Remarkably,
mately determines completely different field-strength re-this is true even for field directions such that the electric field
gimes of polarization and depolarization with respect to theby itself could not produce any atomic orientati@ee Figs.
magnetic-only and electric-only cases. A typical example is3 and 6.

the creation of a significant amount of atomic orientation for This phenomenon has important observational effects,
relatively small fields, which would necessitate instead muctsince atomic orientation translates into net circular polariza-
larger magnetic or electric strengths if only one of the twotion of the scattered radiation. As an illustrative example, we
fields were preser(see Fig. 3, and Figs. 6-8n particular,  considered the case of hydrogehis line. When this line is
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