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Robustness of the adiabatic quantum search
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The robustness of the local adiabatic quantum search to decoherence in the instantaneous eigenbasis of the
search Hamiltonian is examined. We demonstrate that the asymptotic time complexity of the ideal closed case
is preserved, as long as the Hamiltonian dynamics is present. In the special case of pure decoherence where the
environment monitors the search Hamiltonian, it is shown that the local adiabatic quantum search performs as

the classical search.
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Although the adiabatic approach to quantum computation
[1,2] seems to differ significantly from the traditional circuit
model, it has been proved that these two models are, in a
certain sense, equivalent [3]. However, this equivalence does
not concern the robustness to noise, relaxation, or decoher-
ence. Since the adiabatic schemes operate close to the energy
ground state it seems natural to guess that the adiabatic quan-
tum computer should be robust against relaxation effects [2].
The alleged resistance to noise has been examined by ana-
lytic means in Ref. [4] and it has been argued that adiabatic
quantum computers should be robust to decoherence [2,5].
Unitary control errors and resistance to decoherence have
been numerically investigated in Ref. [6].

In this paper, we examine the local adiabatic search algo-
rithm [7,8] in the presence of decoherence in the instanta-
neous energy eigenbasis [9]. We demonstrate analytically a
robustness to this particular form of decoherence in the sense
that the asymptotic time complexity of the ideal closed case
is preserved, no matter how small the Hamiltonian contribu-
tion is to the dynamics. Only in the wide-open case [10],
where the Hamiltonian part is completely absent, there is a
difference in the time complexity.

Adiabatic quantum computation works by keeping the
system close to the ground state of a time-dependent Hamil-
tonian. This feature is in contrast with, e.g., holonomic
implementations of quantum gates [11], which share the fea-
ture of adiabatic evolution, but where it is essential that the
gate can operate on arbitrary superpositions without too large
errors. For the functioning of the adiabatic quantum com-
puter in the presence of decoherence, on the other hand, it is
sufficient to require that the probability of finding the system
in the instantaneous ground state of H(s) is conserved. This
can be seen as one possible generalization of the concept of
adiabaticity to open systems. In this generalized sense the
wide-open case has an adiabatic limit, although the Hamil-
tonian dynamics is absent. One may note that the wide-open
case can be seen as a quantum computational scheme in its
own right, a “wide-open adiabatic quantum computer,”
where the dynamics is governed by pure decoherence. A dif-
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ferent approach to the concept of adiabaticity for open sys-
tem has been put forward in Ref. [12], and applied to adia-
batic quantum computing in Ref. [13].

The N-element search problem consists of finding a single
marked element in a disordered N-element list. The search
problem is associated with an N-dimensional Hilbert space
with orthonormal basis {|k)}_,, where the marked item cor-
responds to |u) € {|k)}\.,. Following Refs. [1,7,8], we con-
sider the family of Hamiltonians

H(s) == (1= )|l = s[m){ul. (1)
where
1 N
= —— k 2
|4 \,,Ngl ) 2)

and s=t/T €[0,1], T being the run time of the search. If the
evolution is adiabatic and we start in the energy ground state
|4, this family of Hamiltonians takes us to the marked state
|y and thus solves the search problem. The only relevant
subspace is spanned by |¢) and |w). We denote the instanta-
neous eigenvalues and orthonormal eigenvectors of H(s) re-
stricted to the relevant subspace by E,(s) and |E,(s)), respec-
tively, where n=0, 1. We further define

_ _1)2
A = B9 Byl = [ DRI
and
. N-1
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A useful property of Z is
1
v
Z(s)ds = —, 5
fo (s)ds = 7 5)

for all N.
Decoherence in the instantaneous energy eigenbasis is
modeled by the master equation
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< p(5) =~ IATLH(S),p(5)] - BILWS).[W(s) (o) 1], (0
where A=0 and B=0 are constants independent of N. Here,
W(s) is assumed to be Hermitian, nondegenerate, and fulfill
[W(s),H(s)]=0. Furthermore, let w,(s) be the eigenvalues of
W(s) corresponding to the eigenvectors |E,(s)) and define
L(s)=w1(s) =wo(s).

Next, we implement the idea of local adiabatic search [7]
by making a monotone, sufficiently smooth reparametriza-
tion s €[0,1]—r=f(s) €[0,1] of H(s) and W(s) in such a
way that more time is spent near the minimum energy gap. In
the closed case (B=0), it was shown in Ref. [7] that the

optimal choice
ro=1 | g
"L, 2%

— N

L f L e ctan(N_1) =~
= | - -dr'=—==gxarctan(\N-1) < —~
o A%(r") VN 2yN-1

™)

yields the criterion 7> \N for the run time, in analogy with
the Grover search [14]. Applying this reparametrization re-
sults in the transformation s — r as well as in multiplication
by (df~'/dr)(r) of the right-hand side of Eq. (6). Assume that
p(0)=|Eo(0))Ex(0)| and let

Y(r) = (Eo(r)|p(r)|Eo(r)) = <E1 ()| p(r)|E (r))
= poo(r) = p11(7). (8)

We now address the main objective of this paper, which is
to determine how the probability to remain in the ground
state depends on the run-time 7 and the parameters A and B.
The strategy is to express this probability, indirectly in terms
of Y(r), as an integral equation. Thereafter, we apply appro-
priate estimates to obtain a lower bound for the probability.

