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QED calculation of the n=1 and n=2 energy levels in He-like ions
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We performab initio QED calculations of energy levels for the1 andn=2 states of He-like ions with the
nuclear charge in the range=12—100. The complete set of two-electron QED corrections is evaluated to all
orders in the parameteiZ. Uncalculated contributions to energy levels come through owre2)?, o?(aZ)’,
and higher. A significant improvement in accuracy of theoretical predictions is achieved, especially in the high-
Z region.
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Introduction QED effects were corrected for the “screening” by various
semiempirical rules, notably, within Welton’s approximation,
Helium and heliumlike ions, being the simplest many-as in Ref[17]. A more elaborate treatment of QED effects in
electron systems, traditionally serve as an important testingle-like ions was presented by Draki8]. His values for the
ground for investigations of many-body relativistic and QED QED correction included the complete contribution to order
effects. Calculations of QED effects in He-like ions have ac?(aZ)® derived in Refs[1,2] and parts of higher-order con-
long history. The expression for the Lamb shift completetributions obtained by employing the all-order results avail-
through ordersy(aZ)* and a(«Z)® was derived in pioneer- able for the one-electron QED corrections. The total energy
ing studies by Araki1] and Suchef2]. Numerous subse- values of Ref[18] are complete through order(aZ)® and
quent investigations of higher-order QED corrections in two-uncalculated terms start at order§ «Z)* and o®(aZ2)>.
electron systemésee, e.g., the revie{8] and recent original Later, Johnson and Sapirstejd9] applied relativistic
studies[4—6]) were primarily aimed at helium, in which the many-body perturbation theo§iBPT) to the treatment of
experimental accuracy is by far better than in other two-the electron correlation far=2 triplet states of He-like ions.
electron systems. Recent progress in experimental spectroSoembined with Drake’s values for the QED and recoil cor-
copy of highly charged ion§7—9] opened perspectives for rections, their results yielded a better agreement with the
probing higher-order QED effects in ions along the heliumexperimental data than those of R¢18]. While the ap-
isoelectronic sequence up to He-like uranium. Investigationproach of Ref[19] is still incomplete to ordew?(aZ)?, it
of QED effects in highZ ions are of particular importance includes terms that were not accounted for in Réfs],
since they can provide tests of quantum electrodynamics inamely, the Breit-Breit interaction and some relativistic cor-
the region of a very strong Coulomb field of the nucleus.rections to the second-order energy. Later, other evaluations
Another factor that stimulates these investigations is the possf the electron-correlation part of the energies of He-like
sibility to test the standard model by studying the effects ofions were performed by the relativistic configuration-
parity nonconservatiofPNC) [10-13. Experimental identi- interaction (CI) method [20], by the relativistic all-order
fication of the PNC effects will require precise knowledge of MBPT approach21], and by the multiconfigurational Dirac-
the 2'S-23P, interval in He-like ions with nuclear charge Fock method22]. The studie§19-21] share the same main
numbers neaZ=64 (gadolinium and 90(thorium), which  features: their treatment is based on the no-pair Hamiltonian
happens to be very small for these valueZpthus enhanc- and the electron correlation is taken into account within the
ing the PNC effects significantly. Breit approximation. The results of these evaluations are in a
Investigations of QED effects in heavy He-like ions differ very good agreement with each other.
significantly from those for the helium atom. First of all, the A somewhat different approach was employed in Refs.
nuclear coupling parameteZ approaches unity and cannot [23,24]. While the electron-correlation part was evaluaiasl
be regarded as a good expansion parameter as in the caseimfthe previous work by the same grolip0]) by the CI
helium. But on the other side, the electron-electron interacmethod, the QED part was not taken from REES] but
tion in these systems is suppressed by a factor @ With  evaluated independently, by considering the one-loop QED
respect to the electron-nucleus interaction and, therefore, cajorrections in a local screening potential. Due to different
be accounted for by a perturbation expansion in the paramreatments of QED effects, there are certain deviations be-
eter 1/Z. tween the results of Refi23,24] and those of Ref§19-21].
Until recently, the only QED effects calculated to all or-  In order to obtain reliable predictions for energy levels of
ders inaZ were the one-electron self-energy and vacuum-high-Z ions and to improve the theoretical accuracy in the
polarization correctiongl4,15. So theoretical investigations low- and middleZ region, it is necessary to take into account
of energy levels in heavy He-like ions mostly relied on thesetwo-electron QED effects without an expansiondd. Such
one-electron value$l6]. For mediumZ ions, hydrogenic a project has been recently accompliskl to ordera?) for
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the two-electron part of the ground-state energy of He-likeA detailed description of the method and, particularly, its
ions [25—-29 and for the lowest-lying states of Li-like ions implementation for the case of quasidegenerate states can be
[30-33. To perform similar QED calculations for excited found in Refs.[35,36,49. The derivation will be given for
states of He-like ions is more difficult. One of the reasons iswo particular quasidegenerate statgds2p;,,); and

that we encounter levels that are quasidegenerate, name(y.spp,,,); and can immediately be extended to a more gen-

3 l . .
2P, and 2°P,. To derive formal expressions for QED cor- o5 case. The unperturbed two-electron wave functions in
rections in case of quasidegenerate states is a serious prqﬂ—ejj coupling are given by

lem that was solved first within the two-time Green'’s func-
tion (TTGF method[34-36. Different approaches to this 1
problem have recently been addressed by other authors U= > (jamai,m[IM-=> (- 1)F|PaPy), (1)
[37:38]- mym, V2'p

Several QED corrections have been calculated to all or-
ders inaZ for excited states of He-like ions up to now. In our 1
previous investigation[39], we evaluated the vacuum- U= > (aMauMaIM—=2 (- DP|PaPw,  (2)
polarization screening correction for alF2 states of He- mam,, V27p
like ions. The two-photon exchange correction was calcu-
lated for excited states of He-like ions by Mohr andwherea,v, andw are taken to represens2p,,,, and 2s,
Sapirstein40] (23S, and 2°P, , state$, by Andreevet al.  orbitals, respectivelyP is the permutation operator
[41,42 (2'S, 1,2 °Py) and[38] (2 °P,), and by Aseret al.
[43] (2'S, ). The self-energy screened by a spherically sym- > (- DPF|PP,) = |av) - |vay,
metric part of the electron-electron interaction was calculated P
by Indelicato and Mohf44]. In this paper we present a rig-
orous evaluation of the self-energy screening correction andnd |av)=|a)|v) is the product of the one-electron Dirac
an independent calculation of the two-photon exchange comwave functions. The transition to the wave functions corre-
rection for alln=2 states of He-like ions. This completes the sponding to thd_S-coupling scheme within the nonrelativis-
ab initio treatment of alltwo-electronQED corrections of  tic approximation can be performed by
order o? to all orders inaZ and significantly improves the

theoreticall accuracy for thg energy vaI_ues, especially in the |2 3p1> ~ [(152p1/0)1)
high-Z region. Unlike previous calculations, the results ob- 1 = ) 3)
tained are complete through ordef(aZ)* uncalculated 2°Py) |(152p3/2)p)
terms enter through three-photon QED effefts order .
o®(aZ)? and highet and through two-loop one-electron QED with
correctiong a’(aZ)” and highet. =
The paper is organized as follows. In the next section we R= ir<\'2 __1) ()
describe the basic formalism and present general formulas val1 2/

for the two-electron QED corrections for the case of quaside-

generate levels. In Sec. Il, the numerical procedure is brieflyWe mention that this choice of the matfiimplies that the
discussed and numerical results are presented for the twone-electron B,,, and 23, wave functions have the same
photon exchange correction and the screened self-energy c&ign in the nonrelativistic limit.

rection. The total two-electron QED correction is then com- In order to introduce the two-time Green'’s function which
piled, analyzed, and compared with the known terms of thés needed to formulate the method, it is convenient to start
aZ expansion. In the last section, we present a compilationwith the standard definition of the four-time two-electron
of all contributions available to the energy levels and com-Green’s function in the external field of the nucleus

pare results of different theoretical evaluations with existing

experimental data. Relativistic unif¢=c=m=1) are used G(X,, X X1, %0) :<0|T¢(Xi)¢(xé)Z(X1)Z(Xz)|O>, (5)
throughout the paper.

where ¢(x) is the electron-positron field operator in the
_ _ Heisenberg representation= ¢'°, andT denotes the time-
A. Basic formalism ordered product operator. This Green’s function is con-

In this section we briefly formulate the basic equations ofstructed by perturbation theory after the transition to the in-
the TTGF method for quasidegenerate states of a He-like iorteraction representation where it is given (sge, e.9.[46])

I. FORMAL EXPRESSIONS

(O T 4fin(X0) i (05) tin (%) thin(X)EXH — i | A2 Hn(2)1]0)
G(Xq, X5 X1, %) = . (6)
OTexd-i | dzHu(2]10)
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Here ¢,(x) is the electron-positron field operator in the in-
teraction representation arild, is the interaction Hamil-

tonian. Expressiori6) allows one to construct by using
Wick's theorem.
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HO =@ - %p(l)K(O) _ %K(O)P(l), (17)

1 1

The corresponding Green’s function in the mixed energy- H® =K@ — %p@)K(O) - EK(O)P(Z) - E|:><1>K<1) - %Kﬂ)p(l)

coordinate representation is defined by

0 0yr .0 0
G(P'1,X"1,P" 2, X" 2; P1, X1, P2, X2)

1 o]

=2 J d@dxodx 9dx'9

xexplip’ 'S +ip’9x'9 ~ ipdx] ~ ipX) G(X], Xgi X1, %)
)

The Feynman rules faB(p’9,x’1,p'9,x"2; p%,X1,p3, %) can

+ 2ppwy© 4 3copwp 4 Lpwgopn (1g
8 8 4
The solvability of Eq.(9) yields the basic equation for the
calculation of the energy levels
de(E-H)=0. (19

As was noticed in Ref[35], due to nonzero decay rates of
excited states, the self-adjoint partifshould be understood

be found in[36,45. We now introduce the Green'’s function in Egs.(9) and(19),

g(E) as

77- o]
oE1E-E)=T | afaapSan3aE-pi- )

X 8(E' = p' - p' DPeG(p'L.p'3:pL. P ¥1¥9Po,  (8)

where POZEKUKUI is the projector on the subspace of the
unperturbed quasidegenerate states under considefatien Where E;
Egs. (1) and (2)]. It can easily be showisee, e.g., Refs.

H=(1/2(H+H"). (20)
To zeroth order in, the Green’s functio(E) is
2
ug(u
¢%a:2| d (21)

SLE-EY’
O and E(ZO) are the unperturbed energies of the
(1s2py0)1 and (1s2psp0), States, respectively, given by the

[36,45) that the Green’s functiog is the Fourier transform sum of the one-electron Dirac-Coulomb energies:

of the two-time Green’s function projected on the subspace EO

of the unperturbed quasidegenerate states.

) — 0) —
1 =&t €2pyp By =&t €2py0°

It can be derivedsee Ref[36] for detailg that the system  Supstituting Eq(21) into the definitions oK, P, andH, one
under consideration can be described by a two-dimensiongjets

Schrodinger-like equatiotk=1,2),

Hoi= Ethe  Uitho = Sue 9
where
H=pPKp2, (10
1
K=——0 dEEJE), (11)
2’7T| T
1

P=— dEJE). (12

27T| T

KiQ' = E{% 3, (22)
P = i, (23)
H = E{% 8. (24)

Now we introduce a set of notations that will shorten the
following expressions. The shorthand notation will be used
for the summation over the Clebsch-Gordan coefficients in
Egs.(1) and(2):

Filidi) = 2 (i mji,m,[IM)]idiz),

m m
1 '2

(25)

I" is a contour in the complek plane that surrounds the whereli,i,) is either|av) or |aw). It is convenient also to use
levels under consideration but does not encircle other levelshe notation for the operator of the electron-electron interac-
and E, are the exact energies of the states under considefion:

ation. It is assumed that the contoliris oriented counter-
clockwise. The operatat, which is a 2< 2 matrix, is con-
structed by perturbation theory wa Substituting

l(w) = eza’faZDMV(w), (26)
where a*=9°y*=(1,a) and D, denotes the photon propa-

9(E) =gQ(E) + gV(E) + g?(E) + ---, (13) gator. In the Feynman gauge, the propagator of a photon with
the nonzero masg is
P= P(O)+ P(1)+ P(2)+ cee (14) ~ equ\rm|x_y|)
DMV((U,X - Y) - g/.w 4 _ , (27)
K=KO+ KD 4 K@ ... (15) X -yl
o . . where it is assumed that kw?-u2+i0>0. For the matrix
where the superscript indicates the ordewjwe obtain35] elements of the operatdfw) we will use the shorthand no-
HO=KkO, (16) tation
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las can be shown to be valid also for the cEﬁ%z Eff’).
According to the Feynman rul¢86,45 and the definition

gram is

i \2 [~
A avWaWa | gfkl)(E):FiFk<§T> f dpldp’?

