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Wigner-Yanase skew information as tests for quantum entanglement
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A Bell-type inequality is proposed in terms of Wigner-Yanase skew information, which is quadratic and
involves only one local spin observable at each site. This inequality presents a hierarchic classification of all
states of multipartite quantum systems from separable to fully entangled states, which is more powerful than
the one presented by quadratic Bell inequalities from two-entangled to fully entangled states. In particular, it is
proved that the inequality provides an exact test to distinguish entangled from nonentangled pure states of two
qubits. Our inequality sheds considerable light on relationships between quantum entanglement and informa-
tion theory.
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As is well known, entangled states have become a keyor the information content should satisfy, among which two
concept in quantum mechanics nowadays. On the other hanbasic ones are the following.
from a practical point of view entangled states have found (@ When two different ensembles are united, the skew
numerous applications in quantum informat{dn. A natural  information decreases. Phrased mathematichlp,A) is a
question is then how to detect entangled states. The firgionvex function inp—if p; and p, are both density opera-
efficient tool used to detect entangled states is the Bell intors, then
equality[2], which was originally designed to rule out vari-
ous kinds of local hidden variable theories. Precisely, the [(apy + Bp2,A) < al(py,A) + Bl (pa, A), 2

Bell inequality indicates that certain statistical correlations h —1f -
redicted by quantum mechanics for measurements on twor ereat+ =1 for @ p=0. : .
P (b) The skew information content of the union of two

qubit ensembles cannot be understood within a realistic picl- dependent svstems is the sum of the skew information con-
ture based on the local realism of Einstein, Podolsky, an P Y

Rosen[3]. However, Gisin’s theorerf4] asserts that all en- ent of the individuals; namely, g, andp, be two states of
. ; the first and second systems, respectively, ApndndA, the

tangled two-qubit pure states violate the CIauser—HorneE:Orres onding local observables: then

Shimony-Holt (CHSH) inequality [5] for some choice of P 9 '

spin observables. There are various Bgll-type inequalities [(p1® p2 At ®@1+1® Ay =1(p,A) +1(p2,A2).  (3)

used to detect entangled staféd. In particular, quadratic

Bell-type inequalities were derived by Uffifk] as tests for The equality (3) can be extended to several independent

multipartite entanglement and used to classify all states of systems.

gubits inton—1 entanglement classes from two-entangled to There are some earlier works concerning the Wigner-

n-entangled(fully entangled states[8]. Although there are Yanase skew information. These constitute the celebrated

some other measures of entangled sthtésthe problem of ~ Wigner-Araki-Yanase theorem, which puts a limitation on

how to classify and quantify entanglement in general is stilithe measurement of observables in the presence of a con-

far from being completely understood today. served quantity11], and was further investigated by many

In this article, a Bell-type inequality is proposed in terms authors[12]. Recently, Luo and Zhanpl3] reveal that the

of Wigner-Yanase skew information, which is shown to beWigner-Yanase skew information can be regarded as the

useful for detecting entangled states. In the study of measureuantum analog of the Fisher information in the theory of

ment theory[9], Wigner and Yanasgl0] introduced the fol-  statistical estimation, and used to establish some results con-

lowing quantity from an information-theoretic point of view: cerning the characterizations of uncertainty relations and

measures of entangled states. Here, we present a Bell-type
1(p,A) = — %tr[plIZ,A]Z, (1) inequality of Wigner—Yanase skew information for separable
states ofn particles.
First of all, note that the Wigner-Yanase skew information

wherep is a state and\ an observable of a quantum system. .4, pe rewritten as

This quantityl(p,A) is called Wigner-Yanase skew informa-

tion; it is the amount of information on the values of observ- 1(p,A) = trpAZ — trpt/2Ap112A, (4)
ables not commuting witlibeing skew tp A. They proved

that this quantity satisfies the requirements that an expressidR particular, if p=[#)(y| is a pure state, then

1(|4),A) = (WA ) = (Al ). (5

*Electronic address: zqchen@wipm.ac.cn From Egs.(2) and(5) one concludes that

1050-2947/2005/7%)/0523025)/$23.00 052302-1 ©2005 The American Physical Society



ZEQIAN CHEN PHYSICAL REVIEW A 71, 052302(2005

l(p,A) <1 (6)

for each spin observabl(A?=1) in all statesp.

