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Based on the idea that four excited electrons arrange themselves around the nucleus in the corners of a
pyramid in order to minimize their mutual repulsion, we present an analytical model of quadruply excited
states. The model shows excellent comparison withab initio results and provides a clear physical picture of the
intrinsic motion of the four electrons. The model is used to predict configuration-mixing fractions and spectra
of these highly correlated states.
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Describing electron correlations in terms of simple physi-
cal pictures requires an understanding of the interelectronic
interaction that goes beyond numerical diagonalization of the
Hamiltonian of the system. The study of electron-electron
correlation in multiply excited states has contributed a lot to
this understanding and in the 1980s, group theoreticalf1,2g,
molecular adiabaticf3g, and hypersphericalf4g approaches
led to an understanding of doubly excited states in terms of
approximate quantum numbers associated with angular and
radial correlations. In the 1990s, advances in light sources
stimulated research on triply excited hollow states in Lissee
Ref. f5g for a recent reviewd. In particular, theoretical models
referred to as the three-electron ionization ladderf6,7g, the
normal mode analysisf8–10g, and the symmetric rotor
f11–13g confirmed the appealing physical picture for the
lowest-lying triply excited states that the three electrons be
arranged in an equilateral triangle coplanar with the nucleus
situated in the center, and identified the magnetic quantum
number with respect to the body-fixedz axis as approxi-
mately conserved.

Current interest in multiply excited states is strongly
stimulated by further development of synchrotron radiation
sources and free-electron lasers providing unprecedented
brightness in the UV and XUV and therefore ready access to
the spectral region of interest. Access to hollow lithium
statesf5g makes studies of quadruply excited states a natural
next step in this development. So far there are no experi-
ments and only very few theoretical studies on these sys-
tems. One workf14g considered the lowest-lying quadruply
excited5So state in Be by multiconfigurational Hartree-Fock
calculations, while two other worksf15,16g presented a clas-
sification scheme based on symmetry considerations. Hence,
in view of experimental advances, it seems timely to aim at a
better understanding in the form of physical images, includ-
ing geometry, symmetry considerations, and electronic mo-
tion for highly correlated four-electron systems. Here we
shall concentrate on intrashell states with the electrons con-
fined to the same shell. These states are interesting since the
dominant configurations of the lowest-lying quadruply ex-
cited berylliumlike states are intrashell states.

Figure 1 shows the thresholds in Be, the lowest3Pe qua-
druply excited resonance state, and an inset of the physical
picture on which our model is based. We note that while two
and three electrons are confined to a line and a plane, respec-
tively, the extent of four randomly placed electrons is three-

dimensional. Furthermore, the electron-electron correlations
are expected to be stronger when more electrons interact.
Therefore, research on these states opens new possibilities to
test theoretical approximations for correlated electron mo-
tion.

We consider the Coulombic system of four electrons mov-
ing in the field of a point-like nucleus of chargeZ corre-
sponding to the nonrelativistic Hamiltonian

Ĥ = o
j=1

4 S− "2

2m
¹ j

2 −
Ze2

r j
D + o

i, j

e2

urWi − rW ju
, s1d

wherem is the reduced electron mass ande is the electron
charge. The electron-electron interaction complicates the
problem since the potential is not diagonal in a basis of an-
tisymmetrized products of single-electron configurations.
Consequently, single-electron quantum numbers are not con-
served and the eigenfunctions are represented as superposi-
tions of configurations. Our model accounts for the electron-
electron interaction by assuming the wave function to be a
product of carefully chosen one-electron states. Furthermore,

FIG. 1. Thresholds and the lowest quadruply excited3Pe state in
Be. The inset to the right shows, in the body-fixed frame, the physi-
cal picture on which our model is based. The nucleus is located in
the origin and the circles denote the electrons.
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the ansatz for the wave function must be supplemented to
take into account basic quantum symmetriessparity, spin,
etc.d

The Coulomb repulsion between the four electrons is
minimized when they are placed at the vertices of a regular

tetrahedronssee Fig. 1d. In this configuration, the interaction
between any electron and the remaining three is represented
by a repulsive electric field along the directionj of the elec-
tron considered with respect to the nucleus. Hence, the
Hamiltonian in Eq.s1d can be approximated by a sum of
hydrogenic Hamiltonians perturbed by weak external electric
fields causing only intrashell transitions. The eigenstates of
the hydrogenic Hamiltonian perturbed by a weak external
electric field are the polarized Stark statesunkml, described
by the principal, parabolic, and azimuthal quantum numbers
denotedn, k, and m, respectivelyf17g. The wave function
therefore splits up into a product of one-electron states,
which is the simplest possible way to represent a many-
particle wave function. Thus, the basic idea in the model is
that the electron interaction tends to stabilize the electrons in
individual Stark statesssee Refs.f18,19g for two- and f11g
three-electron casesd. The parabolic quantum numberk may
be associated with the electric dipole moment of the atom
through the relationpz=s3/2Zdenk f17g. Hence, the largest
energy shift and thus the lowest-lying state for eachn is
obtained when the Stark states are maximally polarized
along ji, un,k=n−1,m=0lji

