
Electromagnetically induced transparency inV-, L-, and cascade-type schemes beyond
steady-state analysis

Ying Wu1,2,3 and Xiaoxue Yang1
1State Key Laboratory for Laser Technique and Physics Department, Huazhong University of Science and Technology, Wuhan 430074,

People’s Republic of China
2School of Physics Science and Information Technology, Liaocheng University, Liaocheng, Shandong 252059,

People’s Republic of China
3Center for Cold Atom Physics, The Chinese Academy of Sciences, Wuhan 430071, People’s Republic of China

sReceived 16 September 2004; published 12 May 2005d

We analyze the electromagnetically induced transparencysEITd in V-, L-, and cascade-type schemes in a
time-dependent way via the Schrödinger-Maxwell formalism. We derive explicitly the analytical expressions of
the space-time dependent probe field, the corresponding phase shift, absorption or amplification, group veloc-
ity, and group velocity dispersion for all the three schemes. These simple analytical expressions not only
demonstrate explicitly the similarities and essential differences of the three schemes but also provide a con-
venient basis for investigating how the many-body effects in solids modify the magnitude, spectral shape, and
space and time dependence of EIT and EIT-related quantum coherence phenomena.
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I. INTRODUCTION

There has been recently considerable interest in multi-
wave mixing processes relying on the three-state electromag-
netically induced transparencysEITd f1–6g in both cold atom
media f7–41g and semiconductorsf42–45g. The motivation
of such studies lies in the potential wide range of applica-
tions in diverse fields such as high-efficiency generation of
short-wave length coherent radiation at pump intensities ap-
proaching the single-photon level, nonlinear spectroscopy at
very low light intensity, quantum single-photon nonlinear op-
tics and quantum information sciencef1–45g.

In this paper, we shall investigate the three-state EIT in
V-, L-, and cascade-type schemes beyond steady-state analy-
sis. We explicitly provide theappropriatetransformations of
these three schemes to make the Schrödinger-Maxwell for-
malism suitable for dealing with EIT. This formalism is ob-
viously much simpler than the usually adapted formalism
using master equation for density matrix and Maxwell equa-
tionssd and hence we are able to obtain the explicit analytical
expression of the pulsed probe field in all the three schemes,
which describes its space-time dependence including the cor-
responding phase shift, absorption or amplification, group
velocity and group velocity dispersion.

Our motivations are twofold. First, the previous studies on
the three-state EIT usually adapt the steady-state treatment
while we want to go one step further here by a time-
dependent analysis. Such analysis beyond the steady-state
treatment is indispensable for completely describing the situ-
ations of the ultrafast probe pulse such as those in semicon-
ductors in which the probe pulse durationt is usually of the
order 10−8 s or even much shorter than thatf42–45g. As a
matter of fact, even in the cold atom gases, the probe pulse
durationt in free space for the three-state EIT in theV-type
scheme should at least be of the order 10−7 s or shorter.
Second, we shall derive simple analytical expressions of the
atoms’ responses and the space-time function of the pulsed

probe field including its phase shift, absorption or amplifica-
tion, group velocity and group velocity dispersion in all the
three schemes. In this regard, we note that Boonet al. have
recently considered numerically the steady-state description
of all the three schemes based on density matrix formalism
f49g. However, our purpose here is to derive simple analyti-
cal expressions which not only clearly demonstrate the simi-
larities and essential differences of all the three schemes but
also provide a convenient basis for investigating how the
many-body effectsf42g in semiconductors modify the mag-
nitude, spectral shape, and space and time dependence of the
EIT phenomenon. The paper is organized as follows. In Sec.
II, we provide the appropriate transformation for each of the
three schemes to derive the explicit analytical expressions of
the atom’s response to the fields. In Sec. III, we solve the
wave equation to obtain the analytical expressions of the
pulsed probe field, its phase shift and amplification, the
group velocity and the group velocity dispersion. We also
discuss the similarities and essential differences of all the
three schemes according to these simple analytical expres-
sions. Section IV concludes the paper with some discussions.

