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We compute the energy-level displacement of the excitednp states of kaonic hydrogen within the quantum

field theoretic and relativistic covariant model of strong low-energyK̄N interactions suggested byfIvanov et
al.Eur. Phys. J. A21, 11 s2004dg. For the width of the energy-level of the excited 2p state of kaonic hydrogen,
caused by strong low-energy interactions, we findG2p=2 meV=331012 s−1. This result is important for the
theoretical analysis of the x-ray yields in kaonic hydrogen.
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I. INTRODUCTION

Recentlyf1g we have computed the energy-level displace-
ment of the ground state of kaonic hydrogen,

− e1s
stheord + i

G1s
stheord

2
= s− 203 ± 15d + is113 ± 14d eV.

s1.1d

This result has been obtained within a quantum field theo-
retic and relativistic covariant model of strong low-energy

K̄N interactions near threshold ofK−p scattering, based on
the dominant role of strange resonancesLs1405d and
Ss1750d in the s channel of low-energy elastic and inelastic

K−p scattering and the exotic four-quarksor KK̄ moleculesd
scalar statesa0s980d and f0s980d in the t channel of low-
energy elasticK−p scattering.

The theoretical results1.1d agrees well with recent experi-
mental data obtained by the DEAR Collaborationf2g,

− e1s
sexptd + i

G1s
sexptd

2
= s− 194 ± 41d + is125 ± 59d eV.

s1.2d

A systematic analysis of corrections, caused by electromag-
netic and QCD isospin-breaking interactions, to the energy-
level displacements of thens states of kaonic hydrogen,
wheren is the principal quantum number, has been recently
carried out by Meißner, Raha, and Rusetskyf3g within effec-
tive field theory by using the nonrelativistic effective La-
grangian approach based on chiral perturbation theory
sChPTd by Gasser and Leutwylerf4,5g. For thes-wave am-
plitude of K−N scattering near threshold, computed inf1,6g,
the energy-level displacement of the ground state of kaonic
hydrogen obtained by Meißneret al. f3g is equal to

− e1s
stheord + i

G1s
stheord

2
= s− 266 ± 17d + is177 ± 16d eV.

This agrees well with both our theoretical results1.1d and
experimental datas1.2d within 1.5 standard deviations.

In this paper, we compute the energy-level displacement
of the excitednp states of kaonic hydrogen, wheren is the
principal quantum number andp corresponds to the excited
state with,=1. The knowledge of the energy-level displace-
ment of the excitednp states of kaonic hydrogen is very
important for the understanding of the accuracy of experi-
mental measurements of the energy-level displacement of the
ground state of kaonic hydrogen and the theoretical analysis
of the x-ray yields in kaonic hydrogenf2,7–13g.

The paper is organized as follows. In Sec. II we extend
our approach to the description of low-energyK−p interac-
tion in thes-wave state to the analysis of the low-energyK−p
interaction in thep-wave state with a total angular moment
J=3/2 andJ=1/2, respectively. We compute thep-wave
scattering lengths of elasticK−p scattering and the energy-
level shift of thenp excited state of kaonic hydrogen. In Sec.
III, we compute thep-wave scattering lengths of inelastic
reactionsK−p→Yp, where Yp=S−p+, S+p−, S0p0, and
L0p0. We compute the energy-level width of thenp excited
state of kaonic hydrogen. For the 2p state of kaonic hydro-
gen, we getG2p=2 meV=331012 s−1. The rate of the had-
ronic decays of kaonic hydrogen from thenp excited state is
important for the theoretical analysis of the x-ray yields in
kaonic hydrogen, which are the main experimental tool for
the measurement of the energy-level displacement of the
ground state of kaonic hydrogenf2g. In the Conclusion, we
discuss the obtained results.

II. ENERGY-LEVEL DISPLACEMENT OF THE nø
EXCITED STATES OF KAONIC HYDROGEN:

GENERAL FORMULAS

According to f14g, the energy-level displacement of the
excitedn, states of kaonic hydrogen can be defined by*Electronic address: ivanov@kph.tuwien.ac.at
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− en, + i
Gn,

2
=

1

2, + 1 o
m=−,

, E d3k

s2pd3

Fn,
† skd

Î2EK−skd2Epskd
E d3q

s2pd3

Fn,sqd
Î2EK−sqd2Epsqd

3E E dVkW

Î4p

dVqW

Î4p
Y,m

* sqkW,wkWdMfK−sqWdps− qW,spd → K−skWdps− kW,spdgY,msqqW,wqWd, s2.1d

whereMfK−sqWdps−qW ,spd→K−skWdps−kW ,spdg is the amplitude
of elasticK−p scattering andFn,skd is a radial wave function
of kaonic hydrogen in then, excited state in momentum
representation. It is defined byf14g

Fn,skd = Î4pE
0

`

j,skrdRn,srdr2dr, s2.2d

wherej,skrd are spherical Bessel functionsf15g andRn,srd is
a radial wave function of kaonic hydrogen in the coordinate
representationf16g,

Rn,srd = −
2

n2Î sn − , − 1d!

fsn + ,d!g3aB
3S2

n

r

aB
D,

e−r/naBLn+,
2,+1S2

n

r

aB
D .

s2.3d

Here Ln+,
2,+1srd are the generalized Laguerre polynomials

given by f16g

Ln+,
2,+1srd = s− 1d2,+1

sn + ,d!
sn − , − 1d!

r−s2,+1d

3 er dn−,−1

drn−,−1srn+,e−rd, s2.4d

wherer=r /naB andaB=1/am=83 fm is the Bohr radius of
kaonic hydrogen withm=mKmN/ smK+mNd=324 MeV, and
a=1/137.036 are the reduced mass of theK−p pair, com-
puted for mK=494 MeV andmN=940 MeV, and the fine-
structure constant, respectively. Spherical harmonics
Y,msq ,wd are normalized by

E dVY,8m8
* sq,wdY,msq,wd = d,8,dm8m, s2.5d

wheredV=sinqdqdw is a volume element of solid angle.
In Eq. s2.1d, due to the wave functionsFn,