. The ansatz for the wave func-
tion is therefore

uYRl = unn− 10lj1
unn− 10lj2

unn− 10lj3
unn− 10lj4

, s2d

with j j the direction of thej th electron with respect to the
nucleus. Quantum numbers in kets without a subscript refer
to quantization along thez axis, so that the electron on this
axis is represented by the stateunn−10l. The other
three states, unn−10ljq

, q=1,2,3, are related to it
via rotations unn−10ljq

=Rsq2p /3 ,F ,0dunn−10l
=e−iqs2p/3dL̂ze−iFL̂yunn−10l, with F=109.5° the interelectron
angle as seen from the nucleusssee Fig. 1d.

The wave functionuYRl is anisotropic since the electrons
are oriented. As a consequence of this break of rotational

symmetry, uYRl is not an eigenstate ofL̂2 and L̂z. On the
contrary, the rotational average over Euler anglesv
=sa ,b ,gd,

TABLE I. Configuration-mixing fractions in Be for the most important intrashell configuration states of
5So symmetry. SR denotes predictions within the present symmetric rotor model, and MCHF denotes multi-
configurational Hartree-Fock calculationsf14g.

5So n=3 n=4 n=5 n=6

Configuration SR MCHF SR MCHF SR MCHF SR MCHF

sp3 0.94 0.90 0.81 0.76 0.67 0.66 0.55 0.59

spd2 0.063 0.084 0.15 0.18 0.20 0.21 0.23 0.23

sd2f 0.013 0.0081 0.039 0.040 0.068 0.053

p2df 0.022 0.032 0.057 0.058 0.091 0.078

pdf2 0.0014 0.0025 0.0085 0.0081 0.021 0.017

d3f 0.0022 0.0025 0.0097 0.0064 0.021 0.012

FIG. 2. Energy levels for pyramidal intrashell states in Be.sad
n=3 states withLø4 sbd n=2 states.
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is sof12g. Herep denotes the parity andMI is the magnetic
quantum number with respect to the body-fixedz axis. In
molecular theory this is an important quantum number speci-
fying the rotational state of the molecule. Since the Hamil-
tonian is spin independent, the total wave function is simply
a product of the spatial functionuYR

LMMIpl and a spin function
uxMs

S12S34Sl. The spin function specifies the total spinS of the
four electrons and its projectionMs which are both con-
served quantities. The indicesS12 andS34 refer to the inter-
mediate spins arising from coupling the spins of the first and
second and of the third and fourth electrons, respectively.
The total wave function is obtained by antisymmetrizing the
product stateuYR

LMMIpluxMs

S12S34Sl, as

uCR,S12S34

LMMIp,SMsl = AfuYR
LMMIpluxMs

S12S34Slg, s4d

whereA is the four-particle antisymmetrization operator. The
final expression for the four-electron state isuCR

LMMIp,SMsl
=Noi=hS12S34juCR,i

LMMIp,SMsl, with N being a normalization con-
stant. The possible values of intermediate spinsS12 and S34

are determined bySW =SW12+SW34 added as angular momentum
operators.

Our model provides an analytical expression for the wave
function describing quadruply excited intrashell states of the
four-electron atom and gives a simple physical image of the
atomic states. To test the quality of the model, configuration-
mixing fractions are compared withab initio results. We ex-
pand the ansatz in the spherical basis

uCR
LMMIp,SMsl = o l̄m̄m̄s

csl̄m̄m̄s,LMMIp,SMsdpi=1

4
ul imimsil

fp̄=sp1,p2,p3,p4d ,p=sl ,m ,msdg with uCR
LMMIp,SMsl being

normalized such thatol̄m̄m̄s
ucsl̄m̄m̄s,LMMIp ,SMsdu2=1. The

configuration-mixing fractions specifying thel mixing be-
tween several multiplet states are defined as

P
l̄c

LMIpS; o
l̄Pl̄c

o
m̄m̄s

ucsl̄m̄m̄s,LMMIp,SMsdu2, s5d

where l̄ c=sl1l2l3l4dc denotes thel-configuration regardless of
permutation, e.g.,sspppdc=hsppp,pspp,ppsp,pppsj. For n
=2 the pyramidal states are shown in Fig. 2sbd. The mixing
fractions for3Pe and 1De are 0.9s2p2 and 0.1p4. The other
terms have only a single configurationssp3d. Table I shows a
comparison between the mixing fractions predicted within
the model and from multiconfigurational Hartree-Fock calcu-
lations f14g. The model not only predicts the trend in the
mixing fractions, but actually compares very well with the
configurational calculations. The convincing agreement in
the predictions shows that our four-electron model accounts
for the strong electron-electron correlations within the qua-
druply excited intrashell states. Table II shows configuration-
mixing fractions for all terms withLø4 within then=3 shell
for which the pyramidal shape is accessiblef15,16g. The

mixing fractions are seen to be strongly spin dependent. As a
consequence of Pauli statistics, some configurations are even
forbidden for accessible terms. Furthermore, there is a no-
table difference between the mixing fractions for quadruply
excited states and those for triply excited statesf12g: Con-
trary to triply excited states, the mixing fractions for quadru-
ply excited intrashell states do not depend onMI. This re-