II. ATOM RESPONSE

In this section, we provide the appropriate transformation
si.e., the appropriate HamiltonianH0 or Hintd for each of the
V-, L-, and cascade-type EIT schemessFig. 1d to derive the
corresponding explicit analytical expressions of the atom re-
sponse to the fields. The Hamiltonian for these three schemes
is s"=1d

H = o
j=1

3

e ju jlk j u − sVpe
iupu3lk1u + Vce

iucu2lk1u + H.c.d sVd,

s1ad
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H = o
j=1

3

e ju jlk j u − sVpe
iupu3lk1u + Vce

iucu3lk2u + H.c.d sLd,

s1bd

H = o
j=1

3

e ju jlk j u − sVpe
iupu2lk1u + Vce

iucu3lk2u + H.c.d sCd,

s1cd

wheresCd stands forscascaded, e j is the energy of stateu jl,
un=knz−vnt sn=p,cd, andvn, kn and 2Vn are the frequency,
wave number and Rabi frequency of the pulsed probesn
=pd or CW controlsn=cd laser field, respectively.

Taking s"=1d

H0 = se3 − vpdu1lk1u + fe3 − svp − vcdgu2lk2u + e3u3lk3u sVd,

s2ad

H0 = e1u1lk1u + fe1 + svp − vcdgu2lk2u + se1 + vpdu3lk3u sLd,

s2bd

H0 = e1u1lk1u + se1 + vpdu2lk2u + fe1 + svp + vcdgu3lk3u sCd,

s2cd

we have the interaction HamiltonianHint in the interaction
picture as followss"=1d,

Hint = − Dpu1lk1u + sDc − Dpdu2lk2u − sVpe
ikpzu3lk1u

+ Vce
ikczu2lk1u + H.c.d sVd, s3ad

Hint = sDp − Dcdu2lk2u + Dpu3lk3u − sVpe
ikpzu3lk1u

+ Vce
ikczu3lk2u + H.c.d sLd, s3bd

Hint = Dpu2lk2u + sDp + Dcdu3lk3u − sVpe
ikpzu2lk1u

+ Vce
ikczu3lk2u + H.c.d sCd, s3cd

where detuningsDp,c in all the three schemes are defined as
the corresponding transition frequencies minus the corre-
sponding laser frequencies. Specifically,sV-typed, or
scascade-typed, respectively,

Dp = se3 − e1d/" − vp Dc = se2 − e1d/" − vc sVd, s4ad

Dp = se3 − e1d/" − vp Dc = se3 − e2d/" − vc sLd, s4bd

Dp = se2 − e1d/" − vp Dc = se3 − e2d/" − vc sCd. s4cd

Defining the atomic state as

uCl = e−ikpzB1u1l + eiskc−kpdzB2u2l + B3u3l sVd s5ad

=B1u1l + eiskp−kcdzB2u2l + eikpzB3u3l sLd s5bd

=B1u1l + eikpzB2u2l + eiskp+kcdzB3u3l sCd, s5cd

we then have the atomic equations of motion as

F ]

]t
− isDp + ig1dGB1 = iVp

*B3 + iVc
*B2 sVd,

F ]

]t
− isDp − Dc + ig2dGB2 = iVcB1 sVd,

S ]

]t
+ g3DB3 = iVpB1 sVd, s6ad

S ]

]t
+ g1DB1 = iVp

*B3 sLd,

F ]

]t
− isDc − Dp + ig2dGB2 = iVc

*B3 sLd,

F ]

]t
+ isDp − ig3dGB3 = iVpB1 + iVcB2 sLd, s6bd

S ]

]t
+ g1DB1 = iVp

*B2 sCd,

F ]

]t
+ isDp − ig2dGB2 = iVpB1 + iVc

*B3 sCd,

F ]

]t
+ isDc + Dp − ig3dGB3 = iVcB2 sCd, s6cd

whereg j is the decay rate of the stateu jl. Notice that these
decay rates sometimes includesor ared the decoherence or
relaxation rates.

