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Calculation of the energy levels of Ge, Sn, Pb, and their ions in th&N~* approximation
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Energy levels of germanium, tin, and lead, together with their single, double, and triple ionized positive ions
have been calculated using th&M approximation suggested in previous wdizuba, Phys. Rev. A71,
032512(2009] [M is the number of valence electroid =4)]. Initial Hartree-Fock calculations are done for
the quadruply ionized ions with all valence electrons removed. The core-valence correlations are included
beyond the second-order of the many-body perturbation theory. Interaction between valence electrons is treated
by means of the configuration interaction technique. It is demonstrated that accurate treatment of the core-
valence correlations leads to systematic improvement of the accuracy of calculations for all ions and neutral
atoms.
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[. INTRODUCTION mixing may also take place without level pseudocrossing.
This can also cause instability in calculated values) @o-
efficients. Indeed, relativistic correction to the energy of a
single electron stat@jlm) strongly depends on the total mo-
mentumj of this state(see, e.g., formuld7) in Ref. [3]).

This work further develops theN™M approximation sug-
gested in Ref[1]. It also presents the details of the calcula-
tions of the energy levels of Ge II, Sn II, and PH2] which

were needed to study their dependence on the fine structufgerefore configurations composed from states of diffefent
constant (a=€?/%c). Some lines of Ge Il, Snll, and Pb Il may have very different values of and small error in the
have been observed in quasar absorption spectra and the #bnfiguration mixing coefficients would lead to large error in
formation on the dependence of corresponding frequenciege resultingg value for the mixed statfs].

on « is needed to study possible variation of the fine struc- Strong configuration mixing and level pseudocrossing

ture constant at early epoch. take place for Ge I, Snll, and Pb Il ion&] as well as for
In the vicinity of the physical value af the frequency of many other atoms and iofi4]. This means that calculations
an atomic transition can be presented in a form need to be done to very high accuracy to ensure stable values
of the g coefficients. The criterion is that deviation of the
w = wo+ QX D calculated energies from the experimental values must be

wherex=(a/ ap)?~1 anda, and w, are the current labora- much smaller than the experimental energy interval between
tory values of the fine structure constant and transition fremlxed states.
There are many other areas of research where accurate

quency. ic calculati ded. These include parity and
The values of they coefficients can only be found from atomic calculations are needed. These include parity an
time invariance violation in atomssee, e.g.[6]), atomic

atomic cglculstlonz by, e.?.,.v'arymg the .valuelcofn com- clocks[7], interaction of positrons with atoni§], etc.
puter codes based on relativistic equations. In many cases a ay to do accurate calculations for atoms with several

calculated values of thg coefficients are more stable than and/orp valence electrons has been suggested in [R&flt
the energies. This is because they are not sensitive to iNCONk ~aiied “theVN-M approximation,” whera/ is the Hartree-
pleteness of the basis set with respect to the principal quarkqc potential created byi—M electrons of the closed shell
tum numbern. Indeed, relativistic corrections are propor- jo, N 'is total number of electrons in neutral atom avidis
. s : . o ,
tional to 1/ [3] (v is the effective pnncligal quantum  the number of valence electrons. Initial Hartree-Fock calcu-
numbej while energies are proportional to &1 If we in- |4tions are done for a closed-shell positive ion with all va-
clude more states of highthis would have greater effect On ¢ glectrons removed. It has been demonstrated i Hef.
the energies than on relativistic corrections presented| by ¢ the Hartree-Fock potential of the closed-shell positive
coefficients. _ _ o ion is often a good starting approximation for a neutral atom.
However, in the case of strong configuration mixing andy;s is the case when valence electrons are localized on dis-
level pseudocrossing calculat_|0_n_qfcoefﬂments may be- tances larger than the size of the core. Then they can affect
come very unstablp4]. In the vicinity of level pseudocross- oy energies of core states but not their wave functions.
ing the values ofy coefficients change very rapidly with  gjnce the potential created by core electrons depends on the
and small error in determining the position of the level crossactron charge density and does not depend on electron en-

ing may lead to large error in the values@f ergies it does not matter which core states are used to calcu-

_L_evel pseudocrossing always means strong configura@io&[e the potential-states of the neutral atom or states of the
mixing between the states. However, strong configurationosad-shell positive ion.

