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We compute the energy-level displacement of the exaifedtates of kaonic hydrogen within the quantum
field theoretic and relativistic covariant model of strong low-enefdy interactions suggested ljivanov et
al.Eur. Phys. J. A21, 11 (2004]. For the width of the energy-level of the excitep &ate of kaonic hydrogen,

caused by strong low-energy interactions, we fifg=

2 meV=3x 10" s7L. This result is important for the

theoretical analysis of the x-ray yields in kaonic hydrogen.
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I. INTRODUCTION

Recently{ 1] we have computed the energy-level displace
ment of the ground state of kaonic hydrogen,

(theon

—eltheo LTI - (20315 +i(113+14 eV.

(1.

PACS nuniber36.10.Gv, 31.15.Ar, 32.30.Rj, 25.80.Nv

(theop
— ¢{heon ilsT =(-266+17+i(177+16 eV.
This agrees well with both our theoretical res(t1) and
experimental datél.2) within 1.5 standard deviations.
In this paper, we compute the energy-level displacement
of the excitednp states of kaonic hydrogen, wheneis the
principal quantum number aral corresponds to the excited

state with€ =1. The knowledge of the energy-level displace-

This result has been obtained within a quantum field theopent of the excitechp states of kaonic hydrogen is very
retic and relativistic covariant model of strong low-energymportant for the understanding of the accuracy of experi-

KN interactions near threshold &f p scattering, based on
the dominant role of strange resonancA$1405 and
2(1750 in the s channel of low-energy elastic and inelastic

K™p scattering and the exotic four-quafir KK molecule$
scalar state®,(980 and f3(980) in the t channel of low-
energy elastid"p scattering.

The theoretical resultl.1) agrees well with recent experi-
mental data obtained by the DEAR Collaborat{@,

F(eXpD
- e+ i% = (- 194+ 41 +i(125+59 eV.

1.2

A systematic analysis of corrections, caused by electroma
netic and QCD isospin-breaking interactions, to the energ
level displacements of thes states of kaonic hydrogen,
wheren is the principal quantum number, has been recentl
carried out by Meif3ner, Raha, and RusetgXywithin effec-
tive field theory by using the nonrelativistic effective La-

grangian approach based on chiral perturbation theorg

(ChPT) by Gasser and Leutwyld#,5]. For thes-wave am-
plitude of K'N scattering near threshold, computed 176],
the energy-level displacement of the ground state of kaon
hydrogen obtained by Mei3net al.[3] is equal to
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mental measurements of the energy-level displacement of the
ground state of kaonic hydrogen and the theoretical analysis
of the x-ray yields in kaonic hydrogef2,7-13.

The paper is organized as follows. In Sec. Il we extend
our approach to the description of low-enelgyp interac-
tion in thes-wave state to the analysis of the low-enekgyp
interaction in thep-wave state with a total angular moment
J=3/2 andJ=1/2, respectively. We compute thp-wave
scattering lengths of elasti€™p scattering and the energy-
level shift of thenp excited state of kaonic hydrogen. In Sec.
Ill, we compute thep-wave scattering lengths of inelastic
reactionsK p— Y=, where Ya=3"7*, 3*7", 3%7° and
A%7°. We compute the energy-level width of the excited
state of kaonic hydrogen. For the 2tate of kaonic hydro-
g_gen, we gefl’y,=2 meV=3x10"*s™%. The rate of the had-
ronic decays of kaonic hydrogen from the excited state is
important for the theoretical analysis of the x-ray yields in
Yaonic hydrogen, which are the main experimental tool for
the measurement of the energy-level displacement of the
round state of kaonic hydrog¢g]. In the Conclusion, we
iscuss the obtained results.

II. ENERGY-LEVEL DISPLACEMENT OF THE
EXCITED STATES OF KAONIC HYDROGEN:
GENERAL FORMULAS

ic n€

According to[14], the energy-level displacement of the
excitedn¢ states of kaonic hydrogen can be defined by
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Ty T o1

m=—{

O dQg

ff Nt /_Yem(ﬁk MK (@)p(= G, 0p) — K (K)p(=K o) 1Y el 96, ¢3).

whereM[K™(G)p(-G, op) — K™ (K)p(-K, p)] is the amplitude
of elasticK™p scattering andb,,(k) is a radial wave function

of kaonic hydrogen in then¢ excited state in momentum

representation. It is defined 4]
Dpo(K) = \Vam f j (KN Ry (r)rdr, (2.2
0

wherej (kr) are spherical Bessel functiofis5] andR,(r) is

a radial wave function of kaonic hydrogen in the coordinate

representationl16],

¢
Ry(r) = u( ) e r/naBL2€+l(2 r )
¢ n2'\ [(n+¢)! a3\ nag ¢ \nag
(2.3
Here Lﬁf:;l(p) are the generalized Laguerre polynomials

given by[16]

L2€+1( ) - (_ 1 2¢+1 (n + €)I —(2¢+1)
n+ (n—4¢-1)!
n—-€-1
X &y e, 2.4

wherep=r/nag andag=1/au=83 fm is the Bohr radius of
kaonic hydrogen withu=mgmy/ (mg+my) =324 MeV, and
a=1/137.036 are the reduced mass of Kig pair, com-
puted for my=494 MeV andmy=940 MeV, and the fine-

(2m)° | 2E~(K)2E(K)