* skd andFn,sqd
the integrand of the momentum integrals is concentrated at
momenta of order ofk,q,1/naB=am /n=2.4/n MeV.
Therefore, the amplitude of elasticK−p scattering can be
defined in the low-energy limit atk,q→0. Since in the low-
energy limit there is no spin flip in the transitionK−+p
→K−+p, the amplitude of low-energy elasticK−p scattering
can be determined byf17–19g ssee alsof14gd,

MfK−sqWdps− qW,spd → K−skWdps− kW,spdg

= 8pÎso
,8=0

`

fs,8 + 1df,8+sÎkqd + ,8f,8−sÎkqdgP,8scosqd

= 8pÎso
,8=0

`

fs,8 + 1df,8+sÎkqd + ,8f,8−sÎkqdg

3 o
m8=−,8

,8
4p

2,8 + 1
Y,8m8

* sqqW,wqWdY,8m8sqkW,wkWd, s2.6d

whereÎs is the total energy in thes channel ofK−p scatter-
ing, P,8scosqd are Legendre polynomialsf15g, andq is the
angle between the relative momentakW andqW. The amplitudes
f,8+sÎkqd and f,8−sÎkqd describe elasticK−p scattering in the
states with a total angular momentumJ=,8+1/2 andJ=,8
−1/2, respectively. They are defined by

f,8+sÎkqd =
1

2iÎkq
fh,8+sÎkqde+2id,8+sÎkqd − 1g,

f,8−sÎkqd =
1

2iÎkq
fh,8−sÎkqde+2id,8−sÎkqd − 1g, s2.7d

where h,8±sÎkqd and d,8±sÎkqd are inelasticities and phase
shifts of elasticK−p scatteringf17–19g.

Near threshold, the amplitudesf,8+sÎkqd and f,8−sÎkqd
possess the real and imaginary parts. The real parts of the
amplitudes f,8+sÎkqd and f,8−sÎkqd are defined by the
,8-wave scattering lengths ofK−p scatteringf14,18g,

Re f,8+sÎkqd = a,8+
K−pskqd,8,

Re f,8−sÎkqd = a,8−
K−pskqd,8. s2.8d

Using Eq. s2.8d for the shift of the energy-level of then,
excited state of kaonic hydrogen, we obtainf14g

en, = −
2p

m

s, + 1da,+
K−p + ,a,−

K−p

2, + 1

3UE d3k

s2pd3Î mKmN

EK−skdEpskd
k,Fn,skdU2

. s2.9d

The imaginary parts of the amplitudesf,8+sÎkqd and
f,8−sÎkqd are defined by inelastic channelsK−p→S−p+,
K−p→S+p−, K−p→S0p0, and K−p→L0p0. According to

IVANOV et al. PHYSICAL REVIEW A 71, 052508s2005d

052508-2



f14g, the widthGn, of the energy-level of then, excited state
of kaonic hydrogen is given by

Gn, =
4p

m
o
Yp
F s, + 1da,+

Yp + ,a,−
Yp

2, + 1
G2

fkYpsWn,dg2,+1

3 UE d3k

s2pd3Î mKmN

EK−skdEpskd
k,Fn,skdU2

, s2.10d

where we sum over allYp pairsYp=S+p−, S−p+, S0p0, and
L0p0; kYpsWn,d is a relative momentum of theYp pair,

kYpsWn,d =
ÎfWn,

2 − smY + mpd2gfWn,
2 − smY − mpd2g

2Wn,

s2.11d

with Wn,=mK+mN+En, and En, is the binding energy of
kaonic hydrogen in then, excited statef19g.

The analysis of experimental data obtained by the DEAR
Collaborationf2g requires knowledge of the energy-level dis-
placement of the excitednp states. For,=1, the formulas
and s2.9d and s2.10d read

enp = −
2p

3

1

m
s2a3/2

K−p + a1/2
K−pd

3UE d3k

s2pd3Î mKmN

EK−skdEpskd
kFnpskdU2

,

Gnp =
4p

9

1

m
o
Yp

s2a3/2
Yp + a1/2

Ypd2kYp
3

3UE d3k

s2pd3Î mKmN

EK−skdEpskd
kFnpskdU2

, s2.12d

whereFnpskd is the radial wave function of kaonic hydrogen
in the np excited state in the momentum representation, and
the indices 3/2 and 1/2 denote thep-wave amplitudes of the
reactionsK−p→K−p and K−p→Yp with total angular mo-
mentumJ=3/2 andJ=1/2, respectivelyf17–19g.

The momentum integral on the r.h.s. of Eq.s2.12d has
been computed inf14g. Using this result, the energy-level
displacement of thenp excited states reads

enp = −
2

3

a5

n3S1 −
1

n2DS mKmN

mK + mN
D4

s2a3/2
K−p + a1/2

K−pd,

Gnp =
4

9

a5

n3S1 −
1

n2DS mKmN

mK + mN
D4

o
Yp

s2a3/2
Yp + a1/2

Ypd2kYp
3 .

s2.13d

Thus, the problem of the calculation of the energy-level dis-
placement of thenp excited states of kaonic hydrogen re-
duces to the problem of the calculation of thep-wave

scattering lengthsa1/2
K−p anda3/2

K−p of elasticK−p scattering and
p-wave scattering lengthsa1/2

Yp anda3/2
Yp of inelastic reactions

K−p→Yp with Yp=S+p−, S−p+, S0p0, andL0p0.

III. MODEL FOR LOW-ENERGY K−p SCATTERING IN
THE p-WAVE STATE

For the description of thep-wave amplitude of low-
energyK−p scattering, we followf1,6g and assume the fol-
lowing.

sid The amplitudes with total angular momentumJ=1/2
are defined by the contributions of the elastic background
and the octets of baryon resonances with spin 1/2 and posi-
tive parity such as(Ns1440d ,L0s1600d ,Ss1660d)=B1s8d and
(Ns1710d ,L0s1810d ,Ss1880d)=B2s8d.

sii d The amplitudes with total angular momentumJ=3/2
are defined by the contributions of the elastic background
and the baryon resonances with spin 3/2 and positive parity
from decuplet (Ds1232d ,Ss1385d)=B3s10d and octet
(Ns1720d ,L0s1890d ,Ss1840d)=B4s8d f20g. We would like to
emphasize that the baryon resonances we will treat as el-
ementary particles defined by local fields and local phenom-
enological Lagrangians with phenomenological coupling
constantsf1,6g ssee alsof21gd. We include the contribution of
the octet of low-lying baryons with spin 1/2 and positive
parity (Ns940d ,L0s1116d ,Ss1193d)=Bs8d in the elastic
background.