We may rewrite Eq. (6) as an integral equation that takes
the form

1-Y(r)=4I(r), 9)
where
1 1
I(r) = > () + 51_(r),
L(r)= f e TIBOUDARGDI 711y (r")dr!
0
ut(r’) — f eT[BQ(r")iiAR(r")]Z(rrr) Y(r")dr", (10)
0
and

Ay L[ T
0() = frz( N fAz(,)d
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R(r) = fA( ’)df(r) —%f ﬁdr’. (11)
0

We further define
_T*(r)
= min .
rel0,1] A(l’)
In the case where A>0, we wish to estimate |1-Y(r)|.
This can be done by calculating an upper bound for
. using Z(r)A(r)<(N-1)/N,exp[-TBQ(r)]
<1, exp{~TB[Q(r)-Q(r")]}<1if r=/', as well as Egs. (5)
and (12), which result in

(12)

wL |[N-1 1

1, < — )/ —
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By use of Z(r)A%(r)=VN—1/N and Eq. (12), the integral on
the right-hand side of Eq. (13) can be estimated as
f’ d [ zHAG)
! 201
o |dr I=(r") LA
A(r")

dr’

A ! d
<2 | 20| -Za0|a
82§2+A2L ()] g A0 | dr

B f
+———— | z('
B*?+A?),

Note that we have extended the integration interval from
[0,7] to [O 1]. Since both Z(r) and A(r) are symmetric
around r=2 5, it follows that Z(r)|(d/dr)A(r)| has the same
symmetry. Moreover, A(r) is increasing on the interval
11]. Hence, Z(r)|(d/dr)A(r)|=Z(r)(d/drA(r) on [3,1],

which leads to
1
d N-1
dr= ZJ Z(r)—A(r)dr <2/ — <2.

1
d
J;) Z(r) o
(15)

—A(r)
To deal with the second term on the right-hand side of Eq.
(14), we introduce the following condition:

1
d
Z(r
fo ™ dr

)| dr (14)

dr’

—TI2(r)|dr <K, (16)

where K is a constant independent of N [15]. Since BI'*(r)
can be seen as the instantaneous strength of the decoherence,
the condition in Eq. (16) essentially states that the fluctua-
tions in strength are not allowed to grow with N. If one
assumes that I'(r)=7(A(r)), where 7:(0,%)—(0,%) is an
increasing, sufficiently smooth function, it can be shown that
it is sufficient that 7(x) < Cx”, where C and 0'2% are con-
stants, to fulfill the condition in Eq. (16). This means that the
condition is fulfilled for the particular case where W(r)
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=H(r). By combining Egs. (7) and (13)-(16), and using that
B??+A%>=A? and BT*(0)+A%>=A?, we obtain

—
IN[1 | N KB

;1-2#—<—+ ) 17

pOO(r) T \A N— 1A2 ( )

Hence it is a sufficient condition for local adiabaticity that
7> N. In conclusion, an increased degree of eigenbasis de-
coherence does not change the asymptotic behavior of the
run-time of the adiabatic search. This result is independent of
the explicit form of W(r) as long as Eq. (16) is fulfilled and
[W(r),H(r)]=0.

In the wide-open case [10] (A=0), the protective effect of
the Hamiltonian dynamics is absent and one may expect that
the asymptotic behavior depends on the explicit choice of
W(r). To verify this point, we let W(r) be such that I'(r)
=A%r), o=1 [17]. We further put B=1 for convenience.
Notice that the choice W(r)=H(r) corresponds to I'(r)
=A(r). We prove that in the wide-open case with I'(r)
=A’(r), a sufficient and necessary condition for adiabaticity
is T> N”. Note that we have to show that the sufficient con-
dition is also necessary, as we wish to prove that the wide-
open case is essentially different from the A # 0 case.

To prove the sufficiency, we insert I'(r)=A%(r) into Eq.
(11), and use that A(r)?l/\w and o= 1, to obtain

(" 1
20-2( .1 ’
o(r)= Zfo A= (rdr' = L 7 (18)
Inserting Eq. (18) into Eq. (10) gives
1-Y(r) <4 f f T INT 702G
0Jo
(19)
Finally, we use Z(r)<+N-1 and Eq. (5) to obtain
T N°
=]-—— 20
Poo(r) = > T (20)

Thus, a sufficient condition for adiabaticity is 7> N°.