(277)3 \/ZEK—(q)ZEp(q)

(2.7

MIK™(@)p(= G, o) — K~ (K)p(- K, )]

=8m\s, [(€ + Df . (Vka) + €' for_(Vka) P (cos D)
€'=0

=8m\s>, [(¢' + iy, (Vka) + €', (Vka)]
¢'=0

X E (4, 26) Y ermr (%, 00), (2.6)

2€'+1 Yermt

where \s‘g is the total energy in the channel ofK™p scatter-
ing, P,/(cosd) are Legendre polynomiald5], and ¥ is the
angle between the relative momeftandq. The amplitudes
fore(V ko) andf, _(\ ko) describe elasti&p scattering in the
states with a total angular momentum ¢’ +1/2 andJ=¢’
—1/2,respectively. They are defined by

1
fora(Vka) = ——=[ 7 (Vkg)e'2oc+(ka — 1],
2ivkq
for- \kQ)— o /—[7]€/ (\kq)e+2'5( ~(ka) _ 1, (2.7

where 7,..(1kq) and &,..(vkg) are inelasticities and phase
shifts of elasticK™p scattering17-19.

Near threshold, the amplitudes (v kq) and f,/_ (\kq)
possess the real and imaginary parts. The real parts of the
amplitudes f,..(Vkq) and f,_(vkq) are defined by the
¢'-wave scattering lengths & p scattering 14,18,

Ref.(Vkg) =af, Pkg)",

structure constant, respectively. Spherical harmonics
Yem(9, @) are normalized by
Refo_(Vkg) = a5 (ko) . (2.8)
fdQY},m,(f}, &)Y em(3, @) = 31 ¢Sy ms (2.5  Using Eq.(2.8) for the shift of the energy-level of the¢

wheredQ =sin 9ddde is a volume element of solid angle.
In Eq. (2.1), due to the wave function®,,,(k) and®,,,(q)

the integrand of the momentum integrals is concentrated at

momenta of order ofk~qg~1/nag=au/n=2.4/n MeV.
Therefore, the amplitude of elasti€™p scattering can be
defined in the low-energy limit &,q— 0. Since in the low-
energy limit there is no spin flip in the transitiok™+p
— K™ +p, the amplitude of low-energy elastiC p scattering
can be determined byl 7-19 (see alsd14]),

excited state of kaonic hydrogen, we obtald]

_ 2wl 1ak,P+ ¢alP
Ene = 20+1

d3k MMy
2m3 N Ec g, i< P

The imaginary parts of the amplitudefsg,+(\"ﬁ) and
f,_(Vkg) are defined by inelastic channelp— 37",
Kp—3*n, Kp—2227° and K'p— A%:°. According to

2

(2.9
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[14], the widthI'y,, of the energy-level of the¢ excited state  scattering lengthal,? andak of elasticKp scattering and
of kaonic hydrogen is given by p-wave scattering Iengthﬂ;l,2 anday; of inelastic reactions
K p— Y7 with Ya=3*7", 37, 2%7°, and A°#°.
2 l (€+DafT +ea)”

Moy 26+1

f d3k meN
(277)3 Ex-(K)Ep(k)

2
ne = ] [qu-r(Wn€)]2€+l
Ill. MODEL FOR LOW-ENERGY K™p SCATTERING IN

2 THE p-WAVE STATE
(2.10

€®n€(k)

For the description of theg-wave amplitude of low-
energyK™p scattering, we follow{1,6] and assume the fol-
where we sum over a7 pairsY#7=3"7", 3 7", 3% and  lowing.

A7 ky (W) is a relative momentum of th¥és pair, (i) The amplitudes with total angular momentun 1/2
are defined by the contributions of the elastic background
/ _ 2 _ )2 and the octets of baryon resonances with spin 1/2 and posi-
kyo (Wop) = VW = (my + ) *J[We, = (my = m)°] tive parity such agN(1440, A%(1600),(1660)=B,(8) and
2Wh (N(1710,A°%(1810,3(1880)=By(8).
(2.11 (i) The amplitudes with total angular momentum3/2

are defined by the contributions of the elastic background

with W, =m¢+my+E,, and E,, is the binding energy of and the baryon resonances with spin 3/2 and positive parity
kaonic hydrogen in thef excited stat¢19]. from decuplet (A(1232,%(1389)=B5(10) and octet
The analysis of experimental data obtained by the DEARN(1720,A%(1890,3.(1840)=B,(8) [20]. We would like to

Collaboration 2] requires knowledge of the energy-level dis- emphasize that the baryon resonances we will treat as el-

placement of the excitedp states. For'=1, the formulas ementary particles defined by local fields and local phenom-

and(2.9) and(2.10 read enological Lagrangians with phenomenological coupling
constant$1,6] (see als¢21]). We include the contribution of
271 the octet of low-lying baryons with spin 1/2 and positive
enp_—?;(zag,z +alif) parity (N(940,A%1116,3(1193)=B(8) in the elastic
) background.
d*k MMy
1) @m N Ectmory i Y
m K™ p A. p-wave scattering lengths of elasti&™p scattering
The p-wave amplitude of elasti&™p scattering at thresh-
_aml 2 (2al7+a A old is defined by twg-wave scattering lengttey, anday,
caused by the interactions of thép pair in the states with a
3 2 total angular momenturd=1/2 andJ=3/2, respectively.
d°k meN
ERYi=mrr=a kcbnp(k) . (212 ]
(2m) k-(K)Ep(K) 1. p-wave scattering length!aP

where®,(K) is the radial wave function of kaonic hydrogen According to our approach to the description of the low-
in the np excited state in the momentum representation, an@nergyK™p interaction in thes-wave state extended to the
the indices 3/2 and 1/2 denote thavave amplitudes of the 10W- energyK p interaction in thep-wave state, the ampli-
reactionsk p— K™p and K'p— Y with total angular mo- tudeaf. has the following form:
mentumJ=3/2 andJ=1/2, respectively{ 17-19.

