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Using numerical solutions of a time-dependent Schrödinger equation for a hydrogen atom in a linearly
polarized few-cycle laser field, we calculate the left-right photoelectron kinetic-energy spectra measured by
two opposing detectors placed along the laser polarization vector, with laser focus in the center. The fastest
electrons show huge asymmetries strongly dependent on the laser carrier-envelopesCEd phase which confirms
the recent theoretical resultsfD. B. Milosevicet al., Opt. Express11, 1418s2003dg, obtained from a modified
strong field approximation model which includes rescattering by the Coulomb potential. This asymmetry can
also be explained by a simple semiclassical model in which the electron after tunneling through a potential
barrier returns to the proton and is elastically backscattered in the presence of the laser field thus acquiring
energy close 10Up where Up is the electron ponderomotive energy in the laser field. We also present a
semiclassical interpretation of counterintuitive left-right asymmetries of slow electrons discussed in our pre-
vious workfPhys. Rev. A.70, 013815s2004dg. Our analysis shows that the Coulomb attraction from the proton
must be included in the standard tunneling model in order to account for the CE phase dependent angular
asymmetry seen in our previous numerical calculations.
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I. INTRODUCTION

High-power ultrashort laser pulses with durations as short
as few optical cycles are now available as research tools
f1–4g. While long monochromatic pulses are completely
characterized by their polarization, frequency, and the tem-
poral shape of their envelope, short pulses require at least
one additional parameter since the electric field envelope of a
few cycle pulse varies significantly during one cycle. Typi-
cally the temporal shape of the laser electric field is repre-
sented as a product of Gaussian-like envelope times trigono-
metric function. The phase of this function becomes a
physically important parameter for pulses shorter than four
cycles and is called the carrier-envelopesCEd phasef or the
absolute phase. Recently, significant experimental progress
has been achieved in stabilization of the CE phasef3,4g, i.e.,
the relative phase between subsequent laser shots is con-
trolled allowing us to perform experiments demonstrating
various photoinduced phenomena, depending on the CE
phase of an ultrashort laser pulse in gasesf5,6g or on the
metal surfacef7g. When such a few cycle laser pulse inter-
acts with atomic gas its CE phase will affect the following
various laser induced processesf1g: harmonic generationf8g,
ionization stotal ionization signald f9g, above threshold ion-
izationsATI d, i.e., kinetic energy spectraf5,10,11g, as well as
photoelectron angular distributionsf5,6,11–18g. The signa-
ture of the CE phase shows up in a particular simple way in
the latter case, i.e., in asymmetries in angular distributions of
photoelectrons. Both linearly and circularly polarized laser
pulses lead to strong left/right asymmetries of photoelectrons
which are very sensitive to the value of the CE phase. Recent
theoretical investigationsf18g show that asymmetries are
strongest for most energetic electrons which have the kinetic
energy close to 10Up. HereUp= I /4v2 is the electron’s pon-
deromotive energy andI is the laser intensitysatomic units

are used throughoutd. The first part of our paper is devoted to
these asymmetries of fast electrons which show particularly
simple patterns.