The effective Hamiltonian for valence electrons is con-
structed using the configuration interacti¢@l) technique.
*Electronic address: v.dzuba@unsw.edu.au Core-valence correlations are included by adding the elec-
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tron correlation operatoﬁ to the CI Hamiltonian. Many-

body perturbation theorfMBPT) is used to calculat®. The
main advantage of the"™M approximation is that MBPT is

relatively simple(no subtraction diagramsnd theX, opera-

tor can be calculated beyond the second-order of the MBPT
It has been demonstrated in R¢L] that inclusion of the
higher-order core valence correlations lead to further signifi-
cant improvement of the accuracy of calculations.

In previous work[1] the VN"M approximation was used
for Kr and Ba while higher-order core-valence correlations
were included for Ba and Baonly. In the present work we 04
study 12 complicated many-electron systems including ger-
manium, tin, lead, and their positive ions. We demonstrate
that using the/N=* approximation(M =4 for the case of Ge,

Sn, and Ppband accurate treatment of the core-valence cor- %2 [
relations leads to high accuracy of calculations for all 12
systems. This indicates that thé&"™™ approximation is a
good approximation for a wide range of atoms and ions.
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Il. CALCULATIONS x = r/ag+4ln(r/ag,)
The effective Hamiltonian for valence electrons in the £ 1 Ejectron density of the, p, d, andf electrons of Pb |
VN"M approximation has the form and Pb V.
M M
Heff=> hy; + > haij (2 The form of the effective Hamiltonian is also the same for
i=1 i#] all ions if some other potentidl is used to generate the core

states. However, th& operator would have terms propor-
tional to VN"4-V (subtraction diagramgl1]). In the VN-M

~ z Ned | & approximationvV=V""* and subtraction diagrams disappear.
hy=ca-p+(8-1mc - LotV 2 (3 The MBPT becomes relatively simple which makes it easier
to include higher-order core-valence correlations.

ﬁl(ri) is the one-electron part of the Hamiltonian

3., is the correlation potential operator which is exactly the
same in theVN"M approximation as for the single-valence
electron atomgsee, e.g.[9]). It can be calculated in the To understand how th&N"M approximation works it is
second-order of the MBPT. Selected chains of the highervery instructive to look at electron shells of a many-electron
order diagrams can be included |rﬁ‘q in all orders using atom. We chose lead because it is the heaviest of the consid-
technique developed for single-valence electron attses, €red atoms. It probably has the richest possible electron shell
e.g.,[10]). structure. Neutral lead has 82 electrons occupying six shells.

" Angular momentum ranges from O(s electron$ to 3 (f
electron$. Figures 1 and 2 present electron densities of Pb |
- (solid line) and Pb V(dotted ling separately fos, p, d, and
hy = m +25(ryr), (4) f electrons. The density is the sum over principal quantum
A numbern, total momentunj and its projectiorm while an-
3., is the two-electron part of core-valence correlations. Itgular momentuni is fixed:
represents screening of Coulomb interaction between va-

p(r)l = 2 |¢(r)njlm|2r2-

lence electrons by core electrons. We calculﬁt_;ein the nim
second order of MBPT. Inclusion of the higher-order corre-

lations intoS., will be a subject of further study. However, 1he values ofp(r), in the maximum are very different for
the calculations show that in most cases accurate treatmefiifferent |. Therefore, we present normalized functions

s . . ~ . p(r),/ pmax 10 be able to fit all graphs into one diagram.
of X, is more important than fok.. The details of the cal- Electron shell structure can be clearly seen on Fig. 1.

culation of%; andX, can be found elsewhe{€-12. Note  Each density has a local peakrat|=1,2, etc. The position

however that in contrast to the previous wofid,12 we  of the peak depends mostly arand is about the same for all

have no so-calledubtraction diagrams _ |. This means that all electrons with the samare localized
Number of electrond/ is the only parameter in the effec- 4t apout the same distances regardless of their angular mo-

tive Hamiltonian(2) which changes when we move betAween mentuml, thus making a shell.

different ions of the same atom. The term¥ 4, 3, andX, The difference between Pb | and Pb V cannot be seen in

remain exactly the same. Fig. 1. Figure 2 presents details of the right bottom corner of

A. Electron shell structure of lead

h, is the two-electron part of the Hamiltonian
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FIG. 2. Details of electron densities of Pb | and PbV at large FIG. 3. Electron denisties of Bal and Balll at large
distances. distances.

