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Squeezing as an irreducible resource
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Using the Bloch-Messiah reduction we show that squeezing is an “irreducible” resource which remains
invariant under transformations by linear optical elements. In particular, this gives a decomposition of any
optical circuit with linear input-output relations into a linear multiport interferometer followed by a unique set
of single-mode squeezers and then another multiport interferometer. Using this decomposition we derive a
no-go theorem for creating superpositions of macroscopically distinct states from single-photon detection.
Further, we demonstrate the equivalence between several schemes for randomly creating polarization-
entangled states. Finally, we derive minimal quantum optical circuits for ideal quantum nondemolition cou-
pling of quadrature-phase amplitudes.
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There is still no consensus as to the eventual workingand theoretical mode couplings. In this correspondence, tra-
material which will be used by large-scale quantum computditional optics involves only linear elementiseam splitters,
ers to store and process quantum information. By contrastnirrors, half-wave plates, elc.Mathematically, linear opti-
there seems to be no dispute about using optical or neatal components have Bogoliubov transformations given by
infrared photons for quantum communication. The advan-
tages are obvious: high-speed transmission, weak coupling to E)J. => Uiy, (1)
the environment, negligible thermal noise. Some disadvan- k
tages include the difficulties in coupling light to light and in . . : _ . .
creating suitable input states. Some proposals involve cavityf1eréV is an arbitrary unitary matrix and there is no mixing
QED [1-3]. However, to dateall implementations of f.the mode annlhllat|pp and creation operat_ors. Any .such
guantum-communication protocol@ver distances larger un_ngryU may be explicitly constructed from linear optical
than micrometenshave used only coherent state inputs andPfimitive component$9l. . _
optical components which are no more nonlinear than para- BY contrast,nonlinear opticalcomponentgin particular
metric down-converters or photodetectors. Thus, outsidéqueezers, parametric amplifiers, and down-convertees
detection, this suggests that near-future quantumused to generate quantum resour¢egueezed states, en-
communication experiments will also involve information tangled states, efc.These nonlinear components may pro-
processing which can be described by at most a, possiblguce alinear mixing between annihilation and creation op-
time-dependent, linear mixing of annihilation and creationerators when some pumping field or fields are strong enough
operators(linear Bogoliubov transformations corresponding that their quantum fluctuations and pump depletion may be
to quadratic interactiongor optical modes. In this paper we neglectedthe so-called parametric approximatjott is this
will demonstrate that for such systeragueezind4] forms  regime of linear transformations @photonio modes that is
an “irreducible” resource which allows us to quantify their of interest to us. Without attempting to be exhaustive we
power. ) ) shall explicitly label three types of nonlinear optical ele-

It has been known for some time how to analytically andments which yield linear Bogoliubov transformations.
numerica”y calculate the evolution of SyStemS under the ac- SqueezergS)_ These are Sing|e_m0de down-converters
tion of linear Bogoliubov transformation$-7]. In quantum (3150 known as parametric amplifi¢and may be described
optics, however, and especially in quantum communicationgy an interaction Hamiltonian of the form
an explicit Fock space description is important. This is
equivalent to developing a normal-ordered description of the |:|im: ir(é{z— ai)/z; (2
evolution. The analytic tools for this, however, have been
limited to one or two modes at moi&]. Here we develop a herer is the squeezing parameter and we drop extraneous
tool that can leverage the Campbell-Baker-Hausdorff resulPhases from our descriptions without loss of generality.
to an arbitrary number of modes, in particular, a tool that will  Two-mode down-convertet®,) are described by
allow us to predict the strengths and limitations of devices ~
(and resourcas To that end, we would like to formalize our Hin o 1(8]8] ~ 8,3,). (3
equations in terms of a universal set of irreducible resources
and a restricted set of operations.

As a first step, we will see that any optical system that i
modeled by linear Bogoliubov transforms can be decom-
posed into strictly “linear” and strictly “nonlinear” compo-
nents. For photonic modes, quantum optics provides a wellfhese latter devices may be thought ofea$anglingdown-
developed correspondence between laboratory componentenverters if, for example, the evéadd numbered modes

(Entangling) four-mode down-converter&,) are de-
Sscribed by

Hine o i (883 + A18) - 818, — 854,). (4)
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where without loss of generalit®; may be chosen to be
Bloch-Messiah . ot . .
_ complex symmetric antty; are the outgoing mode creation
o reduction operators.
Proof. Consider such a combination of components acting
| VT multi-port on the vacuum. By Bloch-Messiah reducti@ee Fig. 1the

initial linear multiport interferometer described B pre-
serves the vacuum state, so only the later components have
an effect. Since the individual single-mode squeezers have
evolution operators which may be trivially normally ordered
FIG. 1. An arbitrarily complicated combination of linear multi- We may immediately write out the general form for the out-
port interferometers, squeezers, down-converters, (8icD,, E,,  90ing state as shown in E(B). (Note that this result would
etc). Each component describable by a quadratic interaction maf€ nontrivial using traditional techniqugs.
be decomposed by Bloch-Messiah reduction into a linear multiport There are at least two other modes of state generation
described by, a parallel set of single-mode squeeze8s and a  which might be considered of interest.
second linear multiport). Conditional state generatiomccurs where the required
state leaves some part of the apparatus whenever a suitable
represent differing polarization states for a mode heading lef¢@duence of photodetection events is found in another part.
(right). For example, a weakly coupled two-mode down-converter
We are now in a position to describe the reduction of(3) can make a single-photon state to a good approximation
linear Bogoliubov transformations. This reduction is givenin €ither of the two modesonditionedon a single-photon
by the so-called Bloch-Messiah theorem for bos@nformal ~ count in the other.