The momentum integral on the r.h.s. of H§.12 has Kp— (,Kp Kp
been computed ifi14]. Using this result, the energy-level i =@ P+ > (@ Pk, (3.0
displacement of thap excited states reads

4 where (a’f,_zp)B is the contribution of an elastic background
So2a(y L) (MM Vo gicp d(@P)x is the contribution of the b R
€np= as S +ayy), and (ay,)r is the contribution of the baryon resonan@e

3 2
3n n</\ mg + my =A% 39 A9 ands?,
ro- é_la_5( ~ i)( MMy )42 (28l + 2l 2. Resonance contribution to p-wave scattering lengtf) 2
np 3 2 . . :
9n N/ \mg +my/ vr The  phenomenological low-energy  interactions

(2.13 B,(8)B(8)P(8) and B,(8)B(8)P(8), necessary for the calcu-
lation of the contribution of the baryon resonances to the

Thus, the problem of the calculation of the energy-level disp-wave amplitudaaf,_zp, can be defined using the results ob-
placement of thenp excited states of kaonic hydrogen re- tained in[6]. As a result, for the sum of the baryon resonance
duces to the problem of the calculation of tipewave  contributions, we obtain
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- 1 1 1 21 1 1 1 1 1
Kpy —_ _~ e . _ T _ 2 - o+
a = =(3 - 201)0. 2 1)g.
% (@y2)r PY—— mN[ \e"S( a1)g NN1:| 2mymu-my-mc Brmg+ mN[( a1~ 1), ] 2my s~ my - my
1 1 1 21 1 1 1 1 1
- =(3 — 2a7) 9NN - (2 s T s —
8mmyg +my| V3 2| 2my MAQ— My — M 8 myg + my 2 2my My — My~ Mk

(3.2

The coupling constants of the interactiokSpB;(8) and  of gp, we have used=1.2[1] andg,=1.267[20]. The cou-
K™pB,(8) are equal tognn, =6.28, a;=0.85, gnn,=1.20, pling constantg,yy Of the NN interaction is equal to
and a,=-1.55. These numerical values of the coupling con-O-nn=13.21[35] (see also[36] by Ericson, Loiseau, and
stants one can obtain by using the phenomenologicg8sU Wycech, where the authors have obtained,yn
invariant interaction®,(8)B(8)P(8) andB,(8)B(8)P(8) (see  =13.28+0.08.

[6]), whereP(8) is the octet of low-lying pseudoscalar me-  The contribution to the-wave amplitude, caused by the
sons and experimental data on the partial widths of the resd=CL interactions, we represent in the form of the superposi-
nances By(8) and B,(8) [20]. Using the recommended tion of the contributions of the&f’(lll@ and %1193 hy-
masses for the resonancm§g:1600 MeV,my =1660 MeV,  peron exchanges and the tetaf,)skr, which can be com-

mAg:1810 MeV, and’nEZ:1880 MeV, we compute puted applying the soft-kaon techniq{@6—30. Thus, we
) get
2 (@ P)r=-0.013 n’. (33 ] 1 1 1 2
A (@5)ca = (@5 ) skr = [ry——— [75(3 - Za)gﬂ'NN:|
Now we proceed to computing the contribution of the elastic KTTINLY
background @, P)e. 1 1 11
2mymyo—my— Mg 87 mg + my

3. Elastic background contribution to the p-wave scattering

length &P 1 1
| o | x[(2a = Dyt ——————.
According to[1], the contribution of the elastic back- 2my Myo — My + My

K'p ~ ; K'p

gmg”?(aafng tﬁ thep nave Sca“e”r'lng lengty);” should — £o 1y 021116 Mev, 30=1193 MeV, g,an=13.21, anda

e defined by the contribution of all low-energy interactions_ 6416, we obtain
(@.P)ca, Which can be described within the effective chiral ) )
lagrangian(the ECL approach[22] or that is equivalent (@5 ) cn= @) skr + 0.024 m2. (3.7)
within current algebrdCA) [23-30, supplemented by soft- ) o .
kaon theorem¢SKT) [26-30, and the contributiomaf,_zp)KE Summmg up the contributions, for thp-wave scatting
of low-energy exchanges with the exotic scalar mesondengthald’ of K™p scattering with a total angular momentum
ay(980) and f,(980), which are four-quark statd81,32 or J=1/2, we get
KK moleculeqg32,33. The description of strong low-energy

interactions of these mesons goes beyond the ECL approach,

describing stro_ng low-energy interactions of mesons qah e suggest to compute the quant(%?)sm together with
and baryons witlggq quark structures. Recent experimental

K_ . . .
confirmation of the exotic structure of the scalar mesonéa?»/Zp)SKT’ the contribution of the elastic background to the

2,(980) and f,(980) has been obtained by the DEAR Col- p-wave scattering lengtt§,” of K™p scattering with a total
laboration at DAPHNE34]. angular momentund=3/2.