Fig. 1. Dotted lines which correspond to electron densities of B. Calculations for germanium

%he P?}I \Y |or? sktmw noT%eak at6 t:ecfa]yse of ?bsenc? 01; the  Germanium is the lightest of three atori®=32) and the

hzsgor?eeeifzg?r:)sﬁ thee (;g;ns?tv a d?ele(():ltjrro\r@ eartlcaebguetct[]%nseasiest from a computational point of view. Its ground state
Y configuration is #°2s°2p®3s?3p®3d'%s?4p?. The core-

same distances where the &nd @ electrons are localized alence correlations are relatively small due to the small
and practically no effect on the densities of all electrons at/ y

shorter distances. This is because valence electrons are |OCQHmber of eIectfons 'nAthe core.

ized at large distances and they can only create constant po- We calculateX; and., for the effective Hamiltoniari2)

tential in the core which can change the energies of the corg the second order of the MBPT. Inclusion B brings

states but cannot change their wave functions. single-electron energies of Ge IV to agreement with the ex-
One can see from Fig. 2 that there is an overlap betweeperiment on the level of 0.1%. No higher-order core-valence

the wave functions of valence electrons of Pi&$ and @  orelations need to be included.

electrong and the wave function of the core outermost state In fact, inclusion of the higher-order correlations using

5d. We have presented for comparison on Fig. 3 the eIeCtroﬂechnique developed in RefL0] does not lead to better re-

densities of Ba | and Ba lll on large distances. It is easy tQ i< for germanium. This is because the technique was de-

see that the overlap between core and valence electrons j . . : .
barium is much smaller than the overlap between core ang%éogidm;?;tggagy saé?en;iilr? Vg?'tcr?ehggﬁggg Gi}r:tg(r);iilsgogs-
valence electrons in lead. As a consequence, outermost co s y 9

state of bariun(5p) is much less affected by removal of two tween core and valence electrons by other core electrons. In
6s electrons than compared to the effect of removal of two 6 light atoms like germanium th.'s effect does not doml_nate cjue
and two & electrons on thedstate of lead. This means that to small number of electrons in the core. Therefore, inclusion
the VN-2 approximation for Ba should work much better than of screening, while other higher-order effects are not in-

the VN4 approximation for Pb. The situation is exactly the cluded, does not improve the accuracy. .
same as for tha/N"* approximation for atoms with one ex- The results of calculations are presented in Table I. The

ternal electron. It is very well known that thé"% approxi- ground-state energies are given as energies to remove all

mation works extremely well for alkali atoms and not so well V:;er;%ediile(g)r(ogsriI;%Tt;ne%tg:nigé grlastgm'sc;rlf’e' i%%;ation
for atoms like Ga, In, Tl etc. The reason is the same in both°>P g exp 9

cases. Valence electrons must not overlap with the core fd?ot_ennals_of all rele:\vant ions. For the convenience of com-
the V"M to be good starting approximation regardless ofParison with Moore’s tablegl4] we present energies of ex-

whetherM=1 or M > 1 cited states relative to the ground state in~tmColumn
Similar to the fact that tha/N-L approximation is a good marked CI presents the results of the standard configuration

approximation for thallium, although not as good as for al-interaction method withouk. Coluqu(z) presents the re-
kali atoms, the/N"M approximation is a good approximation Sults of calculations with the effective Hamiltonid@) in

for Pb, Sn, and Ge, although not as good as for Ba. which 3 is calculated in the second order of MBPT.
Below we present specifics of calculations for germa- The results presented in Table | show that inclusion of the
nium, tin, and lead. core-valence correlations leads to systematic significant im-
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TABLE I. Ground state removal energi€éRE, a.u) and excita-
tion energiegcm™) of low states of Ge IV to Ge I.

