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Multiphoton entanglement is an important resource for linear optics quantum computing. Here we show that
a wide range of highly entangled multiphoton states, includhgtates, can be prepared by interfergiggle
photons inside a Bell multiport beam splitter and using postselection. A successful state preparation is indicated
by the collection of one photon per output port. An advantage of the Bell multiport beam splitter is that it
redirects the photons without changing their inner degrees of freedom. The described setup can therefore be
used to generate polarization, time-bin, and frequency multiphoton entanglement, even when using only a
single photon source.
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[. INTRODUCTION ments cannot be scaled up easily, since they do not provide
) ) efficient control over the arrival times of the emitted pho-
Entanglement spurs a great deal of interest in quanturgyns, It is therefore experimentally challenging to interfere
information processing1,2], quantum cryptography3,4],  more than two photons successfully. Interesting experiments
and for fundamental tests of quantum mechaf&$]. For  involving four photons have nevertheless been performed
many practical purposes, photons provide the most favorefi 8,19 but going to higher photon numbers might require
qubits as they possess very long lifetimes and an ease iifferent technologies. To find alternatives to parametric
distribution. However, it is very difficult to simulate a direct down conversion, a lot of effort has been made over the last
interaction between the photons, which either requires nonyears to develop sources for the generation of single photons
linear couplings between optical modes or the presence of @ demand20-23. Following these proposals, a variety of
large number of ancilla photod&]. Hence photons are dif- €xperiments has already been performed, demonstrating the
ficult to entangle. One way to overcome this problem is tofeasibility and characterizing the quality of these sources
create polarization or time-bin entanglement via photon paiPased on atom-cavity systerfz4—26, quantum dotg27],
creation within the same source as in atomic cascade arf'd nitrogen-vacancy color cent¢@3,29.
parametric down-conversion experiments. This has alreadgtu'\/'ot'vated by these recent developments, several authors

been demonstrated experimentally by many groffpsg). died the creation of mt_JItiphoton entanglement by passing
Other, still theoretical proposals employ certain features Opho_tons generated by a smgle photon source through a I_mear
the combined level structure of atom-cavity systd@isiq], ~ OPUcs networ{30-3. A variety of setups has been consid-
photon emission from atoms in free spdde], or accord- ered. Zukowskiet al. showed that théN <X N Bell multiport
ingly initialized distant single photon sourc[és’3 14, beam splitter can be used to produce higher dimensional

. X i Einstein-Podolsky-RosefEPR) correlationg 30]. Special at-
Alternanvgly, .hlghly entangled multlphotpn states can b. ention has been paid to the optimization of schemes for the
prepared using independently generated single photons wi neration of a-photon entangledso-called NOONi state

no entanglement in the initial state, linear optics, and postseg;;, special applications in lithograptig1-34. Wang stud-
lection. In general, the photons should enter the linear opticg, § e event-ready generation of maximally entangled pho-
network such that the information about the origin of each, pairs without number resolving detecté8s] and Sagi
photon is erased. Afterwards postselective measurements Ffoposed a scheme for the generatiorNephoton polariza-
performed in the output ports of the netwdd5]. Using this 4, entangled Greenberger-Home-Zeiling@HZ) states
approach, Shih and Alley verified the generation of maxi-rag) |t s possible to prepare arbitrary multiphoton states
mally entangled photon pairs in 1988 by passing two photon 7] using, for example, probabilistic but universal linear
simultaneously through a 50:50 beam splitter and detectin ptics quahtum gates Iik,e the one described in [3sf, but
them .in different output.pc')rts of the setpo]. For a recent this approach is not élways the most favorable. 7
experiment based on this idea using quantum dot technology, fare we are interested in the generation of highly en-
see Ref[17]. . . . . tangled qubit states dfl photons using only a single photon

Currently, many groups experimenting with single pho- ource and a symmetrid X N Bell multiport beam splitter,
tons favor parametric down conversion because of the qu Which can be realized by combining single beam splitters
ity of the produced output states. However, these experip o o symmetric linear optics network witk input andN

output ports[30,39. In the two-photon case, the described

scheme simplifies to the experiment by Shih and All&§].
*Email address: yuan.lim@imperial.ac.uk To entangleN photons, every input poitof the Bell multi-
"Email address: a.beige@imperial.ac.uk port should be entered by a single photon prepared in a state
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1 beam splitter. In the following,+) and|—) are the states of
- 5— 2 a p_hoton with polarizatiqn +7 or = respecti\(ely. AIter—_
natively, |+) could describe a single photon with an earlier
arrival time or a higher frequency than a photon prepared in
|—-). As long as the statds) are orthogonal and the incom-
- ——)— N ing photons are in the same state with respect to all other
degrees of freedom, the calculations presented in this paper

