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A quantitative measure of the pairing correlations present in a cold gas of fermionic atoms can be obtained
by studying the dependence of rf spectra on hyperfine-state populations. This proposal follows from a sum rule
that relates the total interaction energy of the gas to rf spectrum line positions. We argue that this indicator of
pairing correlations provides information comparable to that available from the spin-susceptibility and NMR
measurements common in condensed-matter systems.
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I. INTRODUCTION

The realization of degenerate atomic Fermi gasesf1–7g
has opened new opportunities for experimental discovery.
The focus to date has mainly been on efforts to observe the
condensation of atomic Cooper pairs to form a superfluid
state similar to the BCS state of electrons in a supercon-
ductorf8g. Strategies for achieving observable pairing effects
have so far hinged on the occurrence of strong attractive
atom-atom interactions near a Feshbach resonancef9–11g, in
which a molecular bound state of one atom-atom scattering
channel is close to the two-atom continuum threshold of an-
other. The proximity of a Feshbach resonance can be ad-
justed by tuning a magnetic bias field, drastically altering the
scattering behavior of atoms and allowing thes-wave scat-
tering length to be varied over values corresponding to ef-
fective interactions that are weak or strong, and repulsive or
attractive. The scattering length, henceforth denoted bya ,
completely characterizes the interaction properties of atoms
at low temperatures and low densities. The Feshbach reso-
nance makes it possible to study one of the paradigms
f12–14g of fermion pairing theory, the BCS–Bose-Einstein
CondensatesBECd crossover, experimentally.

Experimental groups have already observed the formation
of thermal gasesf15,16g and Bose-Einstein condensates
f17–19g of diatomic molecules. Condensation of fermionic-
atom pairs on the attractive interaction side of the resonance,
where there is no two-atom bound state and the analogy to
the BCS-BEC crossover problem is closer, has also been
reportedf20,21g. Because the BCS transition does not mani-
fest itself stronglyf22g in the expanded density profile of the
gas there is a need for quantitative and direct measurements
of pairing correlations, one that has motivated a large num-
ber of proposals. Several works focused on the change of
light scattering due to the transition from the normal to the
superfluid phase as a detection methodf23–26g. Later, reso-
nant laser light was proposed to induce tunneling between
the superfluid and normal states of the gasf27g. The experi-

mental realization of Bragg spectroscopy in a Bose gasf28g
has inspired theoretical work on pairing effects in the dy-
namic structure functionf29,30g. Other interesting proposals
include ones based on pairing-induced changes in collective-
mode frequenciesf31–36g, rotational properties of the gas
f37,38g, the expansion of the gasf39g, and atomic-density
noise-correlation propertiesf40g.

In this paper we propose a more direct probe of pairing
correlations that is similar to the spin-magnetic-susceptibility
and nuclear-spin-relaxation probes commonly used to detect
electron pairing in condensed-matter systems, and is able to
detect pairing even when it does not lead to long-range co-
herence. We suggest a measurement of the cost in interaction
energy when the number of Cooper pairs in the system is
reduced by making the hyperfine-state populations unequal.
As we show in Sec. II, this energy change can be extracted
from data obtained using the rf spectroscopy techniques that
have already been developed by several experimental groups
f41–43g. In Sec. III we illustrate the direct relationship be-
tween the hyperfine population dependence of the interaction
energy and pairing correlations, and compare the predictions
of BCS theory for this quantity with its predictions for the
more familiar magnetic-susceptibility probe, which measures
instead the dependence of totalsinteraction plus kineticd en-
ergy on the same variable. We end in Sec. IV with a discus-
sion and our conclusions.