Now, consider a system of particles and assume that a |,4eed choosind =dl (j=1,...,n) one has that
local spin observable is measured on each particle, and hence e T

|GHZ>:ir(|0~--0>+|1---1)).
V2

there corresponah local spin observabled,...,A,. Since crgcr';|GHz>: IGHZ), j,k=1,...,n,
separable states are written as a convex sum over the states
p1® -+ ®pp, and by Egs(3) and(6), one has <GHZ|0'; +oeee 0'?|GHZ) =0.

n

Hence, by Eq(5) one has
pr® -+ @ ppAr+ - +A) = 2 1(p,A) <n, Y=
j=1

I(|GHZ),a2 + -+ + o} =n2, (9)

itis concluded from Eq(2) that In particular, for the familiar case of two spinparticles,

I(p,Aj+ - +A) <n (7)  the maximal violation of Eq(7) occurs for Bell states with
_ _ the violation vglue 4, which is larger than the maximal vio-
for all separable statgsof then particles.(We write A, etc.,  |ation value 22 of the CHSH inequality16]. Moreover, for

as shorthand foA;®1®---@1) The inequality(7) is @  a pure statdy) of two qubits we can write by the Schmidt
Bell-type inequality in terms of Wigner-Yanase skew infor- decomposition theorem

mation, which can be violated by entangled states. We will
show that this inequality not only distinguishes, for systems ) = pldo)x2) + dld2)x2), (10

of n particles, between_ fully entangled state; gnd states iﬁ/herep and q are two nonnegative numbers satisfyipg
whu;h at mostn-1 _parucles are entangled, S|m_|lar to qua- +q2=1 and{|éy), |42} and{|xy), | x2)} are orthonormal bases
dratic Bell inequalitieg 7], but also presents amhierarchic in the two-dimensional Hilbert spaces, and’H, of the two

glr?s-selfrll(t::EOIZ g;slIasrfg(l?tgf'ﬁ_ar:"::nqT:S(tfuw syiierr:]sl f:jom particles, respectively. Now, choose a representation for the
9 P entang ully entangle first particle such thafp,)=|0)4, |#h,)=|1); in the z; direc-

states, yvhlch is more .powgrful than the one presented bﬁon, and similarly,|x1)=|0),, |x2)=|1), in the z, direction.
quadratic Bell inequalities giving—1 entanglement classes Then, a simple computation yields that
from two-entangled to fully entangled statE3]. Roughly '
speaking, the more entangled the larger the violation value of |(|1//>,o'3(' + g'i) =2+ 4pq. 11
Eq. (7), which means it is easier to measure an observable , . .
not commuting with local spin observables on entangled! NS Shows thaty) is entangled(pg>0) if and only if it
states, thus corresponding to larger skew information. Thi¥iolates Eq.(7), that is, Gisin's theorem holds true for the
directly uncovers the information-theoretic meaning of en-nequality(7) of two qubits. Therefore, Wigner-Yanase skew
tangled states. information provides an exact test to dlst|_ngwsh entangled
We would like to mention that, contrary to the usual Bell- from nonentangled pure states of two qubits.
type inequalities possessing two local spin observables or !N the following, we show how to detect multipartite en-
more at each sitgl4], Eq. (7) involves only one local spin tanglement using ngner—Yanase skew mformatlorj. Con3|der
observable at each site. On the other hand, our inequalit@ System ofn particles. Recall that a state ofparticles is
similarly to quadratic Bell-type inequalitigg], is not linear  Tully entangled[17], if it cannot be written ap ) © p(n-) OF
but quadratic. However, we will show that Gisin's theorem mixtures of these states, whepg, (1<k<n-1) is a (en-
holds true for Eq.(7), that is, it provides an exact test to tangled or notstate ofk particles among tha particles. For
distinguish entangled from nonentangled pure states of twexample, states of three particles that are not of the form
gubits. This shows that our inequality is stronger than quap; ® poa, p2® p13 pP12® p3, OF Mixtures of these states are
dratic Bell-type inequalities, which provide tests for en-fully entangled states. In particulafGHZ) are fully en-
tanglement for systems of only three particles or more, andiangled states of multiqubit systems. Generally, feeKl
not for n=2. =<n, a state of the particles is at most-entangled, if it is of
Sincel(p,A) is a convex function irp, the maximal vio-  the formp(k1)® @ p OF mixtures of these states, where
lation of Eq.(7) for entangled states will occur in pure states. 1<k;<k, 2;k;=n, andp(kj) is a(entangled or notstate ofk;