1
(p,g - Spil + |O)(E - p,g - 8Pi2 + |O)

X (- 1)P
P

10 _ L0
IP|1P|2klk2(p 1 pl)

X . 29
(P - &k, +i0)(E—p) - e, +i0) (29

FIG. 1. The diagram of the one-photon exchange. ! 2

Employing the identities
lijia (@) = (ij[1(w)[KI). (28) 1
(p' = &pi, +10)(E~ 'S = i, +i0)
B. One-photon exchange diagram 1 1 1
In order to illustrate how the method works, below we = (o>< /0 P /0 ; )

i A . E-E —ep;, +10 E- —gpi, +10
present the detailed derivation of the correction to the AP e, 1~ epi,
guasidegenerate energy levéls2p,»); and (1s2ps); due (30
to the one-photon exchange diagréfig. 1). While the cor-
responding evaluation is much less cumbersome than those 1 1 ( 1
for the second-order two-electron corrections, it demon- 0 : 0 P 0| 0 :

) ’ . —g, tiI0)(E-p;—g,+i0) E-E -g +i0
strates most essential features that are encountered in these(pl fl J(E =Py ko ) K AP1™ 8y
cases. For simplicity, in the derivation below we will assume 1
that the unperturbed energy of the initial stawiffers from S T r—y (31

2

that of the final stat&: E” +E.” (in the case under consid-
eration it corresponds tio~ k). However, all the final formu- we obtain

1 E i\~ 1 1
K =FFo-—¢ dE (—) f dpldp'Y> (- P +
ik i k27Ti . (E— Ei(O))(E_ E(kO)) 2 » p.ap 1% ( ) p,g_ SPil+ i0 E- p/(:z_ 8Pi2+ i0

1 1
X ( 0 ) |pi P (P2~ pg)} : (32

0 o 0 ;
—g + -pl-g +
1 8k1 |0 E pl 8k2 |0

The expression in the square brackets is an analytical func- i 1 1
tion of E inside the contouF’, if the photon masg is chosen 27 \x+i0 +t - X+i0 =48(x), (33
properly (see Refs[35,45)). Carrying out theE integration
by Cauchy’s theorem and taking into account that we obtain
|
| i 'Pi;Pikk,\©Pi 1 1 1 |
K(l):FF _f do _lP 17 '2™1"2 1 + + —
ik ik o N pl% ( ) EI(O) _ E(kO) p(])__ gkl +i0 EI(O) _ pg_ 8k2+ i0 20
” EX1pi ik, (RS~ ) 1 1
XJ dp/OE (_ 1)P 17'2%1%2 1 ( , — , : ) (34)
w5 EC - pcl)_SPil'Ho Eﬁo)‘pg‘spizﬂo

In the same way we find
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L e Ipi. pikk.(epi. = PY) 1 1 '
i Pi, Pik,k, \EPi 1 I
PY=FF —f dpd>) (- )P——E—1 + +—
kT 2w ) plzp:( : EY-gY pl-g +i0 E¥-pl-g +i0) 27
* Ipi-pikk(P'S— &) 1 1
x| dpd> (- D)P—25F : —+ — (. (35
f—m 1 p Ef(o)—El(o) p,g_epil+|o E(ko)_p,2_8pi2+|0

Substituting Eqs(34) and (35) into Eq. (17), we get

i (7 1 i
HY = FiF —J dp?> (= Pl pi -l i +—
ik = Fi k{ ) pl%( )" pi,Piok,k,(€Pi, = P1) P06, +10 EO-pl-e, +i0) " 4m

* 1 1
Xf dp'?> (- )Pl PiLPikk, (D5~ 8k1)< 00 ) } - (36)

+
ep, +10 B - p'Y-ep, +i0
Introducing the notation:’:‘.lzspil—sk1 andAZ:spiz—skz, we can rewrite Eq(36) as follows:

1 1 1 1 1
+ + + +
w+A1+i0 Ay-w+i0 w+A,+i0 Aj-w+i0 w-A;+i0

i 00
Hi = FiFig f do2] (- 1) pilpizklkz(w)<

1 1 1 o .,
—Az—w+i0+w—A2+iO+—A1—w+iO>_FiFk4J_wdw§p:( D epigo( @)t )+ o= 4)
+ 8w+ Ay + w—Ay)]. (37)

Taking into account thd(z) =1(-z), we finally obtain[35,47  total intermediate energy of the atom eqLEi@ or E(ZO) and
1 the irreducible part is the remainder. The operats? is
DEE =N (=Dl o Flo o defined by Eq(18). The first three terms in the right-hand
Hic F'szg D e 80) * loypiggigl82)] side of this equation contribute both to the irreducible and to
(39) the reducible parts. As to the others, it is natural to ascribe
them to the reducible part.
The contribution of the irreducible part bfi(ka is defined
C. Two-photon exchange diagrams as the self-adjoint part of the following matrix:

The set of two-photon exchange diagrams is shown in  Hladir= K @n _ (1/9)pRinK© — (1/2)KOp2in],
Fig. 2. The first and the second graph are referred to as the
ladder and the crossed diagram, respectively. The derivation
of the general expressions for the two-photon exchange cofFhe result is
rection in the case of quasidegenerate levels is rather lengthy. 1
However, it greatly resembles the corresponding derivationyladir— - = ) = (0) (0) (0)
for the one-photon exchange correction presented above, 0r|_1|'k F'Fk{ 4[SK(E' 0.0+ S(ET0.4) + S (E0.0
one hand, and that for the two-photon exchange diagram in ) S
case of a single level described in detail in He®], on the +S(EQ - A, 0]+ I_Pf dx-[SK(E®,0,%)
other hand. We thus present only the final formulas for the 47 J_, X
two-photon exchange contributions to the matrix elements of
the operatoH®.

(39)

~ SK(ED,0,x+ A) + SE(ELY,x,0)

1. The ladder diagram - Sk(E(ko),X— A0]r, (40

The contribution of the two-photon ladder diagram is con-
veniently divided into thérreducible and thereducibleparts. whereA:Ei(O)—E(ko) and the matrix elementS, are defined
The reducible contribution is defined as the part in which thepy
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» B9 ED

i
SEx=S 175 do 3

- nynz

Pi,Piynyn,(piy = @+ X)ln (e @ +Y)
[w- snl(l -i0)J[E-w- 8n2(1 -i0)]

(41)

The summat|on here runs over all andn, for which E(O shown in Ref[36], such terms contribute to the next order of
E(O whereE(o =en, +&p, is the total |ntermed|ate en- perturbation theory and can, therefore, be disregarded in the

ergy of the atom. p in front of the integral in E40) denotes ~ Present considerat_ion.. Expressigd0) can be simplified
that the principal value of the integraverx) must be taken. €ven further by taking into account that

We note that the part containing the integral oxén Eq.
(40) vanishes identically in case of diagonal matrix elements E0 Z EO 4 O(A)
(i=k). It also vanishes for single level48]. In case of off- ! '
diagonal matrix elements # k), the contribution of this part
is of order a?A and it vanishes wherE\”-E\”) 0. As whereE©@=(E?+E)/2. We thus writeH2%" simply as

EQ=E®+0(a), (42

EO£0 O
Ipi. pionn,(Epi, = @)ln n ik, (8K, — @)
Hlad ir _ -F FkSk(E(O 0 0) +O( ZA) = sz 1)p_J do E 11PN Ny : I — NNk K Ky ' +O(a2A).
ngny [U)_snl(l_'O)][E _w_8n2(1_|0)]
(43)
|
The reducible contribution is induced by the self-adjoint © 0
part of the following operator + Dy (B, %,0) - Dy (B, x=A,0)] ¢, (47)
H'ad.red— pylad,reda 4 lad,redp (44)
' where
where
i EO-0 £O
=S (1P
Hladreda = i (2.red _ L p(2redy 0 _ L0 piared (45) Ai(X) EP D5 n%z f_w do
2 2
i pijnyn,(@ = &0 )l nk ko€, ~ &n,)
and (w=epj + Ei(o)—EgO)—iO)(w—spil+X—i0)1
48
piadredd — _ Lpwg@ _ Lewpw 4 2pwpwko 49
2 2 8
3 1 I
+ §K<°>P<1>P<l> + ZP(”K@P(”. (46) B0=S(-1)P— 3 do
P niny -0

The result for the first part reads | —e )l _
PilPiznlnz(sPil snl) nlnzklkz(w snl)

(0= &, +E ~EY ~i0)(w =& +Xx~i0)’
(49)

Hiadreda = | Fk{ =[Ai(0) + Ay (A) + B (0) + By (- A)

+Cy ] - —[D.k(E<0> 0,0 + Dy (E?,0,4)
+Dy(EL,0,0 + Dy(EX, - A,0)]

i “ 1
-—FP f dx=[Di(E?,0,x) - Di(E?,0,x+ A)
47 ). X FIG. 2. The diagrams of the two-photon exchange.
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0):E(10) ’ E(20)

|k‘2( 1)P 2

N1

|Pi1Pi2nln2(w’ - Snl)

i ©
i 5 1
27 )

PHYSICAL REVIEW A 71, 062104(2005

(o' ~epi, ~10)(w' = gp; +E” ~E ~i0) 27 N
Xfoc do Inlnzklkz(w - Snl)
o (- ~i0)(w—gy +E -EY ~i0)’ O
(50 FIG. 3. Self-energy screening and vacuum-polarization screen-

eooep
DUEXY =S 1P 3 f do
P ™ NNy —o0

Ipi,pijnny(Epi, = @ + X)| k(8 — @ )

ing diagrams.

The total result for the reducible part can be simplified by
using Eq.(42) and disregarding terms that contribute to the

(0= &n, ~

i0)(w+ &n,~ E-i0)

The part containing the integral oveiin Eq. (47) represents

a contribution of ordew?A. Again, we regard this

tion as belonging to the next order of perturbation theory and

disregard it in the present investigation.
The second part of the reducible contribution

the matrix element of the operat¢46). The result is ob-

tained by taking into account that

Ki(I?) = Ei(O)aikv PI(E) = Oik,

1
|k1):FFkE( 1)P{ S pi ik, (A1) + 1pi pikk,(A2)]

EQ+EY) i (7
- I—Zkz B dw IPilPizklkz(w)
1
X ; .
{(wﬂl— i0)(w=A4,-1i0)

5]
i0)(w-A,-i0) | [

i o)
PR =-FiF (- DPZJ do I pi,pik i, ()
P —00

+
(0+Ay—

and

1
i0)(w—A,—i0)

x {(a)+A1—

. : }
(0+A,—i10)(w—A; - i0)

next order of perturbation theory. One can show that in this
case theA’s,B’s, andC’s in Eq. (47) are canceled com-
pletely by theH'2ded term. The result is just

(51) Hlad red_ -F,F,D (E(O 0, 0) +O( ZA)
ik k=ik
contribu- e € i
SFRS 1P S o
P niny ™
is given by Jm IPi1Pi2n1n2(8Pi1 — o)l ”1”2k1k2(8k1 —e
X dw —
= (0=, 10)(w+ e, —~EQ-i0)
(52) +0(a?A).

2. The crossed diagram

self-adjoint part of the operator

Ho =K®@ - (1/2)PPK© - (1/2K P2,

The corresponding result reads

(55)

The contribution of the crossed diagram is induced by the

(56)

(57)

(53 1
) Hg=FR 3[Ti(E”.0,0 + Ty(E[®,0.4) + Ty(E,0,0
i
+Tw(EL,- A,0)] + 4—PJ dx—[le(E(o) 0,%)
ar —
- Ti(E”,0x+A) + Ty (EL x,0)
- Tw(EQ,x- A,0)]
(54)

where

[’

|k(EXY) 2( 1) E

NNy

27

I Pllnznlkz(SPi1 - w+X)| anizklnz(skl —w+ty)

[w en (1 -I0)J[E-epi, — &, ~ X~y +w—g,(1-i0)]

The expressionf57) can be simplified in the same way as the previous contributions, with the result
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o = F.FTa(E©,0,0 + O(a?A) = F; FkE (- 1P 2 dw —
mn, 27— [0 =g, (1 =10)[E® - epi, — & + 0= &, (1 -i0)]

Ipiynngk,(EPi, = @)ln pik n ek, ~ @)

+0(a?A).

(59

D. Screened self-energy correction

The set of Feynman diagrams representing the screened self-energy correction is shown in Fig. 3. Formal expressions for
this correction in the case of quasidegenerate states were obtained previously [A9Refy the TTGF method. Here we
present only the final expressions for this correction.

The contribution of the vertex diagrams is given by

i Ln,Pinoko(AD ! pi. ok, (@)
yer=F-FE(—1)P—f doS 1PNk, 1MoN1kg :
TS T 2w ) L, | [ee, m 0 - ey (1= 10)][e @ = 6, (1-i0)]
IPllnlklnz(Az)l Plznznlkz(w) N O(a’ZA), (60)
[SPIZ W~ &n, (1- |0)][8k Tw= Snz(l —i0)]
[
WhereA128pil—skl and A2:8pi2—8k2. wherel’(w)=dl(w)/ dw and 3’ (w) =02 (w)/ Jw.

The contribution of the remaining diagrams is conve-
niently separated into the irreducible and reducible parts. The
irreducible contribution is given by The derivation of formal expressions for the screened

@, vacuum-pol?jrizati_ct))n dCt_)rrection in case gégﬁ]u;a:sidegenerate

Pi. Pink states was described in our previous wd89]. For com-

'=F, sz 1)P{ > L(”Q(Skﬂkﬁ pleteness, we present here tthJa final expressions for this cor-

n#kp kg T En rection; the corresponding set of Feynman diagrams is

pi.Pikn(As shown in Fig. 3.