Thus, thep-wave scattering Iengtfaf/_zp)s is defined by

(3.6

alf = (a5 )skr—0.007 n3°. (3.9

4. p-wave scattering Iength@p

K'py = (KP4 (3KP) — _
(2172)8 = (Buz)ea+ (Buz k- (3.4 The p-wave scattering length,” we represent by
Using the results obtained |i], we compute the contribu- - ‘- ‘-
tion of the exotic scalar mesons, al P = @y ) + > (a5 D)k, (3.9
- 1 my 9og 1M, )
al P —=- ——N¥ 1 ———ZO =-0.018 nm?, where (a5,P)g is the contribution of an elastic background
1/2 KK TMg + My m 8 my K™ . . .
% and (a3 )r is the contribution of the baryon resonandes
(3.5

=39, A, and3%. The elastic backgrounthk,f)s does not
where me:ma0:980 MeV, gO:g%K+K,:ngK+K,:2746 contain rapidly changing contributions, therefore below we
MeV [32], andgp = £g,an/9a=0.959,xn- FOr the calculation assume thatal§.P)s= (a5 ) skr-
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5. Resonance contribution to the p-wave scattering lengthfa Using Eg. (3.10, we compute the contribution of the

The phenomenological low-energy interaction of the resof€s0nance(1385 to the p-wave scattering lengths,f,
nance with octets low-lying baryon$3(8) and pseudo-

scalar meson®(8) is defined by[18,19,37 (see alsd20]) 2 o
(@ P)s0= - 9NN 1 ms3 [ CImg
3/2 - 2
Ls0ppx) = 2 LSS0 (097 0 = X 007 P SOmMNMt Mumygo - (m+my” | L 2y
\
B = 1m2 (mg +my) 1my (Mg +my)
+ p(x)&“K (%) + V3AY(X)#7°(x)] Tam2 } —ng {1 5 ~ —ng
9 S+ +
\Gr:N [S*) a7 (x) = 3" (X) a7 (%) ) }m_ﬁ Ly (me+my) (M + my)?
4 M9 m§0
= PIFK*(X) + VBAY X)X 1£3,(0), " : 3
(3.10 =0.060 n°. (3.11)

where we have written down only those interactions which
contribute to thep-wave amplitude of low-energi{"p scat-  The contribution of the resonanca§ ands.) to a3,2 is equal
tering. to

1 2 myo 1me 1mg | (mg+m
> (a3/2)R__ [ (3~ 2“4)971-NN:| 2 : 2 { “ome ame (T
R=AQS0 67y \,3 ] Mgt my mAg_(mK"'mN) 2my - 4my M3
Img (Mg +m 1ma Mg +m my + my?) | 1
X 1+——KM———§ 1+( K N)_( K 2 N) - [(2a4_1)g7TNN]2
2mN mjyo 4mN muo m,o 67TmN !
4 4 Ay .
L1 Msg { _z%_me}+M'l+mM
m|<+me‘r'éo—(n"lK‘HT"r\l)2 2my  4my ms3 2My Mg
0 i

(3.12

2

mso Mo

4

_}ﬁg(l_l_ (Mg +my) (mK+mN)2)]
4

MmN

Using the experimental data on the resonances from the octeB. Soft-kaon theorem for amplitude of elasticK™p scattering

B4(8) [20], we compute the coupling constargsyy,=1.16 and elastic p-wave background

anda,=0.32. Form,9=1890 MeV andmso=1840 MeV, the Soft-kaon theorems, as a part of ChPI5], define am-
numerical value of the contribution of the resonanagsnd plitudes of low-energy reactions with kaons as expansions in

39 to the p-wave scattering length.P reads powers of 4-momenta of kaorls with kaons treated off-
3 mass shelk?# mﬁ Using the reduction technique and the
> (@5Hr=-0.001 np’. (3.13  PCAC hypothesig§23-30, the Smatrix element of elastic
R=A.3) low-energy transitiorK p— K™p can be defined by
The p-wave scattering length odK™p scattering with total g . _ L
angular momenturd=3/2 isgiven by (out;K™(K)p(=k, o) K (G)p(~ G, ap);in)
2 12\ (2 _ o2
_ mi — k%) (M — . .
alf = (@l Pleicr + 0.059 . @1e  =-TKEORED) [ ooy g o)

, . V2Fm2 \2Fm2
Summing up the contribution8.8) and(3.14), we obtain the s anis
total p-wave scattering length of elastic’p scattering in the XT["35,"()8"Js, (V) ]|p(= G, o)), (3.16

p-wave state,
where T is a time-ordering operator aﬂéq:'5(x) and J27'5(x)

2a, P+ af,f = (2a P + a\ L) skr+ 0.111 n2. (3.19  are axial-vector hadronic currents with quantum numbers of
] e the K~ and K™ mesong23,25; Fx=113 MeV is the PCAC
Now we turn to the calculation of the terni2ag?  constant of charget mesons. For further reduction of the
+alsP) ser. r.h.s. of Eq.(3.16), we use the relatiof23]
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T35 2() 32, %(y)] = aﬁ Py T[Je (%) Je, '5<y)]———{5(x —yO[I55°(y), Jan*(x) ]}
-5 ay T 1500 - YOI, 35y ]} - —6<x - yO[IE5°(y), #3en(0)]
——6x — YO[IE5(x), 038, 5 (y)]. (3.17

