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We analyze the electromagnetically induced transpar€B€tl) in V-, A-, and cascade-type schemes in a
time-dependent way via the Schrédinger-Maxwell formalism. We derive explicitly the analytical expressions of
the space-time dependent probe field, the corresponding phase shift, absorption or amplification, group veloc-
ity, and group velocity dispersion for all the three schemes. These simple analytical expressions not only
demonstrate explicitly the similarities and essential differences of the three schemes but also provide a con-
venient basis for investigating how the many-body effects in solids modify the magnitude, spectral shape, and
space and time dependence of EIT and ElT-related quantum coherence phenomena.
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I. INTRODUCTION probe field including its phase shift, absorption or amplifica-
tion, group velocity and group velocity dispersion in all the
There has been recently considerable interest in multithree schemes. In this regard, we note that Bebal. have
wave mixing processes relying on the three-state electromagecently considered numerically the steady-state description
netically induced transparenciIT) [1-6] in both cold atom  of all the three schemes based on density matrix formalism
media[7-41] and semiconductor#2—-45. The motivation  [49]. However, our purpose here is to derive simple analyti-
of such studies lies in the potential wide range of applicacal expressions which not only clearly demonstrate the simi-
tions in diverse fields such as high-efficiency generation ofarities and essential differences of all the three schemes but
short-wave length coherent radiation at pump intensities apalso provide a convenient basis for investigating how the
proaching the single-photon level, nonlinear spectroscopy ahany-body effect§42] in semiconductors modify the mag-
very low light intensity, quantum single-photon nonlinear op-nitude, spectral shape, and space and time dependence of the
tics and quantum information sciengb-45]. EIT phenomenon. The paper is organized as follows. In Sec.
In this paper, we shall investigate the three-state EIT ini, we provide the appropriate transformation for each of the
V-, A-, and cascade-type schemes beyond steady-state analiiree schemes to derive the explicit analytical expressions of
sis. We explicitly provide the@ppropriatetransformations of the atom’s response to the fields. In Sec. Ill, we solve the
these three schemes to make the Schrodinger-Maxwell foiyave equation to obtain the analytical expressions of the
malism suitable for dealing with EIT. This formalism is ob- pulsed probe field, its phase shift and amplification, the
viously much simpler than the usually adapted formalismgroup velocity and the group velocity dispersion. We also
using master equation for density matrix and Maxwell equadiscuss the similarities and essential differences of all the
tion(s) and hence we are able to obtain the explicit analyticathree schemes according to these simple analytical expres-
expression of the pulsed probe field in all the three schemesjons. Section IV concludes the paper with some discussions.
which describes its space-time dependence including the cor-
responding phase shift, absorption or amplification, group
velocity and group velocity dispersion. Il. ATOM RESPONSE
Our motivations are twofold. First, the previous studies on
the three-state EIT usually adapt the steady-state treatment | this section, we provide the appropriate transformation
while we want to go one step further here by a time-(je_, the appropriate Hamiltoniat, or H,,) for each of the
dependent analysis. Such analysis beyond the steady-staje A-, and cascade-type EIT schen(&g. 1) to derive the
treatment is indispensable for completely describing the situcorresponding explicit analytical expressions of the atom re-

ations of the ultrafast probe pulse such as those in semicorponse to the fields. The Hamiltonian for these three schemes
ductors in which the probe pulse duratiems usually of the  js (5,=1)

order 108 s or even much shorter than tHa2—45. As a

matter of fact, even in the cold atom gases, the probe pulse

duration in free space for the three-state EIT in taype , _

scheme should at least be of the order’19 or shorter. ~ H :E 61| = (e P[3)(1] + Qe %[2)(1| + H.c)  (V),
Second, we shall derive simple analytical expressions of the =1

atoms’ responses and the space-time function of the pulsed (13
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Hine = (Ap - Ac)|2><2| + Ap|3><3| - (Qpeikpz| 3><1|
Cascade — type

+0%3)2| +H.c) (A), (3b)
A 13) o (.%o
£X H|nt - Ap|2><2| + (Ap + Ac)|3><3| (Qp i |2><1|
+Q443)2| +H.c) (C), (30)
Q@ where detuningg, . in all the three schemes are defined as

sponding laser frequencies. SpecificallyV-type), or
— f 2) (cascade-type respectively,
P,

Ap=(e&-e)lli~wp A= (- e)lfi~w; (V), (4a)