FIG. 1. Experimental setup for the generation of multiphoton@PPIy throughout. Moreover, we assume that each input port
entanglement by passiry single photons through aNx N Bell 1 is entered by one independently generated photon prepared
multiport beam splitter. The state preparation is considered succest! IN)=ai | +)i+ ai_|-);, wherea;, are complex coefficients
ful under the condition of the collection of one photon per output. With |, [*+|a;_[>=1. If a:,t denotes the creation operator for

] . one photon with parametgs in input porti, the N-photon
I\;). The photons then interfere with each other before leavinput state can be written as

ing the setupsee Fig. 1 We consider the state preparation N
as successful under the condition of the collection of one _ t
photon per output port, which can be relatively easily distin- |bin) = H ( > aiﬂaw)|0> (1)
guished from cases with at least one empty output port. =1 A=

Processing the multiphoton state prepared with the abovgith |0) being the vacuum state with no photons in the setup.
described preselection process further would require quan- \We now introduce the unitarjd x N-multiport transfor-
tum nondemolition photon measurements. Performing suckation operator, namely the scattering maSixhat relates

measurements is not possible without nonlinearities anghe input state of the system to the corresponding output state
without using relatively sophisticated experimental setups

[42,43. In general, the detection of a successful state prepa- | pou = Slebin)- 2
ration destroys th'e prepared multlphoton state. This is knOWtaJsing Eq.(1) and the relatiors's=1 yields

as state preparation via postselection, which is neverthelessa

useful technique, if the detection accomplishes a nontrivial =g S aal )STS( S w8 ) e

task. Entangled state preparation with postselection can be oud 5<,F+,_ sy u=+- 2t

used, for example, for secure quantum key distribution and

X i )
Nt NXN Bell multiport : Nel

N

guantum secret sharing4], teleportatiorf45], and in testing xS’y > aNMaLﬂ) S'S0)

entanglement with witnesses and observing a violation of a u=t=

Bell's inequality [46]. Moreover, combining this technique N

with single photon sources could be used to prepare them in =11 ( > «,Sd ST)|O>_ (3)
a highly entangled state, which can then be used for the i=1 \ u=+ - .

generation of multiphoton entanglement on demgisj. . . ,

One advantage of using a Bell multiport beam splitter for!" the following, the matrix elementd;; of the unitary trans-
the generation of multiphoton entanglement is that it rediformation mgtn_xU d_enote the z_;\mp_htudes for th_e redirection
rects the photons without changing their inner degrees off @ photon in input to outputj. Since the multiport beam
freedom, like polarization, arrival time, and frequency. Thesplitter does not contain any elements that change the inner
described setup can therefore be used to generate polariZéegrees of freedom of the incoming photons, the transition
tion, time-bin, and frequency entanglement. Especially, timematrix U does not depend op. Denoting the creation op-
bin entanglement can be very robust against decoherence aathtor for a single photon with parameijerin output portj
has, for example, applications in long-distance fiber commuby bJT# therefore yields
nication[40]. Moreover, the preparation of the input product t ot "
state does not require control over the relative phases of the Sg,S = E Ujiby,. (4)
incoming photons, since the phase factor of each photon con- )
tributes at most to a global phase of the combined state withserting this into Eq(2) we can now calculate the output

no physical consequences. _ state of theN X N multiport given the initial stat€1) and
This paper is organized as follows. In Sec. Il we introducegpiain

the notation for the description of photon scattering through

a linear optics setup. Sec. Ill shows that a wide range of NN +

highly entangled photon states can be obtained\fet, in- | ot = H 2 Uji( > aiﬂbjﬂ> |0). 5
cluding the W-state, the GHZ-state, and a double singlet e

state. Afterwards we discuss the generation\bstates for  This equation describes the independent redirection of all
arbitrary photon numbers and calculate the corresponding photons to their potential output ports. Conservation of the
probabilities for a successful state preparation. Finally wenorm of the state vector is guaranteed by the unitarity of the
conclude our results in Sec. V. transition matrixU.