For long monochromatic laser pulses the CE phase of the
laser pulse does not induce any measurable effect, in particu-
lar the angular photoelectron distributionsfspe,ud for each
fixed value of the electron momentumpe= upeu are symmet-
ric, i.e., fspe,ud= fspe,p−ud swhereu is the angle between
the photoelectron momentum and the laser polarization vec-
tord because of the symmetry of the monochromatic electric
field and of the atom. Considerable variation of the field
envelope during one cycle and the nonlinear response of the
atom may lead to an asymmetry in photoelectron angular
distributions, which can be used as a measurable signature of
the absolute phase of the ultrashort laser pulse. Clearly we
expect such an asymmetry to occur in an extreme case when
the envelope variation is so fast that at the pulse maximum
the electron can ionize classically over the potential barrier
whereas in the next half cycle the barrier is too low for
classical ionization. Similarly, an asymmetry is expected
from the tunneling ionization mechanism, since due to the
nonlinearity of the tunneling phenomenon only few central
half-cycles of the pulse will contribute to the ionization sig-
nal. The basic physics of photoionization using strong, long
wavelength pulses is well described using a tunneling model
in which the recollision of the electron with the parent ion
plays an essential rolef19,20g. Usually these models are ap-
plicable whenUp@ Ip, where Ip is the ionization potential,
thus allowing us to neglect the Coulomb attraction during the
electron’s motion after its tunneling through the barrier and
its eventual return to the core. Our recent studies based on
the exact numerical solutions of the time-dependent
Schrödinger equationsTDSEd for a hydrogen atom irradiated
by a few cycle have shown that the standard tunneling model
f19,20g for the strong-field approximationsSFAd modelf18g
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in the first approximationg do not describe properly the
asymmetriessobtained after integrating over all electron ki-
netic energyd since they do not include Coulomb attraction
on the electron returning to the core. We present in the sec-
ond part of this paper a classical simulation showing explic-
itly such an origin of the asymmetries measured by detectors
which count all energies of electrons. Since the ATI spectrum
has a two-plateau structuref21,22g, the second plateau being
4–5 orders of magnitude weaker than the first one, the asym-
metries investigated by us previously originate from slow
electrons having kinetic energy smaller than 2Up. The first
plateau of ATI spectrum comprises electrons of energy less
than 2Up whereas the second one extends up to 10Up. Our
semiclassical calculationssSec. IVd thus show that the addi-
tion of the Coulomb attraction to the standard tunneling
model properly describes the above asymmetries predicted
by simulations based on TDSE. In a sense these asymmetries
appear to be counterintuitive since for the CE phasef=0
more electrons photoionize in the direction in which the field
is strongest. A similar counterintuitive effect was found theo-
retically earlier in the two-color dissociative ionization of H2

+

f15g. We have shown inf14g that asymmetry is “normal”
si.e., more electrons photoionize in the direction opposite to
the strongest electric fieldd at higher intensities, i.e., in the
barrier-suppression intensity range.

As in our previous workf14,16,17g we solve numerically
the time-dependent Schrödinger equationsTDSEd for a hy-
drogen atom irradiated by a few cycle Ti:sapphiresl
=800 nmd laser pulse. Whereas previously we calculated
only left-right asymmetries in angular distributions of all
electronssi.e., for an experiment in which electron energy is
not measured and all are counted by both opposing detec-
torsd, we present here completesleft-rightd ATI electron spec-
tra. We analyze in detail their dependence on the CE phase,
pulse duration, and its intensity. We confirm the validity of
predictions obtained earlier from a simple semiclassical res-
cattering model and from a modified strong field approxima-
tion sSFAd model in which the electron rescattering is incor-
poratedf18g to first order. In other words, we confirm the
fact that the CE has a very simple and strong effect on fast
electrons. Thus by controlling the CE phase we control the
direction of photoemission of the fastest electrons in a very
efficient and robust way: over ten times more electronsshav-
ing 8Up–10Up energyd can be sent to one side than another
side of an atom along the laser polarization vector by simply
changing the CE phase byp. Clearly, the asymmetry is much
stronger when one measures only those fast electrons as
compared to slower electron. However, this requires one to
measure much weaker signals with high repetition rate and
high stability of the CE phase which seems to be achievable,
and such asymmetries have been used for measuring the la-
ser CE phasef5g. Our study based on TDSE confirms the
validity of this measurement. So far these asymmetries were
evaluated either classically or using the SFA model which is
valid only whenUp is larger thanIp. This requirement was
not satisfied at intensity used inf18g I =631013 W/cm2.
Also note that the SFA model neglects allsexcept the ground
stated an atom’s bound states and in the rescattering term the
Yukawa potentialsinstead of the Coulomb potentiald was
used. Therefore exact calculations based on the TDSE are

necessary to confirm the predictions based on the SFA model
at relatively low intensities.

II. BASIC EQUATIONS AND COMPUTATIONAL METHOD

We solve numerically the three-dimensionals3Dd TDSE,
using spherical coordinatesr, u, and atomic unitssi.e., e
="=me=1d,

i
]

]t
Csr,u,td = −

1

2
S ]2

]r2 +
2

r

]

]r
−

L2

r2DC

+ f− 1/r + r cossudEstdgC, s1d

whereL2 is the square of angular momentum operator. Equa-
tion s1d describes the interaction of a hydrogen atom with a
linearly polarized laser fieldEstd along thez axis. The nu-
merical method we used is based on expansion in spherical
harmonicsswe use 51 harmonicsd and it was described ear-
lier by several authorsf23g. Our integration grid was suffi-
ciently large to avoid absorption at the boundary, we used
0, r , rmax, with rmax=6144 Bohr. This grid size was suffi-
cient since the total duration of our calculation was short. We
used the spatial stepsdr=0.125 Bohr and the integration step
in time was 0.03 a.u.=7310−19 s. We used the electric field
Estd defined via the vector potential

