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We address the problem of discriminating with minimal error probability two given quantum operations. We
show that the use of entangled input states generally improves the discrimination. For Pauli channels we
provide a complete comparison of the optimal strategies where either entangled or unentangled input states are
used.
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Quantum nonorthogonality is a basic feature of quantum
mechanics that has deep implications in many areas, such as
quantum computation and communication, quantum en-
tanglement, cloning, and cryptography. Nonorthogonality is
strongly related to the concept of distinguishability, and
many measures have been defined to compare quantum
states �1� and quantum processes �2�, according to some ex-
perimentally or theoretically meaningful criteria. Since the
pioneering work of Helstrom �3� on quantum hypothesis test-
ing, the problem of discriminating nonorthogonal quantum
states has received a lot of attention �4�, with some experi-
mental verifications as well �5�. The most popular scenarios
are the minimal-error probability discrimination, where each
measurement outcome selects one of the possible states and
the error probability is minimized, and the optimal unam-
biguous discrimination �6�, where unambiguity is paid by the
possibility of getting inconclusive results from the measure-
ment. Stimulated by the rapid developments in quantum in-
formation theory, the problem of discrimination has been ad-
dressed also for bipartite quantum states, along with the
comparison of global strategies where unlimited kind of
measurements is considered, with the scenario of the scheme
where only local measurements and classical communication
are allowed �7�.

The concepts of nonorthogonality and distinguishability
can be applied also to quantum operations, namely, all physi-
cally allowed transformations of quantum states. Not very
much work, however, has been devoted to the problem of
discriminating general quantum operations, and major efforts
have been directed at the case of unitary transformations �8�.
In fact, the most elementary formulation of the problem can
be recast to the evaluation of the norm of complete bound-
edness �9�, which is in general a very hard task. We recall
that such a norm entered the quantum information field as
the diamond norm �10�, and one of its most relevant appli-
cation is found in the problem of quantifying quantum ca-
pacities of quantum information channels �11�.

In this paper, we address the problem of discriminating
with minimal error probability two given quantum opera-
tions. After briefly reviewing the case of quantum states, we
formulate the problem for two quantum operations. Differ-
ently from the case of unitary transformations �8�, we show
that entangled input states generally improve the discrimina-
tion. We prove that the use of an arbitrary maximally en-
tangled state turns out to be always an optimal input when
we are asked to discriminate two quantum operations that

generalize the Pauli channel in any dimension. In the case of
qubits, we give a complete comparison of the strategies
where either entangled or unentangled states are used at the
input of the Pauli channels, thus characterizing the channels
where entanglement is really useful to achieve the ultimate
minimal error probability in the discrimination.

In the problem of discrimination of two quantum states �1
and �2, given with a priori probability p1 and p2=1− p1,
respectively, one has to look for the two-value positive
operator-valued measure �POVM� ��i�0, i=1,2� with
�1+�2= I that minimizes the error probability

pE = p1Tr��1�2� + p2Tr��2�1� . �1�

We can rewrite

pE = p1 − Tr��p1�1 − p2�2��1� = p2 + Tr��p1�1 − p2�2��2�

=
1

2
�1 − Tr��p1�1 − p2�2���1 − �2��� , �2�

where the third equality can be obtained by summing and
dividing the two previous equalities. The minimal error prob-
ability can then be achieved by taking the orthogonal POVM
made by the projectors on the support of the positive and
negative parts of the Hermitian operator p1�1− p2�2, and
hence one has

pE =
1

2
�1 − �p1�1 − p2�2�1� , �3�

where �A�1 denotes the trace norm of A. Equivalent expres-
sions for the trace norm are the following:

�A�1 = Tr	A†A = max
U

�Tr�UA�� = 

i

si�A� , �4�

where the maximum is taken over all unitary operators, and
�si�A�� denote the singular values of A. In the case of Eq. �3�,
since the operator inside the norm is Hermitian, the singular
values just correspond to the absolute value of the eigenval-
ues.

The problem of optimally discriminating two quantum
operations E1 and E2 can be reformulated into the problem of
finding in the input Hilbert space H the state � such that the
error probability in the discrimination of the output states
E1��� and E2��� is minimal. We are interested in the possi-
bility of exploiting entanglement in order to increase the dis-
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tinguishability of the output states. In this case the output
states to be discriminated will be of the form �E1 � IK�� and
�E2 � IK��, where the input � is generally a bipartite state of
H � K, and the quantum operations act just on the first party
whereas the identity map I=IK acts on the second.

In the following we will denote with pE� the minimal error
probability when a strategy with unentangled input is
adopted. Hence, without the use of entanglement the mini-
mal error probability is given by

pE� =
1

2
�1 − max

��H
�p1E1��� − p2E2����1� , �5�

whereas, by allowing the use of entangled input states, one
has

pE =
1

2
�1 − max

��H�K
�p1�E1 � I�� − p2�E2 � I���1� . �6�

The maximum of the trace norm in Eq. �6� is equivalent to
the norm of complete boundedness �9�, and in fact for finite-
dimensional Hilbert space one can just consider K=H
�9,10�.

