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The scattering of positrons from atomic hydrogen is studied by using the momentum space coupled channels
optical method at intermediate energys15–100 eVd. Ionization continuum and positronium formation channels
are included in the coupled channels calculation via a complex equivalent-local optical potential.
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I. INTRODUCTION

In recent years, theoretical studies on positron-hydrogen
collision systems have reached a level where positronium
formation channels can be taken into account for comparison
with experimental measurements. These calculations were
mainly performed in the close coupling framework at lower
and some intermediate energiessHewitt et al. f1g, Mitroy f2g,
and Kernoghanet al. f3gd. The scattering cross sections ob-
tained by these calculations are in good agreement with the
corresponding experimental measurementssZhou et al. f4gd.
In the highly interesting intermediate energy regime, the ion-
ization continuum forms a significant part that contributes to
the total scattering cross section. Considerable advances in
theoretical studies of positron-atom collision have been made
by Mitroy f2g and Kernoghanet al. f3g by employing aL2

representation to describe the excitation of the target con-
tinuum in their close coupling calculations. Most recently,
Kadyrov and Brayf5g reported a convergent two-center
close-coupling approach, they found that the major cross sec-
tions do convergent if sufficient number of pseudostates are
used to expand the total scattering wave function. These re-
sults of pseudostate expansion calculation have shown that
the scattering cross sections depend on the size andl values
of the L2 bases.

The momentum space coupled channels optical method
sCCOd for electron-atom scattering was developed in the
1980s sMcCarthy and Stelbovicsf6,7gd using an extreme
screening approximation to describe the three-body breakup
process. It has given excellent ionization cross sections for
positron scattering by hydrogensRatnaveluf8gd. The CCO
method for electron scattering solves the coupled integral
equations for discrete channelssP spaced to convergence us-
ing a coupling potential that includes anab initio polariza-
tion part describing the real and virtual excitation of the con-
tinuum ofQ space. With different levels of detail the method
has had broad success for atoms whose structure can be de-
scribed by one or two active electrons, but extending the
method to the studies of positron-atom scattering requires
developments in the method.

In the positron-atom system two physically distinct
mechanisms contribute to the positron-atom interaction. The
first one is the dynamic polarization of the target by the
positron. The interaction is roughly proportional to the
atomic dipole polarizabilitya at large distances. The second

mechanism is the formation of positronium bound states by
the positron and one of the valence electrons. The total
positron-atom polarization potential is the sum of the target-
polarization potential and the positronium formation poten-
tial. The description of positron scattering by atom must in-
clude a complex polarization potential: the real part
describes virtual excitation of the target continuum and the
virtual formation of positronium, the imaginary part de-
scribes real excitation of these channels and the formation of
positronium bound states.

In the present work, we report studies of positron-
hydrogen scattering at energy ranging from 15 to 100 eV,
using the momentum space coupled channels method, in
which we solve coupled integral equations for discrete chan-
nels inP space. We have developed an equivalent-local com-
plex potential describing the rearrangement process, namely
positroniumsPsd formation, that is added to anab initio po-
larization part, extending the momentum space coupled
channels optical method to positron-atom systems. A check
for the validity of the method for a particular target is its
ability to generate accurate cross sections for all channels:
total ionization cross section, positronium formation cross
section, total cross section and differential and integrated
cross sections forP-space physical channels.

II. THEORETICAL METHOD

The Schrödingerequation for positron scattering on an
atom target is

fE − sKp + HT + VdguCn
±l = 0, s1d

whereE is the total scattering energy,Kp stands for the ki-
netic energy of the positron,HT is the target Hamiltonian,
andV is the positron-target potential operator,

V = V0 + Vpe, s2d

hereVpe is the interaction between the incident positron and
the active electron of the target andV0 is the interaction of
the positron with an inert core consisting of the nucleus and
the remaining electrons.Cn

± is the total scattering wave func-
tion for the channeln. The superscripts ± denote outgoing
and ingoing spherical wave boundary conditions, respec-
tively. Cn