Substituting(3.17) into (3.16 and making integration by parts and dropping surface terms, we arrive at the expression
(out;K=(K)p(= K, o) K (@) p(= G, a7p) ;i)

(M=K (ME-d)

\JEFKmi \"EFKmﬁ

d“xd“ye*"‘x"qy{ keg(p(= K, o) T[ I (%) Ja, *(WIP(= G, o)) + %ik“é(xo - yO(p(=K, )|
X[ °(y), J4+'5(X)]|IO(- G.0p)) — %iqyt?(xo YO(p(= K ap)|[Jge (%), I8, (V) ]|p(= G, o)

- %5(X°— YO(p(= K, ) [325°(y), #r*(x)]|p(= G, o)) = —5(x - YOp(= K, o) [ 325 (%), 83, >(y) 1| p(= di, op)>}.

(3.18
From Eq.(3.18, we obtain the amplitude of elastic low-energyp scattering withkK™ mesons off-mass shell. It reads
MK (G)p(- G,0p) — K (K)p(= K, op)]
(mz k?) (mK p)

V2Fm2 2R

fd4 +|kx{ k"“q”(p( k O_p)|T[J4+|5 J4—|5(0)]|p(_ q’ O'p)>
1
—Ik“é(xo)<p( K, op) )| 5(0), J4+'5 (X¥)]|p(-=G,0p)) = §|qy5(xo)<p( 3 0'p)|[~]4+|5(x) J4_I5(0)]|p(‘ d.0p))

2 S00NP(= K, [I£57(0), #0 p(- G079) = 5 60X~ K, [35500, 79550 o= qap»} (3.19

The equal-time commutators ref2B,25 MIK(§)p(= G, o) — K-(K)p(= K, )]
SO 35515(x),3%,1%(0)] = [3%(0) + V32%(0)]6¥ (), m2 - k?) (m2 - ¢ A R
5 — (EI;: 2) (r%KF q2) kﬂq i f 4xe+|kx<p(_ kya-p)
S0C)[I55(0,5"9%,%(0)] = = i[044(0) + 055(0)169(x), VTR VTR
1
(3.20 X | T[3%°(x) 35, (0)]|p(= G, o)) + S+ a)
whereJ3(0) andJ%(0) are vector hadronic currents, related to _ m ) )
the electromagnetid®™(0) and hypercharg¥,(0) currents X(p(=k,ap)[I7™(0) + Y ,,(0)|p(- G, 07p)) = {p(— k, )|
by
X 0) + 0)|p(-q, . 3.2
JS(O) + \3J8(0) J(em)(o) +YV(O), (321) 0-44( ) 0-55( )|p( q Up)) ( 2)

ando,,(0) is a so-calledr-termoperator. Ther-termopera-  The matrix elements of the-term operator can be repre-
tor o,,(0) is related to the breaking of chiral symmetry. It sented by27-30,38
can also bE defined by the double commutd&8] o,,(0)
=[QE(0),[Q2(0),H,sx0)]], where Q&(0) is the axial-vector C s
charge operator r:ridXSB is the Hamiltonian of strong inter- (P(=k 0p)|0ud0) + 055 O)P(= G, 7))
actions breaking of chiral symmetry. In terms of current —ZaKNl)(t)u( kap)u( 4,0p), (3.23
quark fields, it readsHXSB(O):muU(O)u(O)+mdd(0)d(O)
+mgs(0)s(0), wheremy(q=u,d,s) and q(0)=u(0),d(0),s(0)
are masses and interpolating fields of current quarks. —
Substituting Eq.(3.20 into Eq. (3.19 and using Eq. the contribution to the amplitude &N scattering in the state
(3.2, we get with isospinl=1, andt=—(k-q)? is a squared transferred

Whereo-(Kl;l)(t) is the scalar form factdr26—30,38, defining
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momentum. In terms of the quark-field operators, dherm C. p-wave scattering length 255,P+al\.P of elasticK™p
(,(_':1)('[) is defined by[26,27,30,38 scattering and energy-level shift onp excited state
KN of kaonic hydrogen
(1=1) 7y _ Myt Mg N = Substituting Eg.(3.27 into Eg. (3.195, we obtain the
t) = -k, a,)[u(0)u(0) + s(0)s(0)|p(— q, . . ! Lo
oin (0 4my (P=k o u(O)u(0) +S(OSO)lp(=G,7p)) p-wave scattering length of elasti¢'p scattering,

(3.29 2a§/_zp + aT/_ZP =0.113 @3_ (3.28
According to ChPT[4,5], the o term is of order of squared Using Eq.(3.28, we compute the shift of the energy-level of