From the linearity of quantum operations, the following
property of the trace norm �12�:

�aA + �1 − a�B�1 � a�A�1 + �1 − a��B�1 �7�

with 0�a�1, and the convexity of the set of states, it fol-
lows that in both Eqs. �5� and �6� the maximum is achieved
by pure states.

The use of entanglement generally improves the discrimi-
nation, and such an improvement can be very remarkable
when increasing the dimension of the Hilbert space. Con-
sider for example the situation where one has to discriminate
between the identity map and the completely depolarizing
map, with dim�H�=d. One has

E1�������� = ������, ��� � H ,

E2�������� =
I

d
, ��� � H ,

�E1 � I��������� = ������, ��� � H � H ,

�E2 � I��������� =
I

d
� Tr1��������, ��� � H � H ,

where I denotes the identity matrix, and Tri denotes the par-
tial trace with respect to the ith Hilbert space.

Without the use of entanglement, one has

pE� =
1

2
1 − max

���
�p1������ − p2

I

d
�

1
�

=
1

2
�1 − �p1 −

p2

d
� + p2

d − 1

d
�� , �8�

whereas, by considering an input maximally entangled state
���, one obtains the bound

pE �
1

2
1 − �p1������ − p2

I � I

d2 �
1
�

=
1

2
�1 − �p1 −

p2

d2� + p2
d2 − 1

d2 �� . �9�

For p1= p2=1/2, e.g., one has pE� =1/ �2d� and pE�1/ �2d2�
�indeed, from what follows, one has equality in Eq. �9� for
any maximally entangled input state�.

On the other hand, there are situations in which entangle-
ment is not needed to achieve the ultimate minimal error
probability, as in the case of discrimination between two uni-
tary transformations �8�.

Any quantum operation E is a completely positive map,
and hence can be written in the Kraus form �13�

E��� = 

n

Kn�Kn
†, �10�

where Kn are operators on the Hilbert space H of the quan-
tum system �from here on, for simplicity, we consider opera-
tions that map states from H to H�, and satisfy the complete-
ness relation 
nKn

†Kn= I, thus preserving the trace of �.
Using the notation of Ref. �14� for bipartite vectors

�A�� � 

n,m

�n�A�m��n� � �m� = A � I�I�� = I � A��I�� ,

�11�

one can write the evolution under E � I of a pure bipartite
state �= �������� �with Tr���=Tr��†��=1� as follows:

�E � I��������� = �I � ���

n

�Kn����Kn��I � �*� , �12�

where � and � denote transposition and complex conjugation
on the basis chosen in Eq. �11�. Then, the minimal error
probability in Eq. �6� is rewritten

pE =
1

2
�1 − max

Tr��†��=1

�I � ��	I � �*�1� , �13�

where 	 is Hermitian, and in terms of the Kraus operators
�Kn

�1�� and �Km
�2�� of the quantum operations is given by

	 = p1

n

�Kn
�1�����Kn

�1�� − p2

m

�Km
�2�����Km

�2�� . �14�

Notice that a maximally entangled state is written in the
notation of Eq. �11� as �1/	d��U��, with U unitary and d
=dim�H�. From the invariance of the trace norm �UAV�1

= �A�1 for arbitrary unitary operators U and V �12�, one ob-
tains the following upper bound for the minimal error prob-
ability:

pE �
1

2
1 −

1

d
�	�1� . �15�

Exploiting unitarily invariance and the polar decomposi-
tion of �� as ��=UP with U unitary and P positive, the maxi-
mum in Eq. �13� can be searched for positive operators P
with Tr�P2�=1, namely,

MASSIMILIANO F. SACCHI PHYSICAL REVIEW A 71, 062340 �2005�

062340-2



pE =
1

2
�1 − max

P�0,Tr�P2�=1

�I � P	I � P�1� . �16�

This expression is very suitable for numerical evaluation.
Moreover, the rank of P that achieves the maximum gives
directly information about the usefulness of entanglement.
There is no need of entanglement for the optimal discrimi-
nation if and only if the maximum in Eq. �13� can be
achieved by a rank-1 operator P.

The minimal error probability can be evaluated when the
quantum operations can be realized from the same set of
orthogonal unitaries �namely, �Un� with Tr�Um

† Un�=d
n,m� as
random unitary transformations �15�. In this case one has

Ei��� = 

n

qn
�i�Un�Un

†, 

n

qn
�i� = 1, �17�

and hence 	=
nrn�Un����Un�, with rn= p1qn
�1�− p2qn

�2�. The
operator 	 is diagonal on maximally entangled states with
eigenvalues drn, and the bound in Eq. �15� is then written
pE�

1
2 �1−
n�rn��. On the other hand, one has

max
����H�H�
n

rn�Un � I��������Un
†

� I��
1

� 

n

�rn�max
���

��Un � I��������Un
†

� I��1 = 

n

�rn� .