FIG. 1. Schematic of EIT inV-, L-, and cascade-type schemes.
The strong continuous wavescwd laser field with frequencyvc and
Rabi frequency 2Vc, and the weak pulsed probe field has the fre-
quencyvp and the time-dependent Rabi frequency 2Vpstd, respec-
tively. The detuningsDp andDc in all the schemes are defined as the
corresponding transition frequency minus the corresponding laser
frequency; see Eq.s4d for their explicit forms.
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Just as shown in Fig. 1, we assume that atoms are initially
in the excitedsgroundd state u3l su1ld, i.e., takingB3st=0d
=1 fB1st=0d=1g for theV-typesfor both theL- and cascade-
type schemesd. We further assume the strong pump approxi-
mation uVcu@ uVpu and the durationt of the probe pulse in
free space satisfyingtg3!1 stg1!1d for theV-type scheme
sfor both theL- and cascade-type schemesd. Consequently,
B3std.exps−g3td.1 fB1std.exps−g1td.1g for the V-type
schemesfor both theL- and the cascade-type schemesd un-
der the strong pump approximation within the durationt. It
is pointed out that the constrainttg3!1 is much more strin-
gent than the constrainttg1!1 because the ground state
relaxation rateg1 is much smaller than the excited state de-
cay rateg3 ssee Fig. 1d. In other words, an ultra fast probe
pulse is usually needed to realize EIT in theV-type scheme
while it is not necessarily so in the other two schemes. We
only need to solve Eq.s6ad fEqs. s6bd and s6cdg with B3
.1 sB1.1d for the V-type schemesfor both the L- and
cascade-type schemesd. The solutions to the Fourier trans-
forms of Eq.s6ad with B3.1 and Eqs.s6bd and s6cd with
B1.1 are

b1 =
sDt + v + ig2dLp

*

uVcu2 − sDp + v + ig1dsDt + v + ig2d
sVd,

b2 = −
VcLp

*

uVcu2 − sDp + v + ig1dsDt + v + ig2d
sVd, s7ad

b2 = −
Vc

*Lp

uVcu2 − sv − Dp + ig3dsv − Dt + ig2d
sLd,

b3 =
sv − Dt + ig2dLp

uVcu2 − sv − Dp + ig3dsv − Dt + ig2d
sLd, s7bd

b2 =
sv − Dt + ig3dLp

uVcu2 − sv − Dp + ig2dsv − Dt + ig3d
sCd,

b3 = −
VcLp

uVcu2 − sv − Dp + ig2dsv − Dt + ig3d
sCd, s7cd

whereDt is the two photon or Raman detuningssee Fig. 1d
and is defined asDt=Dp−Dc for both V- and L-type
schemes, andDt=Dp+Dc for the cascade-type scheme,b j
andLp are the Fourier transforms ofBj andVp respectively,
andv is the Fourier transform variable.

III. PROPAGATION CHARACTERISTICS OF PULSED
PROBE FIELD

With the explicit analytical expressionss9d known for the
atom response to the strong control field and weak pulsed

probe field, we consider how atom response affects the
propagation characteristics of the pulsed probe field in this
section.

The wave equation for the probe field is

]Vp

]z
+

1

c

]Vp

]t
= ik13B3B1

* . ik13B1
* ⇒

]Lp

]z
− i

v

c
Lp

. ik13b1
* sVd, s8ad

]Vp

]z
+

1

c

]Vp

]t
= ik13B3B1

* . ik13B3 ⇒
]Lp

]z
− i

v

c
Lp

. ik13b3 sLd, s8bd

]Vp

]z
+

1

c

]Vp

]t
= ik12B2B1

* . ik12B2 ⇒
]Lp

]z
− i

v

c
Lp

. ik12b2 sCd, s8cd

wherek1k=2NvpuD1ku2/ s"cd sk=2,3d, N is atomic concen-
tration andD1k is the dipole moment for the transitions be-
tween statesu1l and ukl.