Q)0 Ap =(e3— eIt - Wp Ac=(e- &)l —w; (A), (4b)

Ap=(e-e)lh—w, Ac=(5- &)l —w:. (C). (4c)
eosoeeeh [l Defining the atomic state as
(W) = e™By[1) + €!<9B,[2) + B4[3) (V) (58

FIG. 1. Schematic of EIT iv-, A-, and cascade-type schemes.
The strong continuous wavew) laser field with frequency,. and

Rabi frequency 2., and the weak pulsed probe field has the fre- =B4|1) + €*kI7B,|2) + &Xp?B4[3)  (A) (5b)
guencyw, and the time-dependent Rabi frequendy,&), respec-
tively. The d_etuningg_x,? andA. in all the _schemes are defined_ as the =Bl|1> + eikszz|2> + ei(kp+kc)zB3|3> (©), (50)
corresponding transition frequency minus the corresponding laser ) . .
frequency; see Eq4) for their explicit forms. we then have the atomic equations of motion as
(9 * . *
3 o _ _ [E—i(Ap+iyl)]BlziQpB3+|Qch V),
H=2 gliXil - (Qpe%|3)(1| + Q™32 + H.c) (A,
j=1
J
(1b) [E—i(Ap—Acﬂn)]Bz:iQCBl V),
3
— AV 0, i 0, J .
" 121 6liXi1 = (e "P[2)(1] + Qe%3)(2] + H.c)  (C), (5 + 73) By=if),B, (V), (68
(1c)
d L
where(C) stands for(cascadg e is the energy of statf), (a + 71) B1=iQ,Bs (M),

0.=knz— ot (n=p,c), andw,, k, and 2, are the frequency,

wave number and Rabi frequency of the pulsed prabe J
=p) or CW control(n=c) laser field, respectively. {— - i(AC—Ap+iy2)}BZ: iQB; (M),
Taking (A=1) o
(e _ (e — J
Ho= (&= wp)| (1] + [e3 = (wp ~ wo)][22] + €f3)(3] (), {_ Lt Ap_iYS)}BgzmpBlH 0B, (), b
(2a) o
Ho= el (1] + [&1 + (wp— 001242 + (e + wp)|3X3]  (A), <ﬁ+y1)51:i9;82 ©),
(2b) ~
J . : . o
Ho = €| 11| + (€1 + p)[2)(2] + [€1+ (wp + @) ][3X3]  (C), [E +i(Ap-i 72)] B,=iQ,B; +iQB; (C),
(2¢)
we have the interaction Hamiltoniad;,; in the interaction |:£+i(AC+Ap_i’)/3):|Bgz i0B, (C), (60)
picture as follows(n=1), it

the corresponding transition frequencies minus the corre-

Hine = = A/ I(1] + (Ac = Ap)[2)(2] = (%7 3)(1]
+ Q21|+ H.c) (V),

where v; is the decay rate of the stafig. Notice that these
decay rates sometimes inclu¢er are the decoherence or
(33 relaxation rates.
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Just as shown in Fig. 1, we assume that atoms are initiallprobe field, we consider how atom response affects the

in the excited(ground state|3) (|1)), i.e., takingBs(t=0)
=1[B,(t=0)=1] for the V-type (for both theA- and cascade-

type schemes We further assume the strong pump approxi-

mation |Q¢[>[Q,| and the durationr of the probe pulse in
free space satisfyingy; <1 (7y,<1) for the V-type scheme
(for both theA- and cascade-type scheme8§onsequently,
Bs(t) = exp(—yst) =1 [B;(t) =exp(—yt) = 1] for the V-type
scheme(for both theA- and the cascade-type schemes-
der the strong pump approximation within the durattorit
is pointed out that the constrainf; <1 is much more strin-

gent than the constrainty; <1 because the ground state
relaxation ratey; is much smaller than the excited state de-

cay rateys (see Fig. 1 In other words, an ultra fast probe
pulse is usually needed to realize EIT in tidype scheme

while it is not necessarily so in the other two schemes. We

only need to solve Eq(6a [Egs. (6b) and (6c)] with Bs
=1 (B;=1) for the V-type schemegfor both the A- and
cascade-type schemedhe solutions to the Fourier trans-
forms of Eq.(6a with B;=1 and Eqgs.(6b) and (6c) with