A. p-wave scattering lengths of elasticK−p scattering

The p-wave amplitude of elasticK−p scattering at thresh-

old is defined by twop-wave scattering lengthsa1/2
K−p anda3/2

K−p

caused by the interactions of theK−p pair in the states with a
total angular momentumJ=1/2 andJ=3/2, respectively.

1. p-wave scattering length a1/2
K−p

According to our approach to the description of the low-
energyK−p interaction in thes-wave state extended to the
low-energyK−p interaction in thep-wave state, the ampli-

tudea1/2
K−p has the following form:

a1/2
K−p = sa1/2

K−pdB + o
R

sa1/2
K−pdR, s3.1d

where sa1/2
K−pdB is the contribution of an elastic background

and sa1/2
K−pdR is the contribution of the baryon resonanceR

=L1
0, S1

0, L2
0, andS2

0.

2. Resonance contribution to p-wave scattering length a1/2
K−p

The phenomenological low-energy interactions
B1s8dBs8dPs8d and B2s8dBs8dPs8d, necessary for the calcu-
lation of the contribution of the baryon resonances to the

p-wave amplitudea1/2
K−p, can be defined using the results ob-

tained inf6g. As a result, for the sum of the baryon resonance
contributions, we obtain
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o
R

sa1/2
K−pdR = −

1

8p

1

mK + mN
F 1

Î3
s3 − 2a1dgpNN1G2 1

2mN

1

mL1
0 − mN − mK

−
1

8p

1

mK + mN
fs2a1 − 1dgpNN1

g2 1

2mN

1

mS1
0 − mN − mK

−
1

8p

1

mK + mN
F 1

Î3
s3 − 2a2dgpNN2G2 1

2mN

1

mL2
0 − mN − mK

−
1

8p

1

mK + mN
fs2a2 − 1dgpNN2

g2 1

2mN

1

mS2
0 − mN − mK

.

s3.2d

The coupling constants of the interactionsK−pB1s8d and
K−pB2s8d are equal togpNN1

=6.28, a1=0.85, gpNN2
=1.20,

anda2=−1.55. These numerical values of the coupling con-
stants one can obtain by using the phenomenological SUs3d-
invariant interactionsB1s8dBs8dPs8d andB2s8dBs8dPs8d ssee
f6gd, wherePs8d is the octet of low-lying pseudoscalar me-
sons and experimental data on the partial widths of the reso-
nances B1s8d and B2s8d f20g. Using the recommended
masses for the resonancesmL1

0=1600 MeV,mS1
=1660 MeV,

mL2
0=1810 MeV, andmS2

=1880 MeV, we compute

o
R

sa1/2
K−pdR = − 0.013 mp

−3. s3.3d

Now we proceed to computing the contribution of the elastic

backgroundsa1/2
K−pdB.

3. Elastic background contribution to the p-wave scattering

length a1/2
K−p

According to f1g, the contribution of the elastic back-

ground sa1/2
K−pdB to the p-wave scattering lengtha1/2

K−p should
be defined by the contribution of all low-energy interactions

sa1/2
K−pdCA, which can be described within the effective chiral

lagrangiansthe ECLd approachf22g or that is equivalent
within current algebrasCAd f23–30g, supplemented by soft-

kaon theoremssSKTd f26–30g, and the contributionsa1/2
K−pdKK̄

of low-energy exchanges with the exotic scalar mesons
a0s980d and f0s980d, which are four-quark statesf31,32g or

KK̄ moleculesf32,33g. The description of strong low-energy
interactions of these mesons goes beyond the ECL approach,
describing strong low-energy interactions of mesons withqq̄
and baryons withqqq quark structures. Recent experimental
confirmation of the exotic structure of the scalar mesons
a0s980d and f0s980d has been obtained by the DEAR Col-
laboration at DAPHNEf34g.

Thus, thep-wave scattering lengthsa1/2
K−pdB is defined by

sa1/2
K−pdB = sa1/2

K−pdCA + sa1/2
K−pdKK̄. s3.4d

Using the results obtained inf1g, we compute the contribu-
tion of the exotic scalar mesons,

a
1/2,KK̄

K−p
= −

1

p

mN

mK + mN

gDg0

ma0

4 S1 −
1

8

ma0

2

mN
2 D = − 0.018 mp

−3,

s3.5d

where mf0
=ma0=980 MeV, g0=ga0K+K−=gf0K+K−=2746

MeV f32g, andgD=jgpNN/gA=0.95gpNN. For the calculation

of gD, we have usedj=1.2 f1g andgA=1.267f20g. The cou-
pling constantgpNN of the pNN interaction is equal to
gpNN=13.21 f35g ssee alsof36g by Ericson, Loiseau, and
Wycech, where the authors have obtainedgpNN
=13.28±0.08d.

The contribution to thep-wave amplitude, caused by the
ECL interactions, we represent in the form of the superposi-
tion of the contributions of theL0s1116d and S0s1193d hy-

peron exchanges and the termsa1/2
K−pdSKT, which can be com-

puted applying the soft-kaon techniquef26–30g. Thus, we
get

sa1/2
K−pdCA = sa1/2

K−pdSKT −
1

8p

1

mK + mN
F 1

Î3
s3 − 2adgpNNG2

3
1

2mN

1

mL0 − mN − mK
−

1

8p

1

mK + mN

3fs2a − 1dgpNNg2 1

2mN

1

mS0 − mN + mK
. s3.6d

For mL0=1116 MeV, S0=1193 MeV, gpNN=13.21, anda
=0.64 f6g, we obtain

sa1/2
K−pdCA = sa1/2

K−pdSKT + 0.024 mp
−3. s3.7d

Summing up the contributions, for thep-wave scatting

lengtha1/2
K−p of K−p scattering with a total angular momentum

J=1/2, we get

a1/2
K−p = sa1/2

K−pdSKT − 0.007 mp
−3. s3.8d

We suggest to compute the quantitysa1/2
K−pdSKT together with

sa3/2
K−pdSKT, the contribution of the elastic background to the

p-wave scattering lengtha3/2
K−p of K−p scattering with a total

angular momentumJ=3/2.

