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A scheme is proposed to implement a conditional quantum phase gate between atoms trapped in spatially
separated cavities. Instead of direct interaction between atoms, quantum interference of polarized photons
decayed from the optical cavities is used to realize the desired quantum operation between two distant atoms.
The scheme requires a twofold coincidence detection, and is insensitive to the imperfection of the photon
detectors.
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The manipulation and control of many distant atoms is an
important challenge for implementation of quantum commu-
nication and computationf1g. Recently, several physical sys-
tems have been suggested as possible candidates for engi-
neering quantum entanglement: cavity QED systemsf2g,
trapped ion systemsf3g, quantum dot systemsf4g, and
Josephson-junction device systemsf5g. Among them, cavity
QED systems are given more attention. This is due to the fact
that cold and localized atoms are well suited for storing
quantum information in long-lived internal states, and the
photons are natural sources of fast and reliable transport of
quantum information over a long distance. A number of
schemes have been proposed for manipulating quantum en-
tanglement between atoms and cavity fieldsf6,7g. In particu-
lar, entangled states of two or three particles have been dem-
onstrated experimentally in high-Q cavities f8,9g. Schemes
of this type are based on controlling direct or indirect inter-
action between the atoms, which are intended to be en-
tangled. Since most of these schemes require a high-Q cavity
field, decoherence caused by cavity decay can be neglected.

On the other hand, conditional measurements offer an-
other possible way to engineer quantum entanglement and
implement quantum information processing. In Ref.f10g,
Cabrillo et al. proposed a scheme to entangle quantum states
of spatial, widely separated atoms by weak laser pulses and
the detection of the subsequent spontaneous emission. Fur-
ther, several schemes have also been proposed for generating
the electron paramagnetic resonancesEPRd state between
two distant atoms trapped in different optical cavities
f11,12g. In Ref. f13g, schemes were also proposed for gener-
ating quantum entanglement of many distant atoms. In Ref.
f14g, Protsenkoet al. proposed a scheme for conditional
implementation of a quantum controlled-NOT gate between
two distant atoms by the detection of scattered photon. One
disadvantage of this scheme requires a photon detector to
distinguish zero photon, one photon, and more than one pho-
ton, so that the inefficiency of photon detector influences the
fidelity of the quantum operations. Another disadvantage of
the scheme is to require that the laser pulses have to be
sufficiently weak to ensure that the probability of exciting
both atoms is much smaller than the probability of exciting
only one atom. For such a case, it will be a time-consuming
task to detect scattered photons.

In this paper, we propose a scheme to implement a con-
ditional quantum phase gate with two distant atoms trapped

in different optical cavities by using two-photon coincidence
detection. The protocol has the following favorable features:
s1d The scheme is insensitive to the imperfection of the pho-
ton detectors, i.e., the scheme does not require distinguishing
among zero, one, and two photons.s2d The scheme is insen-
sitive to the phase accumulated by the photons on their way
from the cavities to the place where they are detected.s3d
The scheme does not need the weakly driven laser pulses as
both atoms are excited simultaneously.

The schematic representation of the scheme for the con-
ditional quantum phase gate is shown in Fig. 1, which con-
sists of two identical atoms 1 and 2 confined separately in
two optical cavities 1 and 2, respectively. The photons leak-
ing out from cavities 1 and 2 are interfered with by a polar-
ization beam splittersPBSd, with the outputs detected by four
photon detectors after two half wave platessHWPsd and two
polarization beam splitters. For the photons decaying from