II. INTERACTION ENERGY SUM RULE

We consider a gas of fermionic atoms that consists of a
mixture of two hyperfine states denoted byu↑ l and u↓ l. We
assume the temperatures to be low enough so that only
s-channel interactions, forbidden between atoms in the same
hyperfine state by the Pauli exclusion principle, are signifi-
cant. The Hamiltonian of the gas is thereforeH=H0+Hint,
where the noninteracting part is

H0 =E dx o
a=h↑,↓j

ca
†sxdS−

"2=2

2m
+ eaDcasxd, s1d

and ca is the fermionic annihilation operator for hyperfine
stateual. The internal Zeeman energy of a hyperfine state is
denoted byea, and for simplicity we have neglected any
inhomogeneity of the magnetic field. In particular, this im-
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plies that we neglect the effects of the magnetic trapping
potential. As we will see later on, this does not impose im-
portant restrictions on the applicability of our theory. We
take the interaction between unlike hyperfine states to be a
contact interaction with strengthV↑↓, which should be cho-
sen to produce the correct two-body scattering amplitude
f44g. With these assumptions, the interaction part of the
Hamiltonian is

Hint = V↑↓E dx c↑
†sxdc↓

†sxdc↓sxdc↑sxd. s2d

In the rf experiments one of the system hyperfine species
ssay u↓ ld is coupled to a spectator hyperfine statesusld, and
the number of atoms in the spectator state,Ns, is detected as
a function of the frequency of the rf field. In the linear re-
sponse limitNs is proportional to the rate ofu↓ l→ usl, tran-
sitions which we denote byIsvd. We define the position of
the associated rf spectrum absorption line as

"v̄ ;
E dv "vIsvd

E dv Isvd
. s3d

Using a formal golden-rule expression,Isvd can be ex-
pressed in terms of a two-particle correlation function of fer-
mion fields. It then follows from the fermion analog of sum
rules derived in Refs.f45,46g that

"v̄ = "v0 +
1

n↑
sV↓↑ − Vs↑dkc↑

†c↓
†c↓c↑l, s4d

whereVs↑ denotes the strength of the contact interaction be-
tween the spectator andu↑ l hyperfine states, andna denotes
the average density in spin stateual. The shift of"v̄ from the
bare line position"v0=e↓−es differs from the interaction
energy per volume by a factorV↓↑n↑ / sV↓↑−Vs↑d, which can
be held constant through the experiments and if necessary
can be accurately determined by separate measurements. We
conclude that the rf spectra enable a direct measurement of
the interaction energy density

eintsn↑,n↓d ; V↑↓kc↑
†c↓

†c↓c↑l. s5d

III. PAIRING AND INTERACTION ENERGY IN BCS
THEORY

The inverse spin susceptibility of an unpolarized system
of spin-1/2 particles may be expressed in terms of the de-
pendence of free energy on spin polarization:

xs
−1 = U ]2f tot

]dn2U
n

=
1

2
F ]2f totsn↑,n↓d

]n↑
2 −

]2f totsn↑,n↓d
]n↑ ] n↓

G , s6d

wheref tot is the total free energy per unit volume of the gas,
n is the total density, anddn;n↑−n↓ is the spin density. It is
well known thatxs is strongly suppressed when atoms can
gain energy by pairing.sxs vanishes asT→0 in the BCS
state.d For attractive atom-atom interactions, the energy cost

of finite-spin polarization has positive contributions from
both interaction and kinetic energy. In the following we com-
pare the spin susceptibility with an alternate quantity that is
defined in terms of the interaction energy alone and can be
extracted from rf spectroscopy experiments performed for a
series of hyperfine-state populations:

xint,s
−1 = U ]2eintsn↑,n↓d

]dn2 U
n

. s7d

As we show below, this quantity and the inverse spin suscep-
tibility provide similar probes of pairing correlations.

We evaluate thisinteraction susceptibilityusing BCS
theory from which it follows that

eintsn↑,n↓d =
uDu2

V↑↓
+

4pa"2n↑n↓
m

, s8d

where the dependence of the gapD;V↑↓kc↓c↑l on tempera-
ture and hyperfine densities can be determined by solving the
self-consistent mean-field equations. The mean-field Hamil-
tonian isf22g

HMF =E dxHc↑
†sxdS−

"2=2

2m
+

4pa"2n↓
m

− m↑Dc↑sxd

+ c↓
†sxdS−

"2=2

2m
+

4pa"2n↑
m

− m↓Dc↓sxd

+ Dc↑
†sxdc↓

†sxd + D*c↓sxdc↑sxd −
uDu2

V↑↓
−

4pa"2n↑n↓
m

J .

s9d

Note that the renormalizationV↑↓→4pa"2/m can be made
at this stage in the Hartree mean-field potential. However, we
should not make this replacement in the part of the Hamil-
tonian that is quadratic in the gap parameter. As we will see
below, this is because the BCS theory automatically incorpo-
rates this renormalization, and we would otherwise double
count the effects of the interactions.

