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We describe a method to project photonic two-qubit states onto the symmetric and antisymmetric subspaces
of their Hilbert space. This device utilizes an ancillary coherent state, together with a weak cross-Kerr non-
linearity, generated, for example, by electromagnetically induced transparency. The symmetry analyzer is
nondestructive, and works for small values of the cross-Kerr coupling. Furthermore, this device can be used to
construct a nondestructive Bell-state detector.
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Two-qubit measurements are an important resource ihalf of the Bell states can be identified perfectly. This detec-
quantum information processir.(@IP), enabling key appli- tion method is thereforgrobabilistic Furthermore, it de-
cations such as the teleportation of states and gates, densioys the photons in the photon counting process, and is thus
coding, and error correction. In particular, a measuremengf limited use in efficient large-scale QIP.
device that does not destroy the qubits is a very powerful One way to improve on this scheme is to move beyond
tOO|, since it allows entanglement dIStI||atI{)]J] and efficient linear OptiCS, i_e_' to induce an interaction between the pho_
quantum computing based on measurem¢tsl]. This is  tons, This can be achieved using a cross-Kerr medium, i.e., a

especially useful when the qubits interact weakly, and,splinear medium that can be described by an interaction
interaction-based quantum gates are hard to implertfient - viconian of the form

example, photonic qubits have negligible interackidrur-
thermore, a nondestructive two-qubit measurement device
can act as an deterministic source of entangled qubits.

Optical QIP is of special interest, because electromagneti\%lhereﬁ is the number operator for mode andy is the
. . . . . _ . A k
fields are ideal information carriers for long-distance quan oupling strength of the nonlinearity. A photon in mode

tum communication. Photonic quantum states generally suf- ill then accumulate a phase shift yt that is proportional

fer low decoherence rates compared to most massive qub[| the number of photons in mode Such a medium can be

systems, but we need optical information processing device . . :
that overcome the negligible interaction between the pho-l§sed as an optical switdi10]. More to the point, when the

tons. Optical quantum computation and communication Wi”nonlinearity is large(i.e., 6~ ), it naturally implements a
theréfor% bengfit reatl frog"n nondestructive two-qubit mea~ ontrolled-phase gate at the single photon level. This in-
g y d spired applications such as photon number quantum non-

suemerts. Aguably e most mporant ool e demolion (QN) measurementL 13, Noon st g
y 9 ration[13], a Fredkin gatd14], and culminated in a full-

Bell basis. When the computational basis of a single-photogCale proposal for optical quantum computdtss]. In

qubit is given by two orthogonal polarization statét and : . . : .

V), then the BEII states can be written ) gz;t:;;lez?[r,lévli%a large nonlinearity we can build a Bell state
:(|H’V>.1|V’H>)/V2 and|(I>—>:(|H,H>¢|\-/,V>)/\52_ A non- Unfortunately, natural Kerr media have extremely small
destructive Bell measurement then projects the two phOtonﬁonlinearities, with a typical dimensionless magnitudegof
onto one of the Bell states. This can be used in the teleporz ;18 [18,19. A large Kerr nonlinearity at the single-

tation of probabilistic gates into optical circuil§,6], and  nhot0n Jevel is therefore practically impossible. However,
consequently enables efficient linear optical quantum comg,qre are ways to make nonlinearities of magnituet02
puting. In addition, a deterministic nondestructive Bell mea, oyample with electromagnetically induced transparencies
surement would also act as a bright source of entangled ph?EIT) [20—22, whispering-gallery microresonatof23], op-
tons. . i ical h tical fibers[24], or cavity QED systemp25,26. In this pa-
Braunstein and Mann presented a linear optical method tge, \e show how to build a nondestructive interferometric

distinguish two out of the four optical Bell stat¢2]. In e\ gtate analyzer with such small-but-not-tiny Kerr nonlin-
1999, it was shown independently by Vaidman and Yorang,jties and additional coherent state resources.

and Litkenhaugt al. that the Braunstein-Mann method is As a specific example of a very promising method for

optimal [8,9]: When one is restricted to linear optics and generating the form of nonlinearity required, we consider
photon countingincluding feed-forward processingt most g1 i condensed matter systems. We have analyzed a model
system at length21], considering three photon modes inter-
acting through dipole couplings to a four-leval atomic
*Electronic address: sean.barrett@hp.com system[27]. Mode a generally describes a Fock stdtg),