FIG. 1. Schematic setup for the conditional quantum phase gate
of two distant atoms trapped in different optical cavities, which
includes three polarization beam splitterssPBSsd, which transmit
the horizontal polarization and reflect vertical polarization, and two
quarter wave platessQWPsd, which are used to map the left-circular
photonssright-circular photonsd out of the cavity on the horizontal
polarization photonssvertical polarization photonsd, three half wave
plates sHWPsd, which implement transformationuHl→ suHl
+ uVld /Î2, uVl→ suHl− uVld /Î2, and four photon detectors.
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cavity 1, a quarter wave platesQWPd and a half wave plate
are inserted before the first polarization beam splitter. For the
photons decaying from cavity 2, a quarter wave plate is in-
serted before the first polarization beam splitter. Two QWPs
are used to map the left-circular photonssright-circular pho-
tonsd out of the cavity on the horizontal polarization photons
svertical polarization photonsd. The level structure of the
atom is shown in Fig. 2, which is all configuration. Such
an atomic level structure has been proposed to implement
quantum computation in a single cavityf15g, and generate
entangled single-photon wave packetsf16g. For concrete-
ness, we consider a possible implementation using40Ca+,
whose usefulness in the quantum information context has
been demonstrated in recent experimentsf17,18g. The
ground statesugLl, ugRl correspond touF=1/2,m=1/2l and
uF=1/2,m=−1/2l of 42S1/2, respectively. The excited states
ueLl, ueRl correspond touF=1/2,m=−1/2l and uF=1/2,m
=1/2l of 42P1/2, respectively. Further, one could useuF
=3/2,m=3/2l anduF=3/2,m=−3/2l of 32D3/2 as the states
usRl and usLl, respectively. The lifetime of the atomic levels
ugLl, ugRl, usLl, usRl is comparatively long so that spontaneous
decay of these states can be neglected. We encode the ground
statesugLl and ugRl as logic zero and one states, i.e.,ugLl
= u0l and ugRl= u1l. The transitionusLl⇔ ueLl susRl⇔ ueRld is
coupled to cavity modeaL saRd with the left-circularsright-
circulard polarization. The transitionueLl⇔ ugLl sueRl⇔ ugRld
is driven by classical fields with left-circularsright-circulard
polarization. We assume that the classical laser fields and the
cavity fields are detuned from their respective transitions by
the same amountD. In the case of large detuning, the excited
states can be eliminated adiabatically to obtain the effective
interaction Hamiltoniansin the interaction pictured

Hj = VsajLugLl j jksLu + ajL
† usLl j jkgLu + ajRugRl j jksRu

+ ajR
† usRl j jkgRud, s1d

whereajL andajR sajL
† andajR

† d are the annihilationscreationd
operators of the left-circular and right-circular polarization
modes of thej th cavity. V=gcVc/D denotes the effective

coupling constant. Heregc sVcd is the interaction strength of
the atom coupled to their cavity fieldssclassical fieldsd,
which is assumed to be the same. In Ref.f16g, Gheri et al.
have considered the interaction Hamiltonians1d for entangle-
ment engineering of one-photon wave packets.

In order to investigate the quantum dynamics of the sys-
tem, it is convenient to follow a quantum trajectory descrip-
tion f19g. The evolution of the system’s wave function is
governed by a non-Hermitian Hamiltonian

Hj8 = Hj − iksajL
† ajL + ajR

† ajRd s2d

as long as no photon decays from the cavity. Here we assume
that two optical cavities have the same loss ratek for all the
modes. If a photon detectorDj s j =1,2,3,4d detects a pho-
ton, the coherent evolution according toHj8 is interrupted by
a quantum jump. This corresponds to a quantum jump, which
can be formulated with the operatorsbj on the joint state
vectors of two atom-cavity systems

b1 =
1

2
sa1L + a1Rd +

1
Î2

a2R, b2 =
1

2
sa1L + a1Rd −

1
Î2

a2R

s3d

b3 =
1

2
sa1L − a1Rd +

1
Î2

a2L, b4 = −
1

2
sa1L − a1Rd +

1
Î2

a2L.

In the following equation, we analyze the scheme in detail.
In order to demonstrate the conditional implementation of
quantum phase gate, we assume that atoms, trapped in thej th
s j =1,2d optical cavity, are initially prepared in the state

a jugLl j + b jugRl j , s4d

and both polarization modes of the optical cavity are pre-
pared in the vacuum statesu0,0l j, where um,nl j denotesm
photons in the left-circular polarization mode andn photons
in the right-circular polarization mode. Now we switch on
the Hamiltonians1d in each atom-cavity system for a timet.
If no photon is emitted from the cavity, thej th atom-cavity
system is governed by the interactionHj8. In this case the
atom-cavity state evolves to the entangled state

uCl j = a jfaugLl ju0,0l j − ibusLl ju1,0l jg

+ b jfaugRl ju0,0l j − ibusRl ju0,1l jg, s5d

with

a =

cossVktd −
sinsVktdk

2Vk

ÎFcossVktd −
sinsVktdk

2Vk
G2

+
sin2sVktdV2

Vk
2

,

b =
sinsVktdV

VkÎFcossVktd −
sinsVktdk

2Vk
G2

+
sin2sVktdV2

Vk
2

FIG. 2. The relevant level structure with ground stateugLl, usLl,
ugRl, usRl and excited statesueLl, ueRl. The transitionsueLl→ ugLl and
ueRl→ ugRl are coupled by the classical lasers and the transitions
ueLl→ usLl and ueRl→ usRl are coupled to two degenerate cavity
modes with different polarization.
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Vk = ÎV2 − k2/4. s6d