The chemical potentials of the two hyperfine states are
denoted byma, and are not necessarily equal, thus allowing
for a density difference between the two hyperfine states.

The partial densities are given by

na =E dk

s2pd3huuku2Ns"vk,ad + uvku2f1 − Ns"vk,−adgj,

s10d

where uk and vk are the Bogoliubov coherence factors,
Nsxd=febx+1g−1 is the Fermi distribution function, and the
u↑ l quasiparticle dispersion is given by

"vk,↑ =
m↓8 − m↑8

2
+ Îfek − sm↑8 + m↓8d/2g2 + uDu2. s11d

An identical expression, with the hyperfine labels inter-
changed, applies for"vk,↓. The Hartree-Fock mean-field
shift is absorbed in the chemical potential viama8 =ma

−4pa"2n−a /m. These equations for the densities need to be
solved together with the BCS gap equation
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E dk

s2pd3

1 − Ns"vk,↑d − Ns"vk,↓d
2Îfek − sm↑ + m↓d/2g2 + uDu2

= −
1

V↑↓
. s12d

Equation s12d contains an ultraviolet divergence that is
renormalized by introducing thes-wave scattering lengthsad
between u↑ l and u↓ l hyperfine states by means of the
Lippmann-Schwinger equation

m

4pa"2 =
1

V↑↓
+E

køkL

dk

s2pd3

1

2ek
, s13d

where we have introduced an ultraviolet cutoffkL. It follows
f22g from Eq. s13d that

V↑↓ =
4pa"2

m

1

1 − 2akL/p
. s14d

Since a typical range of the interatomic potential is,100a0,
we takekL.s100a0d−1 and a=−2000a0, and find thatV↑↓
.0.07s4pa"2/md. Note that although the spin densities and
the BCS gap parameter are independent of the short-range
properties of the interatomic potential, the interaction energy
in Eq. s8d is not f22g. In principle, we could improve upon
this theory by generalizing the BCS theory to incorporate the
full interatomic interaction potential between theu↑ l andu↓ l
states. Although this is in principle straightforward to do, it
would be numerically cumbersome, since the BCS gap
would not be a constant any more, and the gap equation
would become an integral equation. We believe that the
above estimate of the interaction strengthV↑↓ is sufficient for
demonstrating the use of the probe of pairing correlations
presented in this paper.

Above the critical temperatureTBCS.0.6TFe−p/2kFuau, D
→0 so that

eintsn↑,n↓d =
4pa"2n↑n↓

m
, s15d

andxint,s
−1 =2puau"2/m is temperature independent.

For T,TBCS the interaction energy is given by Eq.s8d. In
Fig. 1 we show the interaction energy density as a function
of temperature, normalized to its normal-state value given in
Eq. s15d. The calculations are made for the case ofn↑=n↓
=n/2, scattering lengtha=−2000a0 where a0 is the Bohr
radius, and densityn=1012 cm−3. For these parameters
TBCS.0.005TF. To find a nonzero solution for the BCS gap
parameter, we obviously need a negative value of the scat-
tering length, as this corresponds to effectively attractive in-
teractions which favor pairing. The case of repulsive interac-
tions is nonetheless very interesting, since for sufficiently
large interactions one might observe a transition to a ferro-
magnetic phasef22g. Note that in the absence of pairing the
interaction energy is for low densities equal to the Hartree
shift given in Eq.s15d and independent of temperature. As is
suggested by Fig. 1, a possible signature for the occurence of
the BCS transition is a measurement of the change in the
interaction energy as a function of temperature. We show
now that a more sensitive probe is the interaction energy
susceptibility defined in Eq.s7d.