4. p-wave scattering length a3/2
K−p

The p-wave scattering lengtha3/2
K−p we represent by

a3/2
K−p = sa3/2

K−pdB + o
R

sa3/2
K−pdR, s3.9d

where sa3/2
K−pdB is the contribution of an elastic background

and sa3/2
K−pdR is the contribution of the baryon resonancesR

=S3
0, L4

0, and S4
0. The elastic backgroundsa3/2

K−pdB does not
contain rapidly changing contributions, therefore below we

assume thatsa3/2
K−pdB=sa3/2

K−pdSKT.
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5. Resonance contribution to the p-wave scattering length a3/2
K−p

The phenomenological low-energy interaction of the reso-
nanceS3

0 with octets low-lying baryonsBs8d and pseudo-
scalar mesonsPs8d is defined byf18,19,37g ssee alsof20gd

LS3
0BPsxd =

gpNN

Î6mN

S̄3m
0 sxdfS+sxd]mp−sxd − S−sxd]mp+sxd

+ psxd]mK−sxd + Î3L0sxd]mp0sxdg

+
gpNN

Î6mN

fS̄+sxd]mp+sxd − S̄−sxd]mp−sxd

− p̄sxd]mK+sxd + Î3L̄0sxd]mp0sxdgS3m
0 sxd,

s3.10d

where we have written down only those interactions which
contribute to thep-wave amplitude of low-energyK−p scat-
tering.

Using Eq. s3.10d, we compute the contribution of the

resonanceSs1385d to thep-wave scattering lengtha3/2
K−p,

sa3/2
K−pdS3

0 = −
gpNN

2

36pmN

1

mK + mN

mS3
0

m
S3

0
2 − smK + mNd2HF1 −

1

2

mK

mN

−
1

4

mK
2

mN
2 G +

smK + mNd
mS3

0 F1 +
1

2

mK

mN

smK + mNd
mS3

0

−
1

4

mK
2

mN
2S1 +

smK + mNd
mS3

0
−

smK + mNd2

m
S3

0
2 DGJ

= 0.060 mp
−3. s3.11d

The contribution of the resonancesL4
0 andS4

0 to a3/2
K−p is equal

to

o
R=L4

0,S4
0

sa3/2
K−pdR = −

1

6pmN
F 1

Î3
s3 − 2a4dgpNN4G2 1

mK + mN

mL4
0

m
L4

0
2 − smK + mNd2HF1 −

1

2

mK

mN
−

1

4

mK
2

mN
2 G +

smK + mNd
mL4

0

3F1 +
1

2

mK

mN

smK + mNd
mL4

0
−

1

4

mK
2

mN
2S1 +

smK + mNd
mL4

0
−

smK + mNd2

m
L4

0
2 DGJ −

1

6pmN
fs2a4 − 1dgpNN4

g2

3
1

mK + mN

mS4
0

m
S4

0
2 − smK + mNd2HF1 −

1

2

mK

mN
−

1

4

mK
2

mN
2 G +

smK + mNd
mS4

0 F1 +
1

2

mK

mN

smK + mNd
mS4

0

−
1

4

mK
2

mN
2S1 +

smK + mNd
mS4

0
−

smK + mNd2

m
S4

0
2 DGJ . s3.12d

Using the experimental data on the resonances from the octet
B4s8d f20g, we compute the coupling constantsgpNN4

=1.16
anda4=0.32. FormL4

0=1890 MeV andmS4
0=1840 MeV, the

numerical value of the contribution of the resonancesL4
0 and

S4
0 to thep-wave scattering lengtha3/2

K−p reads

o
R=L4

0,S4
0

sa3/2
K−pdR = − 0.001 mp

−3. s3.13d

The p-wave scattering length ofK−p scattering with total
angular momentumJ=3/2 is given by

a3/2
K−p = sa3/2

K−pdSKT + 0.059 mp
−3. s3.14d

Summing up the contributionss3.8d ands3.14d, we obtain the
total p-wave scattering length of elasticK−p scattering in the
p-wave state,

2a3/2
K−p + a1/2

K−p = s2a3/2
K−p + a1/2

K−pdSKT + 0.111 mp
−3. s3.15d

Now we turn to the calculation of the terms2a3/2
K−p

+a1/2
K−pdSKT.

B. Soft-kaon theorem for amplitude of elasticK−p scattering
and elasticp-wave background

Soft-kaon theorems, as a part of ChPTf4,5g, define am-
plitudes of low-energy reactions with kaons as expansions in
powers of 4-momenta of kaonsk, with kaons treated off-
mass shellk2ÞmK

2. Using the reduction technique and the
PCAC hypothesisf23–30g, the S-matrix element of elastic
low-energy transitionK−p→K−p can be defined by

kout;K−skWdps− kW,spduK−sqWdps− qW,spd; inl

= −
smK

2 − k2d
Î2FKmK

2

smK
2 − q2d

Î2FKmK
2 E d4xd4ye+ikx−iqykps− kW,spdu

3Tf]mJ5m
4+i5sxd]nJ5n

4−i5sydgups− qW,spdl, s3.16d

where T is a time-ordering operator andJ5m
4+i5sxd andJ5n

4−i5sxd
are axial-vector hadronic currents with quantum numbers of
the K− and K+ mesonsf23,25g; FK=113 MeV is the PCAC
constant of chargedK mesons. For further reduction of the
r.h.s. of Eq.s3.16d, we use the relationf23g
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Tf]mJ5m
4+i5sxd]nJ5n

4−i5sydg =
]

]xm

]