TABLE II. Configuration-mixing fractions for pyramidal states
in Be for then=3 shell withLø4.

Term Configuration S=0 S=1 S=2

2S+1So sp3 0.9375

spd2 0.0625

2S+1Do s2pd 0.5265 0.1529

sp3 0.2632 0.6878

p3d 0.1504 0.0983

spd2 0.0501 0.0546

pd3 0.0097 0.0065

2S+1Fo s2pd 0.6490

spd2 0.2163

p3d 0.1217

pd3 0.0129

2S+1Go p3d 0.8010 0.5659

spd2 0.1424 0.4024 1.0000

pd3 0.0566 0.0316

2S+1Pe s2p2 0.6082

sp2d 0.2027

p4 0.1521

p2d2 0.0174

s2d2 0.0135

sd3 0.0058

d4 0.0003

2S+1De s2p2 0.6204

p4 0.1551

sp2d 0.1477

p2d2 0.0443

s2d2 0.0295

sd3 0.0022

d4 0.0008

2S+1Fe sp2d 0.7829 0.9643

s2d2 0.1392

p2d2 0.0706

sd3 0.0058 0.0357

d4 0.0016

2S+1Ge sp2d 0.4165 0.7692

s2d2 0.2777

p2d2 0.2752 0.1795

sd3 0.0278 0.0513

d4 0.0028
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flects the three-dimensional symmetry of the regular
tetrahedronsspherical topd compared to two-dimensional
symmetry of an equilateral trianglessymmetric topd.

The energy of a state within the symmetric rotor model is

given by kCR
LMIpSuĤuCR

LMIpSl, i.e.,

En
LMIpS= 4En + o

i, j

kCR
LMIpSu

e2

r ij
uCR

LMIpSl, s6d

with r ij = ur i −r ju. HereEn is the Bohr energy and the last term
is the electron-electron interaction energy. The equality fol-
lows from the fact that the Stark states are eigenstates of the
single-particle part of the Hamiltonian of Eq.s1d.

Figure 2 shows the energies predicted within our model
for the pyramidal states withinn=2 and forLø4 within the
n=3 shell. The energy increases with increasingL. Further-
more, we see the tendency that the energy increases with
increasing spinS, contrary to the behavior in ground state
configurations, where the term with the largest possible value
of S for a given L has the lowest energysHund’s rulesd.
Finally, the energy levels split up for different parities since
different parities require different configurations. We note
that if the system is considered from a molecular viewpoint,
theMI independence of the configuration-mixing fractions is
expected since the rotational energy of the spherical top mol-
ecule readsE=s1/2IdLsL+1d, with I =oimri

2 being the mo-
ment of inertia of the molecule. However, theL scaling does
not follow this relation and it is clear from Eq.s6d that
rotational-like structure in excited atomic states is not asso-

ciated with the kinetic energy term as in a molecule, but is
exclusively due to the electron-electron interaction. The term
kCR

LMIpSue2/ r ij uCR
LMIpSl scales linearly with the nuclear

chargeZ, due to the scaling of the matrix element of 1/r ij .
On the contrary, the spherical top model predicts aZ2 scaling
of the energies due to the scaling of the moment of inertia.

In summary, we constructed an analytical wave function
for quadruply excited states corresponding to the case
wherein the four excited electrons are in the corners of a
pyramid. By comparison withab initio calculations, we con-
firmed the accuracy of the model and, hence, the appealing
physical image of the correlated motion of the four electrons.
We predicted configuration mixing fractions for a number of
states and generally found that a labeling of states in terms of
single configurations is insufficient. Finally, we calculated
the spectrum of pyramidal states within the second and third
principal shells and compared with the expectations obtained
when viewing the system as a molecular-like spherical rotor.

We propose to address pyramidal states by dipole-allowed
light absorption transferring a fraction of the Be ground state
population to the singly excited Bes1s1s2s2p1Pod state by
resonant laser excitations5.277 eVd. A synchrotron or a free-
electron laser source could then subsequently scan through
the region of quadruply excited pyramidal states of1De sym-
metry. A similar two-color technique was successfully ap-
plied on triply excited states in Lif20g.
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