The state preparation is considered successful under the
condition of the collection of one photon per output port. To
calculate the final state, we apply the corresponding projector

Let us first introduce the notation for the description of to the output staté5) and find that the thereby postselected
the transition of the photons through tNe< N Bell multiport ~ N-photon state equals, up to normalization,

II. PHOTON SCATTERING THROUGH A LINEAR
OPTICS SETUP
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s ﬁ 5 ) one photon in the same state, let us say+ih, so that
oo = U( @bl ) 0. (®)
i o Li=l v p=t= e |¢in> = a;r.+a£+ag+aj1+|0>- (12)

Here theo are theN! possible permutations of thd items  Using Eqgs.(6) and(10), we then find that the collection of
{1,2,... N} ando(i) denotes théth element of the list ob- one photon per output port prepares the system in the post-
tained after applying a certain permutationonto the list ~ Selected state

{1,2,... N}. Moreover, the norm of the stai{®) squared,

4
namely |¢pro> = 2 [H Ug(i)ibit] |0> =0. (13)
Psuc= |||¢pr0>||21 @) o Li=1

. . This means that it is impossible to pass four photons in

IS the_success rate of t_he scheme _and probability for th‘Pne same state through the considered setup with each of

collection of one photon in each output them leaving the multiport in a different output port. More
A. The Bell multiport beam splitter generally speaking, the state with four photons in the same

: . o state does not contribute to the event of collecting one pho-
_ Motivated by a great variety of applications, we are par-,, per output port. It is therefore impossible to prepare any
ticularly mterestec_i in the generation of highly ent_angled pho'superposition containing the statdﬂ+b£+b§+b1+|0> and
ton states of a high symmetry, an example begtates. 1wt pt 10y respectively. The reason is destructive inter-
This suggests to consider symmetric mu|t|por'§§, which red'Terence of certain photon states within the linear optics setup,
rect each incoming photon with equal probability to all po-\hich plays a crucial role in the generation of multiphoton
tential output ports. A special example for such XN entanglement via postselection.
multiport is the Bell multiport beam splitter. Its transforma-

tion matrix
B. The 4-photon W-state
Uj = %wg—lﬂi—l) (8) We now focus our attention on the case where input port
VN 1 is entered by a photon prepared+) while all other input

is also known as a discrete fourier transform matrix and haQOrts are entered by a photonlin), i.e.,
been widely considered in the literat/@0,39,41. Herewy |py = al,ab_al al |0). (14)
denotes thé\th root of unity,

Using again Egs(6) and(10), we find that the collection of

wy = exp2im/N). (9 one photon per output port corresponds to the postselected
Proceeding as in Sec. Il D of REB0], it can easily be veri- 4-Photon state

fied thatU is unitary as well as symmetric. Especially for 4 4
N=2, the transition matrix8) describes a single 50:50 beam | Bpre) = > U,-lbjT+2 11 Uo-j(i)ib;(i)— 0y, (15
splitter. =1 o Li=2 i

[ll. THE GENERATION OF 4-PHOTON STATES where theo; are the 3! permutations that map the §gf 3,

4} onto the list{1,...,(j=1),(j+1),...,4. If |jo,» denotes
the state with one photon ip+) in output portj and one
%hoton in|—) everywhere else,

Before we discuss thBl-photon case, we investigate the
possibility to prepare highly entangled 4-photon states usin
specially prepared photons and &4 Bell multiport beam

splitter. ForN=4, the transition matrix8) becomes lioud = bl -+~ b{spy-blb{_y)_ -+~ b]0), (16)
11 11 11 1 1 and g; is a complex probability amplitude, then the output
1 o o o 11 i -1 =i state(15) can be written as
VT2l @ ot w721 -1 1 -1 4
1 o o o 1 -i -1 i |¢g¥o>:2,3j|jour>- (17)
(10 -

o Furthermore, we introduce the reduced transition matrices
where we used the abbreviation uY. which are obtained by deleting the first column and the
= w, (11)  Ithrow of the transition matrixJ. Then one can express each

B; as the permaneii$7,48 of a matrix,
The following analysis illustrates the richness of the problem