]yn

TfJ5m
4+i5sxdJ5n

4−i5sydg −
1

2

]

]xm

hdsx0 − y0dfJ50
4−i5syd,J5m

4+i5sxdgj

−
1

2

]

]yn

hdsx0 − y0dfJ50
4+i5sxd,J5n

4−i5sydgj −
1

2
dsx0 − y0dfJ50

4−i5syd,]mJ5m
4+i5sxdg

−
1

2
dsx0 − y0dfJ50

4+i5sxd,]nJ5n
4−i5sydg. s3.17d

Substitutings3.17d into s3.16d and making integration by parts and dropping surface terms, we arrive at the expression

kout;K−skWdps− kW,spduK−sqWdps− qW,spd; inl

= −
smK

2 − k2d
Î2FKmK

2

smK
2 − q2d

Î2FKmK
2 E d4xd4ye+ikx−iqyHkmqnkps− kW,spduTfJ5m

4+i5sxdJ5n
4−i5sydgups− qW,spdl +

1

2
ikmdsx0 − y0dkps− kW,spdu

3fJ50
4−i5syd,J5m

4+i5sxdgups− qW,spdl −
1

2
iqndsx0 − y0dkps− kW,spdufJ50

4+i5sxd,J5n
4−i5sydgups− qW,spdl

−
1

2
dsx0 − y0dkps− kW,spdufJ50

4−i5syd,]mJ5m
4+i5sxdgups− qW,spdl −

1

2
dsx0 − y0dkps− kW,spdufJ50

4+i5sxd,]nJ5n
4−i5sydgups− qW,spdlJ .

s3.18d

From Eq.s3.18d, we obtain the amplitude of elastic low-energyK−p scattering withK− mesons off-mass shell. It reads

MfK−sqWdps− qW,spd → K−skWdps− kW,spdg

=
smK

2 − k2d
Î2FKmK

2

smK
2 − q2d

Î2FKmK
2

i E d4xe+ikxHkmqnkps− kW,spduTfJ5m
4+i5sxdJ5n

4−i5s0dgups− qW,spdl

+
1

2
ikmdsx0dkps− kW,spdufJ50

4−i5s0d,J5m
4+i5sxdgups− qW,spdl −

1

2
iqndsx0dkps− kW,spdufJ50

4+i5sxd,J5n
4−i5s0dgups− qW,spdl

−
1

2
dsx0dkps− kW,spdufJ50

4−i5s0d,]mJ5m
4+i5sxdgups− qW,spdl −

1

2
dsx0dkps− kW,spdufJ50

4+i5sxd,]nJ5n
4−i5s0dgups− qW,spdlJ . s3.19d

The equal-time commutators readf23,25g

dsx0dfJ50
4+i5sxd,J5n

4−i5s0dg = fJn
3s0d + Î3Jn

8s0dgds4dsxd,

dsx0dfJ50
4+i5sxd,]nJ5n

4−i5s0dg = − ifs44s0d + s55s0dgds4dsxd,

s3.20d

whereJn
3s0d andJn

8s0d are vector hadronic currents, related to
the electromagneticJn

semds0d and hyperchargeYns0d currents
by

Jn
3s0d + Î3Jn

8s0d = Jnu
semds0d + Yns0d, s3.21d

andsabs0d is a so-calleds-termoperator. Thes-termopera-
tor sabs0d is related to the breaking of chiral symmetry. It
can also be defined by the double commutatorf26g sabs0d
= [Q5

as0d ,fQ5
bs0d ,HxSBs0dg], whereQ5

as0d is the axial-vector
charge operator andHxSB is the Hamiltonian of strong inter-
actions breaking of chiral symmetry. In terms of current

quark fields, it readsHxSBs0d=muūs0dus0d+mdd̄s0dds0d
+mss̄s0dss0d, wheremqsq=u,d,sd and qs0d=us0d ,ds0d ,ss0d
are masses and interpolating fields of current quarks.

Substituting Eq.s3.20d into Eq. s3.19d and using Eq.
s3.21d, we get

MfK−sqWdps− qW,spd → K−skWdps− kW,spdg

=
smK

2 − k2d
Î2FKmK

2

smK
2 − q2d

Î2FKmK
2 Hkmqni E d4xe+ikxkps− kW,spd

3uTfJ5m
4+i5sxdJ5n

4−i5s0dgups− qW,spdl +
1

2
skm + qmd

3kps− kW,spduJm
semds0d + Yms0dups− qW,spdl − kps− kW,spdu

3s44s0d + s55s0dups− qW,spdlJ . s3.22d

The matrix elements of thes-term operator can be repre-
sented byf27–30,38g

kps− kW,spdus44s0d + s55s0dups− qW,spdl

= 2sKN
sI=1dstdūs− kW,spdus− qW,spd, s3.23d

wheres
K̄N

sI=1d
std is the scalar form factorf26–30,38g, defining

the contribution to the amplitude ofK̄N scattering in the state
with isospin I =1, and t=−skW −qWd2 is a squared transferred
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momentum. In terms of the quark-field operators, thes-term

s
K̄N

sI=1d
std is defined byf26,27,30,38g

sKN
sI=1dstd =

mu + ms

4mN
kps− kW,spduūs0dus0d + s̄s0dss0dups− qW,spdl.

s3.24d

According to ChPTf4,5g, the s term is of order of squared
4-momenta ofK− mesons, i.e.,sKN

sI=1dstd,k2,q2.
Accounting for the contribution of theK−-meson pole and

keeping the terms of order ofOsk2d and Osq2d inclusively,
we get the following expression for the amplitude of elastic
low-energyK−p scatteringf30g:

MfK−sqWdps− qW,spd → K−skWdps− kW,spdg

= ūs− kW,spdHFE
pstd + FY

pstd
4FK

2 sk + qdmgm

−
1

FK
2 fsKN

sI=1dstd − kmqnWmnskW,qWdgJus− qW,spd,

s3.25d

where we have denoted

kps− kW,spduJm
semds0d + Yms0dups− qW,spdl

= fFE
pstd + FY

pstdgūs− kW,spdgmus− qW,spd,

1

2
i E d4xkps− kW,spduTfJ5m

4+i5sxdJ5n
4−i5s0dgups− qW,spdl

= ūs− kW,spdWmnskW,qWdus− qW,spd. s3.26d

HereFE
pstd andFY

pstd are the form factors of the electric and
hypercharge of the proton, normalized byFE

ps0d=FY
ps0d=1.