+ > #< |E(sk2 ko) The expression for the contribution of the diagram with

ntky  Eky T En the vacuum-polarization loop inserted into the photon propa-

gator can be obtained from the formula for the one-photon

exchange(38) by replacing the operator of the electron-

E. Screened vacuum-polarization correction

nPlzklkz( 1)

+ 2 (Pig|X( 8P|)| )

n#Pi; Pi, ~ €n electron interactioni(e) by the modified interaction
ko (A2) P aexplile||x - zy])
S Pl o), Ughtese) = o [ o [ ame, e
n+Piy €pi, ~ &n mJ o |X _21|
61 expli -z
(6 X a,exilelly 2|)Tr[a'“G(w—8/2,Zl,22)
whereX(e) is the self-energy operator defined by its matrix ly =2
elements, X a'G(w +£/2,25,21)], (64)
i [T (an|l(w)|nb) whereG(w,X,y) == () ¥l(y)/[w-en(1-i0)] is the Dirac-
(al=(e)|b) = ZJ_W dw 2 e—w—e,(1-i0) (62) Cou!o)mb Green’s function. The corresponding contribution
to HY is

The result for the reducible contribution reads

1 HI ™= FiF 2 (= DPI(PILPi UGR(A ) kaky)

HiC "= FiFG 2 (= Dl pryo(AD[PIL[S (epi,) Piy)
P

+(Pi;PioUJR(A,) ki), (65
+ (ka2 (ex ) KD+ i iy (APl % (£p1,) | Pi) whereA, = ep; —ei, and Ap=epi, - e, |
+ (k2|2'(8k2)|k2>] +1 ,Pilpizklkz(Al)[<Pil|2(8Pil)|Pil> To_ the _order under con5|der_at|on, expressions for the re-
_ _ maining diagrams can be obtained from the one-photon ex-
= (ka2 (ex) k)] + 1 pi pi, k(A2 [(Pi2| 2 (e, [Piz) change correction by perturbing the wave functions and the
binding energies by an additional vacuum-polarization inter-
~ (kg2 (1) k) I} + O(e), (63 action.gThe rgesult é P
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1
HiC "™+ HIEPE= FRG X (- DPU(OPIPILN (A + 1(Ag) Tkske) + (PiadPiol[1(Ag) +1(8)]lkake) + (PisPiol[1 (Ay)
P

+1(A2)]| Skyka) + (PigPia|[1(Ag) +1(Ax)][KySka) + (Sepi, = Fex, )(PisPigll" (Ap) kiky) + (Sepi, = Ser)
X(Pi;Pig|l" (Ag)[kikp)}, (66)

where 8 and &k refer to the first-order corrections to the matrix elements were found to be gauge invariant well

corresponding wave function, within the uncertainty specified.
. ) The results of our numerical calculation of th_e tvv_o-photon
15y= S [MXn[Uveli) 67) exchange correction far=1 and 2 states of He-like ions are
- ei—en presented in Table I. The values listed represent corrections

to the energy in the case of single levels and contributions to
J; is the correction to the energ¥g; =(i|Uyg|i), and the matrix elementsl;, for the quasidegenerate states. The
" energy levels for thé€ls2p,,»); and(1s2ps,); states are ob-
va(X)=i.f dwfdy 1 TG(w,y,y)] (68  tained by diagonalizing the 22 matrix H containing all
27 ) Ix—vy| relevant corrections. In Table I, we present also a comparison
of our numerical values with the results of the previous cal-
culations of this correction for various states of He-like ions
25,38,40-43 The comparison indicates that calculations by

based on the TTGF method yields a result that differs frony; ; ;
> . . ifferent groups are generally in agreement with each other.
Eq. (66) by terms of ordea"A), which can be disregarded |y, ever, there exist also certain deviations between differ-

as long as we are not interested in higher orders of perturbas,: calculations notably with those by Andreet al.

tion theory(see Ref[36] for a detailed discussion [41,42. Regarding the comparison of the present results and
the ones of Ref[38] for the mixing states, we would like to

Il. NUMERICAL EVALUATION AND RESULTS stress that, generally speaking, results of different methods
for individual matrix elements could be different, since the
matrix H can differ by a unitary transformation. We observe,
involves QED corrections fomuasidegenerateonfigura- however, that in our case the results for the _individual matrix
. . L2 elements agree with those of REB8] approximately at the
tions, namely(1s2p;,,); and(1s2ps/,);. While the derivation same level as for the single states.

O.f basic expressic_)ns in this case is more d_ifficult than for & The calculation of the screened self-energy correction for
single state, the final expressions for the diagonal matrix el- _5 -0 of He-like ions resembles that for Li-like ions

lemelnts turnv\c/)ut to bfh"eflz’ S|m|lzr t? thosz fo(; thel SlnQ(leef'described in our previous wof81]. A more difficult angular
evel case. We can, therefore, adopt a code develope ructure of the initial-state wave functions for He-like ions
single-level calculations for the diagonal matrix elements of hakes final expressions more lengthy and their numerical

the operatoH. For an evaluation of the off-diagonal matrix o\ a1,ation more time consuming. Significant complications

ele_?:]ents, a g!anTrallzatlé)n of the ICOdS IS r:ﬁeded. t cal appear in performing angular integrations in momentum
_|he humerical procedure employed In the present ca Cuépace for the vertex part with free-electron propagators. To
lation of the two-photon exchange correction is based on th

din detail i . ) S for Li-lik Frandle them, we developed a generalization of the angular-
presented in detail in our previous investigations for Li-li ©integration procedure described in Ré&81] to arbitrary

ions [32,50. Apart from the angular reduction that is per- states, using our experience in calculating similar angular

formed by using the standard angular-momentum teChniqu‘?ntegrals for the two-loop self-energy diagrafgd]. The ac-
the evaluation is rather similar to that for Li-like ions. The tual calculation was carried out employing the spherical-shell

calculation was carried out employing the Fermi model for.model for the nuclear-charge distribution. Our numerical re-

the nuclear-charge distribution, with the nuclear charge rad'éults for the screened self-energy correctionrierl and 2

specified in Ref{32]. The ngmer]cal uncertainty of the re- ga1e5 of He-like ions are presented in Table Il in terms of the
sults is expected to bex110™" eV in all cases except for the ;.o cionless functioff(aZ) defined as

off-diagonal matrix element, for which the uncertainty is
1x10%eV for Z<50, 2x10%eV for Z<80, and AE = o®(a2)%F(a2). (69)

4x 10 eV otherwise. As a check of the numerical proce-

dure, we performed the evaluation in two different gaugesThe values listed in the table represent corrections to the
the Feynman and the Coulomb ones. The two-photon exenergy in case of single levels and contributions to the matrix
change correctiongfor mixing configurations, individual elementsH;, for the quasidegenerate states.

is the vacuum-polarization potential.
As discussed previously in R€f36], a direct derivation

An important difference of the present investigation from
the previous studies of QED effects in highions is that it
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TABLE |. The two-photon exchange correction for1 and 2 states of He-like ions, in eV. For mixing
configurations{1s2p,,»); and(1s2pg»), stand for the diagonal matrix elements of the operétdsee Egs.
(9) and(10)], whereas “off-diag.” labels the off-diagonal matrix elements.

z (1sls)g (1s2s) (1s2s), (1s2p1p)o  (1S2pyp)1  (182p3pp)1  (1s2pspp),  off-diag.
12 -4.4186 -3.1741  -1.2991 -2.0506  -2.7789 -3.5332 -1.9964 -1.0711
14 -4.4645 -3.1952  -1.3024 -2.0741  -2.7899 -3.5413 -2.0000 -1.0686
-3.1954% -1.30246
16 -45173 -3.2196  -1.3062 -2.1015  -2.8027 -3.5507 -2.0041 -1.0658
18 -45770 -3.2473  -1.3106 -2.1328  -2.8173 -35613 -2.0088 -1.0626
-3.24758 -1.31057 -2.8168 -3.560% -1.0618
20 -4.6435 -3.2784 -1.3154 -2.1682  -2.8337 -35733 -2.0141 -1.0589
-4.6447
28 -4.9784 -3.4378  -1.3405 -2.3532  -2.9182 -3.6340 -2.0405  -1.0406
30 -5.0795 -3.4868  -1.3483 -2.4111  -2.9443 -3.6525 -2.0484  -1.0350
-5.081% -3.48718 -1.3482F -2.41119 -2.943§ -3.6506 -2.04834 -1.0356
-3.47% -1.348
-1.34838
32 -5.1877 -3.5396 -1.3566 -24741  -2.9725 -3.6724 -2.0568 -1.0291
40 -5.6924 -3.7919  -1.3961 -2.7817  -3.1072 -3.7658 -2.0956  -1.0015
-5.694% -1.3962f -2.78179 -3.108% -3.764f -2.09548 -1.0008
47 -6.2332 -4.0719  -1.4395 -3.1351  -3.2575 -3.8668 -2.1358  -0.9724
50 -6.4951 -4.2110 -1.4609 -3.3148  -3.3323 -3.9159 -2.1548 -0.9586
-6.497% -1.4612 -3.3148 -3.33% -3.915 -2.15465 -0.955
54 -6.8742 -4.4162  -1.4923 -3.5848  -3.4429 -3.9871 -2.1816  -0.9387
60 -7.5114 -4.7714  -1.5459 -4.0642  -3.6348 -4.1066 -2.2251  —0.9064
-7.5143 -4.77218 -1.54587 -4.068 -3.63%5 -4.108 -2.22510 -0.893
-4.78F  -1.54% -4.06446
-1.54558
66 -8.2393 -5.1924  -1.6082 -4.6505  -3.8632 -4.2426 -2.2724  -0.8708
-5.194  -1.60% -4.676
70 -8.7812 -55159  -1.6552 -5.1131  -4.0394 -4.3430 -2.3060 -0.8453
-8.784% -551%  -1.648 -5.117  -4.038 -4.33¢ -2.30578 -0.80f
-1.65478 -5.1140%
74 -9.3739 -58794 -1.7073 -5.6441  -4.2381 -4.4517 -2.3412 -0.8184
79 -10.1957 -6.3996  -1.7803 -6.4220  -4.5238 -45999 -2.3877 -0.7826
80 -10.3719 -6.5135 -1.7961 -6.5950  -4.5866 -4.6312 -2.3974  -0.7752
-10.37%  -6.504 -1.789 -6.598 -458%  -4.628 -2.39808 -0.77f
-1.79568  -6.59598
82 -10.7375 -6.7524  -1.8289 -6.9607  -4.7185 -4.6957 -2.4170  -0.7601
83 -10.9271 -6.8776  —1.8460 -7.1540  -4.7877 -4.7288 -2.4270  -0.7524
90 -12.3979 -7.8792  -1.9790 -8.7331  -5.3458 -4.9780 -2.5005 —-0.6957
-12.40%
92 -12.8714 -8.2122 -2.0221 -9.2701  -55329 -5.0550 -2.5228 -0.6787
-8.21308 -2.02198 -9.274  -553Ff -505% -2.52228 -0.68%
-8.184  -2.018 -9.27598
-2.02034
100 -15.0772 -9.8239  -2.2223  -11.9330 -6.4484 -53900 -2.6191  -0.6058
-15.0808

®Blundell et al. [25].
PAsenet al.[43].
“Andreevet al. [41,47.

9Mohr and Sapirsteifi40].
fAndreevet al.[38].
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TABLE II. Screened self-energy correction foe1 and 2 states of He-like ions, in units BfaZ). In case of mixing configurations,
contributions to the matrix elemenks, are given; labeling is as in Table I.

z (1s19)g (1829)g (1s29); (1s2p112)0 (1s2py2)1 (152p3p)1 (1s2p32)2 off-diag.
12 -2.21398) -0.48415) -0.30315) -0.09176) —-0.06916) -0.05547) -0.135Q7) 0.05332)
14 -2.05486) -0.45194) -0.28214) —-0.0844%5) -0.06445) -0.05376) -0.12666) 0.049@1)

16 -1.92173) -0.42483) -0.26463) -0.07834) -0.060%4) -0.05174) -0.11974) 0.045595)
18 -1.80973) -0.40213) -0.24963) -0.07332) -0.05712) -0.05012) -0.11372) 0.042663)
20 -1.713713) -0.38283) -0.23683) -0.06931) -0.05441) -0.04882) -0.10862) 0.040133)
30 -1.38882) -0.31942) -0.193@2) -0.05811) -0.047Q1) -0.04522) -0.09132) 0.031462)
40 -1.21171) -0.28791) -0.168%1) -0.055887)  —0.045427) -0.04421) -0.08171) 0.026392)
50 -1.11341) -0.27441) -0.15471) -0.059638) —-0.047848) -0.04491) -0.07611) 0.023122)
60 -1.06791) -0.27441) -0.14781) -0.068716) —-0.053716) —0.046%1) -0.07291) 0.020871)
70 -1.062815) -0.285595) -0.146705) -0.083945) -0.063495) -0.048967) -0.071367) 0.0192578)
80 -1.0951(8) -0.309163) -0.150963) -0.107792) -0.078642) -0.051977) -0.070917) 0.0180476)
83 -1.112372) -0.3190%2) -0.153362) -0.117282) -0.084632) -—0.052947) -0.070947) 0.0177415)
90 -1.1676(2) —0.348042) -0.161222) -0.145261) -0.102221) -0.0553Q7) -0.071307) 0.0171043)
92 -1.187762) -0.358142) -0.164132) -0.1551%1) -0.108411) -0.0560Q7) -—0.071487) 0.01693%3)
100 -1.2929®) -0.409172) -0.179422) -0.206883) -0.140733) -0.058817) -0.0725Q7) 0.01634383)

In case of the ground state of He-like ions, the self-energyan be derived from the Breit equation. We separate the
correction was evaluated previously by Perssoral. [27], “pure” QED part of the two-photon exchange contribution
by us[29], and by Sunnergref52]. In the present work, we (AES;) as
recalculated this correction using the present code and found
an excellent agreement with our previous results and with
those by Sunnergren. A small deviation of the present result AEyp= a?ag+ (aZ)%a,] + AESSD, (71)
for Z=90 from the old one is due to a more recent value for
the nuclear charge radius used in this work.