_ . (1=1)
4-momenta oK™ mesons, i.e.gy"(t) ~ K~ thenp excited state of kaonic hydrogen, given by E2113.
Accounting for the contribution of thi"-meson pole and e get
keeping the terms of order @(k?) and O(¢?) inclusively,

we get the following expression for the amplitude of elastic . = 3_2£<1 _1)6 (3.29
low-energyK™p scattering 30]: "3 n2) 2" '
MIK™(@)p(- G,07p) — K~ (K)p(= K, )] \évgue;letghe shift of the energy-level of the 2xcited state is
= FR(t) + FE(1)
=u(- k,ap){E—2<k+q)w oS mamy Ve
4Fk g €p= " 16 m (283, +ayf) =~ 0.6 meV.
1 4= - -
- F—i[vﬁﬁ”(t) - k"q”W,w(k.ﬁ)]}U(— d,0p), (3.30
32 Hence, the shift of the energy-leve},, of the np excited
(3.29 state of kaonic hydrogen, induced by strong low-energy in-
where we have denoted teraCtiOHS, is smaller than 1 meV, i.&‘mp| <1 meV.
We would like to emphasize that unlike the shift of the
{p(- |Z,o'p)|J(em)(O)+YM(O)|p(— d,op)) energy-level of thens state of kaonic hydrogen, which is
. . _ defined by repulsive forces,.=(203+15/neV [1], the
=[FR) + FYOJu(- ko) y,u(= G, 0p), shift of the energy-level of thep excited statex,,, given by
Eq. (3.29, is caused by attractive forces.
1 . . .
i J d*x(p(- K, gp)|T[Jg;'5(X)Jg;'5(o)]|p(_ d,0p)) IV. p-WAVE SCATTERING LENGTHS 2 ajj+aj3 OF
2 INELASTIC CHANNELS Kp—Ysr
=U(= K, 0p)W,,,(K,Gu(-G,0p). (3.26 The imaginary part of the-wave amplitude of elastic

. K™p scattering at threshold, defining the total width of the
HereFE(t) and FY(t) are the form factors of the electric and excitednp state of kaonic hydrogen, is caused by the four
hypercharge of the proton, normalized Bf(0)=F{(0)=1. opened inelastic channelsp—3*m, K p—3 ', Kp
We have not taken into account the magnetic form factor,_,zowo, andK-p— A%70. At threshold, the contribution of
which does not contribute to thee andp-wave amplitudes of  these inelastic channels we describe byyiheave scattering
K”p scattering at threshold. ,.  lengthsaf7 andayj with Yr=3*7", 377", 307°, and A%,
The last two terms in Eq(3.29 are of order ofO(k%),  yespectively. Thep-wave scattering lengthes5 andal7 de-
wherek®~ g’ ~kq. For the calculation of thp-wave scatter-  termine low-energy transition&"p— Y with total angular
ing length of elastidK™p scattering, the contribution of the momentJ=1/2 andJ=3/2, respectively.
terms of order 0fO(k?) can be neglected. The p-wave scattering lengtha]™ we represent in the
From Eq.(3.25 at leading order in chiral expansi4.5],  form of the superposition of the background paf™)s and
we obtain th_e contributio_n to thep-wave amplitude of low-  he resonant parER(a}ﬂ-)R- It is convenient to include the
energy elasti"p scattering, contribution of the octet of low-lying baryonsB(8)
=(N(940,A%1116,2(1193) to the resonant part and to de-
=0.002m°. (3.27 fine the contribution of the background &8 ™)g=(aY")skr-
Since, as has been shown above, the contribution of the reso-
nances\%(1890 and=°(1840 is negligibye small relative to

Hence, thep-wave scattering length2a.P+af.P)sur is N
smaller than the contribution of the resonance states ant(g]e contribution of the resonanc¥’(1385, below for the

practically can be neglected for the calculation of therave calcul?tion of thep-wave scattering Iepgths of inelastic chan-
scattering lengths of elasti¢™p scattering and, correspond- nelsK™p— Y we do not take them into account.

mgl_y, for the CalCUIat'on of the e“ergy"‘?Ve,' Sh',ft of the A. p-wave scattering lengths a%,;"_+af,+2"_ of inelastic channel
excited state of kaonic hydrogen. This implies that the Kpo3ta

p-wave scattering length€als+aj5)skr can also be ne- .
glected in comparison with the contributions of the reso- The resonant parts of thpwave scattering lengthe,,”

Sta

nance states. andag;,” of the reactiorK™p— "7 are equal to

1 1

(a5 P+ Dskr= 55
3/2 1/2 167 Fi mﬁ
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- 1 1 2 1 1 1 1
2 (@ r= o _{ \r(3 Za)ngN} [\_EangN] ] to { 3 =@~ Zal)ngNl]
R ! V

8 my + my 2Vmymy Myo— My =My 8w M + My

X{ 2 . } 1 1 R { L 532 2000 H 2 . }
V3 N 2\’/msz MAO— Mg —My 87 My + My ZEMN || (3T Eme

1 1 1

1
X +— (2a-1)g,
2w/m2mN My9 = M ~ My 8mmy + mN[ Gain

1 1 1
X[2(1 - @), +— 2a, - 1)
[2( )9 NN]Z\rmsz Mo — Mg — My 87rmK+mN[( 1~ D0,
1 1 1 1
X[2(1 - a1)9,, +— 2a,- 1)
[2( V9 NN1]2\’/mszmE(1)_mK_mN F———— N[( 2~ 19, ]
1 1
X[2(1 - ay)9,
[ ( 2)g NNZ]Z\’/rnEmN rnzg—mK—mN
= (- 0.015+0.006 - 0.001 - 0.005 + 0.001 - 0.06&Z > = - 0.016 N>, (4.0
and
2
1 1 Imgmg+m
(5 g = o (g 4 2Tk EIND - _ 5 082 m2. (4.2)
36mmy M + My Myo— My~ M V My 4my ms9