We have not taken into account the magnetic form factor,
which does not contribute to thes- andp-wave amplitudes of
K−p scattering at threshold.

The last two terms in Eq.s3.25d are of order ofOsk2d,
wherek2,q2,kq. For the calculation of thep-wave scatter-
ing length of elasticK−p scattering, the contribution of the
terms of order ofOsk2d can be neglected.

From Eq.s3.25d at leading order in chiral expansionf4,5g,
we obtain the contribution to thep-wave amplitude of low-
energy elasticK−p scattering,

s2a3/2
K−p + a1/2

K−pdSKT =
1

16p

m

FK
2

1

mN
2 = 0.002 mp

−3. s3.27d

Hence, thep-wave scattering lengths2a3/2
K−p+a1/2

K−pdSKT is
smaller than the contribution of the resonance states and
practically can be neglected for the calculation of thep-wave
scattering lengths of elasticK−p scattering and, correspond-
ingly, for the calculation of the energy-level shift of thenp
excited state of kaonic hydrogen. This implies that the
p-wave scattering lengthss2a3/2

Yp +a1/2
YpdSKT can also be ne-

glected in comparison with the contributions of the reso-
nance states.

C. p-wave scattering length 2a3/2
K−p+a1/2

K−p of elastic K−p
scattering and energy-level shift ofnp excited state

of kaonic hydrogen

Substituting Eq.s3.27d into Eq. s3.15d, we obtain the
p-wave scattering length of elasticK−p scattering,

2a3/2
K−p + a1/2

K−p = 0.113 mp
−3. s3.28d

Using Eq.s3.28d, we compute the shift of the energy-level of
thenp excited state of kaonic hydrogen, given by Eq.s2.13d.
We get

enp =
32

3

1

n3S1 −
1

n2De2p, s3.29d

where the shift of the energy-level of the 2p excited state is
equal to

enp = −
a5

16
S mKmN

mK + mN
D4

s2a3/2
K−p + a1/2

K−pd = − 0.6 meV.

s3.30d

Hence, the shift of the energy-levelenp of the np excited
state of kaonic hydrogen, induced by strong low-energy in-
teractions, is smaller than 1 meV, i.e.,uenpu,1 meV.

We would like to emphasize that unlike the shift of the
energy-level of thens state of kaonic hydrogen, which is
defined by repulsive forcesens=s203±15d /n3 eV f1g, the
shift of the energy-level of thenp excited stateenp, given by
Eq. s3.29d, is caused by attractive forces.

IV. p-WAVE SCATTERING LENGTHS 2 a3/2
Yp+a1/2

Yp OF
INELASTIC CHANNELS K−p\Yp

The imaginary part of thep-wave amplitude of elastic
K−p scattering at threshold, defining the total width of the
excitednp state of kaonic hydrogen, is caused by the four
opened inelastic channelsK−p→S+p−, K−p→S−p+, K−p
→S0p0, andK−p→L0p0. At threshold, the contribution of
these inelastic channels we describe by thep-wave scattering
lengthsa1/2

Yp anda3/2
Yp with Yp=S+p−, S−p+, S0p0, andL0p0,

respectively. Thep-wave scattering lengthsa1/2
Yp anda3/2

Yp de-
termine low-energy transitionsK−p→Yp with total angular
momentJ=1/2 andJ=3/2, respectively.

The p-wave scattering lengthsaJ
Yp we represent in the

form of the superposition of the background partsaJ
YpdB and

the resonant partoRsaJ
YpdR. It is convenient to include the

contribution of the octet of low-lying baryonsBs8d
=(Ns940d ,L0s1116d ,Ss1193d) to the resonant part and to de-
fine the contribution of the background assaJ

YpdB=saJ
YpdSKT.

Since, as has been shown above, the contribution of the reso-
nancesL0s1890d andS0s1840d is negligibye small relative to
the contribution of the resonanceS0s1385d, below for the
calculation of thep-wave scattering lengths of inelastic chan-
nelsK−p→Yp we do not take them into account.

A. p-wave scattering lengths 2a3/2
S+p−

+a1/2
S+p−

of inelastic channel
K−p\S+p−

The resonant parts of thep-wave scattering lengthsa1/2
S+p−

anda3/2
S+p−

of the reactionK−p→S+p− are equal to
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o
R