4

as well as it motivates possible generalizations for the case of -

arbitrary photon numbers. ﬁj = U]IE 1_£ U(rj(i)i = Ujl pern{uf‘g(;ir) . (18)
1=

%

A. Impossible output states The output stat¢17) equals aW-state if the coefficientss;

Let us first look at the seemingly trivial situation, where are all of the same size and differ from each other at most by
every input port of the multiport beam splitter is entered bya phase factor.
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To show that this is indeed the case, we calculate the . . 1 bttt F ot oot ot f ot ot ot
reduced matrices)'!), explicitly [49] and obtain | boro) = S[P1-02.03.b4, — by, 03 03.by, + by 02,03 by
2 3
u® 1 w2 w4 we u® 1 12 14 16 —bLbLb;bZ_]IO) 20
red™ 2 w3 w6 wg vooTredT o w3 w6 wg ’ under the condition of the collection of one photon per out-
w w w0 put port. Both states25) and (26), can be generated with
probability
1 1 1 1 1
— _ 1
U=5| © o o |, U=l 0 o o). Pauc™ 2 (27)
(1)3 (06 wg (1)2 (,04 (.06

(19) Transforming them into the usual form of \W-state with

. . . equal coefficients of all amplitud¢51] only requires further
The coefficientsg; differ at most by a phase factor if the jmplementation of a Pauli-, operation(i.e., a state depen-

norm of the permanents of the transpose of these reducegbnt sign flip on either the first and the third or the second
matrices is for alj the same. To show that this is the case Wegng the fourth output photon, respectively.

now define the vector

V= (0,0 o), (20 C. The 4-photon GHZ-state
multiply each row of the matrixUL, exactly (j—1) times Besides generating/-states, the proposed setup can also
with v, and obtain the new matrices be used to prepare 4-photon GHZ-states. This requires feed-
s 4 s ing each of the input ports 1 and 3 with one photor}-
1 0 0 while the input ports 2 and 4 should each be entered by a
UL =ud, G%:E o® o o, photon in|—) such that
it |#8"%) = al a]_al,a} |0). (29)
L 0® ® Calculating again the output state under the condition of col-
Uﬁﬁlﬁ 11 1 UEQE: UE;‘L. (21) lecting one photon per output port, we obtain
2 3
© o |52y = 2 U 11U 22U o(2)3U e
The above described multiplication amounts physically to 7
the multiplication of the photon input state with an overall X bl(1)+b2(z)—b$(3>+bl( »-10), (29)

phase factor and
o where theo are the 4! permutations that map the {ist 2, 3,
Iperm(UEN)| = [permULY)|. (22) 4} onto itself. On simplification, one finds that there are only
two constituent states with nonzero coefficients apgh*)

Moreover, using the cyclic symmetry of permandwtg], we becomes after normalization

see that

i = ~ 1
perm(UL) = perm(UL). (23 |SH) = fE[bI+b£_b§+bl_ - bl b,bl b},]j0),  (30)
\!

This implies together with Eq(18) that the norm of the
coefficients B; is indeed the same for ajl. Furthermore, which equals the GHZ-state up to local operations. Trans-
using the above argument based on the multiplication oforming Eq. (30) into the usual form of the GHZ-state re-
phase factors to the photon input state, one can show that quires changing the state of two of the photons, for example,
3 -1 from |+) into |—). This can be realized by applying a Pauli
o k a, operation to the first output port as well agpaoperation
p Bl(gw ) 24 (J'the third output.

. o _ Finally, we remark that the probability for the creation of
Inserting this into Eq(15), we find that the postselected state the GHZ-state31) is twice as high as the probability for the

with one photon per output port equals, after normalizatiorgeneration of aN-state(27),
[50], the W-state

1
N 1 Psuc= = 31
89 = 511,033}~ b{ b5} b + ] b} bl,0] 5 o
_ bT_bE_b;f,_bL]|0>. (25) Unfortunately, the experimental setup shown in Fig. 1 does

not allow for the preparation of GHZ-states for arbitrary pho-
In analogy, we conclude that an input state with one photorton numbersN. For a detailed description of polarization
in |[—) in input port 1 and a photon i) in each of the other entangled GHZ-states using a different network of 50:50 and
input ports, results in the preparation of théstate polarizing beam splitters see Rg86].
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D. The 4-photon double singlet state V13= Q14QpsQa_Qayy V14 Q14040340 (37)