Hy = fixfafe, (1)
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and modec is a coherent statley.); these two fields interact
through a third pump mode that is a sufficiently intense co-
herent state that both it and the internal atomic energy levels
can be factored out of the evolution, creating an effective [tab) {
nonlinear Kerr interaction between modasand c of the
form given in Eq.(1). In general, it is difficult to achieve a
substantial vacuum Rabi frequency using free_space fields FIG. 1. Schematic circuit ShOWing how two relatively small
[28], but encapsulating one or more atoms in a WaveguidérOSS‘Ke” norﬂinearities can be usgd to discriminate between
(such as a line defect in a photonic crystal strugtaleows (|2,0£]0,2)/y2 and|1, 1) nondestructively. The boxes labeled by
field transversality to be maintained at mode cross-sectionsﬁ a}nq -0 represent the cross-Kerr no.nllnearltles that induce a phase
areas that have dimensions smaller than the optical wavelift n the coherent stgﬂe@_ proportional to the number of pho-
lengths of the interacting fields. A two-dimensional photonicto" " the corresponding signal mode. A homodyne measurement
crystal waveguide constructed from diamond thin film with of the X quadrature with OUtCO.mEW'” th.en discriminate bet.Wee”

. . - the two input states. Depending on this outcome, a relative phase
nitrogen-vacancy color centers fabricated in the center of thghiﬁ 26(x) is needed to restore the, 0)+(0,2) state
waveguide channg¢R9,30 could provide a sufficiently large N '
nonlinearity to realize our method experimentally. For ex- . ) .
ample, a cryogenic NV-diamond system withx20? color  |1.K) represents a two-spatial mode optical state, Witlo-

centers can generate a phase shift of more than 0.1 rad p&ins ﬁ” mpdea andk ph_oton's in modd, with a". ph'otc')ns'
signal photon with a probe photon numbeg=a?=1.3 polarized in the same direction. The setup for discriminating
=1

X 10* and modest detunings. these states is shown in Fig. 1. Modlés initially prepared in

We turn now to the application of such nonlinearities fora coherent statirg) =€ 71%725 o/ nl|n), where|n) denotes
Bell-state analysis. As mentioned above, it is well knownan n-photon number statg31]. The coherent state can be
that a beam splitter can be used to discriminate between tt@enerated, for example, by a laser pulse. The photons in
singlet and the remaining triplet Bell statgg|. If the two modec sequentially interact with those in modasindb via
incoming modes are combined on a beam splitter, the Bellhe two (relatively small cross-Kerr nonlinear operations,

states are transformed as acting with phase® and -9, respectively. These operations
N can be written as expgn,N,) and exp—ioN,n.), as follows
|\P )= |H:V> - |V1H> - |H1V> - |V1H>, from Eq. (1) [32]
L Suppose now that the input state for the two signal modes
(W) =[H,V) +[V,H) = |HV,0) - [0,HV), ) a andb and the probe mode is given by

+ 20y — 2 2 0y — 2 d
|®*) =|H,H) £ |V,V) — |[H%,0) - [0,H?) £ |VZ,0) + |0,V5). o) = d1|l,1)+T%(|2,O>i|O,2>) g, (3)

N

After the beam-splitter transformation, the singlet state,
|¥7), is balanced i.e., it has only one photon in each spatial where d,, d, are complex coefficients satisfying the usual
mode. On the other hand, the triplet statestarachedi.e.,  normalization requirements. The effect of each cross-Kerr
they have coherent superpositions of either zero or two phagperation is to induce a phase shift in the coherent staje
tons in each spatial mode. Our scheme proceeds by nondghich is proportional to the number of photons in the corre-
structively distinguishing between these two cases, and sulgponding signal moddalternatively, although each Fock
sequently transforming the states back to the Bell basis usingtate in the coherent state imparts a different Kerr shift to the
a second beam splitter. This nondestructive symmetry analisignal photons, the measurement of the coherent state is de-
sis therefore allows the singlet state to be discriminated frongigned so that there is only one overall phase shift on the
the triplet states. As we discuss further below, a full nondesignal photons afterwarjisThus, for thd1, 1) component of
structive Bell measurement can be implemented by repeategle state, the total phase shift inducedis(—6)=0, and for
applications of the symmetry analysis, interleaved with apthe|2, 0 and|0, 2) components, the phase shifts areg-ehd