sa1/2
S+p−

dR =
1

8p

1

mK + mN
F 1

Î3
s3 − 2adgpNNGF 2

Î3
agpNNG 1

2ÎmSmN

1

mL0 − mK − mN
+

1

8p

1

mK + mN
F 1

Î3
s3 − 2a1dgpNN1G

3F 2
Î3

a1gpNN1G 1

2ÎmSmN

1

mL1
0 − mK − mN

+
1

8p

1

mK + mN
F 1

Î3
s3 − 2a2dgpNN2GF 2

Î3
a2gpNN2G

3
1

2ÎmSmN

1

mL2
0 − mK − mN

+
1

8p

1

mK + mN
fs2a − 1dgpNNg

3f2s1 − adgpNNg
1

2ÎmSmN

1

mS0 − mK − mN
+

1

8p

1

mK + mN
fs2a1 − 1dgpNN1

g

3f2s1 − a1dgpNN1
g

1

2ÎmSmN

1

mS1
0 − mK − mN

+
1

8p

1

mK + mN
fs2a2 − 1dgpNN2

g

3f2s1 − a2dgpNN2
g

1

2ÎmSmN

1

mS2
0 − mK − mN

= s− 0.015 + 0.006 − 0.001 − 0.005 + 0.001 − 0.002d mp
−3 = − 0.016 mp

−3. s4.1d

and

sa3/2
S+p−

dR =
gpNN

2

36pmN

1

mK + mN

1

mS3
0 − mN − mK

ÎmS

mN
S1 +

1

4

mK

mN

mK + mN

mS3
0

D = − 0.082 mp
−3. s4.2d

The totalp-wave scattering length of the reactionK−p→S+p− is equal to

2a3/2
S+p−

+ a1/2
S+p−

= s2a3/2
S+p−

+ a1/2
S+p−

dSKT − 0.180 mp
−3. s4.3d

B. p-wave scattering lengths of 2a3/2
S−p+

+a1/2
S−p+

of inelastic channelK−p\S−p+

The resonant parts of thep-wave scattering lengthsa1/2
S−p+

anda3/2
S−p+

of the reactionK−p→S−p+ are equal to

o
R

sa1/2
S−p+

dR =
1

8p

1

mK + mN
F 1

Î3
s3 − 2adgpNNGF 2

Î3
agpNNG 1

2ÎmSmN

1

mL0 − mK − mN
+

1

8p

1

mK + mN
F 1

Î3
s3 − 2a1dgpNN1G

3F 2
Î3

a1gpNN1G 1

2ÎmSmN

1

mL1
0 − mK − mN

+
1

8p

1

mK + mN
F 1

Î3
s3 − 2a2dgpNN2G

3F 2
Î3

a2gpNN2G 1

2ÎmSmN

1

mL2
0 − mK − mN

−
1

8p

1

mK + mN
fs2a − 1dgpNNgf2s1 − adgpNNg

3
1

2ÎmSmN

1

mS0 − mK − mN
−

1

8p

1

mK + mN
fs2a1 − 1dgpNN1

gf2s1 − a1dgpNN1
g

3
1

2ÎmSmN

1

mS1
0 − mK − mN

−
1

8p

1

mK + mN
fs2a2 − 1dgpNN2

gf2s1 − a2dgpNN2
g

1

2ÎmSmN

1

mS2
0 − mK − mN

= s− 0.015 + 0.006 − 0.001 + 0.005 − 0.001 + 0.002d mp
−3 = − 0.004 mp

−3 s4.4d

and

sa3/2
S−p+

dR = − sa3/2
S+p−

dR = + 0.082 mp
−3. s4.5d

The totalp-wave scattering length of the reactionK−p→S−p+ is equal to

2a3/2
S−p+

+ a1/2
S−p+

= s2a3/2
S−p+

+ a1/2
S−p+

dSKT + 0.160 mp
−3. s4.6d

C. p-wave scattering lengths of 2a3/2
S0p0

+a1/2
S0p0

of inelastic channelK−p\S0p0

The resonant parts of thep-wave scattering lengthsa1/2
S0p0

anda3/2
S0p0

of the reactionK−p→S0p0 are equal to
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o
R

sa1/2
S0p0

dR =
1

8p

1

mK + mN
F 1

Î3
s3 − 2adgpNNGF 2

Î3
agpNNG 1

2ÎmSmN

1

mL0 − mK − mN
+

1

8p

1

mK + mN
F 1

Î3
s3 − 2a1dgpNN1G

3F 2
Î3

a1gpNN1G 1

2ÎmSmN

1

mL1
0 − mK − mN

+
1

8p

1

mK + mN
F 1

Î3
s3 − 2a2dgpNN2G

3F 2
Î3

a2gpNN2G 1

2ÎmSmN

1

mL2
0 − mK − mN

= s− 0.015 + 0.006 − 0.001d mp
−3 = − 0.010 mp

−3 s4.7d

and

sa3/2
S0p0

dR = 0. s4.8d

The totalp-wave scattering length of the reactionK−p→S0p0 is equal to

2a3/2
S0p0

+ a1/2
S0p0

= s2a3/2
S0p0

+ a1/2
S0p0

dSKT − 0.010 mp
−3. s4.9d

D. p-wave scattering lengths of 2a3/2
L0p0

+a1/2
L0p0

of inelastic channelK−p\L0p0

The resonant parts of thep-wave scattering lengthsa1/2
L0p0

anda3/2
L0p0

of the reactionK−p→L0p0 are equal to

o
R

sa1/2
L0p0

dR =
1

8p

1

mK + mN
f− s2a − 1dgpNNgF 2

Î3
agpNNG 1

2ÎmL0mN

1

mS0 − mK − mN
+

1

8p

1

mK + mN
f− s2a1 − 1dgpNN1

g

3F 2
Î3

a1gpNN1G 1

2ÎmL0mN

1

mS1
0 − mK − mN

+
1

8p

1

mK + mN
f− s2a2 − 1dgpNN2

g

3F 2
Î3

a2gpNN2G 1

2ÎmL0mN

1

mS2
0 − mK − mN

= s0.006 − 0.005 − 0.001d mp
−3 = 0 s4.10d

and

sa3/2
L0p0

dR =
Î3gpNN

2

36pmN

1

mK + mN

1

mS3
0 − mN − mK

ÎmL0

mN
S1 +

1

4

mK

mN

mK + mN

mS3
0

D = − 0.137 mp
−3. s4.11d

The total p-wave scattering length of the reactionK−p
→L0p0 is equal to

2a3/2
L0p0

+ a1/2
L0p0

= s2a3/2
L0p0

+ a1/2
L0p0

dSKT − 0.274 mp
−3.

s4.12d

E. p-wave scattering lengths of inelastic reactionsK−p\Yp
and energy-level width ofnp excited state of kaonic

hydrogen

According to the estimate Eq.s3.27d, the contribution of
the p-wave scattering lengthss2a3/2

Yp +a1/2
YpdSKT can be ne-

glected in comparison with the contribution of the baryon
resonances. Therefore, below we neglects2a3/2

Yp +a1/2
YpdSKT for

the estimate of the energy-level width of thenp excited state
of kaonic hydrogen.