B,~1 are
P lo- (A(Aila:ylgz()AAt+w+wz> V)
Bzz_|QC|2—(Ap+w(ici/i)(At+w+iy2) ). (79
Bz:'|nc|2—(w—Ap(iziAyZ)(w—Aﬁiyz) W,
P 0 —(iwAA:ygz()wA Ariyy Mo D
o= lo - (w(wAA:yIS?)wA Ay O
Bo=- ety ©, (79

Q2= (0= Ap+iy) (0= A+iys)

where A, is the two photon or Raman detuniiigee Fig. 1
and is defined asA;=A,—-A; for both V- and A-type
schemes, and\\=A,+A. for the cascade-type schemg,
andA, are the Fourier transforms & and(, respectively,
and w is the Fourier transform variable.

Ill. PROPAGATION CHARACTERISTICS OF PULSED
PROBE FIELD

With the explicit analytical expressiort8) known for the

propagation characteristics of the pulsed probe field in this
section.
The wave equation for the probe field is

dA

dQ, 10 N0)
EE + EEE - IKlSBSBl |K1381 O _ZE - |EAp
=irkiaB; (V), (8a)
dQ, 10 N, .o
72 ETﬂtE |K13B3Bl = |KlgB3 O 722 - |EAp
= iKl3ﬁ3 (A), (8b)
iy, 10Q, . N, o
EE+EEE:|K1282812 |K1282[| EE_IEAP
=ikpBs (O, (8¢c)

where k= 2Nwy|Dyf?/ (hic) (k=2,3), N is atomic concen-
tration andDyy is the dipole moment for the transitions be-
tween stategl) and|k).

Using Egs.(7) and(8), we readily obtain

Ap(z,0) = Ay(0,0)exp(iK2), (9

whereA,(0,w) is the Fourier transform of the probe field at
the entrance=0, and

kiz(Ai+ 0 —iy)

K="+ V)
Q2 —(Aptw-iy)(Ai+ w—iy) ,
(108
Kig(w = A +iy,)
K= A),
10— (0- Ayt -A iy
(10b)
_a) ki@ — Ay +ivys)
= |Qc|2 (0= Ap+iy)(w—A+iyy) ©.
(100

ExpandingK into the Taylor series of variable: K=K,
+w/Vg+K2a)2+O(w3), and neglecting the terms of the order
O(w®), and further assuming that the probe field zat0

is a Gaussian pulse of durationr or €,(z=0,1)
=Qpoexp-t?/ A0 Ay(0,w)= onT\'n'eXp[ (w1)?/4], we
then readily obtain from Eq9) the probe field 14]
Qo . (t-2/Vy?
Q. (zt —p—exp[lK z——_g—} 11
0= T —ib, T
where  b;=b(2=1+4zReK,) /7 and b,=Dby(2)

atom response to the strong control field and weak pulsed4zIm(K,)/ 7, Ko=¢+ia/2, and

k13(Ai =iy 1

b+

27 [0P-Ap-in)A-iv)' V,

g

1 %
=~—-—+R

C

k1| Qe+ (A —i72)°]
[|Qc|2 - Ap —iy)(Ai-iy)]

1o
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k(A iy) H[A+ A =iy + v) I[(A - i,)” + Q%]

K2 (02— (A= iy (A= 172 - AEhpmAe ), (123
e K13(Ay = iyn) 1 1 K13[|Qc|2 +(A i 3’2)2] }
S=- L o== S A,

P T T = (8- iy Ay Ve c+Re{[|nc|2—(Ap—w@mt—wz)]z (4)

__ kgt (A —iy) +[A+ Ay =i (2 + y) (A~ i92)* + [QT}
? (0%~ (Ap=iva) (A= in) P

CA=A-A (), (12b)

a_ koA - i73) 11 ki [ Q2 + (A = i75)7] }
O T T - - i Am i) Ve e{[mcﬁ—mp—in)mt—ws)]z ©.

