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Quantitative probe of pairing correlations in a cold fermionic-atom gas
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A quantitative measure of the pairing correlations present in a cold gas of fermionic atoms can be obtained
by studying the dependence of rf spectra on hyperfine-state populations. This proposal follows from a sum rule
that relates the total interaction energy of the gas to rf spectrum line positions. We argue that this indicator of
pairing correlations provides information comparable to that available from the spin-susceptibility and NMR
measurements common in condensed-matter systems.
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I. INTRODUCTION mental realization of Bragg spectroscopy in a Bose[@a8$
o , , has inspired theoretical work on pairing effects in the dy-
The realization of degenerate atomic Fermi gases’]  npamic structure functiof29,30. Other interesting proposals
has opened new opportunities for experimental discoverynciyde ones based on pairing-induced changes in collective-
The focus to date has mainly been on efforts to observe thg,oqe frequencie§31-36, rotational properties of the gas

conden_sgtion of atomic Cooper pairs to forr_n a superfluiq37,3g_|, the expansion of the gd89], and atomic-density
state similar to the BCS state of electrons in a superconagise-correlation propertid40].

ductor[8]. Strategies for achieving observable pairing effects |, this paper we propose a more direct probe of pairing

have so far hinged on the occurrence of strong attractivgorelations that is similar to the spin-magnetic-susceptibility
atom-atom interactions near a Feshbach resoni@hed], in  5nq nyclear-spin-relaxation probes commonly used to detect
which a molecular bound state of one atom-atom scattering|ectron pairing in condensed-matter systems, and is able to
channel is close to the two-atom continuum threshold of angetect pairing even when it does not lead to long-range co-
other. The proximity of a Feshbach resonance can be aggrence. We suggest a measurement of the cost in interaction
justed _by tuning a magnetic bias field, dr_astlcally altering theenergy when the number of Cooper pairs in the system is
scattering behavior of atoms and allowing thave scat-  requced by making the hyperfine-state populations unequal.
tering length to be varied over values corresponding to efag we show in Sec. I, this energy change can be extracted
fect|ve. interactions thaj are weak or strong, and repulsive of,om data obtained using the rf spectroscopy techniques that
attractive. The scattering length, henceforth denotedby haye already been developed by several experimental groups
completely characterizes the interaction properties of atom 1-43. In Sec. Il we illustrate the direct relationship be-

at low temperatures and low densities. The Feshbach res@geen the hyperfine population dependence of the interaction
nance makes it possible to study one of the paradigmgnergy and pairing correlations, and compare the predictions
[12-14 of fermion pairing theory, the BCS—Bose-Einstein ¢ BCS theory for this quantity with its predictions for the
CondensaBEC) crossover, experimentally. _ more familiar magnetic-susceptibility probe, which measures

Experimental groups have already observed the formatiofhstead the dependence of totaiteraction plus kineticen-

of thermal gaseq15,16 and Bose-Einstein condensates grqy on the same variable. We end in Sec. IV with a discus-
[17-19 of diatomic molecules. Condensation of fermionic- ¢ion and our conclusions.

atom pairs on the attractive interaction side of the resonance,

where there is no two-atom bound state and the analogy to

the BCS-BEC crossover problem is closer, has also been Il. INTERACTION ENERGY SUM RULE

reported 20,21]. Because the BCS transition does not mani- ) o )

fest itself stronghf22] in the expanded density profile of the Ve consider a gas of fermionic atoms that consists of a
gas there is a need for quantitative and direct measuremerfiéxture of two hyperfine states denoted oy and| |). We

of pairing correlations, one that has motivated a large num@sSume the temperatures to be low enough so that only
ber of proposals. Several works focused on the change @rchan_nel interactions, forb@den be_tween at_oms in the_ same
light scattering due to the transition from the normal to thehyPerfine state by the Pauli exclusion principle, are signifi-
superfluid phase as a detection metf28-26. Later, reso- cant. The Hamiltonian of the gas is therefdfie=Ho+Hiy,