Using Eqs.s7d and s8d, we readily obtain

Lpsz,vd = Lps0,vdexpsiKzd, s9d

whereLps0,vd is the Fourier transform of the probe field at
the entrancez=0, and

K =
v

c
+

k13sDt + v − ig2d
uVcu2 − sDp + v − ig1dsDt + v − ig2d

sVd,

s10ad

K =
v

c
+

k13sv − Dt + ig2d
uVcu2 − sv − Dp + ig3dsv − Dt + ig2d

sLd,

s10bd

K =
v

c
+

k12sv − Dt + ig3d
uVcu2 − sv − Dp + ig2dsv − Dt + ig3d

sCd.

s10cd

ExpandingK into the Taylor series of variablev: K=K0
+v /Vg+K2v2+Osv3d, and neglecting the terms of the order
Osv3d, and further assuming that the probe field atz=0
is a Gaussian pulse of durationt or Vpsz=0,td
=Vp0 exps−t2/t2d⇒Lps0,vd=Vp0tÎp expf−svtd2/4g, we
then readily obtain from Eq.s9d the probe fieldf14g

Vpsz,td =
Vp0

Îb1 − ib2

expFiK0z−
st − z/Vgd2

t2sb1 − ib2dG , s11d

where b1;b1szd=1+4zResK2d /t2 and b2;b2szd
=4z ImsK2d /t2, K0=f+ ia /2, and

f + i
a

2
=

k13sDt − ig2d
uVcu2 − sDp − ig1dsDt − ig2d

,
1

Vg
.

1

c
+ ReH k13fuVcu2 + sDt − ig2d2g

fuVcu2 − sDp − ig1dsDt − ig2dg2J sVd,
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K2 =
k13hsDt − ig2d + fDt + Dp − isg1 + g2dgfsDt − ig2d2 + uVcu2gj

fuVcu2 − sDp − ig1dsDt − ig2dg3 , Dt = Dp − Dc sVd, s12ad

f + i
a

2
= −

k13sDt − ig2d
uVcu2 − sDp − ig3dsDt − ig2d

,
1

Vg
.

1

c
+ ReH k13fuVcu2 + sDt − ig2d2g

fuVcu2 − sDp − ig3dsDt − ig2dg2J sLd,

K2 = −
k13hsDt − ig2d + fDt + Dp − isg2 + g3dgfsDt − ig2d2 + uVcu2gj

fuVcu2 − sDp − ig3dsDt − ig2dg3 , Dt = Dp − Dc sLd, s12bd

f + i
a

2
= −

k12sDt − ig3d
uVcu2 − sDp − ig2dsDt − ig3d

,
1

Vg
.

1

c
+ ReH k12fuVcu2 + sDt − ig3d2g

fuVcu2 − sDp − ig2dsDt − ig3dg2J sCd,

K2 = −
k12hsDt − ig3d + fDt + Dp − isg2 + g3dgfsDt − ig3d2 + uVcu2gj

fuVcu2 − sDp − ig2dsDt − ig3dg3 , Dt = Dp + Dc sCd, s12cd

whereDt is the two photon detuning.
Equations11d explicitly gives the space-time dependent

analytical expression of the probe field while Eq.s12d gives
the explicit analytical expressions of the corresponding phase
shift per unit lengthf andsenergyd absorption coefficienta
sa negativea denotes in fact the amplification instead of the
absorptiond, group velocityVg, and group velocity dispersion
K2. We note that the group velocity dispersionK2 term
changes the pulse’s widthst⇒tÎb1+b2

2/b1d and magnitude
suVp0u⇒ uVp0u /Îb1

2+b2
2d.