_kaA(Ag—iya) H[A+ A~y + ya) (A - 7)) + QT

K,= : : . A=A +A, (O, 120
: 100~ (A1) 179 P =t he (
[
whereA; is the two photon detuning. 1 1 K
Equation(11) explicitly gives the space-time dependent v.o ot g (13
analytical expression of the probe field while Efj2) gives g ¢

the explicit analytical expressions of the corresponding phase
shift per unit length¢) and (energy absorption coefficientr ~ wherex= k3 for both V- and A-type schemes and=«, for
(a negativea denotes in fact the amplification instead of the the cascade-type scheme.
absorption, group velocityVy, and group velocity dispersion We would like to emphasize that although there exist
Ko. We note that the group velocity dispersiddy term  many(mathematicalsimilarities about the three schemes as
changes the pulse’s widthrD 7b, +b3/b,) and magnitude explicitly demonstrated in Eq$11) and(12) (see also Refs.
(190l O [Qpol/ V02 +b3). [46-49), there are a number of important and essential
The simple analytical expressioifsl) and (12) demon-  physical differences about these schemes due to different
strate in an explicit and clear way the similarities and essenpopulated states, different expressions of the two-photon de-
tial differences of th&/-, A-, and cascade-type EIT schemes.tuning, and different relative magnitudes of various decay or
It is pointed out that the analytical expressions of the quanrelaxation rates. Notice that even the same symbol may have
tity Ko=¢+ia/2 in Eq. (12 are the steady-state results in greatly different values in different schemes. For instance,
both the density matrix and the Schrédinger formalisms. Irthe symboly, in V- and cascade-type schemes describes the
particular, Ky=¢+ia/2 in Eq. (12b for the A-type EIT  decay of the state that has dipole allowed transition channel
scheme has already been obtained previouly. Figures 2 while in the A-type scheme it describes the decoherence rate
and 3 demonstrate the typical features of the phase shift pébetween|2) and the ground statfl)) of the state|2) that
unit length ¢ and absorption coefficient versus the detun- does not have dipole allowed transition channel. Therefore
ing A, for all the three-state EIT schemes according to they, in V- and cascade-type schemes is usually much greater
analytical results in Eq(12). From Eq.(12), we see that thanvy, in the A-type scheme in cold atom media. However,
under the usual EIT on-resonance conditibpyrA,=0, and 7, and y; of the A-type scheme in typical solid EIT studies
the condition |[Q(?> v,v,, 7;2% (V-type) or |Q.?>v,ys, have comparable magnitudps2,45|.

Y5 (A-type) or |Q?> y17,, ¥ (cascade-type the group Just as shown in Fig. 1, the heavily populated state in
velocity Vg has the simple form V-type scheme is an excited std® (it connects to the state
0.2 0.05 FIG. 2. Phase shift per unit
/\ 0 length ¢ (thick line) and absorp-
o0 0 05 tion coefficienta (thin line) ver-
= _ ' sus dimensionless detuning/ ys
£ -0.2 -0.1 :
= in V-type (left pane) and A-type
8 44 -0.15 (right pane] schemes according to
© —0.2 Eq. (12. A.=0 and kg3
0.6 _0 .25 27?,/(3 mm) for both panels
0.8 -0.3 erntlre3 ?l:lcrdsy?z 72:53//3 (((?2/2
-0.8 " ' : : : : T =107ys), and Qc=4.5y3 (&,
6 -4 =2 Ap/o}’s 2 4 6 ® ‘ ? Ap(;73 ? ! ° =1.5y5) for the left(right) panel.
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0.6 o
0.6 Alp=
0-5——| Ac/72=0‘8
: 0.4 0.4_ AC/}’2=].8
g
E - 0.3
s 0.2 4 \
©
0 0.1 /
-0.2 " : : 0
-4 -2 0 2 4 -4 -2 0 2 4
Aplra Aplys

FIG. 3. Left and right panels show phase shift per unit lengttthick line) and absorption coefficient (thin line), and absorption
coefficiente versus dimensionless detuning/ y, in cascade-type scheme according to 8@9). (.= 1.5y, and x1,=y3/(3 mm) for both
panels whiley;=0.01y, (y3=7,) for the left (right) panel. The detunind is shown in the panels.