We note that the values presented in Table Il for2 ~ WhereAE;y, is the total two-photon exchange correction and
states of He-like ions can also be used for determining th&ESy, contributes to order?(aZ)* and higher. In order to
screened self-energy correction due to the interaction of thextract numerical values foAEgy"> from our results for
valence electron and th@s)? shell in Li-like ions. Indeed, AE;,, without losses in accuracy, accurate values for the
by using elementary angular-summation rules, we obtain Coefficientsa, anda, are needed. We calculate them by fit-

ting our results for the two-photon exchange correction ob-
) L He tained within many-body perturbation theory. A large number
(2j, + DAE, =2 (23+ DAE,;, (70 of fitting points and inclusion of fraction values for the
J nuclear charge numbéup to Z=0.1) allowed us to achieve
_ better accuracy than in previous calculations of similar coef-
whereAE;' denotes the screened self-energy correction in icients(e.g., Refs[18,53,54). The numerical results for the
Li-like ion due to the interaction of the electron in the state coefficientsa, and a, for all states under consideration are
and the(1s)? shell, AE}'S is the screened self-energy correc- tabulated in the second and in the third columns of Table Ill,
tion in a He-like ion for the(1s v), configuration(in the case  respectively.
of mixing configurations, a diagonal matrix element should In Table IV we collect all two-electron QED contributions
be takep, andj, is the total angular momentum of the for n=1 and 2 states of He-like ions. The screened self-
electron. By employing the identit§70), we check that our energy and two-photon exchange corrections are calculated
numerical results for He-like ions are in a very good agreein the present work; in the table they are labeled as “Scr.SE”
ment with our previous calculations for Li-like iof81]. and “2-ph.exch.,” respectively. The screened vacuum-

Our calculations of the screened self-energy and twopolarization correction was first evaluated in our previous
photon exchange corrections, combined with the results foinvestigation[39]. In the present work, we correct an error
the screened vacuum-polarization from Re9] (with the  made in Ref[39] for the off-diagonal matrix element and
off-diagonal matrix elements corrected in this paper; see beextend our calculation to the region €@ < 20. Numerical
low), complete the evaluation of the QED correction to firstvalues for the screened vacuum-polarization correction are
order in 1/Z and to all orders imZ for n=2 states of He-like listed in Table IV under the entry “Scr.VP.”
ions. As is known, thexZ expansion of two-electron QED Our results for the two-electron QED correction calcu-
effects starts witw’(aZ)3. The two-photon exchange correc- lated to all orders inwZ can be compared with the results
tion contains also contributions of previous ordersviithat ~ obtained within thewZ expansion, which read4,2]
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TABLE lll. Coefficients of theaZ expansion of the second-order two-electron contribution to the energy
levels of He-like ions. In case of mixing configurations, contributions to the matrix elerigntse given;
labeling is as in Table I.

(a2)? (a2)? (a2)%ln az (a2)® (aZ)*In aZ (a2)*
(1s19)g -0.157662 -0.6302 1.3191 1.6588 ars -2.41(40)
(1s29)g -0.114509 -0.2807 0.2755 0.3255 a1 -0.81(5)
(1s2s)4 -0.047409 —-0.0428 0.1795 0.1911 0.0BB -0.4Q13)
(152p1/2)0 -0.072999  -0.3035 0.0730 0.1063 0 -4
(152py12)1 -0.101008  -0.1444 0.0465 0.0578 0 -qD2
(152p3)2)1 -0.129018  -0.1075 0.0201 0.0058 0 -0.10
(152p32)5 -0.072999  -0.0473 0.0730 0.0595 aDL -0.142)
off-diag. -0.039611 0.0319 -0.0374 —-0.0432 -001 0.084)
AESEP = 0?(aZ)¥agiln aZ + agy+ (a2)GYo(a2)], ization of the total matrix and not for the individual matrix

(72) elements, since matrices with the same eigenvalues can dif-
fer by a unitary transformation. We see from Fig. 4, however,
where the functionGho(a2) is the higher-order remainder that our results are in a good agreement with the
that is not known ana|ytica||y at present_ We obtain numeri_a’z-expan3|0n contributions also for the individual matrix el-
cal values for the coefficients;; andag, by using formulas ~€ments. _ _
from Ref.[1] and numerical results for the two-electron Be- ~An agreement found with the leading term of th& ex-
the logarithmg55] and for the 1Z-expansion coefficients of Pansion offers us a possibility to obtain the next-to-leading
expectation values of various operatgs,56. The only  contribution, which is not known analytically at present, and
coefficient whose numerical value was not available in thdn this way to extend the results of our calculations to lower
literature was the anomalous magnetic moment correctioalues of Z. We thus isolate the higher-order remainder
for the off-diagonal matrix element. This is the first-order Gze(@Z) [see Eq(72)] from our numerical data and fit it to
1/Z-expansion term of the matrix element of the operatorthe form
al m(H"3+H"5) [see Eqs(27) and (28) of Ref.[56]]. The ho _
result of our calculation of this correctioidenoted in Ref. Gze(@Z) = aygln aZ+ o+ (aZ)(: ). (74)
[18] asAE,,om for the off-diagonal term in théS coupling  Fitted values for the coefficients;; anda,, are presented in

reads the last two columns of Table Ill. It should be stressed that
LS ] 5 s these coefficients were obtained in tfjecoupling scheme
AEgonfoff diag) = a*(«2)°0.010 110. (73)  with the wave functions defined in case of mixing states by

Numerical values for the coefficients; andag, for all states Egs.(1) and (2).

under consideration are listed in the third and in the fourthcal-rrgzﬁt;sfsrvivr%/i\}%LtJZTtrr:g?riieglgnqngﬂfsteggé ?c]: tchheeglgrg:c:lr;
columns of Table lll, respectively. '

In Fig. 4, we plot our numerical results together with the?rl,vgflsegggn|iSEEzh(;ogtr::bué'g:,]trisflft?c:ﬁti,y'txgeo?f?é?ath:rfg;n
contribution of the first two terms of theZ expansion ping, y g

(dashed ling In addition, we also plot the two-electron QED matrix glement to ordenz_(az)3 is that of the anomalous
contribution, as evaluated by Drak&8] (dotted ling. It was magnetic moment correctiohEqnoy Eq. (73). Therefore, fgr .
obtained according Eq€2)—9) of Ref. [18], keeping the the two_-photon exchange and scr_eened vacgum-polarlzatlon
contribution of first order in 1Z only. [We note that Eq(8) cqrre(_:tlons, the off-d|agonal matrix e_'em_e”t n ﬂ.js cou-
of Ref.[18] contains a misprint; its right-hand side should bePling is zero. In this case, the f°”°gv'“9 édentlty is valid in
multiplied by Z.] Expzressigns obtained in this way are exactthe li-coupling schemgto the ordera*(aZ)°]
to the leading ordew“(«Z)°. They also contain some higher- [l _ —_AFi
order contributions, due to all-order results for the one- VA wp, 5, ~ ARy ] = T ABot dag (79)
electron QED correction employed for the evaluation of thewhere AE; stand for the corresponding matrix elements. For
E_ . term[Eq. (2) of Ref. [18]]. We observe a good agree- the screened self-energy correction, the off-diagonal matrix
ment of our results with the previously known contributionselement in theL.S coupling (AESg 4,,) is nonzero and the
and conclude that Drake’s values fall much closer to ouicorresponding identity reads
all-order results than the pukeZ-expansion contribution. — N

For mixing states(1s2p,;,); and (1s2ps,);, Fig. 4 pre- V2 AEqgp, ), ~ AEasp, ),] + A diag= 3AEs diag:
sents a comparison for individual diagonal and off-diagonal (76)
matrix elements. It should be mentioned that, generally
speaking, comparison of different methods should be perFulfillment of these identities for individual two-electron
formed for the physical energies obtained after the diagonalQED contributions is checked in Table V. For the screened
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TABLE IV. Two-electron QED correction fon=1 and 2 states of He-like ions, in eV.

z State Scr.SE  Scr.VP  2-ph.exch. Total Z State Scr.SE Scr.VP 2-ph.exch. Total
12 (1s)2 -0.0405 0.0021 0.0081) -0.03531) 60 (1s)? -2.43922) 0.380G1) 0.06621) -1.993@2)
(1s2s), -0.0088 0.0004 0.000%) -0.008Q1) (1s29), -0.62672)  0.0923 -0.1914) -0.72582)
(1s2s); -0.0055 0.0003 -0.0001) -0.00531) (1s2s); -0.33772)  0.0484 -0.0327) -0.32192)
(1s2py/»)y —0.0017  0.0001 -0.0008) -0.00241) (1s2pyp)p -0.15691)  0.0311 -0.4948)) -0.62031)
(1s2py;»); —0.0013  0.0001 -0.0002) -0.00141) (1s2py;»);  —0.12271)  0.0190 -0.1330) -0.23671)
(1s2ps»); —0.0010 0.0000  0.000m) -0.001Q1) (1s2ps;»);  —0.10632)  0.0046 -0.0340) -0.13662)
(1s2ps;»), —0.0025 0.0001 -0.0001) -0.00241) (1s2p3;»), -0.16662)  0.0159 0.008@) -0.14262)
off-diag.  0.0010 -0.0001  0.0001)  0.001G1) off-diag. 0.0477 -0.0092 0.0068  0.04372)
14 (1s)2 -0.0596 0.0034 0.0046) -0.0511) 70 (1s)? -3.85481) 0.713G2) -0.01641) -3.15812)
(1s2s); -0.0131  0.0007 0.000%) -0.01191) (1s29)9 -1.03581) 0.1819 -0.407M) -1.261G2)
(1s2s); -0.0082 0.0005 -0.0002) -0.00791) (1s29); -0.53211) 0.0892 -0.0618l) -0.50432)
(1s2py2)9  —0.0025  0.0002 -0.001%) -0.00371) (1s2py;2)g  —0.30441)  0.0667 -0.971@) -1.20942)
(1s2py2); —0.0019  0.0001 -0.000%4) -0.00211) (1s2py;2);  —0.23031)  0.0409 -0.265@) -0.455@2)
(1s2ps;»); —0.0016  0.0001  0.000m) -0.0015%1) (1s2p3;»);  —0.17762)  0.0075 -0.0688) -0.23882)
(1s2ps;2), —0.0037  0.0002 -0.0001) -0.00361) (1s2p3;), —0.25842)  0.0266 0.01641) -0.21582)
off-diag.  0.0014 -0.0001  0.000B  0.001%1) off-diag. 0.0698 -0.0158 0.0068 0.06032)
16 (1s)2 -0.0832 0.0051 0.0066) -0.071%1) 80 (1s)? -5.92891) 1.298G2) -0.23741) -4.86823)
(1s2s); -0.0184 0.0011  0.000%) -0.01681) (1s29)9 -1.67381) 0.352G1) -0.79461) -2.11642)
(1s2s); -0.0115 0.0007 -0.0008) -0.011Q1) (1s2s); -0.81731) 0.161%1) -0.10931) -0.76522)
(1s2py2)0 —0.0034  0.0003 -0.0025) -0.0051) (1s2py;2)p —0.58361)  0.1429 -1.7938) -2.23451)
(1s2py;»); —0.0026  0.0002 -0.0006) -0.003Qq1) (1s2py»); -—0.42581)  0.0879 -0.4988) -0.83671)
(1s2ps); -0.0022  0.0001  0.0000) -0.002Z1) (1s2pg);  -0.28143)  0.0120 -0.123¢1) -0.39263)
(1s2ps;»), —0.0052  0.0003 -0.0002) -0.00511) (1s2pg), -—0.38393)  0.0428 0.027@) -0.31323)
off-diag.  0.0020 -0.0002 0.000B  0.00211) off-diag. 0.0977 -0.0260 0.007®» 0.07892)
18 (1s)® -0.1116 0.0072 0.0091) -0.09531) 83 (1s)? -6.72561) 1.55007) -0.346Q1) -5.52167)
(1s2s), -0.0248 0.0015 0.000%) -0.02281) (1s29)g -1.92891) 0.42862) -0.95991) -2.46022)
(1s2s); -0.0154 0.0010 -0.0004) -0.01481) (1s2s), -0.92731) 0.19272) -0.12891) -0.86352)
(1s2py»)y —0.0045  0.0004 -0.0039) -0.008Q1) (1s2py;p)p  —0.70911)  0.17991) -2.13771) -2.66691)
(1s2py;»); —0.0035  0.0003 -0.0010) -0.00421) (1s2py;»); -0.51171)  0.11091) -0.59771) -0.998%1)
(1s2ps»); —0.0031  0.0001 -0.0001) -0.00311) (1s2ps;»);  —0.32014)  0.0136 -0.144@) -0.45114)
(1s2ps;»), —0.0070  0.0004 -0.0002) -0.00681) (1s2p3n), —0.42894)  0.0489 0.0318) -0.34824)
off-diag.  0.0026 -0.0002 0.0008®  0.00281) off-diag. 0.1073 -0.0299 0.004) 0.08484)
20 (1s)2 -0.1450 0.0099 0.0119 -0.12311) 90 (1s)? -9.00061) 2.331) -0.71091) -7.3731)
(1s2s); -0.0324  0.0021  0.0003) -0.030Q1) (1s29)9 -2.68291) 0.68102) -1.46891) -3.47083)
(1s2s); -0.0200 0.0014 -0.0006) -0.01921) (1s2s); -1.24281) 0.29212) -0.18691) -1.13762)
(1s2py2)p  —0.0059  0.0006 -0.00%9) -0.01111) (1s2py0)g  —1.1197 0.311@) -3.18421) -3.99282)
(1s2py»); —0.0046  0.0004 -0.001%) -0.00571) (1s2py); —0.7879 0.192d) -0.90241) -1.49741)
(1s2ps;»); —0.0041  0.0001 -0.0002) -0.00421) (1s2ps;»); —0.42635)  0.0176 -0.205() -0.61385)
(1s2pg), —0.0092  0.0006 -0.000B) -0.00891) (1s2p3;»), —0.54965)  0.0663 0.041@) -0.442Q5)
off-diag.  0.0034 -0.0003 0.0005  0.003&1) off-diag. 0.1318 -0.0410 0.008®  0.09914)
30 (1s)2 -0.3965 0.0348 0.032F) -0.32921) 92 (1s)? -9.780@1) 2.6302) -0.852q1) -8.0022)
(1s2s); -0.0912 0.0076 -0.0048) -0.08841) (1s29)9 -2.94891) 0.777G4) -1.654Q1) -3.82594)
(1s2s); -0.0551  0.0048 -0.002%) -0.05271) (1s2s); -1.35141) 0.32872) -0.20741) -1.23013)
(1s2py0)o -—0.0166  0.0022 -0.0289) -0.04331) (1s2p10)o —1.2775 0.364@) -3.56121) -4.474Q3)
(1s2p;»); -0.0134  0.0013 -0.0074) -0.019%1) (1s2py0); —0.8927 0.226@) -1.01331) -1.67982)
(1s2ps;»); —0.0129  0.0005 -0.0016) -0.014Q1) (1s2p3;»); -—0.46115)  0.0188 -0.225d4) -0.66775)
(1s2ps;»), —0.0261  0.0019 -0.0008) -0.02451) (1s2p3»), —0.58865)  0.0721 0.044(1) -0.4725%5)
off-diag.  0.0090 -0.0010 0.000B  0.00931) off-diag. 0.1395 -0.0448 0.0084  0.10314)
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TABLE IV. (Continued).