nant laser light was proposed to induce tunneling betweehere the noninteracting part is

the superfluid and normal states of the §28|. The experi- 52y2
- t
HO - J dX E (ﬂa(x)(_ 2 + ea/) lﬂa(x)l (1)
z m
a={1,1}
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plies that we neglect the effects of the magnetic trappingf finite-spin polarization has positive contributions from
potential. As we will see later on, this does not impose im-both interaction and kinetic energy. In the following we com-
portant restrictions on the applicability of our theory. We pare the spin susceptibility with an alternate quantity that is
take the interaction between unlike hyperfine states to be defined in terms of the interaction energy alone and can be
contact interaction with strengti, , which should be cho- extracted from rf spectroscopy experiments performed for a
sen to produce the correct two-body scattering amplitudeeries of hyperfine-state populations:

[44]. With these assumptions, the interaction part of the

Hamiltonian is s Fen(ny,n) @
int,s (9&’12 .
n
Hine= V4, f ax () ] 00, (X) (%) (2)  As we show below, this quantity and the inverse spin suscep-

tibility provide similar probes of pairing correlations.
In the rf experiments one of the system hyperfine species We evaluate thisinteraction susceptibilityusing BCS
(say|])) is coupled to a spectator hyperfine stf), and  theory from which it follows that

the number of atoms in the spectator stdlg,is detected as

: ) . |A]>  4mah’n.n
a function of the frequency of the rf field. In the linear re- en(N;,n) =+ BALLLELLLAY (8)
sponse limitN, is proportional to the rate df| ) —|s), tran- \ m

sitions which we denote bi{w). We define the position of

the associated rf spectrum absorption line as where the dependence of the ga=Vy () on tempera-

ture and hyperfine densities can be determined by solving the

self-consistent mean-field equations. The mean-field Hamil-
fdw hol () tonian is[22]
ho="————. 3
@ ® B o hV? Amai?n
do () Hye= | dxy ()| - om + I — i (x)
Using a formal golden-rule expressiohiw) can be ex- + T(x) _ﬁ2V2+47-raﬁ2nT B (x)
pressed in terms of a two-particle correlation function of fer- v 2m m g
mion fields. It then follows from the fermion analog of sum A2 4mah?nn
: . . T
rules derived in Refd.45,46 that + Aw{(x)zﬂ(x) + A", (0 i (X) = V_u _ TH}
_ 1
o= fiwo+ (V) =V llu o), 0 9
T

Note that the renormalizatiov“—>4waﬁ2/m can be made

at this stage in the Hartree mean-field potential. However, we
should not make this replacement in the part of the Hamil-
) o - . : . tonian that is quadratic in the gap parameter. As we will see
bare line positioniwo=e, ~ & differs from the interaction o, this is because the BCS theory automatically incorpo-

energy per volume by a faCtMLTnT/(\,/lT_VST)’ Wh!Ch €an  ates this renormalization, and we would otherwise double
be held constant through the experiments and if necessagy) \nt the effects of the interactions.

can be accurately determined by separate measurements. Wethe chemical potentials of the two hyperfine states are

conclude that the rf spectra enable a direct measurement gfnoteq byy,,, and are not necessarily equal, thus allowing

the interaction energy density for a density difference between the two hyperfine states.
en(ni,n) = V“W%rl/,lr%%) (5) The partial densities are given by

whereVy, denotes the strength of the contact interaction be
tween the spectator and) hyperfine states, ana, denotes
the average density in spin staté. The shift ofiw from the

dk
= [ Sl N o ) + o T2 NGy )
Ill. PAIRING AND INTERACTION ENERGY IN BCS
THEORY (10

The inverse spin susceptibility of an unpolarized systenwhere u, and v are the Bogoliubov coherence factors,
of spin-1/2 particles may be expressed in terms of the deN(x)=[e*+1]™" is the Fermi distribution function, and the