|1) by dipole transitionswith the decay ratey; while the Ay 0 Ap +k,-v=A, . +k, v, with positive (minug wave
heavily populated state in the other two schemes is th@umberk denoting the propagating along the positinega-
ground statdl) with much smaller decay or relaxation rate tive) z direction. (2) The v,-dependent quantities thus ob-
v, (usually y3/y,>10%. Just as we have mentioned in the tained are then averaged over a given velocity distribution
paragraph in between Eq®) and(7), to achieve better EIT f(v,). Here we do not perform such average operation but
phenomenon, the durationof the probe pulse in free space merely give a qualitative analysis through replacing the de-
should satisfyry;<1 (ry,<1) for the V-type schemefor  tunings in Eq.(12) by A, 0 Apc+k, v with ve \/<v_§>gand
both the A- and cascade-type scheme€onsequently, ul- (,2)=,2f(y,)dv,. From the expressions of the two-photon
trafast probe pulsér<107" s because the typicak values  getuninga, in Eq. (12), it is readily seen that the control and
in atom media is of the order 10 Mhizs usually needed in - prope fields should propagate in the safoppositg direc-
the V-type scheme while it is not necessarily so in the othetjon for hoth V- and A-type schemesgcascade schernén
two schemes. Besides, it is noted from Figs. 2 and 3 or Eqgrder to make the two-photon detunidg nearly indepen-
(12) that the absorption coefficient in the A- and cascade- gent of the average velocity, and such choices casome-
type schemes is positivelenoting probe’s absorptiomhile — times greatly decrease the effects of Doppler broadening.
in the V-type scheme, it is negativielenoting probe’s gain
instead of absorption This fact originates obviously from
the different heavily populated states in these schemes. V. CONCLUSIONS

The effects of Doppler broadening due to the atom’s ther- , )
mal velocity v can readily be included in Eq12) by two In summary, we haye presented a time-dependent analysis
steps.(1) The detunings in Eq(12) are replaced by the cor- of the three-state E_I_T _m’-, A-,and cascade-_type schemes by
responding velocity dependent detunings by the rule§n€ans of the Schrodinger-Maxwell formalism. We have ex-

Ac/73 IQcI/73

o (mm1)

Ap/rS

FIG. 4. Surface plot of absorption coefficiemtversus dimen-

sionless detuning&,/ y; andA./ y; in A-type scheme according to FIG. 5. Surface plot of absorption coefficieatversusA,/ y;
Eqg. (12b). The parameters a®.=1.5y;, k13=7y3/(3 mm), and y, and |Qg/y; in A-type scheme according to E¢l2b) with A
=0.1ys. =-0.1Q2 The parameters arme;3= /(3 mm) and y,=ys.
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plicitly provided the appropriate transformations of these EIT and EIT related quantum coherence phenomena in solids
three schemes to make the Schrodinger-Maxwell formalisni42—45. In Figs. 3(right pane) and 4, we have used E{.2)
suitable for dealing with the three-state EIT. In this way, weto show graphically how the off-resonance control fiéid
have derived the explicit analytical expressions of the spacex 0) modifies the profile of the absorption coefficientvith

time dependent probe field, the corresponding phase shiffespect to another detuniny, Notice that these figures can
absorption or amplification, group velocity and group veloc-gis4 serve as demonstrating how the renormalization of en-
ity dispersion. These analytical expressions demonstrate ”I?rgy levels affects the profile of the absorption coefficient
similarities and essential differences of all the three SChem%hen one or both of the frequencies of the control and probe

in a clear and simple way. fields are fixed; see Ref$42,44 for comparisons. It has

[ 49V\éeq nt?]t:vt_f:at ee;(gﬁgﬁn?gnac;?c\ilv a[grcnesmcglr%mggg lwsittﬁ ?Leesoeen found that many-body effects in semiconductors medi-
N yp ’ P ted by the control field can lead to the renormalization of

other two schemes, has received little attention in the pa . . , !
due partly to the reason that the conditions for realizing EITEN€rgY levels proportional to the intensity of the control field

are rather demanding compared with other two scheme&#4]- This phenomenon can algo readily be described by Eg.
However, there exist some indications that the stringent cont?) S'mF?'y by taklthE 7|Q? with 7 being a numencal_
straints to theV-type scheme may be loosed somewhat viafactor. Figure 5 gives the surface plot of the absorption
electron spin coherence in Semiconduc][@rg]. coefficienta versus detunlngkp and control field’s ampll-

It is well known [42] that the many-body effects in solids tude|Q|.
lead to the renormalizations of decay or decoherence or re-
laxation rates, energy levels and the control field. The simple

analytical results in Eq910)—(12) express the propagation ACKNOWLEDGMENTS
characteristics of the pulsed probe field for the three schemes
explicitly in terms of these parametdirsotice that the renor- The work is supported by the National Fundamental Re-

malization of energy levels can be accounted for by the desearch Program of China 2001CB309310, and by NSF of
tuningg and hence provide a convenient basis for investigatChina(Grants 90103026, 60478029 and 101254Y9V. ac-
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