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We have measured the trap frequency as well as the damping coefficient of a magneto-optical trap by using
a transient oscillation method. The dependence of such trap properties on the various experimental parameters
such as the cooling laser intensity, detuning, and magnetic field gradient is investigated. We find that the
measured trap frequency is in excellent agreement with the simple rate-equation analysis based on the Doppler
cooling theory. In contrast, the damping coefficient is about twice as large as the calculated one, which is
attributed to the existence of the sub-Doppler trap near the trap center.
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I. INTRODUCTION

One of the simplest methods to collect cold atoms is the
magneto-optical trapsMOTd, which was proposed and ex-
perimentally realized in 1987f1g. It has been, since then,
popularly employed in the first stage of atom optics or atom
trap experimentsf2g such as Bose-Einstein condensation,
atom chip, and optical dipole trap. In addition, there have
been a number of experimental and theoretical reports on the
MOT itself: for example, observation of the sub-Doppler
force f3g, cold collisionsf4g, nonlinear spectroscopyf5g, and
nonlinear dynamical studyf6–9g.

In particular, the characteristic trap parameters such as the
trap frequency and the damping constant were measured to
demonstrate the existence of sub-Doppler cooling inside the
MOT or in the atom molasses. For the trap-frequencysor
spring-constantd measurement, several methods have been
developed, such as the equipartition theorem associated with
the atomic spatial profile and temperaturef10,11g, beam-
imbalance methodf11,12g, oscillatory magnetic-field method
f13,14g, and method of free oscillation of pushed atomsf15g.
Note that most studies have been applied to justify the sub-
Doppler cooling or the one-dimensional Doppler cooling of
two-level atoms. However, few studies have been reported
for the multilevel atoms in a realistic three-dimensional trap.

Recently, we have demonstrated a novel method to mea-
sure the trap frequency by using the parametric resonance of
the driven MOTf16g and have studied the Doppler-cooling
theory of multilevel atoms in three dimension. In particular,
we have found that the simple Doppler-cooling force for
two-level atoms was not applicable to the multilevel atoms in
a three-dimensional trap, despite the fact that the rate equa-
tion model was adequate to account for the trap-frequency
data. We also have observed that the trap frequency was
dependent on the intensity ratios of the six laser beams in the
MOT.

In this paper, we make a quantitative investigation of the
Doppler-cooling theory for multilevel atoms in a three-
dimensional MOT by measuring the trap frequency as well

as the damping coefficient. The measurement method is to
detect the temporal oscillatory behavior of the pushed atomic
cloud f15g as the magnetic field gradient or the laser detun-
ing is varied. The atomic motion in the MOT is simply given
by a damped harmonic oscillator model with the damping
coefficient b and the trap frequencyf0. When a uniform
magnetic fieldsBzd is applied to the MOT, the position of the
trap center is shifted byBz/b, whereb is the magnetic field
gradient in thez axis of the MOT.

When the uniform magnetic field is suddenly turned off,
the atomic cloud returns to the original trap center. In case of
the underdamped motion, one can extract the trap parameters
by measuring the trajectory of the released atomic cloud. In
particular, it is found that the damping coefficient is in-
creased due to the existence of the sub-Doppler trap near the
magnetic field center, which is explained by the Monte Carlo
simulation. Finally we also compare the results of the free
oscillation method with those of the parametric resonance
methodf16g. Note that the atomic number dependence of the
trap parameters is not considered because the experiment
was performed at low saturation conditions and for the small
number of atoms in the MOT.