± consists of two parts representing the excitation of
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target statesclsr ed and positronium statesFmskPs,R ,r d,

Cn
± = o

l

clsr edFlsr pd + o
m

FmskPs,R,r d, s3d

wherer p,r e are the coordinates of the positron and the elec-
tron. The relative coordinate is

r = r p − r e, s4d

and R is the coordinate of the positronium center of mass
and

R =
1

2
sr p + r ed. s5d

kPs is the momentum of center of mass of the positronium
formation. We use projection operatorsP andQ for the sets
of channel statesci

P = o
iPP

ucilkciu, s6d

Q = 1 − P. s7d

The coupled channels optical equationsMcCarthy and Stel-
bovics f7gd is

kk i uTu0k0l = kk i uVsQdu0k0l + o
jPP

E d3k8kk i uVsQdu jk8l

3
1

Es+d − « j −
1

2
k82

kk8 j uTu0k0l,

i P P. s8d

The channel states inP space are a finite set including the
entrance channelu0l. The target states are defined by the
target HamiltonianHT,

s« j − HTduc jl = 0. s9d

The target ionization continuum and the discrete
positronium-formation channels are represented inQ space
via an optical potential, which is the channel coupling poten-
tial V plus the polarization potentialWsQd,

VsQd = V + WsQd, s10d

WsQd = WI
sQd + WPs

sQd. s11d

Here WI
sQd and WPs

sQd stand for the parts of the polarization
potential that describe the ionization continuum and positro-
nium formation rearrangement process, respectively. The
form used for the matrix element of the polarization potential
WI

sQd describing ionization issMcCarthy and Zhouf9gd

kk8i uWI
sQdu jkl = o

nPQ

kk8i uVuxn
s−dl

1

Es+d − En
kxn

s−duVu jkl,

s12d

where uxn
s−dl represents the distorted wave function for the

reaction starting in channeln. The notationn is a discrete

notation for the three-body ionization continuum. For ioniza-
tion states we use the extreme screening approximation

uxn
s−dl = uws−dsq,dq.l, s13d

whereq, andq. are the momenta of the outgoing particles
with greater and lesser absolute values, respectively. Ioniza-
tion is described in the independent particle model,
kr uws−dsq,dl is a Coulomb wave orthogonalized to orbital
from which the electron is removed.kr uq.l is a plane wave.

The model used for Ps formation is

uxn
s−dl = fmeikPs·R, s14d

wherefm is the bound state of the positronium, andkPs is
the momentum of the positronium center of mass. The plane
wave kR ukPsl represents the motion of positronium, since
only short-range terms in the positronium-ion potential sur-
vive. The notationn is a discrete notation for the two-body
Ps rearrangement channels.

The optical potential for positronium formation is

kk8i uWPs
sQdu jkl = o

m

kk8i uVux̃n
s−dl

1

Es+d − «n − kPs
2 kx̃n

s−duVu jkl.

s15d

Here

ux̃n
s−dl = s1 − ucilkciuduxn

s−dl, s16d

uxn
s−dl is orthogonalized to the ground state of hydrogen atom,

and ucil from which the electron is captured.
The amplitudes of positronium formation potential coin-

cides with the one obtained using atomic many-body theory
sGribakin and Kingf10gd. It has been calculated by using the
numerical method of Cheshiref11g.

A half-on-shell equivalent-local approximation is made
for the positronium formation potential and the optical po-
tential matrix element is calculated only at about ten points
in the variableK, where

K = uk − k8u,
1

2
k2 = E − «0,

1

4
kPs

2 + «Ps=
1

2
k2 + «0.

s17d

This is achieved by an angular-momentum projection

kk8i uWsQdu jkl = o
l9m9

Cl8l9l
m8m9mUl8l9lsKdYl9m9sK̂ d,

Ul8l9lsKd = o
m8m9

Cl8l9l
m8m9mE dk̂kk8i uWsQdu jkli−l9Yl9m9

* sK̂ d.