State o] 3@ Expt.[13]
Ge IV
s, RE -1.63631 -1.68047 -1.67993
apy ), 78746 81623 81315
apy ), 81372 84470 84103
4d, ), 183779 191142 190607
4dy ) 184049 191424 190861
Gelll
4s? 1% RE -2.85213 -2.93114  -2.93765
4s4p 3P, 57762 61812 61734
3P, 58490 62595 62500
3P, 60030 64273 64144
4s4p 1P, 90820 92238 91873
4s4d 1D, 137686 145305 144975
4p? 3P, 142850 148023 147685
3P, 143721 148997 148640
3P, 145276 150765 150372
4555 3s; 152184 158630 158565
Gell
4s4p P, RE -3.42509 -3.51488  -3.52322
P 1623 1797 1767
4s4p? Pl 47667 51512 51576
Py, 48326 52241 52291
Ps/ 49333 53342 53367
45?55 s, 61124 62870 62402
4s4p? Dy, 61750 65313 65015
Dy, 61930 65494 65184
4s’5p P2, 77370 79386 79006
PY, 77710 79750 79366
4s%4d Daj» 79270 81444 80836
D) 79439 81625 81012
Gel
4524p? ’, RE -3.70376  -3.79871  -3.81352
P, 493 556 557
°p, 1276 1423 1410
4s24p?> D, 7320 7591 7125
4524p? s, 17093 17541 16367
4s?4p5s - 3P, 38969 38665 37452
P, 39272 38963 37702
°p, 39024 40385 39118
4s’4pss P, 42010 41648 40020
4s?4psp Py 45489 45503 45985
4s?4psp  °D, 46246 46199 46765
°D, 46332 46275 46834
°D, 47469 47620 48104
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provement of the accuracy of calculations for all states of all
ions and for neutral germanium.

C. Calculations for tin

Tin atom (Z=50) is very similar to the germanium atom.
Its ground state configuration is .s%p?. However, correla-
tions and relativistic corrections are larger. It has some im-
plication on the calculation scheme. It turns out that inclu-
sion of the higher-order core-valence correlations does lead
to significant improvement of the results for all tin ions and
for the neutral atom. We include screening of Coulomb in-
teraction and hole—particle interaction in all orders of the

MBPT in the calculation of;. It is done exactly the same
way as in our calculations for single-valence-electron atoms

(see, e.g.[10Q]). The iz operator is still calculated in the
second order of the MBPT.
The results are presented in Table Il. There is one more

column in the table compared to Table . It is marke@

and presents the results of calculations with aII-orﬁ@r
Again, it is easy to see that moving from less sophisticated to

more sophisticated approximatiotiwith no 3; with 3@;

with i(w)) leads to systematic significant improvement of the
accuracy of the results.

D. Calculations for lead

The case of leadZ=82) is the most difficult of the cal-
culations. Correlations are strong and relativistic effects are
large too. Strond.-S interaction leads to intersection of the
fine-structure multiplets. Also, states of the same total mo-
mentumJ are strongly mixed regardless of the valuesL.of
andS assigned to them. The breaking of theS scheme can
be easily seen, e.g., by comparing experimental values of the
Landég factors with the nonrelativistic values.

We have done one more step for lead to further improve
the accuracy of calculations as compared to the scheme used

for tin. We have introduced the scaling factors bef@keto

fit the energies of Pb IV. These energies are found by solving
Hartree-Fock-like equations for the states of external elec-
tron of Pb IV in theVN™* potential of the atomic core

(Ho+31— &) =0. (5)

Here I:|0 is the Hartree-Fock Hamiltonialil is the all-
order correlation potential operator similar to what is used

for tin. Inclusion ofil takes into account the effect of the
core-valence correlations on both the enerdies and the
wave functions(,) of the valence states producing the so-
called Brueckner orbitals. The difference between Brueckner
and experimental energies of the, 4p, and 4l states of

Pb IV are on the level of 0.2%—0.4%or removal energies

To further improve the energies we replake by fX; with
rescaling factorf chosen to fit the energies exactly. Then the
same rescaled operaté¥,, is used for the Pb Il and Pb Il

ions and for the Pb I. It turns out that only small rescaling is
needed. Maximum deviation of the rescaling factor from
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TABLE II. Ground state removal energi€RE, a.u) and exci-
tation energiegscm™) of low states of Sn 1V to Sn |.

PHYSICAL REVIEW A 71, 062501(2005

TABLE Il. (Continued).