pendence of free energy on spin polarization: |1) quasiparticle dispersion is given by
FPf 1| Pf(ni,n)  Pl(ni,n)) w =l
-1_ tot| _ = tot\" 11511 tot\! '1a 1] _ [ ’ ’ 2 2
= 2| = - , (6 fiay ;= +\ [ — (uf +u)2]7+ A5 (11
il 2[ pr: nan | © oy = =4 Lac= (g +ui2P +AP. (1D

wheref, is the total free energy per unit volume of the gas,An identical expression, with the hyperfine labels inter-
n is the total density, andn=n, -n, is the spin density. Itis changed, applies fofiw, . The Hartree-Fock mean-field
well known thatys is strongly suppressed when atoms canshift is absorbed in the chemical potential vig =pu,
gain energy by pairing(ys vanishes asf —0 in the BCS -4mafh’n_,/m. These equations for the densities need to be
state) For attractive atom-atom interactions, the energy cossolved together with the BCS gap equation
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dk 1- N(ﬁwm) - N(ﬁwk’l) _ i (12) 0 T T T T T
2m)*2\[ - (fty "'M)/Z]z*' A2 Vi

Equation (12) contains an ultraviolet divergence that is
renormalized by introducing thewave scattering lengtta)
between|1) and ||) hyperfine states by means of the
Lippmann-Schwinger equation

interaction energy density

m _1, J dk 1 a3
47Taﬁ2 B VTL kgkA (277)3 ZEk, sl |
where we have introduced an ultraviolet cutift It follows
[22] from Eq.(13) that 10 ! \ \ . !
0 0.001 0.002 0.003 0.004 0.005 0.006
_Amah® 1 . e

1= . (14

m 1-2aky/m FIG. 1. Plot of gn(n;,n) vs. temperature, in units of
Since a typical range of the interatomic potentiari00a,, 477|a|.ﬁ2nTnl/m.. In these units, the interactions energy density goes
we takek, =(1008y)"* and a=-200G, and find thaty,, ~ to minus one in the normal state
=0.074mah?/m). Note that although the spin densities and
the BCS gap parameter are independent of the short-range o1 (m+2alky) [ aon
properties of the interatomic potential, the interaction energy Xints= ™ 4 5
in Eq. (8) is not[22]. In principle, we could improve upon
this theory by generalizing the BCS theory to incorporate thén Fig. 2 we plot)(;]{S and the inverse susceptibility vs tem-
full interatomic interaction potential between tHe and| | ) perature. The parameters are the same as in Fig. 1. The in-
states. Although this is in principle straightforward to do, it verse interaction susceptibility is greatly enhanced for tem-
would be numerically cumbersome, since the BCS gapperatures below the BCS transition temperature, thus
would not be a constant any more, and the gap equatioproviding a clear signature of atomic Cooper pairs.
would become an integral equation. We believe that the
above estimate of the interaction strenyth is sufficient for
demonstrating the use of the probe of pairing correlations

-1
) + 27lalA?/m. (16)
kelal

IV. DISCUSSION AND CONCLUSIONS

presented in this paper. Although we have so far assumed a homogeneous Fermi
Above the critical temperatur@gcs=0.6T-e ™22 A  gas, we believe that our results also apply to the case of a
—0 so that trapped, and therefore inhomogeneous, Fermi gas. There are
5 two main reasons for this. First, because the inverse Fermi

e (n,n)= 4mahnn (15 Wwave vector is muc_h smaller than the _harmomc oscillator

e m ' length for the experimental systems of interest, the system

1 ) ) may be treated within a local density approximati@e].
and i = 2mla?/m is temperature independent.