z State Scr.SE  Scr.VP  2-ph.exch. Total Z State Scr.SE Scr.VP 2-ph.exch. Total
40 (1s)2-0.8197 0.0887 0.0589) -0.67211) 100 (1s)? -13.67161) 4.2484) -1.65511) -11.0794)
(1s25)g—0.1948 0.0199 -0.02%2) -0.20021) (1s2s) -4.32661) 1.34048) -2.64091) -5.62718)
(1s2s); -0.1141 0.0118 -0.0068) -0.10911) (1s2s)1 -1.89721) 0.53665) -0.31241) -1.673Q5)
(1s2py/»)o—0.0378 0.0060 -0.0916) -0.12341) (1s2pyp)9 —2.18763)  0.70645) -5.54841) -7.02936)
(1s2py/»)1 —0.0307 0.0036 -0.023%) -0.051Q1) (1s2pyp)1 —1.48813) 0.44085) -1.60741) -2.65476)
(1s2p3/»)1 —0.0299 0.0012 -0.00%8) -0.034%1) (1s2ps;p); —0.62197) 0.0234 -0.321@1) -0.919%7)
(1s2p3»), —0.0553 0.0044  0.000% -0.05031) (1s2ps;p), —0.76667)  0.10091) 0.05291) -0.61287)
off-diag. 0.0179 -0.0025 0.002B  0.01791) off-diag. 0.1728 -0.0630 0.0104  0.12024)
50 (15)2-1.47171) 0.1920 0.078@) -1.201&1)

(1s25)0—-0.36301)  0.0446 -0.078@) -0.39661)
(1s2s);-0.20441)  0.0250 -0.015@) -0.19531)
(1s2p1/2)0-0.07881)  0.0141 -0.228d) -0.293G1)
(1s2py/»); -0.06321)  0.0086 -0.0606l) -0.11521)
(1s2psj»); -0.05931)  0.0025 -0.0156) -0.07251)
(1s2psj»),—0.10061)  0.0088  0.003() -0.08871)
off-diag. 0.0306  -0.0050 0.008)  0.02941)

self-energy and vacuum-polarization correction, the fulfill-  Electron-electron interaction correctionAE;,, incorpo-
ment is obvious from the table. For the two-photon exchangeates corrections that can be derived from the Breit equation.
correction, the difference between the right- and left-handt consists of three parts,

sides is very close to(&Z)*V in all cases listed and, there- Breit Breit

fore, should be ascribed to higher-order contributions, for ABEjn = AEgpn+ ABppy + AEZ3pp, (77)

which the identity is not valid anymore. which correspond to the one-, two-, and three- and more
photon exchange, respectively. In the notations of Sec. I, the

one-photon exchange correction is written 25,47
IIl. ENERGIES OF n=1 AND n=2 STATES OF He-LIKE

IONS

AEjpn= 12 (= DT pi piyeyy(A) + i, P, (A2)],

In this section we collect all contributions available to the 2°p
ionization energies ofi=1 and 2 states of He-like ions. In- (78)
dividual corrections for selected ions are listed in Table VI. A
description of contributions presented there is given below.whereA;=zp; —&y, andA;=ep;,~&y,. Its numerical evalua-

Dirac energy AEp;.. is the Dirac value for the ionization tion was carried out employing the Fermi model for the
energy of the valence electron including the finite-nuclearnuclear-charge distribution; accurate numerical results for
size effect. The energy levels were calculated employing théhis correction can be found in Rdf39]. In this paper we
two-parameter Fermi model for the nuclear-charge distriburecalculated this correction using new values of the nuclear
tion. Parameters of the Fermi model were expressed in ternradii [58]. Its uncertainty was estimated in the same way as
of the root-mean-squar@ms) radius (see, e.g., Refl57]).  in the case of the Dirac energyE5r" represents the two-
The actual values of rms radii as well as their uncertaintiephoton exchange correction within the(aZ)? approxima-
were taken from a recent tabulatifB8]. In a few cases o  tion and is given by the first two terms in E.1), with the
with no experimental data available we employed values focoefficientsa, anda, listed in Table IIl. The contribution due
the rms radii obtained by the approximate formula from Ref.to the exchange by three and more photons was evaluated by
[59] and ascribed an uncertainty of 1% to them. For eactsumming terms of the & expansion, with the corresponding
value of Z, the nuclear parameters for the isotope with thecoefficients taken from Ref$53,54 for the nonrelativistic
largest abundancéwith the longest lifetimg were chosen. energy and from Ref.18] for the Breit-Pauli correction.
The uncertainty of the nuclear-size effect was evaluated by One-electron QED correctiotAESEP is the sum of the
adding quadratically two errors, one obtained by varying theone-loop and two-loop one-electron QED corrections. The
rms radius within its error bars and the other obtained byone-loop self-energy correction fors2s, and 2, states
changing the model of the nuclear-charge distributitire  and Z= 26 (including the nuclear-size effecivas tabulated
Fermi and the homogeneously-charged-sphere model weir Ref. [61] by using the method developed by Mohr and
employed. Numerical values of fundamental constants usedo-workers[14,62,63. For lower values ofZ and for the
in the calculation werg60] « 1=137.035999 146) and  2p,, state, we used a combination of our own calculation
hcR,=13.605 692 BL2)eV. and an interpolation of the point-nucleus results from Ref.
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FIG. 4. Comparison of our all-order numerical results for the second-order two-electron QED cor(sgtiare dots, solid linewith
values for this correction within theZ expansiorithe contribution of ordee?(«Z)3, dashed lingand with the related QED contribution by
Drake[18] (dotted ling, in units of a®(aZ)2.

[64]. The Uehling part of the one-loop vacuum-polarizationcorrection was tabulated f&2=30 in Ref.[65]. For lower
correction was calculated in this work for the Fermi nuclearvalues ofZ, it was calculated in this work by employing the
model. The Wichmann-Kroll part of the vacuum-polarization

TABLE V. Right-hand side(RHS) and left-hand siddLHS) of Eq. (76) (for the screened self-energy
correction and those of Eq(75) (for the screened vacuum-polarization and two-photon exchange correc-
tions), in eV. The comparison is valid to the leading ordewiti only. The last column demonstrates that the
difference(RHS-LHS for the two-photon exchange correction arises predominantly from effects to order

aX(a2)*.
z Scr.SE Scr.VP 2-ph.exch.
LHS RHS LHS RHS LHS RHS (RHS-LHS/(a2)*
12 0.0006 0.0006 0.0001 0.0001 -0.0003 -0.0001 3
14 0.0010 0.0009 0.0001 0.0001 -0.0005 -0.0002 3
16 0.0014 0.0013 0.0002 0.0002 -0.0008 -0.0003 3.0
18 0.0020 0.0019 0.0002 0.0002 -0.0012 -0.0004 3.0
20 0.0027 0.0026 0.0003 0.0003 -0.0018 -0.0005 3.0
30 0.0083 0.0087 0.0012 0.0010 -0.0083 -0.0013 3.0
40 0.0167 0.0205 0.0035 0.0025 -0.0256 -0.0025 3.18
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TABLE VI. Individual contributions to the ionization energies of He-like idmsth the opposite signin eV. For mixing configurations,
contributions to the matrix elements are listed.