Astd = − c«stdsinfvst − tMd + fg/v, s2d

Estd = −
1

c

]

]t
Astd = «stdcosfvst − tMd + fg + Ecor, s3d

wheretM is the peak position, and

Ecor = sinfvst − tMd + fg
]

]t
«lstd/v,

comes from the derivative of the envelope of the vector po-
tential A. Ecor is small near the pulse maximum and is neg-
ligible for long pulses. For a single, one Ti-sapphire laser
pulse, having the central wavelength atll =800 nm, we used
the envelope«lstd in the Gaussian form

«std = I1/2f lstd, f lstd = expf− 2 lns2dst − tMd2/tp
2g,

0 , t , 2tM , s4d

whereI is the laser intensity in atomic units. We have chosen
the total duration of the laser pulse to be 5 times longer than
its full half-width of the intensity profilesFWHMd tp, i.e.,
2tM =5tp is the total pulse duration.tp=3.9 fs for pulses
shown in Fig. 1. For few cycle pulses we do not useEstd
represented as an arbitrary electric field envelope times trigo-
nometric function since this may lead to a nonvanishing po-
tentialAstd at the end of the pulse which is equal to the area
under theEstd function; a nonvanishing area would mean
that the field has the dc component which could induce non-
physical asymmetries since the change ofA leads to nonzero
momentum acquired by the electron during the laser pulse.
By contrast, our definition, Eq.s3d, of Estd via Astd swhich
has an arbitrary enveloped guarantees thatAs0d=Astfd
=Es0d=Esttfd=0. Figure 1 illustrates our definition of the
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absolute phasef, Eq. s3d: for fl =0 the maxima of the field
and envelope coincidefFig. 1sadg, for fl =p /2 the maximum
of the envelope coincides with the zero of the fieldfFig.
1sbdg, and finally, for f=p the maximum of the envelope
occurs when the field reaches a minimum, Fig. 1scd: The
numerical simulation was performed until the final timet
= tf =2tM +4 cycles. The ATI electron spectra were calculated
from the wave function Csr ,u ,tfd by projecting its
asymptotic partCout sin which only larger ’s are retained, see
the definition belowd on the plane wave w fsr ,ped
=s2pd−3/2expsipe·r d; first, we calculated the probability am-
plitude afsped using

afsped = kw fuCoutl

= s2pd−3/2E exps− ipe · r dCoutsr,udr2drdV, s5d

where

Cout = 50 for r , r0 − b

Csr,u,tfdcos2fpsr0 − rd/s2bdg for r0 − b , r , r0

Csr,u,tfd for r . r0.
6

We usedr0=128 andb=64 Bohr. Such a choice smoothly
removes most of the bound states fromCsr ,u ,tfd, i.e., Cout

is mainly a superposition of continuum states. In Eq.s5d we
use a plane wave instead of an exact Coulomb wave which is
justified since the electron wave packet att= tf sin particular
its high energy partd has already reached a large distance,
r .500 Bohr. Moreover, by usingCout, defined by Eq.s6d, in
an integral present in Eq.s5d, the plane wave is in fact
used only at large distances,r . r0. Thus uaspedu2pe

2

= uaspe,updu2pe
2 yield angle resolved momentum spectrasor

energy spectra after dividing them bype=dEe/dped. Instead
of calculating the spectra atup=0 or p, as inf18g, we inte-
grated uuaspe,updu2u over up within the detector angle as-
sumed 0,up,u0=0.0833p swhich is equal to 15°d. Thus
we get the rightSright and leftSleft ATI electron spectra mea-
sured by two opposing detectors which capture electrons
with fixed energyEe=pe

2/2:

SrightsEed = 2pE
0

u0

dup sinsupdpeuafspe,updu2,

SleftsEed = 2pE
p−u0

p

dup sinsupdpeuafspe,updu2. s6d

III. RESULTS: ATI SPECTRA

In Fig. 2 we plot ATI spectra defined by Eq.s6d, for all
energies, for the CE phasef=0 for laser intensitiesI =6
31014, 1014, and 231014 W/cm2, for which Up is 3.6, 6.0,
and 12 eV, respectively. Figure 3 shows the same plots but
for the CE phasef=p /2. These figures show that the char-
acter of asymmetry depends strongly on the kinetic energy,
in fact, e.g., in Fig. 2sad we see three regimes. Low energy
electronssEe,15 eVd, which we show in more detail in Fig.
4, exhibit asymmetries discussed inf17g. We see in Fig. 2
that electrons having energy larger than 3Up s11 eV atI =6
31013 W/cm2d contribute little to the total signalsi.e., after
integration over all electron energiesd. Thus asymmetries
seen in Fig. 4 confirm our previous findings that for the CE
phasef=0 more electrons go right, i.e., in the direction of
the strongest field, see Fig. 1sad. This counterintuitive behav-
ior sone might expect that since the electron charge is nega-
tive it should preferentially ionize to the opposite directiond
of slow electrons is explained quantitatively in the next sec-
tion where we present a modified tunneling model which
includes the Coulomb attraction on the electron after tunnel-
ing. From the standard tunneling model one expects no-
asymmetry in this case since the electric field is symmetric as
function of t− tM where TM is the pulse center timef15g.
Such counterintuitive asymmetries, originating also from the
Coulomb attraction, were observed originally in two-color
dissociative ionization of H2

+, which we modeled earlier us-
ing TDSE, non-Born-Oppenheimer numerical simulations
f15g.

FIG. 1. Electric fieldEstd /E0 and its envelope«0std /E0 as func-
tion of time in cycles for CE phases:sad f=0; sbd f=p /2; scd f
=p. The central wavelength isl=800 nm and the intensity profile
half-width is tp=3.9 fs. The bullet insad designates the tunneling
time leading to the trajectory which ends with the electron energy
10Up.
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In Figs. 2sad and 2sbd we see that the character of asym-
metry changes atEe.5Up, to change again atEe.8Up. We
note that around 10Up the asymmetry is very strong and
independent of laser intensity: nearly two orders of magni-
tude more fast electrons ionize to the right than to the left
and this happens in the intensity range from 631013 to 2
31014 W/cm2. These results are for the shortest pulses
available so far,tp.4 fs. Figure 5 shows asymmetries for
slightly longer pulses ranging from 5 to 6 fs. We note that
for tp=5 fs still ten times more fast electronssEe.10Upd
ionize preferentially to the right than to the left, but we ex-
pect from the tendency seen in Fig. 5, as well as from the
behavior of total asymmetriesf14g, that this asymmetry tends
to disappear for laser pulses longer thantp longer than 7 fs.
We also analyzed in more detail the dependence of the asym-
metry on the absolute phase, see Figs. 6 and 7 which show

ATI spectra of fast electrons atI =631013 W/cm2 for phases
from 0° to 157°sin intervals of 22.5°d. Note that because of
the symmetry of the field and of the Schrödinger equation
fi.e.,Est ,f+180°d=−Est ,fd, and the HamiltonianH has the
property Hs−z,f+180°d=Hsz,fdg the spectra exhibit the
following symmetries:SrightsEe,f±180°d=SleftsEe,fd. Thus
the spectrum forf=180° snot shownd can be deduced from
the spectrum shown in Fig. 6sad. The laser parameters are
chosen the same as inf18g in which a modified SFA model
was used. Despite the fact that the laser intensity is relatively
low sbelow the applicability of SFAd the agreement between
modified SFA calculations, see Fig. 2 inf18g, and our results,
shown in Figs. 6 and 7, is for fast electrons,Ee.8Up,
whereas the slower electron spectra differ considerably,
probably because of the fact that SFA does not include ex-
cited bound states and in the rescattering term it uses a
Yukawa potential. In general SFA is supposed to work when
the electron energy is much larger thanIp which is 13.61 eV
in our case. The difference between the present calculations

FIG. 2. Left and right ATI electron spectraSleftsEed sdotted lined
andSrightsEed ssolid lined defined by Eq.s6d for laser pulses having
duration sFWHMd tp=3.9 fs for the laser CE phasef=0 and for
laser intensitiessad 631013; sbd 1014; and scd 231014 W/cm2.