The totalp-wave scattering length of the reactighp— X*7~ is equal to

2a§,2”_ + a%/zw_ = (23%/2”_ + a%/zw_)SKT -0.180 ”1_73- (4.3

B. p-wave scattering lengths of 23,2 +al,2 " of inelastic channelK~ p—3"m"

The resonant parts of thewave scattering Iengtl’af,z” and a3,2” of the reactiorK"p—X~#" are equal to

E(a )= : { —=(3-2a)g Mzg ] ! ! A { “=(3 - 2a)g ]
)Y 7] XY | 5 p
2 R 8rme+my| V3 i | i 2\VmgmyMyo =M =My~ 8mmy +my| |3 ey
X{ 2 } 1 1 ! { ER ]
=019 5 |
e 197NN, 2 msmy, Mo =M~ my B m+my 2)9mNN,
2 1 1 1 1
X| =« - -4 [(26{ 1) rl ][2(1 (1) rl ]
{\5 29 NN2:| 2\’/m2mN Myg— M- My 8 m+my SEANIN 9NN
1 1 1 1
-— 2 1 2(1-
2\’/—msz Myo— Mg~ My 87 Mg +m N[( a;— )ngNl][ ( a’l)ngNl]
1 1 1 1 1 1

“as [(2a = 1)gann, 12(1 — 2)Gnn ]

/ i
s 0— My — +m / 0— My —
2\Vmymy Ms? = My~ My 87 my + my 2Vmymy Msg = My~ My

= (- 0.015 + 0.006 - 0.001 + 0.005 - 0.001 + 0.DOZ> = - 0.004 m}> (4.4)
and
(@, k= (a3 )r= +0.082 nj°. (4.5)

The totalp-wave scattering length of the reactishp— 2 "#" is equal to
2ay," +ay; = (283, +ay; )skr+0.160 mP. (4.6
C. p-wave scattering lengths of 23,7 +a2," of inelastic channelK p— 320
The resonant parts of thewave scattering Iengtl’ﬂf,z’T and a3,2” of the reactiorK p— X°7° are equal to
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0,0 1 2 1 1 1 1
ER: (a7 Jr= Brme+ mN{ \5(3 Za)ngN} {Eagww} 2 Mo = Mg — My * o me+ mN[ \’3(3 2a1)ngNl}
X[iralgwm\n } / ! : + E— { =3 = 2)9n }
V3 L 2Vmymy My0 - M — My 87 M +my V3
X [iazg,,NN } = ! = (- 0.015 +0.006 - 0.001m_*= - 0.010 nj® (4.7
V3 Z ] 2Vmgmy My 0 — My — My
and
(@37 )r=0. (4.8
The totalp-wave scattering length of the reactignp— %79 is equal to
2837 + a5y = (283, + a5 skt — 0.010 n’. (4.9

ﬂ'

0 . .
D. p-wave scattering lengths of a§,2 al,2 of inelastic channelK p— A%z

. 0 .
The resonant parts of thewave scattering Iengtl"es‘l‘,z” andag,f of the reactiorK p— A%#° are equal to

0,0 1
E (a?/z JR=
R

2 1 1 1 1
Brme+ N[— (2a- 1)g7TNN]|: rangN} > +— [~ (221~ 19w,

/3 \/onmN mZO - Mg — My 8w 1174 + my

x = T YCTREELI
—m0, — - (2ay — -
\5 19aNN, 2\/onmN M0 = My~ My 8mmy + my 2 9ann,
2 1 1 3
X| =a20.nn =(0.006 - 0.005-0.00Im_*=0 (4.10
V3 2 | 2y/myomy My0 = Mk — My
and
3 1 1 e Imgmg+m,
@)= Gonuy (14X - 0137 mpR. (4.11)
36mmy My + my Myo—my— Mg ¥ My 4my ms9
[
The total p-wave scattering length of the reactidd™p 321 1
—A%0 is equal to [pp= 37 - Iz (4.13
0,0 0,0 0,0 0,0 _ The partial widthI'y, of the energy-level of the |2 excited
28" +ay," = (2ag;" +ay; )skr—0.274 np. state of kaonic hydrogen is equal to
(4.12 o5/ mem
KN 2L3 —
Fop= 24( M + mN> % (28355 + ay5) kv, = 2 meV
E. p-wave scattering lengths of inelastic reaction& p— Y (4.149
and energy-level width ofnp excited state of kaonic —
hydrogen or sz:3>< 101 S .

The lifetime of the  state of kaonic hydrogen, defined

According to the estimate E§3.27), the contribution of by the decays of kaonic hydrogen into hadronic states
the p-wave scattering length€2ag+ajD)sr can be ne-  (Kp)y,— Y, whereYn=3*n", 377, 3%7° and A%#°, is
glected in comparison with the contrlbutlon of the baryonequal tor,,=3.4x 107*%s. It is much smaller than the life-
resonances. Therefore, below we negl@eti+af)skr for  time of theK~ meson Tk-=1.24x 1078 s [20], which is the
the estimate of the energy-level width of thp excited state  upper limit on the lifetime of kaonic hydrogen. Thus, the
of kaonic hydrogen. rates of the hadronic decays of kaonic hydrogen inrpe

