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Spontaneous spectral phase conjugation for coincident frequency entanglement
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Spontaneous parametric processes pumped transversely with short pulses are studied under a unified frame-
work, which proves that such processes can efficiently generate entangled photon pairs with time anticorrela-
tion and frequency correlation. Improvements upon previously proposed schemes can be made by the use of
quasi-phase-matching, four-wave mixing, and cross-phase-modulation compensation. The use of frequency-
correlated photons in the Hung-Ou-Mandel interferometer is studied.
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It has recently been proven that if the three-wave-mixinginterferometer with such photons has been stuli€i#-13,
(TWM) or four-wave-mixing(FWM) parametric process is but relatively little attention is given to the distinguishability
transversely pumped with short pulses in a long and thinntroduced by phase modulation in the time domain, for ex-
nonlinear medium, parametric amplification can be perample, via the optical Kerr effect, which can be useful in
formed, with time reversal and spectral phase_ conjugatiorquamum nondemolition measuremefitd]. Reference11]
(SPQ [1,2]. The correspondence between classical paramestydies the effect of frequency shifts on frequency-correlated
ric amplification and quantum entanglement makes one WOMshotons, but only in a highly idealized case. Using the for-
der if spontaneous SPC can perform the opposite of what its5jism developed for our schemes, we first review the HOM

continuous-wave-pumped counterpart does, and realize img, effect introduced by time delays and dispersion for com-
anticorrelation or frequency correlation. This distinct kind of

tanal . ful f Lcati h ¢ mpIeteness, and then study the nonlocal temporal phase-
entangiement 1S useiut for applications such as quantuiz,,.q|jation properties of the entangled photons.
enhanced position and clock synchronizat{@& and one-

. . The spontaneous SPC scheme by TWM is sketched in
way autocompensating quantum cryptograp#y. Various . L
implementations of such entanglement have been suggestgbg' 1, and '_[he FW.M SChe'_“e n F_|g. 2. For the TWM
[5,6], and the scheme proposed by Waltenal. [6] looks ~ Sceme, the interaction Hamiltonian is
intriguingly similar to the TWM scheme for SP@]. On the
other hand, while TWM is traditionally the preferred method R
to generate entangled photons, recent experimental progress H o wf dxf dzx?f(EVESE + Hee., (1)
on entangled photon sources using third-order nonlinear pro-
cessed47,8] makes FWM a promising candidate for such a
task. In this paper, we prove that spontaneous SPC, by eith@o ey is the width of the nonlinear medium in thedi-
TW.M or FWM, can indeed efficiently generate time- mension, x? is the second-order nonlinear susceptibility,
anticorrelated and frequency-correlated photon pairs. {éz) is the pump-beam profil€™ andE") are the positive-

ngutrhgtr oiﬁo;ee? [Zj:hzwssmgak\éecz?r:/g[jae:nlt(?elrzgﬁvergﬁ-n equency and negative-frequency electric field operators, re-
L . icident req y spectively, and the subscriptss, andi denote pump, signal,

tanglement much more realizable. First, it is unclear in Ref, : . : .

. . and idler, respectively. If the pump is assumed to be classi-
[6] how phase matching should be achieved. We propose the e . .
. . . X . .~ cal, the electric field operators can be written in terms of
incorporation of quasi-phase-matching to satisfy the require- ) . i )t
ment. Second, we suggest an alternative FWM schem&nvelopes E "o Ay(t+x/v,)exp-iZogt=ike), Eg oAt
which can be more efficient with focused femtosecond pump-z/v)expiwgt—ik,z), and Ei(")ocA;r(t+z/u)epr(iwot+ikZz),
beams. Third, for good efficiency, cross-phase modulatiowherek, is the pump carrier-wave vector, andandv, are
due to the strong pump becomes a large parasitic effect fahe group velocities inz and x, respectively. Unlike the
both schemes. We introduce the use of pump phase modulaeheme in Ref.5], spontaneous SPC places no restriction on
tion to compensate for cross-phase modulation. We also pethe material dispersion properties as long as the signal and
form an in-depth Heisenberg analysis of the spontaneouisller are the same but counterpropagating modes. Otherwise
SPC schemes, predicting that a high gain is possible witlthe pump beaiis) can be slightly tilted in the direction to
current technology. The high gain enables the generation afompensate fo the signal-idler phase mismatch. The interac-
large-photon-number frequency-correlated states, which aréon Hamiltonian then becomes
interesting for their use in nonlocal-dispersion cancellation
and noise-reduction experimer8. a2