For completeness, we now ask for the output of the pro-
posed state preparation scheme, given that the input sta
equals

he form of the coefficient$37) reflects the full symmetry
f the transformation of the input state. Each of the entangled
states D%, |5H2), [#Wo), and|div) are generated indepen-

|¢m>:a1+a£+a£_a1_|0). (32)  dently from the different constituent parts of the ingj.
Besides, Eq(36) shows that the output state is constrained to
#e of a certain symmetry, namely the symmetry introduced
by the symmetry of theN X N Bell multiport beam splitter

DS\ _ and the postselection criteria of finding one photon per out-
|¢p"’>_§;‘ UowiUo@2Uo@aUows put port. As before, the norm squared |df,» equals the
probability for a successful state preparation.

Proceeding as above, we find that this results in the prepar
tion of the state

X bj;(l)+bjr(2)+bjr(3)—b;|;(4)—|0> (33

under the condition of the collection of one photon per out-  IV. THE GENERATION OF N-PHOTON W-STATES
put port. Here the permutation operatersare defined as in

Sec. Il C, which yields Using the same arguments as in Sec. Il B, we now show

that theN X N Bell multiport beam splitter can be used for

- 1 the generation ofN-states for arbitrary photon numbeks
DS\ — Trpt 1wt Bt Kt Tt nt Rt SN N, . . .
| o = §[b1+b2+b3—b4—+ by b3 03,04, = by,by b3 by, Like Bell states\W-states are highly entangled but their en-
f ot tanglement is more robu$bl]. Moreover, asN increases,
- by_b;,b3,b, 10). (34  W:states perform better than the corresponding GHZ-states

against noise admixture in experiments to violate local real-
ism [52] and are important for optimal cloning protocols
1 [53].
Psuc= 7¢- (35 In analogy to Eq.(14), we assume that the initial state
contains one photon i) in the first input port, while every

The state(34) is a double singlet state, i.e., a tensor productother input port is entered by a photon prepared-ii so
of two 2-photon singlet states, with a high robustness againshat
decoherencgl8].

This state can be prepared with probability

N
E. The general 4-photon case |y =ai.]] al|0). (38)
i=2

Finally, we consider the situation where the input state is _
of the general forn{1). Calculating Eq(6), we find that the ~ Using Eq.(6), we find that the state of the system under the
unnormalized output state under the condition of one photogondition of the collection of one photon per output port

per output port equals in this case equals
_ % DS 1 % GHZ ! T . +
| pre) = 1(71+ Y2~ 3~ ¥a)ldpre) + ﬁ(%_ 5)| Ppro ) [ boro = 2 Upbl, 20 | 1 Uy, 3D, i) 0y, (39
j:l (Tj i=2
+ %(yg + Y0~ V7 7’9)|‘Af’\r§¥o> where theo; are the(N-1)! permutations that map the list

{2,3,... N} onto the list{1,2,...(j-1),(j+1),... ,N}. As
1 ~ expected, the output is a superposition of all states with one
+ Z(?’lz+ Y14~ Y11~ 713 Bpro) (36)  photon in|+) and all other photons prepared |in).
To prove that Eq(39) describes indeed \&/-state, we use
with the Stateéf(}g\';\; o |(§5\é¥0> |$SH2) and| (%ﬁf‘,) as defined in  @gain the notation introduced in Eq46) and(17) and write

Egs.(25), (26), (30), and (34) and with the coefficients |
|¢pro> = E ,Bj“out)- (40)
]

V1= Q1404 Q3-0yy Y2 = Q100034 (44,

To show that the coefficients; differ from g, at most by a
phase factor, we express the amplituggsas in Eq.(18)

B B using the permanents of the reduced transition matrices and
V5= A4 Qp-034Qy—, Yo = A1-004+A3-(4+, find

V3= -0, 03400, Y4 = 0110 03-Q4y,

— - N
V7= Q1eQp-Q3-Qy-, Vg = Q-0 03-0Yy -, .
B=upx 11 Ugii = Ujn pernfULj)]. (41)

o =2
Vo= Q-0 0340, Y10~ X1-02-Q3-Cyy, :
Inserting the concrete form of the transition mattix this