FIG. 3. Same as in Fig. 2 but for the laser CE phasef=p /2.
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and SFA low energy electron spectra may also originate from
the fact that we integrated our angular distributions over the
spherical angleup from 0° to 15° whereas inf18g the spectra
are obtained for a fixed angleup=0. We conclude from Figs.
6 and 7 that the asymmetry of.10Up electrons is largest for
phasef.160° sto the leftd and sbecause of the symmetry
with respect to the 180° shiftd for f.−20° sto the rightd.
Clearly, a significant control over direction of photoemission
is achieved by varying the phasef by 180°, which leads to a
complete inversion of the photoemission direction of the
fastest electrons. The origin of the asymmetry of these most
energetic electrons is very simple and was explained earlier
f18,22g: for ultrashort pulses such as in Fig. 1sad there exists
only one most likely classical trajectory leading to the 10Up
electron final energy. Such a trajectory originates from tun-
neling at thet= .−0.45 cycle, i.e., close to a half-cycle pre-
ceding the central maximum, see Fig. 1sad, where this par-
ticular tunneling time is denoted by a bullet. Figure 3 inf18g
shows that forf=0 this is the only tunneling time which
leads to a trajectory ending with the maximal energy.10Up.
The electron after tunneling to the right att.−0.45 cycle
returns to the nucleus att= .0.2 cycle having the energy
.3Up. Then it can be elastically backscattered, i.e., it will
move again to the right and gain more energy since during
the half-cycle starting at thet=0.25 cycle the electron will be
accelerated again by the negative electron field. Thus the
electron can reach at the end of the pulse the energyEe
.10Up. Since the pulse envelope varies rapidly only elec-
trons ionizing to the right can reach such high energy, see
Fig. 3 in f18g. Our calculations presented heresbased on
TDSEd, as well as previous SFA calculationsf18g confirm

this simple semiclassical scenario. This simple mechanism
was already used for the measurement of the CE phase in the
experimentf5g.

IV. ASYMMETRIES OF SLOW ELECTRONS DESCRIBED
BY A MODIFIED TUNNELING TWO-STEP MODEL

We provide, in the following, a simple semiclassical ex-
planation of asymmetries of slow electronssor asymmetries
in total, integrated over the energy signal, predicted in our
previous investigations based on the TDSEf17gd using a
modified quasistatic atomic tunneling model. In this model
ionization occurs in two steps. In the first step the electron
ionizes with a tunneling rateRtun which depends on the in-
stantaneous fieldEstd f20g,

FIG. 4. Low energy part of the ATI spectra shown in Figs. 2sad
and 3sad.

FIG. 5. Left and right ATI electron spectraSleftsEed sdotted lined
and SrightsEed ssolid lined defined by Eq.s6d for I =1014, f=0 and
for various pulse durations ranging fromtp=5 to tp=6.0 fs.
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Rtun„Est0d… =
4

Est0d
expS−

2

3

1

Est0d
D . s7d

In the second step, the electron moves as a classical particle
according to the Newton equation of motion

dvstd
dt

= − Estd − = VCsur ud, s8d

where VC=−1/ur u is the Coulomb potential. In a standard
tunneling two-step modelf20g the Coulomb potentialVC is

FIG. 6. Left and right ATI
electron spectrasonly its high en-
ergy partd SleftsEed sdotted lined
and SrightsEed ssolid lined defined
by Eq. s6d for I =631013 W/cm2,
tp=3.6 fs and for laser CE phases
f ranging from 0° to 67.5°.

FIG. 7. For laser CE phasesf
ranging from 90° to 157.5°. Note
that because of symmetry the case
of f=180° can be deduced from
the f=0 case shown in Fig. 6sad
by interchangingSright andSleft.

S. CHELKOWSKI AND A. D. BANDRAUK PHYSICAL REVIEW A 71, 053815s2005d

053815-6



neglected, which allows us to obtain the following analytic
solution of Eq.s8d for any shape of the electric fieldEstd
=s−1/cd]Astd /]t:

vstd = vst0d −
1

c
Ast0d, s9d

which is valid for any time after the turnoff of the fieldA.
Usually one assumes that the initial velocityvst0d=is zero.
Thus, the electron final velocity is directly determined by the
vector potentialA at the tunneling timet0. For the CE phase
f=0 we thus simply get the final electron velocityfalong the
laser polarization,E i sOzdg vz=f«st0d /vgsinfvst− tMdg which
is an asymmetric function of the variablet− tM, wheretM is
the time at the envelope maximum. Since the corresponding
electric fieldEstd, as well as the tunneling rate are symmetric
functions of t− tM, we conclude that this two-step model
leads to symmetric photoemission for the CE phasef=0
si.e., the same number of electrons photoionize to the left and
to the rightd, contrary to what we found by solving TDSE,
see Fig. 4sad or our previous workf17g, showing very large
asymmetries occurring in the intensity range 3
31013–1014 W/cm2 for f=0. We suggested inf17g that the
disagreement between predictions from the two-step tunnel-
ing model and our results based on TDSE originates from the
Coulomb attraction term neglected in the standard version of
the model and is present in the Newton equations of motion.
Therefore, in order to test the above hypothesis and in order
to understand the physical mechanism of these asymmetries,
as well as to explain the regularities of asymmetries as func-
tion of f sin f16g we observe the simple sinelike dependence
of normalized asymmetries onf in the subtunneling regimed
we solved numerically the Newton equation of motions8d
using a few thousands of various initial conditionsf27g.
More specifically, we solve Newton equations, using the
Runge-Kutta methodf24gd, written in the following form:

d2y

dt2
= −

]VC

]y
,

d2z

dt2
= −

]VC

]z
− Estd, s10d

where for a hydrogen atom we used the softened Coulomb
potentialf25g VCsy,zd=1/Î1+y2+z2. Our present exact 3D

classical dynamics of the electron motion was restricted to a
two-dimensionals2Dd motion by choosing initial positions,
velocities, and the laser polarization vector to lie in the same
plane defined byx=0 sthere is no force component along the
x axis for such initialized trajectories, therefore all such tra-
jectories do not leave theyz planed. We initialized a few
thousands trajectories in the following way: we selected 800
values of the tunneling timet0 within the pulse center,ut0
− tMu,2.4 cycle. For eacht0 the coordinatez0 sof the elec-
tron after its jump through the barrierd was found from the
equation:VCsz0d+Est0dz0− Ip=0. Next, the Newton equations
s10d were solved, by choosing for eacht0,z0 180 initial trans-
verse components of initial velocitiesvyst0d=vT, and we used
the parallel component of the initial velocityVzst0d=0. We
assumed the following probability distribution of transverse
velocitiesf25g:

PTsvTd = vT expF− SvT

v0
D2G, 0 , vT , 2v0 where

v0 = F I

2Ip
G1/4

, s11d

where the laser intensity and the ionization potential are in
atomic unitssIp=0.5 for a hydrogen atomd. The ionization
signal Pleft, Pright was computed by simply counting the tra-
jectories which ionize within the angleup=15°, with respect
to the z axis, to the right or left side, i.e., which ended at
largez, z.0, or z,0, respectively. When counting trajecto-
ries, each one was weighed by the product of probabilities
given by Eqs.s7d and s11d. The calculations were repeated
for a series of values of the laser CE phasef. For each value
of f we calculated the asymmetry coefficient:

a =
Pright − Pleft

Pright + Pleft
. s12d

Coefficientsasfd are shown in Fig. 8sdash–dotted lined and
are compared with our previous quantum calculationssdotted
lined f17g. Our classical calculation exaggerates considerably
the asymmetry, but the general shape of the functionasfd, in

FIG. 8. Asymmetry coefficient defined by Eq.
s12d as function of the CE phasef for the laser
intensity I =1014 W/cm2, tp=3.9 fs sdash-dotted
lined classical calculation using the quasistatic
tunneling rate Eq.s7d sSolid lined: classical cal-
culation using the nonadiabatic rate; dotted line:
quantum calculation based on the TDSE.
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particular coordinates corresponding to zero asymmetry and
to the maximal asymmetry are correctly reproduced by our
semiclassical model which includes Coulomb attraction at
the classical stage of dynamics after the electron tunneling.
Note that we used the standard tunneling rate formula which
is valid for g=ÎIp/2Up!1 whereas atI =1014 W/cm2 g
=1.07; therefore, we recalculated the coefficient of asymme-
try using, instead of Eq.s7d, the quasistatic rate which is
valid for the Keldysh parameterg.1, and derived recently
in f26g. More specifically, when counting ionized classical
trajectories we used Eqs.s12d, s17d, and s18d from f26g in-
stead of the standard tunneling formulas7d and the resulting
symmetry coefficientsasfd are shown in Fig. 8ssolid lined.
Clearly, we find that nonadiabatic corrections to the quasi-
static model f26g improve the agreement with the exact
quantum TDSE calculations. We also show in Fig. 9 the
comparison of the same quasistatic asymmetries with calcu-
lations in which the electron trajectories are calculated as in
standard two-step tunneling modelswhich neglects the Cou-
lomb attractiond, i.e., using analytically obtained trajectories,
Eq. s9d. Note, that in all classical calculations we assumed
sfor simplicity saked that the initial parallel velocityvzst0d is
zero. Figure 9 clearly shows the importance of Coulomb cor-
rection in semiclassical calculations. Finally we also show in
Fig. 10 asymmetries for three intensitiesI =631013, 1014