The simple analytical expressionss11d and s12d demon-
strate in an explicit and clear way the similarities and essen-
tial differences of theV-, L-, and cascade-type EIT schemes.
It is pointed out that the analytical expressions of the quan-
tity K0=f+ ia /2 in Eq. s12d are the steady-state results in
both the density matrix and the Schrödinger formalisms. In
particular, K0=f+ ia /2 in Eq. s12bd for the L-type EIT
scheme has already been obtained previouslyf41g. Figures 2
and 3 demonstrate the typical features of the phase shift per
unit lengthf and absorption coefficienta versus the detun-
ing Dp for all the three-state EIT schemes according to the
analytical results in Eq.s12d. From Eq. s12d, we see that
under the usual EIT on-resonance conditionDp=Dc=0, and
the condition uVcu2@g1g2, g2

2 sV-typed or uVcu2@g2g3,
g3

2 sL-typed or uVcu2@g1g2, g2
2 scascade-typed, the group

velocity Vg has the simple form

1

Vg
.

1

c
+

k

uVcu2
, s13d

wherek=k13 for bothV- andL-type schemes andk=k12 for
the cascade-type scheme.

We would like to emphasize that although there exist
manysmathematicald similarities about the three schemes as
explicitly demonstrated in Eqs.s11d ands12d ssee also Refs.
f46–49gd, there are a number of important and essential
physical differences about these schemes due to different
populated states, different expressions of the two-photon de-
tuning, and different relative magnitudes of various decay or
relaxation rates. Notice that even the same symbol may have
greatly different values in different schemes. For instance,
the symbolg2 in V- and cascade-type schemes describes the
decay of the state that has dipole allowed transition channel
while in theL-type scheme it describes the decoherence rate
sbetweenu2l and the ground stateu1ld of the stateu2l that
does not have dipole allowed transition channel. Therefore
g2 in V- and cascade-type schemes is usually much greater
thang2 in the L-type scheme in cold atom media. However,
g2 andg3 of the L-type scheme in typical solid EIT studies
have comparable magnitudesf42,45g.

Just as shown in Fig. 1, the heavily populated state in
V-type scheme is an excited stateu3l sit connects to the state

FIG. 2. Phase shift per unit
length f sthick lined and absorp-
tion coefficienta sthin lined ver-
sus dimensionless detuningDp/g3

in V-type sleft paneld and L-type
sright paneld schemes according to
Eq. s12d. Dc=0 and k13

=g3/ s3 mmd for both panels
while g1=10−3g3, g2=g3 sg2

=10−3g3d, and Vc=4.5g3 sVc

=1.5g3d for the left srightd panel.
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u1l by dipole transitionsd with the decay rateg3 while the
heavily populated state in the other two schemes is the
ground stateu1l with much smaller decay or relaxation rate
g1 susually g3/g1.103d. Just as we have mentioned in the
paragraph in between Eqs.s6d ands7d, to achieve better EIT
phenomenon, the durationt of the probe pulse in free space
should satisfytg3!1 stg1!1d for the V-type schemesfor
both theL- and cascade-type schemesd. Consequently, ul-
trafast probe pulsest,10−7 s because the typicalg3 values
in atom media is of the order 10 MHzd is usually needed in
the V-type scheme while it is not necessarily so in the other
two schemes. Besides, it is noted from Figs. 2 and 3 or Eq.
s12d that the absorption coefficienta in the L- and cascade-
type schemes is positivesdenoting probe’s absorptiond while
in the V-type scheme, it is negativesdenoting probe’s gain
instead of absorptiond. This fact originates obviously from
the different heavily populated states in these schemes.