Y11= 1004031044, Y127 (14Q0-(34.04+4, yields
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N
1 el
B S Tdpo iy, e
VN oj i=2

Proceeding as in Sec. Il B, we now multipl§; with the
phase factor

N-1 =(j-1)
v = (H wh) (43
k=0

and obtain

N
1 i
viB; = WE [ w(Nfr,(D Di-1)
v

0']' i=2
1 N 12
:ﬁzwa\‘moq\l(‘fj(i)—j))(i—l)_ (44) 10, p 6 8 10 N 12 14 16 18 20
VN o i=2
The expression magdo;(i)—j)+1 represents a set diN FIG. 2. The success rate for the generatiohlgfhotonW-states

-1)! permutations that map(2,3,... N} onto the list Py, cas a function ofN. The solid line approximates the exact results

: 7 — aa=bN i — —
{2,3,... N}. It is therefore equivalent to the permutations via the equatiorPs,=e*>" with 8=1.85+1.32 and=1.27+0.10.

o4(i), which allows us to simplify Eq(44) even further and )
to show that NP-complete problem. We therefore calculafeg. numeri-

cally (see Fig. 2

1 N [or4(i)-11G-1) As it applies to linear optics schemes in general, the suc-
viBj = Wz H oyt =p1 (45) cess probability decreases unfavorably as the number of qu-
VN oy =2 bits involved increases. Here the probability for the collec-
From this and the fact that+2+---+(N—1):%N(N—1) we fion drops on average exponentially. We observe the
finally arrive at the relation interesting effect of a nonmonotonic decreasing success
_ probability asN increases. For example, the probabilty of
N1 ; -1 B, if N is odd success foN=13 is higher than foN=9. Moreover, forN
B = kHO oy BL= (- 118, if N'is even =6 andN=12, W-state generation is not permitted due to

destructive interference. This does not appl\Nte18 which
(46) is also a multiple of 6.

This shows that the amplitudgs are all of the same size and

the Bell multiport can indeed generatephotonW-states. If V. CONCLUSIONS

one wants the coefficients; to be exactly the same, one can . .
. . ) We analyzed the generation of multiphoton entanglement

remove unwanted minus signs in the case of even photon

. S . with the help of interference and postselection in a linear
numbers by applylng &; operation in each output port with optics network consisting of aN X N Bell multiport beam
an even numbey.

splitter. Each input port should be entered by a single photon

In the caseN=2, the above described state preparation repared in a certain staltie). As long as the photons are the
scheme reduces to the familiar example, where two photon% P : 9 b

prepared in the two orthogonal states) and |—) pass Same with respect to all other degrees of freedom and it can

through a 50:50 beam splitter. The collection of one photor]be guaranteed that photons prepared in the same state over-

P A S o RS i e . Tk S 1 e e e
state 142[b] ,b}_—b]_b},]|0), which can be transformed into ; b gony

= . " . single photon sourcE24-29. We believe that the described
1./\s2-[bLbT_+bf_.l:)§+]|O> by performing a c.on.dltlonal sign approach allows one to entangle much higher photon num-
flip, i.e., depending on whether the photon ig) or [~),in pars than what can be achieved in parametric down conver-
one of the output ports. sion experiments.

An, in general, highly entangled output state is obtained
under the condition of the collection of one photon per out-
put port. The motivation for this postselection criteria is that

Let us finally comment on the success rate of the prodistinguishing this state from other output states does not
posedW-state preparation scheme. Computing the probabilrequire photon number resolving detectors.
ity (7) can be done by finding the amplitugie with the help First we analyzed the casd=4 and showed that the
of Eq. (41). Although the definition of the permanent of a 4x 4 Bell multiport allows for the creation of a variety of
matrix resembles the definition of the determinant, there exhighly symmetric entangled states including iestate, the
ist only few theorems that can be used to simplify their cal-GHZ-state, and double singlet states. It was found that some
culation[47]. In fact, the computation of the permanent is anstates are easier to prepare than others. A straightforward

A. Success probabilities
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generalization of the 4-photon case yields a scheme for theymmetric states. To verify the generation of a certain type of
creation of N-photon W-states. We calculated the rates for entanglement one could, for example, use local measure-
successful state preparations and showed that they decreasents as it has recently been proposed by Toth and Giihne
in a nonmonotonic fashion and on average exponentiallj46,54.
with N.
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