Now we show that this condition is also necessary. We let
Y; denote the solution of Eq. (9) for a given run-time 7. It
can be proved that [16]

Yo(r) = Yo(r), (21)

which means that an evolution with nonzero run time re-
mains closer to the instantaneous ground state than the evo-
lution with zero run time. Insert Eq. (21) into Eq. (10) and
combine with Eq. (9) to obtain

1= Y1) =1, (22)

where
1 r
Iy=4 f fe-TIQ@-Q“ NZ(nzZ(r")Yo(r")dr'dr  (23)
0J0

and
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1-(N-1)(2r-1)
N+ (N=1)(2r = 1)?
(N-1)(2r-1)
NI+ (V= D= 1)

Yo(r) =

(24)

In order for Y(1)— 1, I, has to go to zero, since Y;(r)<1.
Hence, we have found a necessary condition for the system
to approach adiabaticity.

In order to express this necessary condition in terms of the
runtime 7, let us use Eq. (24) in Eq. (23) and make the
change of variables x=\N—1(2r—1) and y=VN—-1(2r'-1).

This yields
N-1 —
Iy= \/Tl(a,v’N— 1), (25)

where
—a@(x) ( ad(y)
y)e
I dyd. 26
(a.B8) = fﬁl+x _B(1+2)3/2 yax (26)
with
B T B T
C2ANTWN-T1 2N%rctan(\N—-1)
d(x) =f (1+x"%)7 dx'. (27)
0
Furthermore
d -a®(B) (B o h(ad
S l(a.p)=-2° zf yoIneb) gy
ap 1+ )y (1+y9)
B e PP (P cosh(ad(x))
2\3/2 dx
(1 + B%) 1+x2
Be_a(b B)

J‘ e—a@(A)
=2 dx = F(a,p) > 0.
L+ "), Tan = Fh

(28)
This expression is obtained by separating the integrals f By
into “f°B+fﬂ” and maklng the change of variables x—>—x

and y——y in the [° _p integrals, as well as by using the in-
equality

y __B
(1+y2)%2 14 g2 14y

Vyel0,8l. (29

It follows from Eq. (28) that I(«, B) is increasing in B8, which
together with Egs. (25) and (28), gives

1 — 1 (!
Iy= —El(a, \N-1)= ) = —Ef F(a,B)dB >0,
/ \‘J 0

I((I 1
)
AY \’2

where we have assumed that N=2. Thus, if [,—0 then
I (I)F (a, B")dB’ — 0 necessarily. Furthermore, we have
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1 1 D -a®(B) (B ,—a®(x)
! f F(a9B)dB=—2J |:B (B)e J e o
da) ( |

|l a+pH? J, 1+x°

Be—a‘IJ(ﬁ) B q)(x)e—a(b(x)
+(1+,82)3/2 o 1+ dx [dB<0

(31)

for 8> 0. It follows that [jF(a, 8)dg is a strictly decreasing
function in a. Hence, a necessary condition for this expres-
sion to go to zero is that &« — . For large N it follows from
the expression for @ in Eq. (27) that it is necessary for adia-
baticity that 7> N°.

In Fig. 1, we supplement the above analytic results with
numerical simulations of the dynamics of Eq. (6) with the
choice W(r)=H(r) and initial condition pyy(0)=1. We inter-
polate between the closed and the wide-open case, by letting
A=cos(w/2) and B=sin(ww/2), where w goes from 0 to 1.
Furthermore, we have assumed the success probability
poo(1)=0.5. These simulations confirm the predictions con-
cerning the asymptotic behavior, viz., that the evolution of
the local adiabatic quantum search stays near the instanta-
neous ground state if 75 \N for all cases except the wide-
open one, where 7> N.

In conclusion, we have demonstrated that the local adia-
batic search is robust to decoherence in the instantaneous
eigenbasis of the search Hamiltonian, as long as the Hamil-
tonian dynamics is present. Up to a condition on the fluctua-
tions, this result is independent of the explicit form of the
decoherence term. This independence does no longer hold in
absence of the Hamiltonian part, in which case the
asymptotic behavior of the run time of the local search
changes. The protective effect of the Hamiltonian dynamics
is an indication of robustness of the quantum adiabatic
search, which may be of importance in physical implemen-
tations of a working search scheme that outperforms any
known classical search algorithm.
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FIG. 1. Local search with W(r)=H(r) and success probability
0.5. The curves show log,T vs log,N, where T is the run time
needed to obtain the success probability 0.5, and where N is the list
length. Each curve shows the result for a given degree of decoher-
ence w. Counted from below, the curves correspond to w=0, 0.1,...,
0.9, 0.95, 1, interpolating between the closed (w=0) and wide-open
(w=1) case. As seen, all curves tend to the slope % except the
uppermost wide-open case, which tends to the slope 1.

An interesting extension would be to apply the present
analysis to adiabatic algorithms designed to solve other prob-
lems, such as, e.g., the NP-complete problems 3-SAT [1] and
exact cover [2,18,19]. Although analytical results may not be
achievable for these problems, numerical investigations
could reveal whether or not the protective effect of the
Hamiltonian dynamics is present. Moreover, one might con-
sider whether there occurs a transition from the seemingly
polynomial behavior found in [2], to an exponential time
complexity, as the strength of decoherence increases.

We wish to thank Patrik Thunstrom for useful comments
on the manuscript.
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