II. TRANSIENT OSCILLATION METHOD

We have employed a similar experimental scheme that
was well described in the previous reportsf9,17g. Here we
mention some additional procedures used in the experiment.
We captured about 23108 atoms in a standard vapor-cell
MOT by using six counterpropagating laser beams with a
e−1/2 width of 1.5 cm. Addition of a uniform magnetic field
sBzd along the anti-Helmholtz coils axissz axisd resulted in
movement of the center of the atomic cloud byBz/b. In the
experimentBz=8.8 G, so that the initial displacement of the
center of the MOT is 5.4 mm atb=12 G/cmsFig. 1d. Note
that we have found that the trap parameters are independent
of the changes of the displacement at various values ofb.
Each part of the Helmholtz coils to produce a uniform mag-
netic field is composed of 5 turns, which has a 50ms switch-
ing time by a FET switch. This response time is quite shorter
than the characteristic time of the atomic motion
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As soon as the uniform magnetic field is turned off, the
atomic cloud starts to return to the original trap center. The
trajectory of the atomic cloud center is simply given by

zstd = z0 + A exps− bt/2dScos 2pf0t +
b

4pf0
sin 2pf0tD ,

s1d

where f0 is the trap frequency,b is the damping coefficient,
z0 is the equilibrium position, andA is the initial displace-
ment from equilibrium. Due to the nonlinearity of MOT, the
trajectory is not perfectly described by Eq.s1d for large dis-
placement. Therefore, as presented in Fig. 1, we have fitted
the data after one period of the atomic motion. Triggered by
the turn off of theBz field, the motion of atomic cloud is
recorded at the 16-element photodiode array of 1 mm width.
Each channel detects the absorption change of a resonant
probe lasers1.6 cm wide and 0.5 cm highd that is illuminated
perpendicular to the atomic oscillation direction.

Figure 1sad shows the contour plot of the typical absorp-
tion signals of the 16-channel photodiode array versus time
staken at 1/5000 s time intervald, superposed by a curve cor-
responding to the maximum brightness. Here the vertical
axis shows the position of the photodiode array and horizon-
tal axis represents the time elapsed after switch off of the
magnetic field. The bright region indicates large absorption
due to a large number of atoms. Figure 1sbd shows the same
curve as in Fig. 1sad and its fitted result using Eq.s1d for the
region after elapse of one period, which is shown in the

lower panel. From the fit presented in Fig. 1sbd one can ob-
tain the trap frequency and the damping coefficient. The ex-
perimental conditions and the fitted results are presented in
Fig. 2 for the magnetic field gradient of 12 G/cm.

We have measured the trap parameters by varying the
laser intensity, detuning, and magnetic field gradient. The
results are presented in Figs. 2 and 3. Figure 2 shows the
dependence of trap frequencysad and damping coefficientsbd
on the magnetic field gradient. Here the frequency detuning
is D=−2.71G sD=vL−vA, for the laser frequencyvL, the
atomic resonance frequencyvA, and the natural linewidth
G=2p35.9 MHzd, and the trapping beam intensities areIz
=0.10 mW/cm2 sfilled squared, 0.13 mW/cm2 sfilled circled
and 0.17 mW/cm2 sfilled triangled, respectively. Note that
the laser intensities in the transverse directionssIx= Iyd are
0.62 mW/cm2. The solid, dashed, and dashed-dotted lines in
the figure are the calculated results from a theoretical model
explained in the next section.

The dependence of the trap frequencysad and the damp-
ing coefficientsbd on the detuning is shown in Fig. 3, where
Iz=0.17 mW/cm2, Ix= Iy=0.62 mW/cm2, and b=10 G/cm.
Note that the solid line is obtained from the rate equation for
the Doppler theory, whereas the dashed line is from the
simple Doppler theory for two level atom where the satura-
tion intensity is substituted by the averaged valuesIsdav

=3.78 mW/cm2. As shown in Figs. 2 and 3, the trap frequen-
cies are in good agreement with the theoretical values. The
damping coefficients, on the other hand, are about twice

FIG. 1. sad The contour plot of the signals recorded by the
photodiode array shows a typical oscillating motion of atomic
cloud. The curve presenting the maximum brightness of the absorp-
tion signal is superposed on the contour plot.sbd The same curve as
in sad and the fitted curve obtained by Eq.s1d. The detailed plot
after one period is shown in the lower panel.