i i . RN X\~ AP z
Lastly we investigate the use of frequency_correlated pho H o WJ de dzx(z)f(z)Ap<t + —)Al(t _ —)Af(t " _)

tons generated by our proposed schemes in the Hong-Ou- —d2 Uy v v
Mandel (HOM) interferometef10], subject to temporal de-
lays, dispersion, frequency shifts, and temporal phase xexp{— i(k _ 2_77))(] +H.C. 2)
modulation. Quantum-dispersion cancellation in the HOM XA '
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where A is the y? grating period. Referendd 5] assumes . . A 7

that the transverse dimensiohis small enough so that de- H o J dz f(Z)g(t)A;r<t‘ _>AiT(t + —) +H.c.,, (6)
tuning due tok, can be ignored. However, for a realizable

setup .k, is usually on the order of 11 um), whiled is on  where g(t)=x'?A,t) for the TWM scheme andg(t)
the order of micrometers for a waveguide. Hence in mostc y®A o(D)A4(t) for the FWM scheme. To the first order, the
casesk, should not be ignored, and quasi-phase-matchingwave function is given by6]

not mentioned in Ref[6], is in fact needed. The submi-

crometery® grating period required can be fabricated, for ') o f dt |:||0> 7)
example, in a GaAs/AGa,_,As heterostructurg16]. To

avoid space-time coupling, the spatial pulse width of the

pump, on the order of 10@m for a femtosecond pulse, .
should be much larger thai~ 10 um, so that thex depen- o f dtf dz Q(t)f(z)Al(t )AT<t+ >|0> (8)
dence ofA, can be neglected is then given by

H scwdf de<2>f(z)Ap(t)A§<t— —)A <t+ >+ H.c. (3) desJ dwf< )g(ws+ w)al(w9a] ()[0), (9)

The FWM process, on the other hand, is automaticallywheref, G, anda/; are Fourier transforms df, g, andASI,
phase matched due to the counterpropagating pump pulsagspectively. In the time domain, if the width oft) is much
The interaction Hamiltonian is narrower than the width df(z) divided bywv, g(t) can sample

the integrand in Eq(8), say att=0. Equivalently in the fre-
H ocm de dzx®f(2EVEVESE +He. (4 quency domairf can sample the integrand at=w; in Eq.
(9). The wave function becomes
With similar assumptions as in the TWM scheme, the inter-
action Hamiltonian is given by |y o f dt’g(t')f dt feH)Al(-HAT®]0y (10

Ao wdf de<3>f(z)Ap(t)Aq(t)A§<t - S)Ar(t + f) +HC.,
(5

which is almost identical to that of the TWM scheme. HenceThe generated photon pair therefore possesses quantum time
one can analyze both schemes in a unified framework, witlanticorrelation and frequency correlation. In summary, for

x f dw"f("’;) J do§(2w)al(@a(]0). (1D

the general Hamiltonian optimal entanglement, the assumption
X
Ap (1)
z
Ai (1) As()
FIG. 2. Spontaneous SPC by FWM.
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L d
— > width of g(t) > — (12
1%

Ux

should be satisfied.
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number. The number of photon pairs spontaneously gener-
ated in each wave-mixing event is theref&e and the con-
version efficiency, defined as the energy of the generated
photons divided by the energy of the pump photons, is

The efficiency of spontaneous SPC is best studied in the

Heisenberg picture. The coupled-operator equations, assum-

ing classical undepleted pumps, are given by

Jd Jd\~ . ~ . ~
(”a_z + E)As: ig(A] +ic(HA,, (13
I S S RS- SRR+
< U&Z+at> =-ig (HAs—ic(HA, (14)
where
(2)
WL X
t)=—"—A(t 15
g(t) 2cn, o(D) (15
for the TWM scheme and
30)01))((3)
t)=——A,(t t 16
90 = e A OA (16
for the FWM scheme.
3w0v)((3> 2 9
)=—(A,|°+ 17
ot = = — (A + A a7

_ 28271(1)0
= —gp ,

r (21)

whereé,, is the total pump energy. The FWM scheme is more
efficient than the TWM scheme whagit) of the former is
larger, or, all else being equal,

1/2
) X(Z)

gp
=
- (HBZ))S/Z’

X(3) (
(&) \ eeLwT,

(22)

whereT, is the pump pulse width.