The probability that no photon is emitted during this evolu-
tion becomes

Psingle= e−ktHFcossVktd −
sinsVktdk

2Vk
G2

+
sin2sVktdV2

Vk
2 J .

s7d

If the interaction time t is chosen to satisfy tansVktd
=k /2Vk, Eq. s5d becomes

uCl j = a jusLl ju1,0l j + b jusRl ju0,1l j s8d

and the corresponding success probability Eq.s7d becomes

Psingle= e−kt sin2sVktdV2/Vk
2. s9d

During this stage, we assume that the interaction Hamil-
tonian s1d is applied to each atom-cavity system simulta-
neously, so that the atom-cavity stateuCl j ends at the same
time. This implements the first step of the protocol. The
probability that this stage is a success is the probability that
no photon decays from either atom-cavity system during the
preparation. This quantity is given byPprep=Psingle

2 .
Next we consider the second step of the scheme, in which

we make a photon number measurement with four photon
detectorsDj s j =1,2,3,4d on the output modes of the setup.
In this step, the joint state of two atom-cavity systems be-
comes prepared in the form

uFs0dl = uCl1 ^ uCl2, s10d

where the stateuCl j is given by Eq.s8d. We assume that
photons are detected at the timet. This assumption is posed
to calculate the system’s time evolution during this time in-
terval in a consistent way with the “no-photon-emission-
Hamiltonian” s2d. The joint state of the total system evolves
into

uFstdl = uCstdl1 ^ uCstdl2 s11d

with

uCstdl j = a je
−ktusLl ju1,0l j + b je

−ktusRl ju0,1l j . s12d

The detection of one photon with the detectorDj corresponds
to a quantum jump, which can be formulated with the opera-
tor bj on the joint stateuFstdl. If D1 andD3 detect one photon
at nearly the same time andD2 and D4 do not detect any
photon, or vice versa, the state of the total system is pro-
jected into

a1a2usLl1usLl2 + b1a2usRl1usLl2 + a1b2usLl1usRl2

− b1b2usRl1usRl2. s13d

If D1 andD4 detect one photon at nearly the same time and
D2 andD3 do not detect any photons during that time inter-
val, or vice versa, the state of the total system becomes pro-
jected into

a1a2usLl1usLl2 + b1a2usRl1usLl2 − a1b2usLl1usRl2

+ b1b2usRl1usRl2. s14d

The success probability of conditional generation of Eqs.

s13d and s14d is Pmeas=s1−e−2ktd2/2. Based on the result of
the measurement, we can apply fast Raman transitions to
individually manipulate atoms 1 and 2, and map the states of
Eq. s13d or s14d to the state

a1a2ugLl1ugLl2 + b1a2ugRl1ugLl2 + a1b2ugLl1ugRl2

− b1b2ugRl1ugRl2, s15d

which demonstrates the conditional implementation of the
quantum controlled phase gate

ugLlugLl → ugLlugLl, ugLlugRl → ugLlugRl,

ugRlugLl → ugRlugLl, ugRlugRl → − ugRlugRl. s16d

The total probability of success of the protocol is given by
Psucc=PprepPmeas=s1−e−2ktd2e−2kt sin4sVktdV4/2Vk

4. In or-
der to make the success probability as large as possible, the
coupling parametersgc, Vc and detuningD have to be ad-
justed to satisfy the conditionV=gcVc/D@k, i.e., Vk@k.
This corresponds to the requirement of the strong coupling
cavity QED and the high-quality cavity. In the cavity QED
experiment using40Ca f18g, the parametersgc=0.92 MHz
and k=1.2 MHz have been reported, which cannot satisfy
the condition of the scheme. Thus to satisfy the requirement
of the scheme, experimental setup needs to be further im-
proved. In the cavity QED, parametersgc andk are fixed by
the hardware of the system, which can be modified through
the lengthL and finessesF of the cavityf18g: gc,L−3/4 and
k,sFLd−1. If we can increase the cavity finesse of Ref.f18g
by 2 orders of magnitude and decrease the length of the
cavity to about 2 mm, we have the parametersgc
<2.6 MHz andk<0.048 MHz, which satisfy the require-
ment of the scheme. If we chooseVc=2.6 MHz, D
=6.76 Hz, andt=50ns, we find the success probability of the
scheme is about 0.48. This is a little lower than the ideal
success probability of 0.5 because the preparation stage has
an extremely small chance of failure.