FIG. 2. The dependence of the trap frequencysad and damping
coefficient sbd on the magnetic field gradient. Here the trapping
beam intensities are Iz=0.10 mW/cm2 sfilled squared,
0.13 mW/cm2 sfilled circled, and 0.17 mW/cm2 sfilled triangled.
The solid, dashed, and dashed-dotted lines are derived from theo-
retical model.
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larger than the simple theoretical predictions. In the follow-
ing section, we provide a quantitative description of the the-
oretical model and present a plausible explanation of the
discrepancy found in the damping coefficient.

III. DAMPING COEFFICIENT

In the Doppler cooling theory for two-level atoms, the
damping coefficientsbd and the trap frequencysf0d are given
by

b =
8"k2

m

s0d

s1 + 4d2d2 , s2d

f0 =Î2kmB

p2m

Îbs0d

s1 + 4d2d
, s3d

respectively, wherek is the wave number,mB is Bohr mag-
neton,m is the mass of a85Rb atom,ds=−D /Gd is the nor-
malized detuning, ands0s=I / Isd is the normalized laser inten-
sity with Is being the saturation intensity. Due to the three-
dimensional trap geometry and the multilevel property of
atoms, Eq.s3d may not describe the experimental results
well.

In order to investigate the Doppler part of the MOT, we
have developed a model based on the rate equations, as pre-
sented in detail in Ref.f16g. We now compare the results of
trap frequency and damping coefficient thereby derived with
the experimental results. To our knowledge, the Doppler

theory of the three-dimensional MOT with multilevel atoms
has not been quantitatively compared with the experiment.
We have found that Eqs.s2d and s3d could be still properly
employed by using the averaged saturation intensity instead
of the simple saturation intensity for two-level atoms. Note
that for the wide range of the laser intensities along the trans-
verse axes, Eqs.s2d and s3d provide the results quite similar
to those obtained by the rate equation model.

We have summarized the data of Figs. 2 and 3 and pre-
sented them together in Fig. 4. The damping coefficient and
the trap frequency are presented as a function ofs0d / s1
+4d2d2 and Îbs0d / s1+4d2d, respectively. One can observe
that the measured trap frequencies are in excellence agree-
ment with the calculated results. On the other hand, one has
to multiply the simply calculated damping coefficients by a
factor 1.76 to fit the experimental data. We find that the
discrepancy in the damping coefficients results from the ex-
istence of the sub-Doppler contribution to the MOT. As is
well known, the trap potential in the MOT is composed of
two parts: the usual broad Doppler cooling part and the sub-
Doppler part in the vicinity of the trap center. Direct obser-
vation of the sub-Doppler trap in the MOT has been reported
in our previous workf17g.

In order to show that the existence of the sub-Doppler
force affects the Doppler-cooling parameters, we have per-
formed Monte Carlo simulation with 1000 atoms. We first
solve the equation of motionmz̈=Fsz, żd, where the force
consists of three parts: the Doppler force, the sub-Doppler
force, and the random force. Since the detailed description of
the forces is given in Ref.f17g, we mention only the sub-
Doppler force here. The sub-Doppler force for theF=1
→F8=2 atomic transition in the counterpropagatings+-s−

laser configuration is given by

Fsub= −
"kGs2x

P1s
2 + P2x

2 , s4d

whereP1 and P2 are the detuning-dependent numerical fac-
tors,x=sk/Gdż+sggmBb/"Gdz, gg=1 is theg factor of ground

FIG. 3. The dependence of the trap frequencysad and damping
coefficient sbd on the laser detuning is presented, whereIz

=0.17 mW/cm2, Ix= Iy=0.62 mW/cm2, andb=10 G/cm.

FIG. 4. The damping coefficient versuss0d / s1+4d2d2 ffilled
circles, experimental data; dashed line, calculated results; dashed-
dotted line, calculated results multiplied by 1.76g and the trap fre-
quency versusÎbs0d / s1+4d2d ffilled squares, experimental data;
solid line, calculated resultsg.
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state, ands= I / Is. For the simpleF=1→F8=2 transition, Eq.
s4d can accurately describe the sub-Doppler force for any
values ofz and ż, because theg factors of the ground and
excited states are equal. However, this is not the case for the
F=3→F8=4 transition of the multilevel85Rb atoms and
thus it is not possible to obtain an analytic form of the force
like Eq. s4d. Therefore, we fit the calculated force for a given
detuning with Eq.s4d, which is then used in the calculation
with gg=1/3.