Cubic spline interpolation is used for general values ofK.
The equivalent-local complex potential is calculated by a

multidimensional method using Cartesian momentum vari-
ablessMcCarthy and Stelbovicsf6gd. The real part for ion-
ization involves virtualsoff-energy-shelld excitation intoQ
space, the real part for positronium formation describes
virtually-formed positronium bound states with the positron
bound to the valence electron.
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A simple estimate of the total cross section for excitingQ
space is

sQ = S2

k
Ds2pd3 Imkk0uWsQdu0kl, s18d

whereu0l stands for the ground state of the target. The total
ionization cross section is

sI = S2

k
Ds2pd3 Imkk0uWI

sQdu0kl. s19d

The total positronium formation cross section is

sPs= S2

k
Ds2pd3 Imkk0uWPs

sQdu0kl. s20d

III. Results

In the present calculation, 15 discrete states of hydrogen
are included inP space. They are 1,2,3,4,5,6s, 2,3,4,5,6p,
3,4,5,6d. The optical potentials that describe the target con-
tinuum are in the couplings 1s-1s, 1s-2s, 2s-2s, 2p-2p,
1s-2p, 1s-3s, 3s-3s, 1s-3p, 3p-3p, 1s-3d, and 3d-3d. The
optical potential that represents the formation of positronium
in its n=1 andn=2 bound states is included in the coupling
1s-1s.

We display present ionization cross sections, in Fig. 1,
comparing with experimental measurements and other theo-
retical results. The agreement of the present ionization cross
section with experimental data of Joneset al. f12g is good.
Experimental and theoretical ionization cross sections attain
their maximum value at the same energy and decrease very

FIG. 1. Ionization cross section for positron impact on hydrogen
spa0

2d. The solid line: present calculation; the short dash dot line:L2

calculationsMitroy f2gd; the long dash line: two-center convergent
close-coupling result of Kadyrov and Brayf5g; the dot line: calcu-
lation of Kernoghanet al. f3g; the experimental data: Joneset al.
f12g.

FIG. 2. Positronium formation cross section for positron scatter-
ing by hydrogenspa0

2d. The solid line: present calculation; the line
with symbol 3: L2 calculation of Mitroy f2g; the long dash line:
two-center convergent close-coupling result of Kadyrov and Bray
f5g; the dot line: calculation from Kernoghanet al. f3g; experimen-
tal data from Zhouet al. f4g.

FIG. 3. Total cross section for positron scattering by hydrogen
spa0

2d. The notations are the same as in Fig. 2.

FIG. 4. Elastic cross section for positron scattering by hydrogen
spa0

2d. The notations are the same as in Fig. 2.
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slowly with the same shape. The ionization cross sections
obtained from differentL2 calculationssMitroy f2g, Ker-
noghanet al. f3g, and Kadyrov and Brayf5gd have different
values. The model with 28 pseudostatessMitroy f2gd is very
close to the experimental data except for a pronounced peak
near 5 Ryd, while the ionization cross section is given by
Kernoghanet al. f3g and convergent close-coupling approach
sKadyrov and Brayf5gd are higher than our ionization cross
section and experimental data in the energy region 15–100
eV. It is probable that the ionization cross section obtained
by L2 pseudostates depends on the size of theL2 basis and
the values ofl used for these orbitals.

The present cross section for positronium formation inn
=1 andn=2 states is illustrated in Fig. 2, comparing with
experimental data for positronium formation in all states and
with the results of different close-coupling calculations. The
present calculations are in good agreement with experimental
measurementssZhou et al. f4gd. The positronium formation

cross sections of Kernoghanet al. f3g and Mitroy f2g are
higher than the present values, this is mainly because they
have includedn.3 positronium bound states by scaling
their Ps cross section using thes1/nd3 scaling rulesMitroy
f2gd. It is very encouraging that the Ps potential in the present
CCO approximation can depict the interaction of the positron
and electron well. The quality of this method is being tested
on other atoms.