For T<Tgcs the interaction energy is given by E@). In

7
Fig. 1 we show the interaction energy density as a function 10 Y ' ' ' '
of temperature, normalized to its normal-state value given in e \ .
Eq. (15). The calculations are made for the casenofn, ] s i
=n/2, scattering lengta=-200G, where a, is the Bohr £ [ S \ 7
radius, and densityn=102cm3. For these parameters =  ,¢[ % . i
Tgcs=0.005T¢. To find a nonzero solution for the BCS gap g;.s' \ k \
parameter, we obviously need a negative value of the scat$ 10°F \ 7
tering length, as this corresponds to effectively attractive in—g 102 b ]
teractions which favor pairing. The case of repulsive interac- ¢ S
tions is nonetheless very interesting, since for sufficientlyg 10' F T :
large interactions one might observe a transition to a ferro-= L e
magnetic phasg22]. Note that in the absence of pairing the
interaction energy is for low densities equal to the Hartree 10" L . L ' L
shift given in Eq.(15) and independent of temperature. As is 0 0001 0002 0003 0004 0005 0008

suggested by Fig. 1, a possible signature for the occurence or F

f[he BC_S transition is a meas_urement of the change in the FiG. 2. Plot ofX;]tS (solid line) and X;1 (dashed lingvs tem-
Interaction energy as q_functlon O_f tempgrature.. We showperature. Both susceptibilities are plotted in units of the quasiparti-
now that a more sensitive probe is the interaction energyle density of state&n/du) at the Fermi level. Note that the mean-

susceptibility defined in Eq.7). field-theory interaction susceptibility is discontinuous at the critical
Linearization of the gap equation implies that 1o Tgcs, ~ temperature.
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Since the BCS gap paramet&rwill be largest in the center would provide a sensitive probe of pairing correlations in the
of the trap, the result in Eq16) should be evaluated at the gas in this limit.

center of the trap. Moreover, the density is largest in this Finally we remark on the possibility of realizing inhomo-
region, and therefore most uniform close to the center. Seqyeneous pair-condensate stafds] in cold atom systems
ond, as demonstrated by Gupta al. [42], one is able to  with unbalanced hyperfine state populati¢48,50. The ap-
experimentally resolve the number of atoms that are transpearance of such a state slightly limits the probe for pairing
ferred to the stat¢s) in a small region near the center of the correlations presented in this paper. In particular, these so-
trap. Therefore, the results presented in this paper should h&yied Fulde-Ferrell-Larkin-Ovchinniko¢FFLO) states are
applicable to such experiments. expected to occur for temperatures bel®w 0.55T g [51]

thelf)?)r/ isstrr?gtgeig;i?ggetoinggrgggg?iga||r? éér?ci?gr_ﬁteflg . U;’;md for a hyperfine density difference that is of the order of
perfluid transition temperature is expected to be Iin71ited by1he gap divided by the Fermi energ§0], i.e.,

the loss of long-range coherence rather than by the thermo- sn A

dynamics of pair formation. The thermodynamic probe we PR (17)
discuss here is sensitive to the occurrence of pair correlations F

and not particularly sensitive to the establishment of longcorresponding to roughly 10% for the parameters used in this
range coherence. It should therefore be able to detect thgaper. We note, however, that the FFLO state only occurs
gradual development of pairing correlations with inCI’eaSin%ver a narrow range of popu|ation imba|ance’ and, in particu_
interaction strength as the superfluid state is approached. Wg does not occur for an imbalance that is too I4&@#. An

hote that Bourdeet al. [47] have measured the ratio of the jneresting feature of these states, if they can be realized, is
interaction energy and kinetic energy of a Fermi gas by com¢eir ynusual53] vortex-lattice structures, which could be

paring expanded density profiles of an interacting gas of algetected by bringing the system to equilibrium in a rotating
oms with expansion profiles of a gas at zero scatteringgference frame.

length. In the weak-coupling limit such a measurement

would provide direct information on the temperature depen-

dence pf the interaction energy, since _the kinetic energy is ACKNOWLEDGMENTS
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