We now give a brief discussion on the influence of prac-
tical noise on the scheme. First, it is evident that the scheme
is inherently robust to photon loss, which includes the con-
tribution from channel attenuation, and the inefficiency of
the photon detectors. All of these kinds of noise can be con-
sidered by an overall photon loss probabilityh f11g. It is
noticed that the present scheme is based on the two-photon
coincidence detection. If one photon is lost, a click from
each of the detectors is never recorded. In this case, the
scheme fails to generate the expected quantum operation.
Therefore the photon loss only decreases the success prob-
ability Psucc by a factor ofs1−hd2, but has no influence on
the fidelity of the expected operation. We now consider the
influence of the dark count of the photon detectors on the
scheme. The dark count is another imperfection of photon
detector, i.e., the photon detector fires, although no light is
incident upon it. LetPD denote the dark count probability of
each detector, i.e., the probability of the detector’s firing in
the absence of the real signal. For simplicity we only con-
sider the events:D1 andD3 to detect the photon at the same
time. Considering the dark count of the photon detectors, Eq.
s13d becomes
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rD =
1

1 + PD
2 + 4PD

uC0lkC0us1 + PD
2 d + 2PDuC1lkC1u

+ 2PDuC3lkC3u + 2PDuC4lkC4u, s17d

where uC0l and uC1l are given by Eqs.s13d and s14d,
and uC3l=sa1ugl1+b1usl1db2usl2 and uC4l=sa1ugl1

−b1usl1da2ugl2. In order to quantify how close the states17d
comes to the states13d, we calculate the fidelity

F = kC0urDuC0l

=
1 + PD

2 + 2PDsua1u − ub1ud2 + 2PDsua2u − ub2ud2

1 + pD
2 + 4PD

,

s18d

which is dependent on the input states. IfPD,0.001, the
quantum operation can be implemented with the high fidelity
sF.0.99d. Next we show that the scheme is insensitive to
the phase accumulated by the photons on their way from the
ions to the place where they are detected. The phasesw1
=kL1 and w2=kL2, wherek is the wave number andLj are
the optical lengths whose photons travel from thej th ions
toward the photon detectors, lead only to a multiplicative
factoreisw1+w2d in Eqs.s13d ands14d. This result demonstrates
that phases accumulated by the photons have no effect on the
conditional implementation of the quantum operation. Third,
the influence of atomic recoil on the implementation of the
quantum phase gate could be suppressed. When an atom ab-
sorbs or emits photons, it is always accompanied by a recoil.
In our scheme, both atoms absorb and emit photons with the
same energy simultaneously. If one detects two photons at
the same time, the influence of the atomic recoil on the
scheme can thus be suppressed. Finally, it is noted that we
should choose a sufficiently large detuning of optical fre-
quencies from the atomic transition connecting the excited
levels, so that excited states can be decoupled from the evo-
lution and the scheme is immune to the effect of atomic
spontaneous emissionf11g.

In summary, a scheme has been proposed to implement
the conditional quantum phase gate for two distant atoms
trapped in different optical cavities by combining cavity
QED and linear optical elements. Instead of direct interaction
between atoms, quantum interference of polarized photons
decaying from the optical cavities is used to create the de-
sired quantum operation between two distant atoms. The
scheme requires a twofold coincidence detection, and is in-
sensitive to the imperfection of the photon detectors which
have no influence on the fidelity of the conditional quantum
operation, but decrease the success probabilityPsucc by a
factor of s1−hd2.

One possible application of the present scheme is to cre-
ate quantum entanglement between many distant atoms
trapped in different optical cavities. Recently, researchers
have focused their interest on characterizing and generating
multipartite entanglement, and used it for more general and
useful applicationsf20g. For example, by employing the
quantum logic networks proposed in Ref.f21g, we can apply
the present scheme to conditionally generate any quantum
state of many distant atomsf22g.

Finally we should mention an experimental problem of
the simultaneous detection of photons out of the cavities.
This requirement is also met in Refs.f11–13g. These
schemes require quantum interference from independent
photon resources. In the experiment, one has to impose a
finite time interval to define two counts as coincident detec-
tion. In Ref.f23g, theoretical works have been done on quan-
tum interference and correlation from independent photon
resources. If we assume thatDv is the bandwidth of the
photon wave packets decayed from cavities, to obtain the
two-photon coincidence detection, the time intervalDt be-
tween two clicks on two detectors should satisfy the condi-
tion Dt,1/Dv. Otherwise, we fail to implement the scheme,
and should repeat the process again until we find two-photon
coincidence detection. The influence of the experimental pa-
rameters on the photon wave packet decayed from the cavity
needs to be studied further.
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