The total cross section includes all contributions from ac-
cessible channels. It provides an overall check for a positron-
atom scattering theory. The present CCO results for the total
cross section are shown in Fig. 3, comparing with experi-
mental datasZhouet al. f4gd and other theoretical calculation
results. The present total cross sections are in good agree-
ment with experimental measurements in the energy region
15–100 eV. At higher intermediate energies the positronium
formation cross section decreases very rapidly and contrib-
utes only a very small part to the total cross section. The

FIG. 5. 2s excitation cross section for positron scattering by
hydrogenspa0

2d. The notations are the same as in Fig. 2. FIG. 6. 2p excitation cross section for positron scattering by
hydrogenspa0

2d. The notations are the same as in Fig. 2.

FIG. 7. Differential cross sec-
tion of positron scattering by hy-
drogen at 15 eVspa0

2d. For sad
elastic scattering,sbd 2s excita-
tion, andscd 2p excitation: the full
curve, full optical potential results
scontinuum optical potential with
positronium formation optical po-
tentiald; dashed curve, continuum
optical potential calculation only;
dotted curve, pure close coupling
calculation results.
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ionization cross section plays a more important role at the
higher energies and the contribution of higher bound states
of positronium is negligible.

We display our calculations for cross sections of elastic
scattering, 2s and 2p excitation in Fig. 4, Fig. 5, and Fig. 6.
In the case of elastic scattering, the present integral cross
sections are larger than both those of Kernoghanet al. f3g
and those obtained by using the convergent close-coupling
approach of Kadyrov and Brayf5g when impact energyE
,25 eV, and very close to both of calculation results when
E.25 eV. However the present integral cross sections of 2s
excitation are smaller than both calculations of Kernoghanet
al. f3g and convergent close-coupling approachsKadyrov
and Brayf5gd under 30 eV and also are very close to their
data above 30 eV. For the integral cross sections of 2p exci-
tation, we found that the present calculation results are

smaller than both calculations of Kernoghanet al. f3g and
convergent close-coupling approachsKadyrov and Brayf5gd
under positron incident energy 30 eV and are larger than
their results above 30 eV. Probably, these differences in in-
tegral cross sections are due to different treatments of ion-
ization continuum and positronium formation in calculations
of present and the two center close-coupling methods. We
also demonstrate the elastic and excitation differential cross
sections of 2s and 2p at 15, 50, and 100 eV in Fig. 7, Fig. 8,
and Fig. 9 with pure close coupling, continuum optical po-
tential and full optical potentialsionization continuum with
positronium formation optical potentiald calculations, respec-
tively. Comparisons show that positronium formation and
continuum potentials produce significant effects upon the
elastic and excitation differential cross sections and the ef-
fects are decreasing as positron incident energy is increasing.

FIG. 8. Differential cross sec-
tion of positron scattering by hy-
drogen at 50 eVspa0

2d. The nota-
tions are the same as in Fig. 7.

FIG. 9. Differential cross sec-
tion of positron scattering by hy-
drogen at 100 eVspa0

2d. The no-
tations are the same as in Fig. 7.
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IV. CONCLUSIONS

We have performed that coupled channels optical calcula-
tions for positron scattering by hydrogen at intermediate en-
ergies 15–100 eV. We solve coupled integral equations to
convergence for discrete physical channels inP space and
have developed an equivalent-local complex optical potential
to describe the interaction of the projectile with the target,
various physical mechanisms in positron-atom scattering.
The real part of the potential describes virtually excitation of
the target continuum and virtual formation of positronium,
the imaginary part describes real excitation of these channels
and the formation of positronium bound states. Satisfactory

agreements with experimental measurementssZhou et al.
f4gd have been achieved. We also calculated integral cross
sections and differential cross sections for elastic and excita-
tion cross sections of 2s and 2p. Calculated results demon-
strated that the coupled channels optical method has some
virtues as a tool to study positron scattering by atoms. Ap-
plication of the method to positron multielectron atom sys-
tems is straightforward.
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