�18�

From Eq. �18� one has pE�
1
2 �1−
n �rn � �, and together with

the upper bound �15�, one obtains

pE =
1

21 − 

n

�rn�� =
1

2
1 −

1

d
�	�1� . �19�

This result implies that in the case of Eq. �17� the minimal
error probability can always be obtained by using an arbi-
trary maximally entangled state at the input.

Notice that by dropping the condition of orthogonality of
the �Un�, one just obtains the bounds

1

21 − 

n

�rn�� � pE �
1

2
1 −

1

d
�	�1� . �20�

In the following we consider the case of discrimination of
two Pauli channels for qubits, namely,

E�i���� = 

�=0

3

q�
�i������, �21�

where ��0 ,�1 ,�2 ,�3�= �I ,�x ,�y ,�z� and 
�=0
3 q�

�i�=1. In par-
ticular, we are interested to understand when the entangled-
input strategy is really needed to achieve the optimal dis-
crimination. The positive operator P in Eq. �16� can be
parametrized on the computational basis as follows:

P =  x z

z* y
� , �22�

with x ,y�0, xy� �z�2, and x2+y2+2�z�2=1. The strategy
with unentangled input corresponds to the values range x
+y=1 and �z�=	xy such that rank�P�=1. The operator 	 is

diagonal on the Bell basis and is written 	

=
�=0
3 r�����������, where r�= p1q�

�1�− p2q�
�2�. On the ordered

basis ��00�,�01�,�10�,�11��, one has

	 =�
a 0 0 c

0 b d 0

0 d b 0

c 0 0 a
� , �23�

with a=r0+r3, c=r0−r3, b=r1+r2, and d=r1−r2. The singu-
lar values of 	 are given by

si�	� = ��a ± c�, �b ± d�� , �24�

and for the previous derivation we know that the minimal
error probability can be achieved by using a maximally en-
tangled input state, with

pE =
1

2
1 −

1

2

i=0

3

si�	�� =
1

2
1 − 


i=0

3

�ri�� . �25�

For the strategy with unentangled input one has

pE� =
1

2
�1 − max

P�
�I � P�	I � P��1� ,

P� =  x 	x�1 − x�ei�

	x�1 − x�e−i� 1 − x
� ,

0 � x � 1, 0 � � � 2 . �26�

In this case the operator 	�= I � P�	I � P� inside the trace
norm is at most rank 2, and its nonvanishing singular values
are written

s1,2�	��

=
1

2
�a + b

±	��a − b��1 − 2x��2 + 4x�1 − x��c2 + d2 + 2cd cos�2���� .

The maximum can be obtained from comparing the values of
s1�	��+s2�	�� just for the extreme points x=0,1 and the
stationary points x=1/2 and �=k /2 with k integer, and one
has

pE� =
1

2
�1 − M� , �27�

where

M = max��a� + �b�,
1

2
��a + b + c + d� + �a + b − c − d��,

1

2
��a + b + c − d� + �a + b − c + d���

= max��r0 + r3� + �r1 + r2�, �r0 + r1� + �r2 + r3�,

�r0 + r2� + �r1 + r3�� , �28�

and the three cases inside the curly brackets corresponds to
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using as input state an eigenstate of �z, �x, and �y, respec-
tively. From Eq. �28� one can see that entanglement is not
needed as long as M =
i=0

3 �ri�, and this happens in many
situations: �i� when the determinant det�	�=0, namely, at
least one of the �ri� vanishes; �ii� when det�	��0, so that
two of the �ri� are strictly positive and the others are strictly
negative. On the other hand, entanglement is crucial to
achieve the ultimate minimal error probability when det�	�
�0. Among these cases, there are striking examples where
the channels can be perfectly discriminated only by means of
entanglement. This is the case of two channels of the form

E1��� = 

���

q������, E2��� = �����, �29�

with q��0, and arbitrary a priori probability. This example
can be simply understood, since the entangled-input strategy

increases the dimension of the Hilbert space such that the
two possible output states will have orthogonal support.

In conclusion, we considered the problem of discriminat-
ing two quantum operations with minimal error probability
and showed that the use of entangled input states generally
improves the discrimination. We gave a general upper bound
to the minimal error probability, and the exact solution for
generalized Pauli channels. In the case of qubits, we charac-
terized in a simple way the Pauli channels where the use of
entanglement definitely outperforms the scheme with unen-
tangled input. We hope that our results will stimulate further
research on the discrimination of quantum operations.
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