Using Egs.(4.3), (4.6), and (4.12 and substituting them excited states are comparable with the rates of the deexcita-
into Eq.(2.13, we compute the energy-level width of the  tion of kaonic hydrogemp— 1s, caused by the emission of
excited state of kaonic hydrogen, the x rays[7-13.
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The result obtained for the partial width of the excitqul 2 value of I'y, [13]. Using I'y, as an input parameter taking
state of kaonic hydrogen, given by E@.14), is important  values from the region 0.1 me¥I',,<0.9 meV, Markushin
for the theoretical analysis of theray yields in kaonic hy- and Jensenl3] have found that their theoretical predictions
drogen[7-13]. for the x-ray yields in kaonic hydrogen agree well with the

experimental data on theray yields detected by the KEK
V. CONCLUSION Collaboration[40], which have been used for the extraction
The quantum field theoretic model of the description ofof the energy-level displacement of the ground state of ka-

low-energyKN interaction in thes-wave state near threshold, ONic_hydrogen, forl';,=0.3 meV=4.6<10" s and e
which we have suggested [,6], is extended on the analy- =320 eV andl';s=400 eV.

sis of low-energyKN interactions in thep-wave state near Recent experimental data on the energy-level displace-

. . ment of the ground of kaonic hydrogen obtained by the
threshold. We would like to emphasize that our approach t(bEAR Collabgratior{z] were smal?/er b?/ a factor of 2 t%/an

the description of low-energiKN interaction in thes-wave  ihe experimental data by the KEK Collaboratipt0]. Our
stat_e near threshold agrees well with the nonrelativistic efiheoretical analysis of the energy-level displacement of the
fective field theory based on ChPT by Gasser and Leutwylery, excited state of kaonic hydrogen has shown that the rate
which has been recently applied by Meifeerl.[3] to the  of the hadronic decays of kaonic hydrogen from theeX-
calculation of the energy-level displacement of tisestate of  jted state is equal th,,=2 meV=3x 10251 which is an
kaonic hydrogen and systematic corrections to the energysger of magnitude larger than the phenomenological value
level displacement of thes state, caused by QCD isospin I'5,=0.3 meV=4.6¢ 10's!, used by Markushin and
breaking and electromagnetic interactions. The result for thgensen as an input paramefi&s].

energy-level di;placgmept of tims state of kaonic hydrogen Thus, the computed vall&,=2 meV of the energy-level
has been obtained ifB] in terms of thes-wave scattering of the 2p excited state of kaonic hydrogen can be applied to
Iengthsag anda(l) of KN scattering with isospin=0 and| the theoretical analysis of theray yields in kaonic hydro-
=1, respectively. Thesswave scattering Iength88 and aé gen of recent experimental data by the DEAR Collaboration
have been treated as free parameters of the approach. Usif®] using the the following input parametefd) the experi-

our results for thes-wave scattering Iengtt‘ﬁ andaé [1,6] mental setug39] and (2) the theoretical predictions for the
and keeping leading terms in QCD isospin breaking andhadronic energy-level displacements of the Rate, e;,=
electromagnetic interactions, i.e., accounting for only the-0.6 meV, I',,=2.0 meV, and the ground stateg;s
contribution of Coulombic photons, we have shown that the=203 eV andl’1s=226 eV, of kaonic hydrogefi].

numerical value of the energy-level displacement of rtise

state of kaonic hydrogen, computed by MeiRe¢ral. [3], VI. COMMENT ON THE RESULT

agrees weII. with both our theoretical predictiph] anq re- After this paper was accepted for publication, Faifman
cent experimental data by the DEAR Collaboratibl®]  4ng Men'shikov presented the calculated yields for ke
W|th|n_ 1_.5 standard deviations. H_ence, our approach to thggries ofx rays for kaonic hydrogen in dependence of the
description of low-energy dynamics of strong low-energypyqrogen density41]. They have shown that the use of the
KN interactions at threshold agrees well with a general detheoretical valud',,=2 meV of the width of the @ state of
scription of strong low-energy interactions of hadrons withinkaonic hydrogen, computed in our work, leads to good
nonrelativistic effective field theory based on ChE3F5]. agreement with the experimental data, measured foKthe

The detection of the rays of thex-ray cascade processes, line by the KEK Collaboratiorj40]. They have also shown
leading to the deexcitation of kaonic hydrogen from the ex-that the results of cascade calculations with other values of
cited states to the ground state, is the main experimental toghe width of the p excited state of kaonic hydrogen, used as
for the measurement of the energy-level displacement of than input parameter, disagree with the available experimental
ground state of kaonic hydrogen, caused by strong loweata. The results obtained by Faifman and Men’shikov con-
energy interactiong2,39]. The main transitions in kaonic tradict those by Jensen and Markushii8]. Therefore, as
hydrogen, which are measured experimentally for the extrachas been accentuated by Faifman and Men’sh{idy, fur-
tion of the energy-level displacement of the ground state, aréher analysis of the experimental data by the DEAR Collabo-
3p—1s and D—1s, i.e., the reactiongK™p)z,— (K'p)ys  ration should allow us to perform a more detailed compari-
+y and (K™p)yp— (K™p)1s+ . son of the theoretical valuel’;;,=2 meV with other

As has been pointed out by Markushin and Jensen, thehenomenological values of the width of thp ate of ka-
yields ofx rays of these transitions are quite sensitive to theonic hydrogenl’,,, used as input parameters.
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