and for 1.3531014 W/cm2.
The latter is the limiting intensity for purely tunneling

ionization; atI .1.531014 W/cm2 for t0 close to the pulse
maximum the electron can ionize over the barrier. Figure 10
demonstrates that, in general, asymmetries decrease with in-
creasing intensities, as seen in our previous quantum simu-
lations, and confirms our previous finding that the photo-
emission is symmetric for CE phasesf=−p /3+kp, k
=0, ±1, ±2, ±3f17g. Thus by including the Coulomb attrac-
tion in the electron classical dynamics after tunneling we
reproduce using the modified two-step model the character-
istic sinelike shapes of asymmetries predicted by our previ-
ous exact quantum calculations with considerable precision.

V. CONCLUDING REMARKS

We have presented a detailed investigation of spatial
asymmetries in ATI spectra of photoelectrons induced by few
cycles laser pulses. Our numerical calculations based on the
exact TDSE for a H atom have confirmed previous results
obtained within the framework of a modified SFAf18g.
Simple asymmetry patterns for most energetic electronssEe

.10Upd expected from the modified SFA theory also occur
at relatively low intensities,I .631013 W/cm2, which are
below the applicability range of the SFA model. At such
intensitiesswhich correspond to the nonperturbative regime
lying between multiphoton and tunneling regimed the simu-
lations based on the TDSE are most reliable. Our calcula-
tions presented here, based on TDSE and SFA calculations
f18g, confirm a very simple classical scenario leading to
10Up photoelectrons in which the fastest electrons returning
to the nucleus after tunneling are elastically backscattered
and thus the electron is accelerated by two subsequent laser
half-cycles, thus allowing us to achieve the energy 10Up.
Most importantly, if the pulse duration is shorter thantwo
cycles the electron is photoionized in the direction controlled
by the laser CE phase: for the CE phasef slightly below
zero, 100 times faster electrons ionize to the right than to the
left, whereas by changing the CE phase by 180° leads to the
opposite asymmetry. Thus a very strong, robust control over
the photoelectron direction is achieved. Clearly, the simplic-
ity of the dependence of the asymmetry of most energetic
electrons on the CE phase can be used as an important tool
for measuring the CE phase, as suggested inf18g and used in
the experimentf5g. Our studies also show that strong asym-
metry of the fastest electronssEe.10Upd depends little on
intensity in a wide intensity range: 631013 to 2
31014 W/cm2, which is an important feature since averag-
ing over focal intensities will not washout these asymme-
tries. We also note that these asymmetries are strong for
pulse durations ranging from 4 to 6 fs.

In the second part of our paper we introduced a modified
two-step semiclassical model in which we included the Cou-

FIG. 9. Asymmetry coefficient obtained using the semiclassical
model and the nonadiabatic rate for the laser intensityI
=1014 W/cm2, tp=3.9 fs. Solid line: with Coulomb attraction, us-
ing Eq. s8d; dashed line: without the Coulomb attraction using Eq.
s9d.

FIG. 10. Asymmetry coefficient obtained using the semiclassi-
cal model and the nonadiabatic rate fortp=3.9 fs and for the laser
intensities:I =631013, I =1014, and forI =1.3531014 W/cm2.
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lomb attraction on the electron after tunneling through the
barrier. The resulting asymmetries, obtained by counting ion-
ized trajectories, initialized at various few hundred tunneling
times and with few hundred transverse initial velocities are
close to the asymmetries calculated using TDSE. This result
supports our previous hypothesis that asymmetries of slow
electrons mainly originate from the Coulomb attraction on
the electron escaping from the barrier after tunneling. In par-
ticular, for f=0 the electrons which tunnel slightly before
the maximum of the electric fieldEstd do not ionize directly
sas expected from the model which neglects the Coulomb
attractiond but they either recombine with the ion or ionize in
the opposite direction thus leading to the significant asym-

metry whereas the standard SFAsor standard tunneling
modeld with no rescattering predict zero asymmetry atf=0.
Summarizing, by including the Coulomb attraction in the
electron dynamics after tunneling we reproduce the main fea-
tures predicted by exact quantum calculations.
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