Using Eqs.s4.3d, s4.6d, and s4.12d and substituting them
into Eq.s2.13d, we compute the energy-level width of thenp
excited state of kaonic hydrogen,

Gnp =
32

3

1

n3S1 −
1

n2DG2p. s4.13d

The partial widthG2p of the energy-level of the 2p excited
state of kaonic hydrogen is equal to

G2p =
a5

24
S mKmN

mK + mN
D4

o
Yp

s2a3/2
Yp + a1/2

Ypd2kYp
3 = 2 meV

s4.14d

or G2p=331012 s−1.
The lifetime of the 2p state of kaonic hydrogen, defined

by the decays of kaonic hydrogen into hadronic states
sK−pd2p→Yp, whereYp=S+p−, S−p+, S0p0, andL0p0, is
equal tot2p=3.4310−13 s. It is much smaller than the life-
time of theK− meson,tK−=1.24310−8 s f20g, which is the
upper limit on the lifetime of kaonic hydrogen. Thus, the
rates of the hadronic decays of kaonic hydrogen in thenp
excited states are comparable with the rates of the deexcita-
tion of kaonic hydrogennp→1s, caused by the emission of
the x raysf7–13g.
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The result obtained for the partial width of the excited 2p
state of kaonic hydrogen, given by Eq.s4.14d, is important
for the theoretical analysis of thex-ray yields in kaonic hy-
drogenf7–13g.

V. CONCLUSION

The quantum field theoretic model of the description of

low-energyK̄N interaction in thes-wave state near threshold,
which we have suggested inf1,6g, is extended on the analy-

sis of low-energyK̄N interactions in thep-wave state near
threshold. We would like to emphasize that our approach to

the description of low-energyK̄N interaction in thes-wave
state near threshold agrees well with the nonrelativistic ef-
fective field theory based on ChPT by Gasser and Leutwyler,
which has been recently applied by Meißneret al. f3g to the
calculation of the energy-level displacement of thensstate of
kaonic hydrogen and systematic corrections to the energy-
level displacement of thens state, caused by QCD isospin
breaking and electromagnetic interactions. The result for the
energy-level displacement of thensstate of kaonic hydrogen
has been obtained inf3g in terms of thes-wave scattering

lengthsa0
0 and a0

1 of K̄N scattering with isospinI =0 and I
=1, respectively. Thes-wave scattering lengthsa0

0 and a0
1

have been treated as free parameters of the approach. Using
our results for thes-wave scattering lengthsa0

0 anda0
1 f1,6g

and keeping leading terms in QCD isospin breaking and
electromagnetic interactions, i.e., accounting for only the
contribution of Coulombic photons, we have shown that the
numerical value of the energy-level displacement of thens
state of kaonic hydrogen, computed by Meißneret al. f3g,
agrees well with both our theoretical predictionf1g and re-
cent experimental data by the DEAR Collaborationf2g
within 1.5 standard deviations. Hence, our approach to the
description of low-energy dynamics of strong low-energy

K̄N interactions at threshold agrees well with a general de-
scription of strong low-energy interactions of hadrons within
nonrelativistic effective field theory based on ChPTf3–5g.

The detection of thex rays of thex-ray cascade processes,
leading to the deexcitation of kaonic hydrogen from the ex-
cited states to the ground state, is the main experimental tool
for the measurement of the energy-level displacement of the
ground state of kaonic hydrogen, caused by strong low-
energy interactionsf2,39g. The main transitions in kaonic
hydrogen, which are measured experimentally for the extrac-
tion of the energy-level displacement of the ground state, are
3p→1s and 2p→1s, i.e., the reactionssK−pd3p→ sK−pd1s

+g and sK−pd2p→ sK−pd1s+g.
As has been pointed out by Markushin and Jensen, the

yields of x rays of these transitions are quite sensitive to the

value of G2p f13g. Using G2p as an input parameter taking
values from the region 0.1 meVøG2pø0.9 meV, Markushin
and Jensenf13g have found that their theoretical predictions
for the x-ray yields in kaonic hydrogen agree well with the
experimental data on thex-ray yields detected by the KEK
Collaborationf40g, which have been used for the extraction
of the energy-level displacement of the ground state of ka-
onic hydrogen, forG2p=0.3 meV=4.631011 s−1 and e1s
=320 eV andG1s=400 eV.

Recent experimental data on the energy-level displace-
ment of the ground of kaonic hydrogen obtained by the
DEAR Collaborationf2g were smaller by a factor of 2 than
the experimental data by the KEK Collaborationf40g. Our
theoretical analysis of the energy-level displacement of the
2p excited state of kaonic hydrogen has shown that the rate
of the hadronic decays of kaonic hydrogen from the 2p ex-
cited state is equal toG2p=2 meV=331012 s−1, which is an
order of magnitude larger than the phenomenological value
G2p=0.3 meV=4.631011 s−1, used by Markushin and
Jensen as an input parameterf13g.

Thus, the computed valueG2p=2 meV of the energy-level
of the 2p excited state of kaonic hydrogen can be applied to
the theoretical analysis of thex-ray yields in kaonic hydro-
gen of recent experimental data by the DEAR Collaboration
f2g using the the following input parameters:s1d the experi-
mental setupf39g and s2d the theoretical predictions for the
hadronic energy-level displacements of the 2p state,e2p=
−0.6 meV, G2p=2.0 meV, and the ground state,e1s
=203 eV andG1s=226 eV, of kaonic hydrogenf1g.

VI. COMMENT ON THE RESULT

After this paper was accepted for publication, Faifman
and Men’shikov presented the calculated yields for theK
series ofx rays for kaonic hydrogen in dependence of the
hydrogen densityf41g. They have shown that the use of the
theoretical valueG2p=2 meV of the width of the 2p state of
kaonic hydrogen, computed in our work, leads to good
agreement with the experimental data, measured for theKa

line by the KEK Collaborationf40g. They have also shown
that the results of cascade calculations with other values of
the width of the 2p excited state of kaonic hydrogen, used as
an input parameter, disagree with the available experimental
data. The results obtained by Faifman and Men’shikov con-
tradict those by Jensen and Markushinf13g. Therefore, as
has been accentuated by Faifman and Men’shikovf41g, fur-
ther analysis of the experimental data by the DEAR Collabo-
ration should allow us to perform a more detailed compari-
son of the theoretical valueG2p=2 meV with other
phenomenological values of the width of the 2p state of ka-
onic hydrogenG2p, used as input parameters.
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