Z State AEpiac AEin AEQEP AEREP AEREP AE o Total
12 (19)? -1962.98881) 200.8973  0.2801 -0.036B  0.0008 0.0412 -1761.804)
(1s2s), -490.9832 72.9751  0.0371 -0.008)  0.0005 0.0096  -417.9689
(1s2s), -490.9832 60.2485  0.0371 -0.00%83  0.0001 0.0099  -430.692D
(1s2py)o ~ —490.9834 72.1736 -0.0010 -0.0@2%  0.0002 0.0037  -418.809D)
(1s2py);  —490.9834 74.9742 -0.0010 -0.001%  0.0002 0.0075  -416.0088
(1s2pg;)1  —490.0399 77.7699  0.0012 -0.01p  0.0001 0.0113  -412.258Y)
(1s2ps;),  —490.0399 71.7742  0.0012 -0.0@2%  0.0003 0.0036  -418.268D)
off-diag. 0 4.1676 0 0.001@)  -0.0001 0.0054 4.1739)
14 (19 -2673.707%2) 235.5743  0.4778 -0.05(5  0.0008 0.0487 -2437.657®
(1s2s), -668.8651 85.8199  0.0637 -0.0119  0.0006 0.0115  -582.981D)
(1s2s), -668.8651 70.5889  0.0637 -0.0479  0.0002 0.0118  -598.208Y)
(1s2py) ~ —668.8654 84.7684 -0.0017 -0.0037  0.00021) 0.0044  -584.097@)
(1s2py);  —668.8654 88.0659 -0.0017 -0.0@21  0.0002 0.0090  -580.794D
(1s2pg;);  —667.1144 91.3603  0.0022 -0.0¢15  0.0001 0.0135  -575.7398
(1s2ps;),  —667.1144 84.1211  0.0022 -0.0436  0.0004 0.0043  -582.990D
off-diag. 0 5.0013 0 0.001%) -0.0002 0.0065 5.0091)
16 (1s)? -3495.00443) 270.4822  0.7562 -0.0715  0.0009 0.0563 -3223.78(8)
(1s29), -874.5000 98.7466  0.1014 -0.0168  0.0007 0.0134  -775.6548
(1s2s); -874.5000 80.9665 0.1014 -0.011p  0.0002 0.0137  -793.429D
(1s2py)o ~ —874.5006 97.4677 -0.0028 -0.0056  0.00032) 0.0051  -777.036@)
(1s2py)1  —874.5006 101.2216 -0.0028 -0.00B0  0.0003 0.0105  -773.274D
(1s2p3;);  —871.5075 104.9765 0.0038 -0.0022  0.0001 0.0158  -766.518Y)
(1s2p3;),  —-871.5075 96.4856  0.0038 -0.00%1  0.0005 0.0051  -775.017H
off-diag. 0 5.8246 0 0.0021) -0.0002 0.0076 5.8341)
18 (1s)2 -4427.41543) 305.6560 1.131@)  -0.09531)  0.0009 0.0575 -4120.6668
(1s29), -1108.0563 111.7675  0.1525 -0.0228  0.00071) 0.0138  -996.144@)
(1s2s), -1108.0563 91.3873  0.1525 -0.0148  0.0003 0.0141 -1016.517D
(1s2py)o  —1108.0575 110.2884 -0.0043 -0.0080  0.00033) 0.0053  -997.775@)
(1s2py);  —1108.0575 114.4514 -0.0043 -0.0082  0.0003 0.0108  -993.6085
(1s2pg;);  —1103.2520 118.6220  0.0062 -0.0081  0.0001 0.0162  -984.6108
(1s2pg;), —1103.2520 108.8712  0.0062 -0.0068  0.0005 0.0052  -994.37%1)
off-diag. 0 6.6353 0 0.0028) -0.0002 0.0078 6.645%0)
20 (19)2 -5471.55614) 341.1315 1.617@  -0.12311)  0.0008 0.0715 -5128.857®
(1s2s), -1369.72661) 124.8955 0.2198)  -0.030@1)  0.00081) 0.0172 -1244.6238)
(1s2s), -1369.72661) 101.8571 0.2198)  -0.01921)  0.0003 0.0175 -1267.6502)
(1s2pyp)o  —1369.72841) 123.2478 -0.0063 -0.0111)  0.00044) 0.0066 -1246.491%)
(1s2pyp);  —1369.72841) 127.7657 -0.0063 -0.0060)  0.00031) 0.0135 -1241.960)
(1s2ps;);  —1362.38541) 132.3004  0.0097 -0.004p  0.0001 0.0203  -1230.0501)
(1s2ps;), —1362.38541) 121.2809  0.0097 -0.0089  0.0006 0.0065 -1241.096H
off-diag. 0 7.4312 0 0.0038) -0.0003 0.0097 7.4449)
30 (19)2 -12395.352411) 524.3343  6.30515 -0.32921) -0.0002 0.1036 -11864.93@M)
(1s29) -3108.30512) 192.6165 0.88284) -0.08841)  0.001G4) 0.0254 -2914.86815)
(1s2s); -3108.30512) 155.1569 0.882@4) -0.05271)  0.0005 0.0257  -2952.29p14)
(1s2p10)  —3108.31942) 190.7532 -0.0228) -0.04331)  0.000615) 0.0099 -2917.621a5)
(1s2py)1  —3108.31942) 195.9800 -0.0228) -0.019%1)  0.00085) 0.0199 -2912.361)
(1s2pg;)1  —3070.5058) 201.3173 0.054@) -0.014@1)  0.0001 0.0295 -2869.1188
(1s2p3;), —3070.5058) 183.7940 0.054@)  -0.024%1)  0.0012 0.0096 -2886.67(4)
off-diag. 0 11.1222 0 0.0093) -0.0006 0.0140 11.145%0)
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TABLE VI. (Continued).
Z State AEpirac AEin AEQEP AESEP AEQEP AEec Total
40 (1s)? -22253.158420) 720.9167 16.31489 -0.67211) -0.003G12) 0.1354 -21516.46685)
(1s29), -5593.96874) 265.1795  2.364B8 -0.20021)  0.00075) 0.0334  -5326.59058)
(1s2s); -5593.96874) 210.6535 2.364B8 -0.10911)  0.0008 0.0338  -5381.0266B)
(182p10)  —5594.03714) 264.5842 -0.03916) -0.12341)  0.000837) 0.0134  -5329.60180)
(182py0);  —5594.03714) 268.0222 -0.03916) -0.051G1)  0.000712) 0.0260 -5326.07821)
(182p3),  —5471.57064) 271.7375 0.19286) -0.03451)  0.0001 0.0378  -5199.6371H)
(182p3), —5471.57064) 247.3426  0.19286) -0.05031)  0.0018 0.0125 -5224.07(8)
off-diag. 0 14.1717 0 0.0179) -0.001@1) 0.0178 14.2068)
50 (1s)? -35226.612639) 936.5561 33.96080) -1.20161) -0.007750) 0.1659 -34257.1390)
(1s29), -8884.10018) 344.7874 5.11@2)  -0.39661) -0.0001 0.0412 -8534.5612)
(1s29), -8884.10018) 269.3107 5.11@2) -0.19531)  0.00111) 0.0415 -8609.8222)
(1s2py0)  —8884.36827) 347.6604 -0.00649) -0.29361)  0.000977) 0.0170  -8536.98981)
(1s2py,); —8884.36827) 345.6502 -0.00649) -0.11521)  0.000926) 0.0315 -8538.80786)
(1s2p3); —8575.51427) 344.0792 0.52289 -0.07251) -0.00022) 0.0447  -8230.94039)
(1s2p3), —8575.51427) 312.2765 0.52289 -0.08871)  0.002%1) 0.0152 -8262.786@9)
off-diag. 0 16.3734 0 0.0298) -0.001%3) 0.0206 16.422(B)
60 (1s)? -51577.90012) 1178.19063) 61.91721) -1.993G2) -0.01415) 0.2152 -50339.5828)
(1s2s),  —13062.077419) 4342619 9.74%2  -0.72582) -0.001424) 0.0537 -12618.74B2)
(1s2s);  —13062.077419) 332.3353 9.7452 -0.32192)  0.00153) 0.0541 -12720.2662)
(1s2p10) —13062.966011) 4437640 0.2042 -0.62031)  0.00114) 0.0227 -12619.5919)
(1s2py0); —13062.966011) 431.1433 0.2002 -0.23671)  0.001G46) 0.0400 -12631.8113)
(1s2p3);  —12395.463410) 418.8976  1.1942  -0.13662) -0.000%9) 0.0546 -11975.4492)
(1s2p3)), —12395.463410) 378.9464 1.1942) -0.14262)  0.00341) 0.0193 -12015.4382)
off-diag. 0 17.5341 0 0.0432) -0.00215) 0.0246 17.600)
70 (1s)? -71678.28849) 1454.718814) 103.45451) -3.15812) -0.02336) 0.2612 -70123.0379)
(1s25),  —18247.268678) 537.41093) 17.0710) -1.261@2) -0.003384) 0.0658 -17693.980)
(1s2s);  —18247.268678) 401.31072) 17.0710) -0.50432)  0.00195) 0.0662 -17829.340)
(1s2p10) —18250.182016) 558.08701) 0.84427) -1.20942)  0.00125) 0.0283 -17692.4326)
(1s2py,); —18250.182016) 527.6353  0.84R7) -0.455@2)  0.001174) 0.0469 -17722.1128)
(182p3); —16948.026215) 496.7903  2.44@7) -0.23882) -0.001G24) 0.0608 -16448.9727)
(182p3), —16948.026L15) 4477120  2.44@7) -0.21582)  0.00431) 0.0225 -16498.06Q7)
off-diag. 0 17.4749 0 0.0603) -0.003@9) 0.0266 17.558@®)
80 (1s)? -96061.2811) 1778.347131) 162.7612) -4.86823) -0.03579 0.3326 -94124.649)
(1s2s),  —24612.83618)  659.70469) 28.3116) -2.11642) -0.00621) 0.0853 -23926.886)
(1s2s);  —24612.83618)  478.44294) 28.31(16) -0.76532)  0.00239) 0.0858 -24106.786)
(182py0)g —24621.41186) 698.209%2) 2.41152) -2.234%1)  0.00141) 0.0369 -23922.98B6)
(1s2py0); —24621.41186) 639.71581) 2.41152) -0.83671)  0.00%11) 0.0570 -23980.0633)
(182p3); —22253.674419) 578.4001 4.556B2  -0.39263) -0.001752) 0.0686 -21671.0452)
(1s2p3), —22253.674419) 518.96181) 4.55752) -0.31323)  0.00541) 0.0267 -21730.43B2)
off-diag. 0 16.0289 0 0.0789) -0.004@15) 0.0289 16.13@)
83 (1s)? -104318.3916)  1887.040745) 184.8(15) -5.52167) -0.03896) 0.3620 -102251.7@4)
(1s2s),  —26788.01727) 701.255913) 32.6918) -2.46022) -0.00727) 0.0938 -26056.449)
(1s2s);  -26788.01727)  503.61496) 32.6918) -0.863%2)  0.002510) 0.0943 -26252.489)
(1s2p10)g —26799.914834) 746.87984) 3.18362) -2.66691)  0.00147) 0.0404 -26052.4779)
(1s2py0); —26799.914834) 677.35392) 3.18362) -0.998%1)  0.00%12) 0.0611 -26120.3164)
(182p3); —23995.808821) 603.7087 5.4162 -0.45114) -0.002@63) 0.0715 -23387.0663)
(1s2p3), —23995.808@1) 540.88441) 5.41662) -0.34824)  0.0057 0.0283 -23449.80:3)
off-diag. 0 15.302Q1) 0 0.08484) -0.004317) 0.0297 15.41@)
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TABLE VI. (Continued).
Z State AEpirac AEin AEQEP AESEP AEQEP AEec Total
90 (1s)? -125498.82.1) 2166.54661) 245.2827) -7.373410) -0.0516) 0.4338 -123094(2.1)
(1s29)g -32414.6839) 809.38619) 45.1921) -3.47083) —0.00945) 0.1168 -31563.445)
(1s2s);  —-32414.6839)  566.925%84) 45.1921) -1.13762) 0.002914) 0.1174 -31803.584)
(1s2pyj0)p —32440.63(43) 875.925169) 5.82493) -3.99282) 0.00266) 0.0496 -31562.832)
(1s2pyjp)1 —32440.6343) 774.563743) 5.82493) -1.49741) 0.001(16) 0.0707 -31661.620)
(1s2p3p); —28337.242R5) 664.40541) 7.93093) -0.61385) -0.002697) 0.0759 -27665.4504)
(1s2p3p), —28337.242@5) 593.130917) 7.93093) -0.442@5) 0.0066 0.0314 -27736.568)
off-diag. 0 13.048412) 0 0.09914) -0.005223) 0.0305 13.17(®)
92 (1s)? -132081.5852) 2253.94015) 265.1633) -8.002@20) -0.05198) 0.4600 -129570.364)
(1s29)g -34177.8110) 843.609749) 49.4422) -3.82594) -0.00951) 0.1260 —33288.524)
(1s2s)4 -34177.8110) 586.356621) 49.4422) -1.23013) 0.003Q16) 0.1266  —33543.1R24)
(1s2pyjp)g —34211.07712) 917.497817) 6.8610) -4.474Q3) 0.00273) 0.0531 —-33291.143
(1s2py/p)1 —34211.07712) 805.194011) 6.8610) -1.67982) 0.00117) 0.0743  -33400.631)
(1s2p30)1 —29649.835R%6) 682.1945 8.8(10) -0.66775) -0.00311) 0.0774 —-28959.440)
(1s2p30), —29649.835@6) 608.35594) 8.80(10) -0.4725%5) 0.0068 0.0324 -29033.1)
off-diag. 0 12.259(R) 0 0.10314) -0.005425) 0.0308 12.38®)
100 (1s)? -161165.%6.1) 2646.5618) 358.3@63) —11.078740) -0.0630) 0.6180 -158171(B.1)
(1s29), -42048.71.3 999.86263) 70.1920) -5.62718) -0.01286) 0.1895 -409841.3
(1s2s)4 -42048.71.3 671.72425  70.1920) -1.6730@5) 0.003523) 0.1902 -413083.3
(1s2pyp)o —42127.2519)  1111.12925) 12.8216)  -7.02936)  0.00(11) 0.0759 -41010.227)
(1s2py); —42127.2519) 944.38016) 12.8216)  -2.65476)  0.00121) 0.0984 -41172.65)
(1s2ps); —35228.570031) 755.49232) 13.0516) -0.919%7) —-0.00416) 0.0866  —34460.916)
(1s2p3p0), —35228.570031) 670.758242) 13.0516) -0.61287) 0.00792) 0.0382 -34545.336)
off-diag. 0 8.403(9) 0 0.12024) -0.006634) 0.0328 8.55(b)
asymptotic-expansion formulas for the Wichmann-Kroll po-
tendal (66], " Buny= 136(;—; SN2 + 5= 4 ) + C), (83)
The two-loop one-electron QED correction is calculated
to all orders inaZ only for fche i state up to nowsee Ref. an-1
[51] and references therginFor excited states, one has to Be(NP) = 55—, (84)
rely on theaZ expansion, which readsee the revie\/67], 27 n
references therein, and more recent stufds-70)
Bg1(1s) = 50.344 005, (85)
QED _ @ (a2)* 2ry 3 2
AEleI,ZIo_ ? n3 {BAO+ (aZ)BE:O"' (aZ) [L Bes+ L Bs: B61(25) =42.447 669, (86)
+L Bey+ Gi(a2) ]}, (79) Beo(1S) = - 61.69), (87)
whereL =In[(a2)72], Gy2(aZ)=Bgo+(a2)(---) is the higher- Bey(29) = - 53.48), (89)

order remainder, and the coefficierﬁ§ are

49
B40: 2772|n 2 __772_

1
I N
12

ﬁ??;}l

6131
Toon 3

108 1296

~2t0 k(2 +1)

144 4

B50: - 21556131)&0,

]a0+[%w%n2
(80)

(81)

(82)

where { is the Riemann zeta functiony is the logarithmic
derivative of the gamma function, ai@=0.577 215 66. is
the Euler constant. Great care should be taken employing the
aZ expansion for the estimation of the total correction for
middle- and highZ ions, due to a very slow convergence of
this expansion. In addition, it was found latd[§1] that the
numerical all-order results do not agree well with the ana-
lytical calculations to order?(aZ)8. A possible reason for
this disagreemenf’2] can be the incompleteness of the ana-
lytical results(85) and(86) for the Bg; coefficient.