Note that for local spin observabldg, ..., A, particles among the particles. We denote by K&l states

AL+ - + AV = D <¢|A1Ak|¢> 2 that are at mosk-entangled. Then,
ik

ES,CES,C -+ CES, (12)
AAEL® - @A ® - ®A®---®1in shor) we conclude Clearly, ES is the set of all separable states, ,E8e all
from Eqg. (5) that states of then particles, and ES-ES,.; are all fully en-

> tangled states. Thus, for2k<n, k-entangled states are all
Hp Ayt +A) <N ®) sta?es in Eg-ES._4, one-entangled stgtes are separable
for all (entangledl statesp of the n particles. Equality in Eq.  states, anah-entangled states are just fully entangled states.
(8) can be attained even for systemsnosﬁpin—% particles by Given a state of the formy,® -+ ® p ), for local spin
the Greenberger-Horne-ZeilingéEHZ) state[15] observabled\,, ... ,A,, by Egs.(3) and(8) we have

052302-2



WIGNER-YANASE SKEW INFORMATION AS TESTS FOR.. PHYSICAL REVIEW A 71, 052302(2005

Hpwy ® ** @ pyArt e +Ay) l(p) < Ex. (16)

= pwy Ary) + +|(p(km)7A(km))$k§+ K2, Therefore, the larger the nonlocal skew information, the

: . , more entangled or the less separable is the state in the sense
whereA(kj) is the sum of the corresponding local spin observ-at 4 larger maximal violation of the inequality3) is at-

ables amongh,, ..., A, associated withp). Then, by the  tainable for this class of states.
convexity (a), we obtain As shown in Eq(13), k-entangled states are all in tkth

n nl\2 entanglement class. In particular, if
I(p,A1+--~+An)s[dk2+<n—[dk) (13

for all statesp € ES,, where[x] denotes the largest integer
less than or equal tg. Here, the right-hand side of E(L3),

I(p) > (n-1)%+1,

then p is fully entangled. For example, E¢9) shows that

|GHZ) is a fully entangled state. Hence, by using Wigner-

E {n}kz ( {n}k)z Yanase skew information, we give a hierarchic classification
k= oK\ ¢ ;

K K of multipartite entangled states.
_ _ _ For each separable pure stdtg):--|¢,), it is easy to
can be obtained by inductidi8]. Clearly, check thatl(|i41)- -+ |¢))=n. For mixed states, we illustrate
E,=n<E,< - <E,=n (14) the following states ofi qubits[17]:
Also, E,=2n for n even or 2—-1 for n odd andE,_;=(n 1-\

px = N|GHZ)(GHZ| + I, a7

-1)?+1. For example, in the cases 0£2, 3,4, and 5, we
have(1) for n=2, E;=2 andE,=4; (2) for n=3, E;=3, E,
=5, andE3=9; (3) for n=4, E;=4, E,=8, E3=10, E,;=16; where O<\ <1 andl is the identity on then qubits. Since
and (4) for n=5, E;=5, E,=9, E3=13, E;=17, Es=25.