The effects of Doppler broadening due to the atom’s ther-
mal velocity v can readily be included in Eq.s12d by two
steps.s1d The detunings in Eq.s12d are replaced by the cor-
responding velocity dependent detunings by the rules

Dp,c⇒Dp,c+kp,c·v=Dp,c+kp,cvz with positive sminusd wave
numberk denoting the propagating along the positivesnega-
tived z direction. s2d The vz-dependent quantities thus ob-
tained are then averaged over a given velocity distribution
fsvzd. Here we do not perform such average operation but
merely give a qualitative analysis through replacing the de-
tunings in Eq.s12d by Dp,c⇒Dp,c+kp,cv with v~Îkvz

2l and
kvz

2l=evz
2fsvzddvz. From the expressions of the two-photon

detuningDt in Eq. s12d, it is readily seen that the control and
probe fields should propagate in the samesopposited direc-
tion for both V- and L-type schemesscascade schemed in
order to make the two-photon detuningDt nearly indepen-
dent of the average velocityv, and such choices canssome-
times greatlyd decrease the effects of Doppler broadening.

IV. CONCLUSIONS

In summary, we have presented a time-dependent analysis
of the three-state EIT inV-, L-, and cascade-type schemes by
means of the Schrödinger-Maxwell formalism. We have ex-

FIG. 4. Surface plot of absorption coefficienta versus dimen-
sionless detuningsDp/g3 andDc/g3 in L-type scheme according to
Eq. s12bd. The parameters areVc=1.5g3, k13=g3/ s3 mmd, andg2

=0.1g3.

FIG. 5. Surface plot of absorption coefficienta versusDp/g3

and uVcu /g3 in L-type scheme according to Eq.s12bd with Dc

=−0.1uVcu2. The parameters arek13=g3/ s3 mmd andg2=g3.

FIG. 3. Left and right panels show phase shift per unit lengthf sthick lined and absorption coefficienta sthin lined, and absorption
coefficienta versus dimensionless detuningDp/g2 in cascade-type scheme according to Eq.s12cd. Vc=1.5g2 andk12=g3/ s3 mmd for both
panels whileg3=0.01g2 sg3=g2d for the left srightd panel. The detuningDc is shown in the panels.
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plicitly provided the appropriate transformations of these
three schemes to make the Schrödinger-Maxwell formalism
suitable for dealing with the three-state EIT. In this way, we
have derived the explicit analytical expressions of the space-
time dependent probe field, the corresponding phase shift,
absorption or amplification, group velocity and group veloc-
ity dispersion. These analytical expressions demonstrate the
similarities and essential differences of all the three schemes
in a clear and simple way.

We note that except for a few recent numerical studies
f49,50g, theV-type scheme in cold atoms, compared with the
other two schemes, has received little attention in the past
due partly to the reason that the conditions for realizing EIT
are rather demanding compared with other two schemes.
However, there exist some indications that the stringent con-
straints to theV-type scheme may be loosed somewhat via
electron spin coherence in semiconductorsf45g.

It is well known f42g that the many-body effects in solids
lead to the renormalizations of decay or decoherence or re-
laxation rates, energy levels and the control field. The simple
analytical results in Eqs.s10d–s12d express the propagation
characteristics of the pulsed probe field for the three schemes
explicitly in terms of these parameterssnotice that the renor-
malization of energy levels can be accounted for by the de-
tuningsd and hence provide a convenient basis for investigat-
ing how the many-body effects in solidsf42g modify the
magnitude, spectral shape, and space-time dependence of the

EIT and EIT related quantum coherence phenomena in solids
f42–45g. In Figs. 3sright paneld and 4, we have used Eq.s12d
to show graphically how the off-resonance control fieldsDc

Þ0d modifies the profile of the absorption coefficienta with
respect to another detuningDp. Notice that these figures can
also serve as demonstrating how the renormalization of en-
ergy levels affects the profile of the absorption coefficienta
when one or both of the frequencies of the control and probe
fields are fixed; see Refs.f42,44g for comparisons. It has
been found that many-body effects in semiconductors medi-
ated by the control field can lead to the renormalization of
energy levels proportional to the intensity of the control field
f44g. This phenomenon can also readily be described by Eq.
s12d simply by takingDc=huVcu2 with h being a numerical
factor. Figure 5 gives the surface plot of the absorption
coefficienta versus detuningDp and control field’s ampli-
tude uVcu.
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