The results are presented in Fig. 5. Here we averaged the
trajectories for 1000 atoms by using the same parameters as
used in Fig. 1. We have varied the intensitysId associated
with Fsub without affecting the intensity for the Doppler
force, and obtained the averaged trajectory, whereIexpt
=0.17 mW/cm2 is the laser intensity used in the experiment
sFig. 2d. We then infer the damping coefficient and the trap
frequency by fitting the averaged trajectory with Eq.s1d.
Note that we have neglected the sub-Doppler force for the
zero intensity. As can be seen in Fig. 5sad, the trajectories
decay more rapidly as the intensity is increased, which indi-
cates the increase of the damping coefficient.

The fitted results for the damping coefficient and the trap
frequency are shown in Fig. 5sbd. While the trap frequency
remains nearly constant, the damping coefficient increases
with the intensity. When there is no sub-Doppler force, given
the experimental parameters, the damping coefficient for
two-level model is just 51.1 s−1, whereas that for the rate-
equation model is 59.8 s−1. When I / Iexpt=1, it is now

73.5 s−1, which is 1.23 times the value given by the rate-
equation model. Note that to obtain an increase of factor 1.76
as shown in Fig. 4, one should useI / Iexpt=1.6. Although our
simulation does not provide a quantitative result, the reason
for the increase of the damping coefficient can be well ex-
plained qualitatively. If one takes into account in our simu-
lation the fact that the real MOT is a three-dimensional, not
a one-dimensional trap, one should get more quantitative re-
sults.

Finally we compare the transient oscillation method with
the parametric resonance technique for experimental mea-
surement of the trap frequencyf16g. The measured trap fre-
quencies are presented in Fig. 6 as the magnetic field gradi-
ent is changed at a given laser intensitysIz=0.10 mW/cm2d
and detuningsD=−2.3Gd. The data with filled squares are
those obtained by the parametric resonance technique,
whereas those with filled triangles are from the transient os-
cillation method. As shown in Fig. 6, the two methods give
nearly the same values of the trap frequencies within experi-
mental error.

IV. CONCLUSIONS

In conclusion, we have measured the trap parameters
sdamping coefficient and trap frequencyd by a transient os-
cillation method and have made a quantitative study of the
Doppler cooling theory in the MOT. The parameters were
measured at various laser intensities, detunings, and mag-
netic field gradients. We have found that the simple rate-
equation model can accurately describe the experimental
data of trap frequencies. As for the damping coefficients, on
the other hand, the measured data are about twice larger than
the calculated ones, which is explained by the simulation that
includes the sub-Doppler force.

Due to the sub-Doppler trap near the center of the mag-
netic field, one could not measure the damping coefficient of
the Doppler part of the MOT. In order to measure the damp-
ing coefficient directly, one should separate spatially the sub-
Doppler trap. Recently, we have experimentally demon-
strated that when the detunings of the transverse laserssin
the x or y directiond are different from those in the longitu-
dinal z direction, the sub-Doppler trap disappears. By using

FIG. 5. The Monte Carlo simulation results.sad The averaged
trajectories for 1000 atoms together with the fitted curves obtained
from Eq. s1d, where the intensities areI / Iexpt=0, 1, and 2 from top
to bottom.sbd The damping coefficientsfilled squared and the trap
frequencysfilled circled as a function of the laser intensityI / Iexpt.

FIG. 6. Comparison of the measured trap frequencies, obtained
by two different methods: parametric resonancesfilled squaresd and
oscillating atomic cloudsfilled trianglesd.
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this method, one can measure the damping coefficient di-
rectly, which is currently in progress. The information of the
Doppler trap parameters may be important in various experi-
ments on parametric resonance of the MOT, such as the ob-
servation of transitions between two attractors under para-
metric excitation, where a quantitative comparison of the
analytical calculations and the simulations is necessaryf18g.
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