propriate local operations. —26, respectively. After these cross-Kerr operations, the state
It is important to note that the balanced and bunchedf the three modes is thus given by

states must be discriminated in such a way that no other q
information is discovered about the states. In particular, de- - 22 i -2i
termining the number of photons in a particular spatial mode, [¥2) = chl, Dleg) + \J’E(|2'0>|a°e2 %10, 2l xce™)).
even nondestructively, would destroy the coherence of the ()
bunched states. For this reason, existing photon number
QND measurement techniqué¥l,12,2] with small ¢ are  This state is illustrated in the phase space plot in Fig).2
insufficient to perform the symmetry analysis step. The tech- In order to distinguish the balanced and bunched compo-
nique for nondestructive symmetry analysis that we describeents of|,), it is sufficient to measure th¥ quadrature
below is one of the principal results of this paper. component of the probe moaeThis can be achieved with a

In order to describe our scheme for symmetry analysisstandard homodyne measurement. To perform such a mea-
we first consider the illustrative example of an analyzer casurement, the probe mode is combined at a beam splitter
pable of nondestructively distinguishing between the balwith a local oscillator of the same frequency. The output is
anced and bunched statfls, 1) and(|2,0)£|0,2))/\2. Here, then measured with photodetect¢®i]. Provided the local
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(b) - FIG. 3. The symmetry analyzer: photonic two-qubit input states

interfere on a 50:50 beam splitté8S). The polarizing beam split-

FIG. 2. (3 Schematic phase space illustration of the stateters (PBS will transform the beam splitter output into four modes
|l!/1>=d1|1,1>|ac)+(d2/\f§)(|2,O)IaceZi%ﬂO,2>\ace‘2‘”)). For the With equal polarization. Using the methodology of Fig. 1, one can
|1, 1) component of the state, the probe mode receives zero tot&listinguish between the resulting bunched and balanced states. This
phase shift, whereas for th2, 0) and|0, 2) components, the phase results in a measurement of the symmetry of the photonic two-qubit
shifts are +2 and -, respectively(b) The corresponding prob- input state. The PBS and BS after the homodyne measurement re-
ability distribution for the outcome of th& quadrature measure- tUrn the two modes to the two-qubit space.

ment of the probe beam. The two peaks in this distribution are o
associated with the statél 1) and|2,00%|2,0). tonic symmetry analyzer on the two-qubit Hilbert spacef
the incoming modes, spanned by the stdtésH), |H,V),
oscillator is prepared in a large-amplitude coherent state Witljg\é’"gé’r ?rn;n|s\1{(’3\r/rz1a(§ce)§ '2?123& tﬁzng?;(rﬁsa&%\/i’intglit b;:{g
the same phase homodyne measurement amounts to a A .
S phase fs;) ody ounts fo into a balanced state, whereas the triplet states are bunched.

(destructivé measurement of the observablec+&', where The polarizing beam splitter€PBS will separate the two

c is_ an annihilation operator for photons in the probe mOdepoIarization modes. A polarization rotatidnot shown ap-
Using the result(x|5)=(2m)exr-Im(8)*~(x-2p)%/4] plied to the same output of each PBS will then ensure that all
[33], where|x) is an eigenstate ok with eigenvaluex, the  the photons have identical polarization, thus satisfying the

state of modes andb after the measurement anis assumption made about the inputs to the analyzer of Fig. 1.
d (These rotations are then undone before the outgoing)PBS.
[y = dif(x, 0|1, 1) + Tgf(x, a; CoS 2) By counting the phase shift® and —6) we can determine the
V2 total phase that is acquired hy,). As before, thebalancegl
X (92,0 + 7910, 2)), (5)  singlet state will not induce a phase shift|ig,). The differ-
) ent components of thébunched triplet states will induce
where we have defined phase shifts of +& or —26. Therefore, theX-quadrature ho-
f(x, B) = (2m) Y ex - (x - 28)%/4], modyne measurement of modeow allows the singlet and

triplet states to be distinguished nondestructively. After cor-
(6) rective phase shiftéagain conditional on the outcome of the