In order to extrapolate the all-order numerical results of
Ref. [51] to the regionZ=12-39 for the & state and to
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FIG. 5. Comparison of different evaluations for the total ionization energy=df and 2 states of He-like ions. Plotted is the difference
between the results obtained by us and by other authors, normalized by the d&at@)*. Error bars refer to the estimation of the
uncertainty of the present evaluation, open diamonds denote the results by D8hKitled circles stand for those by Plargéal.[21], and
filled triangles indicate the values by Cheng and CH&f.

estimate the two-loop correction for excited states, we separibution of QED effects of relative order Z# and higher.
rate the % higher-order remaind@'z‘ﬁ,(aZ) from the numeri-  This correction was evaluated by formulas presented in Ref.
cal data of Ref.[51]. We observe that this function is [18] suppressing terms that contribute to orderg’and
smoothly behaving and can be reasonably approximated byHZ. Its uncertainty was obtained by taking the relative de-
po|ynomia|. We thus emp|0y a |ineaparabo|i0 fit to the V|at|(?n of the QED contribution to Orde_r Z/calculated a(::'
function Ggﬁ)(aZ) in order to extrapolate the higher-order cording to Ref.[_18] from the results of its exact eva_luatlo_n
contribution to the regiorz=12-39. For the & state, we presented in this work(The corresponding comparison is

employ the same values for the higher-order contribution angresgg[t(ia\(/jisltrilclz:gégi] correction AE.... consists of the one-
ascribe an uncertainty of 50% to them. Fostates, no ana- rec .

) : - ) electron and the two-electron part. The one-electron relativ-
lytical calculations for théBg; coefficient exist up to now. We

. istic recoil correction was evaluated to all ordersaifi in a
thus separate from theshumerical results of Ref51] the series of paper§73-75. In our compilation, we employed

function the finite-nucleus results of Refi75] for the Is state, the
G (4Z) = L By + G (a2), 89 point-nucleus results of Reff73] for the X and 2, states,
20(aZ) o1+ GalolaZ) 89 And those of Ref[74] for the 2ps, state. The two-electron

divide it by a factor of 8, and take the result as the uncerrecoil contribution is given by the sum of the mass-

tainty for the higher-order contribution fqr states. polarization correction and the electron-electron interaction
Two-electron QED correctiomAER5C is evaluated in Sec. correction to the one-electron nuclear recoil. The nonrelativ-
II; the data are taken from Table IV. istic part of the mass-polarization correction was evaluated

Higher-order QED correctionAEREP represents the con- by summing the terms of the Z/expansion of the matrix

062104-19



ARTEMYEYV et al. PHYSICAL REVIEW A 71, 062104(2005

TABLE VII. Total ionization energiegin eV) for n=1 and 2 states of He-like ions. “rms” denotes the root-mean-square radii expressed
in fermis.

Z rms 1's, 21's 23s 2°p, 2°%p, 2'p, 23p,

12 3.057 1761.8042)  417.96891)  430.69291)  418.80921)  418.70591) 409.55641) 418.26301)
13 3.061 2085.9768)  497.02651)  510.99691)  498.00601)  497.85141) 487.68541) 497.21571)
14 3.122 2437.6579)  582.98121)  598.20841)  584.09781)  583.87751) 572.65651) 582.99001)
15 3.189 2816.9088)  675.85171)  692.34661)  677.10192)  676.80081) 664.477%1) 675.58971)
16 3.261 3223.7808)  775.65481)  793.42921)  777.03602)  776.63651) 763.15121) 775.01761)
17 3.365 3658.3438)  882.41201)  901.47861)  883.92022)  883.40621) 868.68491) 881.27881)
18 3.427 4120.6658)  996.14462)  1016.51701)  997.77583)  997.13091) 981.08321) 994.37571)
19 3435 4610.806¢)  1116.87272) 1138.56521) 1118.62483)  1117.83381)  1100.34581)  1114.313%1)
20 3.476 5128.85713) 1244.62362) 1267.65142) 1246.49114)  1245.54041)  1226.4796l)  1241.09661)
21 3544 5674.9036)  1379.42413) 1403.80342) 1381.40225)  1380.28112)  1359.49071)  1374.73111)
22 3591  6249.0218)  1521.29943) 1547.04783) 1523.38416)  1522.08462)  1499.3778l)  1515.22111)
23 3599 6851.31027) 1670.279%4) 1697.414(3) 1672.46616)  1670.9838)  1646.144%2)  1662.57242)
24 3.642 7481.8628) 1826.394%) 1854.93444) 1828.678%7)  1827.012€3)  1799.793€)  1816.79082)
25 3.706 8140.78640) 1989.67816) 2019.64375)  1992.05408)  1990.20873)  1960.32912)  1977.88212)
26 3.737 8828.187Q1) 2160.16317) 2191.57446) 2162.626010) 2160.60844)  2127.7528)  2145.85312)
27 3.788 9544.18733) 2337.88678) 2370.76598) 2340.4308l1) 2338.25244)  2302.069(3)  2320.710%3)
28 3.775 10288.88%24) 2522.884610) 2557.254610) 2525.504812) 2523.18045)  2483.27983)  2502.46063)
29 3.882 11062.43026) 2715.199012) 2751.083612) 2717.888714) 2715.4378)  2671.39584)  2691.11214)
30 3.929 11864.93879) 2914.868115 2952.292114) 2917.621015  2915.06476)  2866.41494)  2886.67104)
31 3.997 12696.55621) 3121.937417) 3160.927017) 3124.748217) 3122.11017)  3068.34905)  3089.146%5)
32 4.074 13557.41924) 3336.450%1) 3377.032620) 3339.312019) 3336.61988)  3277.201%6)  3298.545%6)
33 4.097 14447.67698) 3558.453#24) 3600.65684) 3561.359821) 3558.64179)  3492.978%6)  3514.87667)
34 4140 15367.48981) 3787.997829) 3831.850428) 3790.94083) 3788.228210)  3715.691%7)  3738.14988)
35 4.163 16317.00985) 4025.129933) 4070.663233) 4028.103%25 4025.429612)  3945.34349)  3968.37189)
36 4.188 17296.41920) 4269.908839) 4317.153639) 4272.90488) 4270.302713) 4181.948710)  4205.553510)
37 4.203 18305.881%5 4522.384845) 4571.374845) 4525.396831) 4522.901715)  4425.512111)  4449.704211)
38 4.220 19345.58%80) 4782.617152) 4833.386852) 4785.636634) 4783.286417) 4676.046013)  4700.834113)
39 4.242 20415.71497) 5050.665060) 5103.248859) 5053.684437) 5051.516619)  4933.558415)  4958.953015)
40 4.270 21516.46685 5326.590868) 5381.025068) 5329.601840) 5327.655420) 5198.060716)  5224.071616)
41 4.324 22648.04339) 5610.457777) 5666.781877) 5613.452844) 5611.76883)  5469.564618)  5496.200918)
42 4.409 23810.65182) 5902.333088) 5960.585088) 5905.304848) 5903.924425  5748.080%21)  5775.352221)
43 4424 25004.5317) 6202.28710) 6262.50910) 6205.224662) 6204.190928)  6033.618%3)  6061.536123)
44 4482 26229.89230) 6510.39111) 6572.62411) 6513.28687) 6512.643831) 6326.19286)  6354.765826)
45 4.494 27486.98015 6826.72113) 6891.00913) 6829.563661) 6829.355834)  6625.812(29)  6655.051829)
46 4532 28776.03180) 7151.35214) 7217.74014) 7154.133867) 7154.408038) 6932.492032)  6962.407833)
47 4544 30097.31495 7484.36616) 7552.90216) 7487.076672) 7487.880042)  7246.243{36)  7276.845136)
48 4.614 31451.05889) 7825.84518) 7896.57518) 7828.476278) 7829.858B46)  7567.082840)  7598.379140)
49 4.617 32837.58786) 8175.87820) 8248.85420) 8178.417185 8180.427%1)  7895.017744)  7927.021(45)
50 4.654 34257.1390) 8534.55122)  8609.82%22) 8536.989891) 8539.680756) 8230.066849)  8262.786049)
51 4.680 35710.0241) 8901.95724) 8979.58224) 8904.285899) 8907.709761)  8572.240654)  8605.687(54)
52 4743 37196.5182)  9278.19226) 9358.22426)  9280.40211)  9284.615967)  8921.558260)  8955.740060)
53 4.750 38716.9924) 9663.36029 9745.85629  9665.43611) 9670.493873)  9278.02686) 9312.957856)
54 4787 40271.7406) 10057.56032) 10142.57832) 10059.49612) 10065.454830) 9641.668872)  9677.356%72)
55 4.804 41861.07117) 10460.90135) 10548.50835) 10462.68213) 10469.604087) 10012.495(79) 10048.951679)
56 4.839 43485.329) 10873.49838) 10963.74438) 10875.11114) 10883.05604) 10390.524487) 10427.759(87)
57 4.855 45144.9922) 11295.45841) 11388.41741) 11296.89%15 11305.92710) 10775.769895) 10813.794(05)
58 4.877 46840.3023) 11726.89844) 11822.64844) 11728.15416) 11738.33811)  11168.24610) 11207.07610)
59 4.892 48571.7G27) 12167.95448) 12266.55(48) 12169.01218) 12180.41812) 11567.98011)  11607.61711)
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TABLE VII. (Continued).

Z ms 1's, 2's, 23, 2°p, 2°%p, 2'p, 23p,

60 4.912 50339.5828) 12618.74752) 12720.26652) 12619.50719) 12632.28013) 11974.97812)  12015.43812)
61 4.962 52144.293) 13079.40069) 13183.91859) 13080.04220) 13094.09414) 12389.26213)  12430.55613)
62 5084 53986.1487) 13550.0380) 13657.62660) 13550.48622) 13565.97215  12810.85115  12852.98915)
63 5.113 55865.9189) 14030.84765) 14141.59765) 14031.07123) 14048.068l7) 13239.75016) 13282.75416)
64 5.162 57783.8941) 14521.95269) 14635.94269) 14521.9485 14540.53418) 13676.00817) 13719.87217)
65 5.060 59741.188)  15023.5911)  15140.9111) 15023.2787) 15043.53020) 14119.61618)  14164.35@18)
66 5.221 61736.5480) 15535.69679) 15656.42479) 15535.20128) 15557.21121)  14570.60220)  14616.23820)
67 5.202 63772425 16058.68887) 16182.92837) 16057.90630) 16081.75722) 15028.98522)  15075.52621)
68 5.251 65848.2461) 16592.58490) 16720.42089) 16591.55732) 16617.33724) 15494.78723)  15542.24%23)
69 5.226 67965.2487) 17137.67195) 17269.20895) 17136.33634) 17164.14%26) 15968.02825  16016.41625)
70 5.312 70123.0379) 17693.9810) 17829.3210) 17692.43236) 17722.35828) 16448.73(27)  16498.06(27)
71 5370 72322.922) 18261.8211)  18401.0611) 18260.03439) 18292.17830) 16936.91129)  16987.19729)
72 5342 74565.9387) 18841.4%11) 18984.7211) 18839.35641) 18873.81632) 17432.59631)  17483.85131)
73 5351 76852.0187) 19432.9812) 19580.3812) 19430.60144) 19467.48834)  17935.80833)  17988.04233)
74 5367 79181.930) 20036.6813) 20188.2812) 20033.99247) 20073.41836) 18446.56235)  18499.79%35)
75 5339 81556.907) 20652.7213) 20808.7613) 20649.76849) 20691.83839)  18964.89088)  19019.13838)
76 5413 83976.202) 21281.2514) 21441.7714) 21278.14062) 21322.98%41)  19490.81840)  19546.08040)
77 5402 86442@8.3  21922.7126) 22087.9826) 21919.39(068) 21967.12647) 20024.35843)  20080.65843)
78 5428 88955.115  22577.3215) 22747.2515) 22573.76859) 22624.51%47)  20565.53646)  20622.89446)
79 5436 91515.817) 23245.2916) 23420.1816) 23241.53863) 23295.43750) 21114.38749)  21172.81149)
80 5.463 94124.648)  23926.8516) 24106.7516) 23922.98766) 23980.17653) 21670.93152  21730.43752)
81 5476 96783.120) 24622.3917) 24807.5117) 24618.42070) 24679.0387) 22235.1986) 22295.79€55)
82 5501 99491.821)  25332.1418) 25522.6818) 25328.14174) 25392.33660) 22807.20159)  22868.91759)
83 5521 102251.7184) 26056.4418) 26252.4818) 26052.47779) 26120.40164) 23386.97963)  23449.8283)
84 5526 105064.389) 26795.7020) 26997.4%19) 26791.77483) 26863.58868) 23974.55667)  24038.54866)
85 5.539 107930(Q.4  27550.1632) 27757.8132) 27546.38291) 27622.2576) 24569.96171)  24635.10770)
86 5.655 110847.355)  28319.7222) 28533.4422) 28316.63793) 28396.73876) 25173.22475)  25239.54675)
87 5.658 113823.032) 29105.7422) 29325.7422) 29103.01198) 29187.51681) 25784.36879) 25851.88179)
88 5.684 116854.197) 29908.0027) 30134.4927) 29905.8710) 29994.96837) 26403.42684)  26472.14684)
89 5.670 119945(2.2)  30727.2845) 30960.4745) 30725.6712) 30819.56499) 27030.42789)  27100.36988)
90 5.710 123094(2.1) 31563.4445 31803.5%44) 31562.8812)  31661.7110) 27665.40694)  27736.58893)
91 5700 126304(2.6) 32417.5653) 32664.8453) 32417.8713)  32521.9711)  28308.38809)  28380.82(99)
92 5.851 129570.364) 33288.5124) 33543.1%24) 33291.1413)  33400.6711)  28959.4110)  29033.1210)
93 5744 132911(@.2) 34180.2664) 34442.5964) 341835515  34298.7413)  29618.4911)  29693.4911)
94 5.864 136305(2.4  35088.9950) 35359.2150) 35095.1815)  35216.2713)  30285.6812)  30361.9812)
95 5.905 139769.925 36018.1825) 36296.5825) 36026.9815  36154.1812)  30961.0012)  31038.6312)
96 5.815 143310@.2  36969.2086) 37256.1485) 36979.5719)  37113.2617)  31644.4913)  31723.4513)
97 5.815 146916(@.6)  37940.1194) 38235.8694) 37953.4821)  38093.8219)  32336.1914)  32416.5014)
98 5.843 150592(6.1)  38932.11.0)  39237.01.0)  38949.2823)  39096.6820)  33036.1214)  33117.8114)
99 5.850 154343(8.6) 39946.711.2  40261.01.1) 39967.9725)  40122.6923)  33744.3815)  33827.4115)
100 5.857 158171(6.1)  40984.11.3)  41308.31.3)  41010.2%27)  41172.6225  34460.8616)  34545.3316)