State Cl 3@ S Expt.[14]
5s25p6p 3P, 42805 44164 43578 43430
3p, 41361 42785 42200 42342
3p, 45804 47712 47008 47235
55%5p6p 3D, 42356 43768 43178 43369
%D, 42447 43861 43267 43239
*D, 45543 47511 46796 47007

unity is 10%: f(4s)=0.935, f(4pq»)=1.084, f(4p3,)=1.1,
f(4dg»)=1.07,(4ds5,,) =1.07.

The results of the calculations are presented in Table III.
Again, inclusion of core-valence correlations lead to signifi-
cant improvement of the accuracy of the results in all cases.
However, comparison between different ways of treating
core-valence correlations reveal a more complicated situation
compared to what we have for tin. When we move from the

second-order correlation operatdf?’ to the all-orders )

and then to the rescaléd ) the improvement in accuracy is
apparent for the removal energies. It is again systematic and
significant, bringing results for all states of all ions and neu-
tral lead to better agreement with experiment. This is not
always the case for the energy intervals. When a more accu-
rate treatment of core-valence correlation is introduced two
energy levels may move towards experimental values at a
slightly different rate so that the interval between them does
not improve. In Table Il we present removal energies only
for the ground states of Pb IV, Pb Ill, Pb Il, and PbI. Ener-
gies of excited states are given with respect to the ground
state. It is easy to see that energy intervals between ground

and excited states calculated with second-oBare often in
better agreement with experiment than the results with the

all-order.. In general, the results are not as good as for tin.
The reason for this is a larger overlap between valence and
core states. Relativistic effects cause stronger binding of the
6s and & electrons of Pb compared to binding of thednd
5p electrons of Sn. This means that overlap between valence
and core states is also larger for lead than for tin, leading to
larger effect of removal of valence electrons on atomic core.
It is instructive to compare our results with the results of
recent calculations by Safronow al. [15] (see Table ).
Energy levels of Pb Il were calculated by Safronataal.
with the use of the coupled-clusté€C) approach and the

5s%5p? 3P, RE  -3.28899 -3.44213 -3.407850 -3.425548 third-order MBPT. The Pb Il ion was treated as an ion with

State o] 3@ S Expt.[14]
SnIv
4d'%s 2S,RE -1.43894 -1.51228 -1.49776 -1.49699
4d'%p 2P, 66323 70709 69727 69564
Py, 72291 77409 76264 76072
4d'%d 2D, 156481 168074 165406 165305
Dy, 157180 168847 166183 165411
Sl
582 IS RE  -2.51142 -2.64097 -2.61447 -2.61794
5s5p  °P§ 47961 54914 54001 53548
p2 49548 56582 55631 55196
P9 53207 60734 59670 59229
P9 78801 80163 79019 79911
5p? °p, 121290 128814 126873 127309
°p, 123690 131743 129709 130120
°p, 118412 136470 134275 134567
D, 127379 130638 128478 128205
5s6s S 130986 141420 139341 139638
5s5d 3D, 132760 142898 140463 141322
°D, 132946 143107 140671 141526
°D, 133222 143423 140987 141838
5s6s 'S, 135453 145105 143064 143591
5s5d D, 148378 155394 153063 154116
Snll
5$%5p  2P9, RE -3.03218 -3.17791 -3.14624 —-3.15567
P, 3776 4352 4222 4251
5s5p2 Py, 40839 47579 46661 46464
P32 42512 49537 48556 48368
Py, 44720 51958 50915 50730
5%6s  °S,, 54896 57545 56707 56886
5s5p? Dy, 54142 59969 58806 58844
Dy, 54731 60599 59419 59463
55d Dy, 69220 72247 71140 71406
Dy, 69776 72929 71804 72048
55%6p  °P%, 69006 72131 71182 71494
pg,, 69825 73025 72061 72377
Snl
°p, 1411 1681 1623 1692
°p, 3049 3539 3428 3428
D, 8359 9079 8891 8613
5, 17328 18217 17977 17163
5s%5p6s 3P, 35381 35722 35251 34641
P, 35764 36050 35577 34914
°p, 38988 39848 39252 38629
P, 40080 40655 40063 39257
5s5p° %S, 34720 40529 39725 39626

one external electron above closed shells. Therefore only en-
ergies of states in which thes6ubshell remained closed
were calculated. The agreement with experiment for these

states is slightly better than for our results wilf”. The
reason for this is better treatment of the interaction between
core and valence electrons. Theddectrons were included in
the initial Hartree-Fock procedure. Also, interaction between
the & electron and the core is included in the CC approach
in all-orders of the MBPT.