Linearization of the gap equation implies that forT↑TBCS,

xint,s
−1 =

sp + 2uaukLd
kFuau S ]n

]m
D−1

+ 2puau"2/m. s16d

In Fig. 2 we plotxint,s
−1 and the inverse susceptibility vs tem-

perature. The parameters are the same as in Fig. 1. The in-
verse interaction susceptibility is greatly enhanced for tem-
peratures below the BCS transition temperature, thus
providing a clear signature of atomic Cooper pairs.

IV. DISCUSSION AND CONCLUSIONS

Although we have so far assumed a homogeneous Fermi
gas, we believe that our results also apply to the case of a
trapped, and therefore inhomogeneous, Fermi gas. There are
two main reasons for this. First, because the inverse Fermi
wave vector is much smaller than the harmonic oscillator
length for the experimental systems of interest, the system
may be treated within a local density approximationf22g.

FIG. 1. Plot of eintsn↑ ,n↓d vs. temperature, in units of
4puau"2n↑n↓ /m. In these units, the interactions energy density goes
to minus one in the normal state

FIG. 2. Plot ofxint,s
−1 ssolid lined and xs

−1 sdashed lined vs tem-
perature. Both susceptibilities are plotted in units of the quasiparti-
cle density of statess]n/]md at the Fermi level. Note that the mean-
field-theory interaction susceptibility is discontinuous at the critical
temperature.
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Since the BCS gap parameterD will be largest in the center
of the trap, the result in Eq.s16d should be evaluated at the
center of the trap. Moreover, the density is largest in this
region, and therefore most uniform close to the center. Sec-
ond, as demonstrated by Guptaet al. f42g, one is able to
experimentally resolve the number of atoms that are trans-
ferred to the stateusl in a small region near the center of the
trap. Therefore, the results presented in this paper should be
applicable to such experiments.

For strong attractive interactions,kFuau,1, mean-field
theory is not expected to be accurate. In particular, the su-
perfluid transition temperature is expected to be limited by
the loss of long-range coherence rather than by the thermo-
dynamics of pair formation. The thermodynamic probe we
discuss here is sensitive to the occurrence of pair correlations
and not particularly sensitive to the establishment of long-
range coherence. It should therefore be able to detect the
gradual development of pairing correlations with increasing
interaction strength as the superfluid state is approached. We
note that Bourdelet al. f47g have measured the ratio of the
interaction energy and kinetic energy of a Fermi gas by com-
paring expanded density profiles of an interacting gas of at-
oms with expansion profiles of a gas at zero scattering
length. In the weak-coupling limit such a measurement
would provide direct information on the temperature depen-
dence of the interaction energy, since the kinetic energy is
almost independent of temperature in this case. In the strong-
coupling limit it is, however, not clear how the kinetic en-
ergy depends on the density difference, and it is, therefore,
not obvious that a measurement of the ratio of interaction
and kinetic energy for different hyperfine-state populations

would provide a sensitive probe of pairing correlations in the
gas in this limit.

Finally we remark on the possibility of realizing inhomo-
geneous pair-condensate statesf48g in cold atom systems
with unbalanced hyperfine state populationsf49,50g. The ap-
pearance of such a state slightly limits the probe for pairing
correlations presented in this paper. In particular, these so-
called Fulde-Ferrell-Larkin-OvchinnikovsFFLOd states are
expected to occur for temperatures belowT.0.55TBCS f51g
and for a hyperfine density difference that is of the order of
the gap divided by the Fermi energyf50g, i.e.,

dn

n
,

D

eF
, s17d

corresponding to roughly 10% for the parameters used in this
paper. We note, however, that the FFLO state only occurs
over a narrow range of population imbalance, and, in particu-
lar, does not occur for an imbalance that is too largef52g. An
interesting feature of these states, if they can be realized, is
their unusualf53g vortex-lattice structures, which could be
detected by bringing the system to equilibrium in a rotating
reference frame.
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