Moreover, E, can be attained in Eq13) by k-entangled 12 1-\

states. Indeed, choosing=py,® - ®@py , such thatm py = T(N|GHZXGHZ| + N o b

=[n/k]+1, kj=k for j=1,... ,[n/k],p(kj) is the GHZ state of
the corresponding particles, andy ) is the GHZ state of wheref(A)=\A+(1-)\)/2"-(1-)\)/2", we have
the remaining particles, by the additivith) and Eq.(9) we

have 1(py, A) = (x - 2f(\) \/12%)‘)<GHZ|A2|GHZ>

l(p.oy + -+ +07) =Ex.

i i ; i [1-\
Note that the inequality13) is only a necessary condition — f(\AGHZIAIGHZ)? < ()\— 2f(\) . )nz,
that states are at moktentangled. Later, we will present a 2

concrete example showing that there are fully entangled _ .

states satisfying E(7). for all A=A +---+A, of local spin observables. Taking
Now, we turn to the problem of how to classify statesiof =03 for j=1,...,n, we have

particles into n entanglement classes by using Wigner-

Yanase skew information. To this end, we define _ 1-) 1-X\ 1-N) |,
I(p)\) =[A- 2 2n A+ 2n - 2n n-.
[(p) =supl(p,Ar+ -+ +A), (15

where the supremum is taken over all local spin observables

Ay,..., Ay According to the physical meaning of Wigner- i is shown in[17] that p, is separable if and only if &\
Yanase skew information, the quantityp) is the most <1/(1+2"Y, and fully entangled otherwise. The lower
amount of information on the values of observables not comg .14 of valuesn for which our criterion can be used to

muting with (being skew to local spin observables we can atact thefull) entanalement ob. is

obtain on the state. Hence,l(p) can be regarded as the etfull) g Py

nonlocal skew information gb. By Eq.(13) we find that the 1( 1 ) \/ 1 ( 1 1
= + =

larger the nonlocal skew information, the more entangled or Ap= - 1 o1 P

2n

(18

+_
n 2"

), (19

the less separable is the state. This means that we can obtain

more information of some nonlocal observables on entangle . . .
. > . =

states than on separable ones. In this sense, we may rega%&lt is, 1(p\)>n provided A>\,. We have () A,=(1

entangled states as an information-theoretic concept. In pa?r-\““5)/4 and A3=(3+V17)/12; (ii) \,=7/16<1/2 and A

ticular, by using the nonlocal skew information of states of:(f5+“l%9_/80<1/3; (iii) Ne=(31+y321)/192<1/3 and
multipartite systems we obtain a classification of them agd7=(63+1769/448<1/4. Moreover, we have the following

follows. estimates:

Classification theoremThe states oh particles can be
classifi_ed inton entanglement classes._ Fekel,...,n, the 1 <A < 1 . 8=n=12: (20)
states in the&kth entanglement class satisfy n-1 n-2
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TABLE I. Each row indicates the maximum values under three [(|4h), AL + Ay + Ag) = 3 + 2A@y48,3+ 813853+ B3833)
different classes possibly attained by MK,,Band WY, respec- 5 oo )
tively. Note that the difference values of WY two-entangled from —(a” = B)Y(ai3+ axs+az)”.

separable and fully entangled from two-entangled states are 2 and 4,
respectively, which are both larger than the associated opes. Hence, we have
and 2—/2 of MK.

() =3+ 32 -3(a®- 7). (22)
E E E
> ? = It is concluded that whenever
MK 1 V2 2
Bl, 8 8 16 1 2
WY 3 5 9 a,B> > 1- 3/ (23
our criterion can detect the entanglement of generalized GHZ
}< " 1 - 12 21 states, which is more efficient than the MK inequality with
S <M<o—, n>12. @D the critical valuey(1-1/v2)/2.