For example, polydiacetylene, a conjugated polymer, has
ax¥~108m?/v2andn~2, while a GaAs/AlGa_As
heterostructure has @? ~10'°m/V andn'” ~ 4. For a fo-
cused femtosecond pump beam, day 2 mm, w~5 um,
T,~100 fs, the FWM scheme is more efficient whénis
approximately larger than 1 nJ. Ti:sapphire laser systems can
achieve a pulse energy of 1 mJ or more, so the FWM scheme
can be orders of magnitude more efficient. The FWM
scheme also has the advantage of automatic phase matching
as well as having pump pulses near the fundamental fre-
quency, thus eliminating the need of quasi-phase-matching

is the cross-phase-modulation term, which acts as a timeyng 5°second-harmonic source in an experiment. That said,
dependent detuning factor. Cross-phase-modulation is ape pecessity of synchronizing two short pump pulses in the
ways present in the FWM scheme, while it exists in the formg\wm scheme may undermine its robustness, while the
of competing third-order nonlinearity in the TWM scheme. 1\y\j scheme may be more efficient for certain parameters
Equations(13) and(14) can be solved in the same manner sy it js relatively easier to filter out the scattered second-
in the classical SPC analydi#,2]. The temporary detuning 4 rmonic pump from the signal and idler. For the parameters
due to cross-phase-modulation can be compensagtd)ils 5 oye the signal and idler gaBf can achieve 100% for a
also appropriately detuned. Quantitatively, the phasg(tf pump pulse energy~10 nJ with the FWM scheme and
should be modulated 48] ~2 unJ with the TWM scheme. For such a relatively high
gain the wave function can have higher-order tefrh3],

|y o Z_oT"n)g Y, whereT=S/C, and the weights of large-
photon-number state$?" with n>1 become appreciable

6(t) can be approximated by a linear temporal phase, or &/hen S approaches unity. Amplification of poincident fre-
center-frequency shift of(t) [2]. In other words, for spon- quency entang_lemer[ll?] also beqomes possible. :
taneous SPC under the cross-phase-modulation effect, the In the HOM interferometry, variable delays are introduced

. . . - tO the signal and idler photons, which then pass through a
generation of photon pairs will actually be most efficient at 8050 beam splitter and finally the coincidence rate of the

center frequency different from the center pump frequency Mo output ports is measurdd0]. For simplicity we also
thuemFV\]!rhél ?J(;T]im?ﬁ ?rr];rf)rr\?w\r}lalsfctﬁgr:eenfririss?;(;?]zzaggrlg\ssume that the distances from the two detectors to the beam
pump ireq y ) o g splitter are the same. We start with the more general wave
the phenomenon of sideband gain in continous-wave FWM

although now the signal and idler spectra shoatincide I)urlctl?n |neEc_].((a8).bThe electric field operators of the two
with each other. This feature is actually desirable for the utputs are given by
FWM scheme, since it is easier to separate the scattered
pump from the weak signal and idler by spectral filtering.

The average number of photons in each mode is

t
o(t) = 6o + 2 f dt'c(t’). (18)

Ay o(t) = Agi(2Lg,t) +iA (F Lo 1), (23)

whereLg; are the distances traveled by the signal and the

ne=C?ng+ S(nig+ 1), (19 idler from z=0 to the detectors, respectively. has a nega-
tive sign in front because the idler travels backward. The
n=C%ng+ S(ng + 1), (20) coincidence rate is given Hy.2,13

where C=cosh [dt|g(t)|], S=sinH [dt|g(t)|], ny is the ini-

tial signal photon number, amt, is the initial idler photon P« f dt1f dix( ' |Al(t) At Ag (1) Asltr) | 9)  (24)
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L,\|? 5 delays for both photons are the samelLgrL;=L,. P. be-
“th g\t- fdt|f(L-—vt—)| comes
X L\ |2
—ReJ dtf (Lo —ovt)f(Lo+ot)) |, (25 Pcocfdu g(t+——+> (f dt_|f(- vt )[?
1%

where t,=(t;+1,)/2, L,=(Ls+L;)/2, t_=(t;-t,)/2, and L_ . _

=(Le-L))/2 is half the signal-idler path difference. The - Ref dtf (- ot )flut )exd 2i(6ws - 5“’i)t—])'
shape of the HOM dip with respect to the path difference (29)
Ls—L; is given by the last term of E¢25), which has a width
on the order ofL, the width of the pump-beam profil&z).
Referencd 11] predicts thatP. is identically zero for allL_
with perfectly frequency-correlated photons, which is simply
a special case wheln— oo,