extension of the original result for fermions [ii0]; see the ~ Random state generatiasccurs where the required state
Appendix for a compact propfwhich is as follows. is “polluted” by contrlbu_tlons from the vacuum state. In thl§
Theorem (Bloch-Messiah reductiorfor a general linear C€ase, the_ state may be inferred by destructive photodetection,
unitary Bogoliubov transformation of the form but then it cannot leave the apparatus. For example, a weakly
coupled four-mode down-converter(4) can make
b, :% (Ajdy + Bjkél) + 8, (5) Zg?\gaﬂon-entangled stateandomly (in the sense given

R We see from these examples that the “cheap” nonlinearity
whered;,b; are bosonic annihilation operators, the matricesintroduced by particle detection can increase the versatility
A andB may be decomposed into a pair of unitary matricesof linear Bogoliubov transformations. However, there still
U andV and a pair of non-negative diagonal matriéggsand  appear to be limitations.

Bp satisfying Theorem (no-go for macrosuperpositionBetection of a
I single photon in one mode and no photons in any number of
Ap=Bp+1, (6)  other modes cannatonditionally create superpositions of
macroscopically distinct states given an initial vacuum state
and using an arbitrarily complicated combination of linear
A=UALV, B=UB,V . ) multiport _interferometers,_ d_own-cqnverters, squeezers, etc.
(all described by quadratic interactions
Corollary. For optical modes, Bloch-Messiah reduction  Proof. Consider such a combination of components acting
says that the general form of multimode evolution with linearon the vacuum prior to detection. The above theorem gives
Bogoliubov transformations may be decomposed into a multhe form Eq.(8) of the outgoing stat@,,). Suppose now a

tiport linear mterfgrometer, followed by the parallel applica- single photon is detected in some mdeand vacuum in
tion of a set of single-mode squeezers followed by yet anggyarg) others, the conditioned state is

other multiport linear interferometéd1]. This reduction is
llustrated in Fig. 1. . [Yeond = qefOIbelroud = 2" Berby aefOltroues  (9)
One common application for down-converters is as m
sources of interesting quantum states. We shall use Bloctwhere [0)4¢ is the vacuum state for the subset of detected
Messiah reduction to tell us something about how versatilenodes and the sum runs only over nondetected modes. It
such devices may be. The simplest way of operating such is easy to see thag.(0|¢o, is @ Gaussian state on the
source is unconditionally, for which we state the following remaining modes, so the conditionally created state from
result. singlephoton detection is seen to be a sum of branches
Theorem Given initial vacuum states, an arbitrarily com- which differ by the placement of only a single photon in
plicated combination of linear multiport interferometers, one mode or another. |
down-converters, squeezers, etc., will deterministically gen- Remark Large-amplitude coherent states are “macro-
erate only Gaussian states with normal ordered form scopic superpositions” only in the sense that they are super-

with 1 the identity matrix, by
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FIG. 2. Bloch-Messiah equivalence: Here we illustrate the
equivalence between a pair of squeez&)scombined at a 50:50
beam splitte(BS) and a single two-mode down-converté,).

FIG. 3. Polarization entanglement without loss of which-way

positions of macroscopic statésthough these states are not information. Here we illustrate the equivalenpe between an entan-

macroscopically distinguishableThus, we have given a 9ling four-mode down-convertdE,) with a pair of nonentangling

no-go theorem against creating so-called Schrodinger cdfo-mode down-converter®,) which arerandomlycreating pho-

states for any such scheme without regard to the specifin Pairs with opposite polarization®,.”. The polarization-

details of any particular implementation. A consequence ofiependent beam splitte®BS direct all photons to the upper

this result is thaentanglemenmay not be “amplified” by, Paths. Bloch-Messiah reduction shows that it is impossiblgzto-

say, injecting microscopic superpositions into stronglydomly) create such entangled states with onbyirglepass through

pumped down-converters as has been suggestétheyitle @ single nonentangling two-mode down-converter.

of) Ref.[12] (though obviously superposition states may be

sent through an amplifigrl3]). A detailed analysis of Ref. ~ 1. . 1.

[12] supports our more general result in £§) [14]. b, = St et EaI' (10
The Bloch-Messiah reduction theorem teaches us some

important lessons about the interconvertibility of different The relevant decomposition is given by

kinds of sources. For example, we find that a single squeezed

ers in Bloch-Messiah reduced form then fewer squeezers
plus linear optics will never suffice for the device’s construc-
tion. Let us use these observations to relate the three types of
down-converterss, D,, andE,.