This does not mean that thé\™* approximation is not
good for lead. First, as can be seen from Table I, inclusion
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TABLE Ill. Ground state removal energiéRE, a.u) and excitation energie&m™) of low states of

PbIVto Pbl.
State o] 3@ 3() f$()  Ref.[15]  Exp.[14]
Pb IV
5d%s s, RE -1.48374 -157689 -1.56035  -1.55529 -1.55531
5d'%p Pi 72857 78055 78239 76144 76158
P, 92301 99817 99388 97276 97219
5d%d Dajs 173446 188501 185992 184570 184559
Ds, 175485 190789 188254 186848 186817
Pb Il
652 s, RE -2.58923  -2.76503 -2.73356  -2.72421 -2.72853
6s6p °P, 52866 62881 62947 61045 60397
°p, 57184 66767 66751 64851 64391
°p, 70223 82032 81477 79577 78985
p, 91945 96556 95876 94071 95340
6p? P, 135286 145385 145400 141555 142551
6s7s 33, 137664 153445 150863 150038 150084
6s6d p, 138279 156137 154498 152079 151885
6s7s I, 142139 156815 154219 153407 153783
Pbll
65%6p ’PS, RE -3.11363  -3.31759  -3.27430  -3.26897 -3.28141
pg,, 12390 14447 13858 13896 14137 14081
6s6p> *Pij 50298 59934 59934 58052 57911
Py 57209 68501 67633 66221 66124
Py 61484 75957 74856 73749 73905
65°7s s, 55451 60525 58170 59203 58967 59448
6s%6d ’Dypy 66823 71130 69314 69256 70229 68964
’Dy, 63732 70711 68916 69001 69686 69740
6527p P, 69961 75342 73140 73878 74256 74459
’P32 72572 78180 75935 76666 77069 77272
6s6p> Dajy 77272 85538 84523 83196 83083
Ds, 81630 91291 89614 88800 88972
PbI
65°6p> °p, RE -3.36433  -3.58255 -3.53174  -3.52974 -3.55398
°p, 6388 7736 7305 7353 7819
°p, 9199 10795 10277 10423 10650
D, 18578 21793 20780 20979 21458
15, 26998 30355 29185 29412 29467
6s%6p7p P, 33413 35239 33679 34517 34960
P, 33871 35610 34056 34887 35287
6s?6p7p  °P; 40029 42987 41405 42061 42919
*P, 41612 44441 42882 43525 44401
6s?6p7p  °D, 41740 44714 43129 43773 44675
°D, 41886 44868 43281 43958 44809

of core-valence correlation does lead to systematic signifivN™* approximation is not good. It rather means that not all
cant improvement of the accuracy and final results are VelYominating higher-order diagrams are included ie).
close to the experiment. Second, the fact that inclusion of thg e situation is very similar to what takes place for single-

higher order core-valence correlations does not always le
to improvement of energy intervals does not mean that the

lence-electron atoms. The technique developed by us for
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alkali atoms[10] does not work very well for atoms like all cases. In general, thé"™ approximationM is the num-
thallium where interaction between valence electron and théer of valence electroh$s a good approximation if the over-
core is important. Here the CC+MBPT approach gives bettelap between core and valence states is small. The best case is
results[15] which may mean that the combination of the CC the alkaline-earth atoms where th&=2 approximation must
approach with the Cl method is a better option for atoms likeproduce excellent results. In contrast, M&™ approxima-
lead. This approach was recently considered by Kofl@]  tion is not applicable at all to atoms with openor/and f
and Johnso17]. However, no calculations for real atoms shells unless uppermost caandp states are also treated as
have been done. valence states. It should work more or less well for most of
the atoms and/or ions with and/orp valence electrons. In
cases of relatively large overlap between core and valence
1. CONCLUSION states good results can still be achieved if accurate treatment
It has been demonstrated that th&* approximation of the interaction between core and valence electrons is in-

works very well for the four-valence-electron atoms, such aSluded perturbatively into the calculation of the core-valence

germanium, tin, and lead as well as for their single, double?orrelaﬂons.
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