element(p, -p,) taken from Ref[18]. The known relativistic corrections mentioned so far. For lead, thorium, and ura-
part of this correction of ordefaZ)*m/M [76] was also in- nium, the total values include also the nuclear-polarization
cluded. The electron-electron interaction correction to thecorrection[77,78. Analyzing the main sources of uncertain-
one-electron nuclear recoil was taken into account in theies listed in the table, we conclude that in the I1@wegion
nonrelativistic limit. It was estimated as—-m/M)AE,.,,  the main error comes from the two-electron QED correc-
whereAE,, is the total two-electron correction. tions, namely, from the two-photon exchange contribution. In
In the last column of Table VI we present the total valuesthe highZ region, the main sources of uncertainty are the
for the ionization energies, which are given by the sum of allone-electron two-loop QED correctigmostly, the two-loop
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TABLE VIIl. Comparison of theoretical and experimental transition energies. Units aré ameV as
noted.

Z This work Planteet al.[21] Chenet al.[20] Johnsoret al.[19] Experiment Reference

23p—233, transition, in cm* unless specified

12 958481) 95847 95848 95848 95861 [80]

14 11380%2) 113809 113809 113809 1138@y [81]

1138154)  [82]

15 1229562) 122955 122955 122959 [81]

16 1322202) 132219 132219 132219 132274 [83]

13219810)  [82]

18 1511583) 151155 151156 151155 1511@4 [84]

1512049) [85]

26 23348410 233469 233471 23255850 [86]

36 35689139) 356822 356828 356823 3574260 [87]

92 252.0127) eV 252.79 252.77 260(0.9 [88]
23p,~23g, transition, in cm®

12 1002581) 100252 100253 100252 100263 [80]

14 1227441) 122743 122743 122743 122733 [81]

1227463)  [82]

15 1351541) 135151 135151 135159 [81]

16 1484991) 148496 148497 148496 1484@3 [83]

1484935)  [82]

18 1785812) 178576 178578 178576 178589 [84]

17859131)  [85]

20 2141792) 214170 214174 214170 214225) [89]

22 2566963) 256683 256688 256683 256746) [90]

26 36876716) 368742 368752 368742 3689185 [86]

28 4419479) 441908 441920 441907 441980) [91]

36 90011633 900009 900044 900008 900Q2@0 [87]
23p,-23s, transition, in cm?*

12 966821) 96680 96681 96688) [80]

13 1060261) 106025 106023) [80]
23p,—21g transition, in cm?*

14 72292) 7231 7230.82) [92]

23p~23p, transition, in eV unless specified

12 8341) cmt 833 833 833.1335) [93]

28 2.3241) 2.323 2.325 2.335 [94]

47 0.8038) 0.801 0.789 07®)  [95]

64 18.58631) 18.571 18.548 18.579) [96]
1's-2'P, transition, in eV

16 2460.629 2460.628 2460.699 [97]

18 3139.582 3139.580 3139.588) [98]

19 3510.4621) 3510.459 3510.582) [99]

21 4315.41p1) 4315.409 4315.545) [99]

22 4749.6441) 4749.639 4749.7147) [99]

23 5205.1681) 5205.154 5205.221) [99]

5205.1014)  [100]

24 5682.068L) 5682.061 5682.320) [99]

26 6700.4381) 6700.423 6700.120) [99]

6700.9025) [101]

32 10280.218) 10280.185 10280.722) [102]
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TABLE VIII.  (Continued)

Z This work Planteet al.[21] Chenet al.[20] Johnsoret al.[19] Experiment Reference

36 13114.470% 13114.411 13115.330  [103]

13114.6836)  [104]

54  30630.05(17) 30629.667 30629(3.5  [105]

92 100610.8865) 100613.924 1006285  [106]
1'5-2%P,, inev

18 3123.534 3123.532 3123.528)  [99]

23 5180.3261) 5180.327 5180.227)  [100]

26 6667.576l) 6667.564 6667.525  [101]

32 10220.80(8) 10220.759 10221.885  [102]

36 13026.11@) 13026.044 13026(8)  [103]

54  30206.266.8) 30205.852 302098.5  [105]

92 96169.685) 96172.427 961762  [106]
1'5-2°pP,, in eV

23 5188.7381) 5188.730 5189.121)  [100]
115233, in eV

23 5153.8961) 5153.889 5153.824)  [100]

self-energy correctionand the experimental values for the dence of the plotted difference, which can be observe&for
rms nuclear radii. states in the medium- and hightegion, are explained by
In Table VII, the total ionization energies of=1 and 2  more recent values for the rms nuclear radii employed in the
states of He-like ions wit@=12-100 are listed. We start our present calculation.
compilation withZ=12 since this is the point where the ad- As can be seen from Fig. 5, the best agreement is found
ditional terms accounted for in our CalCUIati@ﬁ’ 0[2(012)4] with the calculation by Plantet al[21] It is to be noted that
become comparable with omitted higher-order effectdne results by Johnson and Sapirs{eifi] and by Cheret al.
[~a3(a2)?]. 20] c_)bt_aln_ed by d_n‘ferent methods but on the same level of
In Fig. 5, our results are compared with the theoreticaISOPh'St'Cat'on are in a very good agreement with the ones by

values obtained previously in calculations of different typesPlante and co-workers. Whereas all these results are incom-
2 4 ini
. S . e remaining con-
[18,21,24. Since our evaluation is the first one complete toplete fo ordera{aZ)", we conclude that th 9

the ordera?(aZ)®, it is interesting to analyze the difference tribution of this order is rather small for ah=2 states,
@ \xs) ) 1ng 1c y 1 o which explains the good agreement of these results with the
between various calculations in units @f(aZ)*. First of all,

IS R experimental data. Only for thellil state do we observe a
we note a significant deviation of our values from the recenkjgnificant additional contribution of about 0d%(aZ)*. We
results by Cheng and Chg@4], which arises from an in-  mention, however, that despite the good agreement observed
complete treatment of QED corrections employed in thakor then=2 states, the results by Plamteal. are well outside
work. The authors evaluate the QED correction to all orderghe estimated error bars of the present theoretical values for
in aZ at the one-loop level, employing a symmetric modelmost middle- and higlZ ions.
potential in order to account for the electron-electron inter- In Table VIII, we list transition energies for which experi-
action. This approximation works reasonably well in themental results are available. Comparison is made with the
high-Z region, but for ions with 2&Z=<36 (as presented in MBPT calculation by Johnson and Sapirstgl®], with the
the papey, the accuracy of this approximation turns out to beCl calculations by Chemt al. [20], and with the all-order
lower than that of Drake’s approach based on the exdct many-body treatment by Plangt al.[21]. These studies are,
expansior[18]. We mention that a previous investigation by according to our analysis, the most complete ones among the
these author$20] employed the QED correction as evalu- previous calculations. We recall that in all these investiga-
ated by Drake. Its results agree well with those by Plate tions QED corrections were taken as evaluated by Drake
al.[21] and thus are in a better agreement with our numerical18]. The difference between them, therefore, is related only
values. to the part arising from the no-pair Hamiltonian, often re-
For the's, and ZSPO’1 states, we observe also a distinct ferred to as the “structure” part.
deviation of our ionization energies from the results by We observe a generally good agreement of theoretical
Drake [18]. A similar deviation was reported previously in predictions with experimental data. Despite the significant
the literature{19-21], where it was attributed to corrections amount of available experimental information, the experi-
of order a?(aZ)* to the electron-electron interaction that mental uncertainty in the region & under consideration is
were not accounted for by Drake’s unified method but can bgenerally larger than the difference between the calculations
(to a certain extentincluded by methods based on the no-analyzed in Table VIII. Among few exceptions are the recent
pair QED Hamiltonian[79]. Irregularities of theZ depen-  high-precision measurements of the-2'S, transition
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TABLE IX. The 23P-21'S, energy difference, in eV.

Z=63 Z=64 Z=65 Z=66 Z=89 Z=90 Z=91 Z=92

This work -0.22469) 0.00474) 0.3212) 0.49584) 1.61(46) 0.61(46) —-0.3155 -2.6428)
Andreevet al.[42] -0.591 -0.389 -0.153 0.016 -1.971 -4511
Planteet al. [21] -0.170 0.341 -0.095 -2.639
Drake[18] -0.168 0.067 0.328 0.614 1.731 0.718 -0.209 -1.816
Maul et al.[12] 0.30

energy in silicon(Z=14) [92] and the 23P0—2 3P1 transition  ating the total transition energy, the authors used an estima-
energy in magnesiurtz=12) [93], whose accuracy is much tion for the screened self-energy correctiGhat was not
higher than that of the theoretical predictions. However, atalculated at that momentwhich is the main source of the
these relatively low values aof, our treatment is basically disagreement observed.

equivalent to the previous studies, and the difference be-

tween the calculations cannot be effectively probed in com-

parison with these measurements. Wieimcreases, devia- SUMMARY

tion of our values from the results of the previous studies

becomes more prominent, but the experimental uncertainty ils i f th d self " d the two-
much lower for higheZ. A compromise is found to be argon ations of the screened sefi-enérgy correction an e two
(Z=18), where the experimental determination of the photon.ehx;hjr;ge _clz_cr):rectlorll fa=1 and 2|stateshof He-like
2 %P, ~2°S, transition energies by Kuklat al.[84] demon- lons with 2=12. This evaluation completes the rigorous

- i 2
strated a & deviation from the previous theoretical results. treatment of altwo-electronQED corrections of ordes” to

Our calculation brings the theoretical and experimental red Il orders inaz and significantly improves the theoretical

. 53 - _accuracy for the energy values, especially in the figte-
ZlLJJI(t:ZsIr;LOe 3?;;”1222 f%rt?ﬁe?;o_g 381 ;[rr:r?:ilttilc())r? t‘;ng E;e gion. Unlike previous calculations, the results obtained are
AN ; tfp i y fH -I'k2 : Sl. that th : d complete through orden?(«Z)% uncalculated terms enter
1 Important feature ot tie-1ke 1ons IS that tN€y provide a . 11 three-photon-exchange QED effdetsr®(aZ)? and

possibility to study the effects of parity nonconservation . .
[10,11. The 2130_2 3Po transition in the He-like Eu ioiZ higher and through higher-order one-electron two-loop QED

| 5 - .
=63) is presently considered as the best candidate for futurgorrectlons[~a (aZ)" and highet.

experimentg13]. The effect is enhanced by the fact that the

2's, and 2°P, levels cross each other in the vicinity &f ACKNOWLEDGMENTS

=63. Another crossing point of the levels occurs aroznd
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