A nonentangling two-mode down-convertéb,) with (

state is an irreducible resource which cannot be made from E
any number of lesser squeezed states and linear optics. Simi- sing —icoso\l 2 cosd —ising\t
larly, if some device requires some given number of squeez- A= . - . . ,
cosd isiné V5 J\siné icosé
2

1
coupling (3) requires two squeezers in reduced form as is pg= 2
illustrated in Fig. 2. For weak coupling this device is a
source of random photon pairs generated into distinct modes.

The Bloch-Messiah reduction into two squeezers and a 50:50
beam-splitter gives us a more sophisticated understanding of (11)
the Hong-Ou-Mandel interferomet¢d5]. Away from the \\hore 9=1sin2(2/\5)=31.72°. The circuit consists of a
weak-coupling limit we retrieve the twin-beam scheme for 2

making two-mode squeezed states from a pair of indeperPalr of squeezers with equal squeezing parameters of

dently squeezed staté$6]. Bloch-Messiah reduction neatly :'r.'[(l+\”5)’2] (corresponding to roughly 4'.18 dEand a
formalizes these multiphoton interference phenomena. ~ Pair of unequal unbalanced beam splitters with energy trans-
Similarly, Bloch-Messiah reduction applied to the entan-Mission coefficients of 27.64% and 72.36%.
gling four-mode down-convertdi,) of Eq. (4) shows that In fact, this circuit is equivalent to one derived by Yurke
four squeezers are required in reduced form. Thus, a randoh}9; however, Bloch-Messiah reduction guarantees its opti-
polarization-entangled state cannot be formed frosingle ~ Mality. We can improve on it further by noting that the
pass through a single nonentangling down-convéRerEq.  Singular-value eigenvalues in EQ.1) are degenerate and so
(3)]. Nonetheless, it may be made easily enough with twghe decomposition is not unique; a construction with much
such device§17]. In Fig. 3 we give just such an equivalence. simpler 50:50 beam splitters is given by

sing —i cos&)

(COSH —isin Q)T
cosf ising

sinf icosé

N

Curiously, this construction produces entanglement without 1 /i jei? 01
erasing the which-way information about the photons. It U=¢( y _.0)’ V=< )U*, (12)
should be noted that this scheme is very diffef@mterms of v2\-€? ¢ 10

the irreducible resources ugetthan the entanglement swap- . .

ping scheme of Zukowslet 2I. [18] which star%s with a pairp with ¢ as above. We' hote that the .QND couplifid) has

of entangling down-converters. rec_ently_ been used in error-correction codes for quantum-
As a final application for the Bloch-Messiah reduction ©Ptical fields[20,21. _ 3

theorem we consider constructing optimal optical circuits us- " conclusion, we have illustrated the utility of the Bloch-

ing as little squeezing as possible. Consider the ideal quari/€ssiah reduction theorem for linear bosonic Bogoliubov

tum nondemolition(QND) coupling between a pair of opti- transformations in the context of quantum optics. We have

cal quadrature-phase amplitudes shown the equivalence between a number of elementary
sources of weak random states, including a simple scheme to
PN 1.4 randomly generate polarization entanglement without a loss

by=a; - Eéz + -,

2 of which-way information. When supplemented by detection
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of a single photon we have shown that superpositions obasis by some unitary matrlx. However, using the singular-
macroscopically distinct states cannot be created out ofalue decomposition theore[22] we can always diagonal-
vacuum using linear optics and down-converters, squeezergze A=UApV' andB=UB,W' into non-negative matrice,
etc. (all corresponding to linear Bogoliubov transforma- andBy satisfying Eq.(6) whereV andW are a pair of unitary
tions). Finally, we used Bloch-Messiah reduction to study thematrices. Unitarity of Eq(5) guarantees a unique inverse
construction of minimal optical circuits. Although we have which with the aid of Eqs(Al) and (A2) may be easily
concentrated on applications for photonic modes in quanturaomputed to bé7]

optics the Bloch-Messiah reduction theorem holds for all

bosonic modes. 8= > (Abc—Byb)). (A3)
k

APPENDIX: PROOF OF BLOCH-MESSIAH REDUCTION Imposing the canonical commutation relations again here
) . . yields the conditions
Without loss of generality, we may set the displacements

in Eq. (5) to zero, i.e.,3;=0. The canonical commutation A'B=(A'B)T, (A4)
relations forb; in Eq. (5) impose the conditionf7]
ATA=(B™B)T +1. (A5)
AB"=(AB")T, (A1)

Thus we see thaa'A and(B'B)" may be diagonalized in the
AAT=BBM +1. (A2)  same basis by a unitary matrik=W" which yields Eq.(7)
as required. Finally, we note that this form fér and B
SinceAA" andBB' are Hermitian and according to Egh2) automatically satisfies the subsidiary conditions of Egs.
must commute, they also may be diagonalized in the sam@\1) and (A4). |
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