Steinberget al. predicted[18] and demonstrated19]
even-order dispersion cancellation in the HOM interferom-
eter with frequency-anticorrelated photons. With frequency—tor
correlated photons, intuition then suggests that one can ola—e
tain nonlocal cancellation of dispersion of all orders, which
is proven in Ref[12]. To see how this effect manifests itself
in our schemes, we shall start with the general wave functionp_ o f dtlJ dty(y’ |AL(t) ALt A (t) As(ty) [ ) (30)
in the frequency domain, EQ), and apply spectral phase to
the operators just as in R¢L.8]. The coincidence rate can be
expressed in terms of frequency-domain operatord @k

The last term of Eq(29), which is the Fourier transform of
|f(vt)|? if f(vt) is even, characterizes the HOM dip with re-
spect to the frequency differen@as— dw;. The width of the

dip is on the order ob//L, for which the infinitely sharp dip
predicted by Ref[11] is again a special case whén- .

The coincidence rate depends on the time-domain opera-
s in EQ.(24) in the same way as the expression in E§)
pends on frequency-domain operators,

o f dw; f doy(if' |al () AN w,) A (w1)Ax(wy)|¢/'). (31)

Hence the coincidence rate obeys a kind of Parseval’s rela-
(26) tion, and the frequency-domain results can be directly ap-
plied to the time domain, if we replace frequency-domain

Pe o f day f do(' a1 (w1)8)(w,)a(w)Bx(wy) )
operators with time-domain operators, frequency anticorrela-
tion with time anticorrelation, frequency correlation with

_ 2
dewlf dw2|§(w1+w2)|2{‘f<%>
time correlation, and spectral phase modulafidispersion

o F[ @17 W2 o W2 T Wy : with temporal phase modulation.
Re[f( v )f ( v )eXp{l[kS(wl) One can introduce temporal phase modulation to the pho-

tons by a Doppler shift as mentioned above, or by cross-
— ks(wp) JLs = i[ki(wy) = ki(wz)]Li}] } (27)  phase-modulation via a classical pulse in a Kerr medium if a
more complex phase profile is desired. Given the Parseval

wherek, andk are the dispersive propagation constants 01rela’uon for coincidence, we then expect the HOM interfer-

the signal and idler, respectively. The exponential term in Eqpmetry results with frequency-anticorrelated photons subject

(27) characterizes the nonlocal dispersion cancellation. If th(%.o dlsp(atr5|on Totbg fLrJ]nct:tlonallybf[het fartne as thle rhesults Wc'jth
photons have perfect frequency anticorrelatpis infinitely Ime-anticorreated photons subject to temporal phase modu-

sharp, w;=-w,, and we recover the even-order dispersionlat'on' The coincidence rate is

cancellation results in Ref18]. If T is infinitely sharp,w;

= w,, the exponential term evalulates to 1 aRd=0 for dis- P, f di|f(vt)[H1 — co$ pe(t) — ds(— 1) — (1) + Bi(— )]},
persion of all orders. If is not infinitely sharp and disper-

sion is due only to time delay, the result in Eg5) is recov- (32)
ered.

Frequency shifts can be introduced to the signal and th&here ¢s; are the temporal phases introduced to the signal
idler by, for example, moving mirrors or acousto-optic @nd idler photons. The even component of the temporal
modulators via the Doppler effect. Opposite Doppler shiftsPhase is canceled, as expected. For a linear temporal phase,
can also occur to the counterpropagating photons if théhe result in Eq(29) is recovered. On the other hand, time-

source frame is moving along relative to the detection correlated photons are capable of complete nonlocal tempo-
- - ral phase cancellation. An analogy with classical nonlinearity

compensation by different phase conjugation schemes can
A - A ; ; A learly be made; whereas midway SPC can compensate only
A —iSws )Ag; + —idw DA (2 ¢ : .
12(t) > exp(=idwsit)Ag; +iexp(—idw A s, (28) for the elastic component of the Kerr effect, midway tempo-
where dwy is the signal frequency shift anélv; is the idler  ral phase conjugation can compensate for both the instanta-
frequency shift. For intuitiveness we assume that the patheous and delayed Kerr effed@0].

frame. We can then rewritd; andA,,
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The Parseval relation for coincidence of course holds foranticorrelated photons subject to temporal phase modulation.
any kind of interferometer, so any result with other interof- For instance, the extensive study of Mach-Zehnder interfer-
erometers obtained with frequency-anticorrelated photonsmetry with frequency anticorrelated photons in Rgfl]
subject to dispersion can be applied directly to time-can be utilized just as well in the time domain.
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