. In summary, a Bell-type inequality is proposed in terms of
On the other hand, it is easy to check that the lower bound 0\‘7\/igner-Yanase skew information, which presents an

valuesh is 1/2V* for the(full) entanglement o, obtained  , hierarchic classification of all states ofpartite quantum
by the quadratic Bell inequalitf7], as well as 1/2°4'2 by systems from separable to fully entangled states. The in-
the standard Mermin-Klyshko inequali§f,14]. Although gy aiity is not linear but quadratic; however, contrary to qua-
the lower bounds of values derived by the quadratic Bell andyaic Bell inequalitieg7], it involves only one local spin
Mermin-Klyshko inequalities, respectively, are both betterohgenable at each site and provides an exact test to distin-
than the one of our inequality, our criterion, which requiresy ish entangled from nonentangled pure states of two qubits.
only one measurement setting per site, is more appealingy n-hierarchic classification fon-partite entangled states
from an experimental _eomt of view. by using Wigner-Yanase skew information is more powerful
Settingho=1/(1+2""), one has than the classification in terms of quadratic Bell inequalities
2-\3 [8], which only classifies all states @f particles inton—1
n°. entanglement classes from two-entangled nt@ntangled
states and cannot be used to distinguish two-entangled from

Sincel(pxo)—>0 asn— o and by Eq.(18), I(p,) is continu- separable states. We have defined the quatjityof multi-

ous in\, we find that there are some fully entangled states partite states, which is the most amount of information on the
with A>1/(1+2"1) such thatl(p,)—0 as n—o. This Values of observables not commuting witbeing skew to

means that the nonlocal skew information of some fully enloC@l Spin observables we can obtain on the sfatkp) is
tangled states can be arbitrarily small and hence smaller thdf€ nonlocal skew information of entangled states, as we can
that of separable states. Siriép) can be regarded as a mea- obtain more information of some nonlocal observables on

sure of nonlocality of quantum states, therefore, from theent:lmgleg statgshthag on separat_)le;nr:as. hvsical
information-theoretic viewpoint there is a gap between non- owadays, It has been recognizec that most p ysical pro-
locality and quantum entanglement. cesses in nature can be formulated in terms of processing of

As follows, we apply our theorem to the classification Ofinformation, and information may be central to understand-

three-qubit states. As stated before, there are three types oy qu.antum theor)[19]. _T_he notion of the Wigner—anase
three-qubit states: one-entangléotally separablestates de- skew information quantifies t_he amount of information on
noted by E$, two-entangled states ESand three-entangled the values of observables bel_ng skew to other c[ﬂéle],'

(fully entangled states ES The results for the Mermin- and has been used to establish some results concerning the

: . ; : ; haracterizations of uncertainty relations and measures of en-
Klyshko (MK) inequalities[6], the quadratic Bell inequality i
(Bl,) [7], and our inequality of Wigner-Yanas®vY) infor- tangled state$13]. Our results furthermore shed consider-
mation z;re summarized in Table | able light on relationships between quantum entanglement
: and information theory in terms of Bell-type inequalities of

We now turn to our entanglement criterion to see how Wianer-Yan kew information. We expect that. simi
good it is to test the entanglement of generalized GHZ stateg1e gner-ranase ske ormation. vve expect that, simi-
of three qubits arly to the usual Bell inequalitil], the Bell-type inequal-

ity of the Wigner-Yanase skew information and its various

|(P>\o) = 1+

| = «|000) + B|111), ramifications will play an important role in quantum infor-
) mation[1].
where a, >0, and o?+p%=1. Write A;=aj104+aj,0y
+ay305, where &;=(ay;,8;2,8;3) e R® are all unit vectors. This work was partially supported by the 973 Project of
Note that China(Grant No. 2001CB3093
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