X-quadrature measuremernd recombination on the PBS,
The Gaussian terms(x,a,) and f(x,a.;cos %) in Eq. (5)  the final beam splitter will return the state to the two-qubit
correspond to probability amplitudes associated with each dffilbert spaceH. Note that it is crucial that the measurement
the two statesl, 1) and|2,0)+|2,0), respectively{see Fig. does not introduce decoherence between the symmetric am-
2(b)]. The phase shifty(x) associated with the two-photon plitudes, as repetition of the symmetry analysis is needed for
components depends on the outcome of the homodyne meaul Bell-state analysis.
surement. This can be corrected by applying the phase shift Once we have a nondestructive symmetry analy3&y,
operation exp-i ¢(x)N,], conditional on the obtained value it is straightforward to construct a quantum nondemolition
of x. In order to resolve the balanced and the bunched comBell-state detectofdepicted in Fig. 4 First, we test whether
ponents, we require only a small overlap between their prober not the input state is the singlet by applying the SA. We
ability distributions. Values ok below the midpoint between then apply a bit flipoy to move the antisymmetric subspace
the peaks define one measurement outcome, and values ofnto the symmetric subspace. We apply the SA again, and if
above it the other outcome. The error probability is thus théhe transformed input state is the singlet, we know that the
sum of the lowerx distribution tail above the midpoint and original state was®™). We then apply a relative phase shift
the upper distribution tail below the midpoint, and is given

P(X) = a Sin 260(x — 2a, cos 29) mod 2.

by Pero=erfav2a.6?)/2. This is less than 0.01 provided — ... _‘. .’.
a.t?>1.2. Highly accurate discrimination is therefore pos- [Pty iy Symmetry Symelry
sible with weak cross-Kerr nonlineariti€g®<) provided — — " onalyEet e o —_

a; can be made sufficiently large. For example, the system
described in the NV-diamond example given above generates FIG. 4. The Bell-state detector: repeated application of the sym-
the error probabilityPg,,,,=0.01. metry analyzefSA) and local unitary rotations ift{ subsequently

A straightforward generalization of the methodology de-project onto different Bell states. The local unitaries are simply
scribed above can be used to construct a nondestructive phperformed with suitable optical plates for polarization qubits.
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o, If the third SA finds the singlet, then the input wds").  the nonlinearity required to perform a maximally entangling-
If no singlet signal has arisen, then the input state must haveisentangling gate directly between photons. Our analyzer
been|¥*). We can test this by applying another bit flifg  distinguishes all four polarization Bell states and is near de-
and invoke the SA again. The final, ensures that the out- terministic in operation. We have suggested EIT systems as
going state is actually that identified by the analyzer. Clearlyone potential route for realizing the required cross-Kerr non-
if one is prepared to accept not finding the singlet in the firstinearities, which could lead to practical QIP in the relatively
three analyzers as the signature|¥f"), the final analyzer near future, especially since for our proposed symmetry and
can be omitted. In this case the third and final single-qubiige||_siate analyzers there is not a requirement to generate
operation is instead, to restore the outgoing state to that phase shifts. As we have shown, as long as the probe beam
identified. Furthermore, if classical switching conditional on 55 4 sufficient amplitude, such thata,6?= 1, we can work

the homodyne measurement results is employed, the analysjh much smaller phase shifts. This makes our analyzers

could be terminated after a singlet signal from any SA, byraiher easier to implement that those based on standard non-
switching the two-qubit state out and then reconstructing thgaa, quantum logic.

identified Bell state by a local operation.

To summarize, in this paper we have shown how to con- This work was supported by JSPS and the European
struct a Bell-state analyzer from small cross-KerrUnion Nanomagigc and Ramboq projects. K.N. was sup-
nonlinearities—small here means much less than the size giorted in part by MPHPT and Asahi-Glass research grants.
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