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Scheme for optical implementation of orbital angular momentum beam splitter of a light beam
and its application in quantum information processing
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Optical beams bearing orbital angular momentum have been recently recognized as potential candidates for
realizing D-dimensional quantum systengudits. In this paper, we propose an optical scheme to implement
an orbital angular momentum beam splitter, which changes the outgoing direction with respect to the incoming
direction while leaving the qudit state unchanged. Furthermore we demonstrate that such a beam splitter can be
used to sort different orbital angular states of a single photon, create arbitrary superpositions of orbital angular
momentum states, and implement a high-dimensional Bennett-Brassard 1984 protocol for quantum key

distribution.
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Most research in quantum computation and quantum Toll)i=)ei i,1=0,1,2,..,D-1, (1)

communication, such as quantum teleportafibh) quantum
dense coding2], and quantum cryptograpHg], are based
on two-level quantum systentqubits. Recently there exists
a steadily growing interest in usirig-dimensional quantum
systems(D=3) to encode quantum information since it al-
lows realization of new types of quantum communication
protocols[4—7]. For example, it has been demonstrated that ) ) ] )

key distributions based on three-level quantum systems af¥nerer is the radial coordinate in the transveisey plane
more secure against eavesdropping than those based on t d the norm_ahzed Laguerre-Gaussian modes in polar coor-
level systemg4]. However, the challenge is the physical Inates are given by

where& denotes subtraction modulis and|l) is a single-
photon state of the Laguerre-GaussidiG) mode LGy,
which can be written as

IIy= f dr up(r)a'(r)|0) 2)

realization of D-dimensional quantum systems. Recently, | 2p! 1 \Ep I | 207\ _ 2
considerable experimental efforts have been devoted to using Up(p, ) = WV_V W LP(F)‘? et

the orbital angular momentu®AM) of a single photon to '

encode high-dimensional quantum information. In R&f, 3
Zeilinger and co-workers demonstrated that an individualyhere thez-dependent phase was omitted denotes

photon can be prepared in superpositions of the orbital anthe associated Laguerre polynominal. The intiexreferred
gular momentum. In Ref$9,10], these authors also reported to as the winding number argl is the number of nonaxial
generation of two-photon orbital angular momentum en+adial nodes. The scheme is independent of the radial index
tanglement and observed the violation of a generalized Belb; for convenience, we consider only the casepef0. The
inequality of three-dimensional quantum systems. These excustomary Gaussian mode can be viewed as a LG mode with
periments open up further possibilities for generation and=0. LG beams with an indelcarry an orbital angular mo-
manipulation of higher-dimensional quantum states ananentum ofl4 per photon. From Eq(l), it is seen that the
implementation of higher-dimensional quantum informationorbital angular momentum beam splitter is the analog of the
processing protocols by using the orbital angular momenturpolarization beam splitter in that it can select the optical path
of photons. In fact, a scheme has been proposed for cormn the basis of orbital angular momentum, one path for each
structing high-dimensional vector states of the orbital anguef the distinguishable states. However, a problem is left un-
lar momentum of a single photddl]. In Ref.[12], several solved: how to realize such an orbital angular momentum
theoretical works have been done on preparation of entangléeam splitter. The main aim of the present paper is to de-
ment of orbital angular momentum for the signal and idlerscribe an interferometric method to implement the orbital
beams in parametric down-conversion. In R&8], an inter-  angular momentum beam splittét). As applications, we
ferometric method was proposed for measuring the orbitashow how to employ such a beam splitter to measure differ-
angular momentum of a single photon. More recently, aent orbital angular states of a single photon, create an arbi-
scheme was proposed for distilling entangled states of pharary superposition of orbital angular momentum states, and
tons carrying orbital angular momenturfil4]. In this implement the high-dimensional Bennett-Brassard 1984
scheme, the authors introduced an orbital angular momentui®B84) protocol for quantum key distribution.

beam splitter as the basic constructive element. The orbital We now present a scheme to realize the orbital angular
angular momentum beam splitter is a devicédahput ports ~ momentum beam splitter. The experimental setup is depicted
andD output ports, whose action on the input stlitealong  in Fig. 1, which consists of two symmetrid-port devices

the input porti is defined as follows: F.F, and D-1 Dove prisms. An extended introduction to
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the symmetric multiport device is given in Rdfl5]. The output portlem. This transformation demonstrates that the
action of the symmetri®-port device can be described by proposed setup, which is shown in Fig. 1, definitely imple-
the unitary operatot)p, which transforms the creation op- ments the orbital angular momentum beam splitter It
eratora. in the input portm as follows: should be pointed out that the implementation of the scheme
relies on the possibility of realizing the symmetric multiport

UPal Ut = Dzl uP at @) device with simple optical elements. In REL6], Recket al.
8m o omntn provide an algorithm to use a triangular array of standard
- beam splitters, phase shifters, and mirrors to realize @ny
where X D unitary matrix. In this approach, each diagonal row in
1 i2mmn the triangle performg a transformation reducing the effective
up == ex;{ ) (5)  dimension of the Hilbert space by [16]. The number of
D D beam splitters needed for a general triangular array increases

quadratically withD. The simplest symmetric multiport de-
vice is a symmetric beam splitter. In Fig. 2, we show how to
realize a symmetric three-port device with optical elements.
The optical implementation of the symmetric four- and five-
gort devices is shown in Refgl17,18.

Since the orbital angular beam splitter is the analog of the
polarization beam splitter, it may find a wide range of appli-
cations in the generation and manipulation of quantum states
and implementation of quantum-information-processing pro-
tocols. In Ref.[14], such a beam splitter has been used to
E'Iifstill guantum entanglement of higher-dimensional quantum

which gives the probability amplitude for a single photon
entering via the input ponn and leaving the device by the
output portn (m,n=0,...,D-1). Recket al[16] have shown
that it is possible to construct a multiport device from mir-
rors, beam splitters, and phase shifters that will transform th
input modes into the output modes in accord with dhy
X D unitary matrix. The action of the Dove prism is to flip
the transverse cross section of any transmitted b If

the incident mode is a Lg mode which is of the form
exp(-il ¢), the Dove prism rotates a passing beam through al
anglea, anq the phase dependenge of the transverse mode sttems. Here we show other applications. From(Eg it is

the transmitted beam be_comes Exple+a)]. This dem_on- easy to see that such a beam splitter can be used to distin-
strates that the Dove prism can act as a phase shift corg,ish individual photons in arbitrary orbital angular states.

sponding to the Lg mode. Assume that a single photon with unknown orbital angular

Now we present a detailed analysis of th_e Propos€Gnomentum is emitted into the input port O of the setup
scheme shown in Fig. 1. We assume that the light beam af}, )1 in Fig. 1. Based on E@l), we can assure that pho-

the LGy mode is emitted into the input pom of the sym- 4,5 with orbital angular momentummappear in the output

metric D-port de\f/iceFﬁ, and other input r:noder? ﬁre in Fhe portl. In Ref.[13], a scheme has been proposed for measur-
vacuum states. After these modes pass through the deyice ing the orbital angular momentum of a single photon. In this

the state of the system becomes scheme, additional holograms are needed to sort an arbitrary

D-1 orbital angular momentum. In the absence of holograms, the
fdru'o(r)E uP al(r)|o). (6)  scheme can only be constructed to sort beams where the
=0 orbital angular momentum takes on the values of 0 r 2
Then the light beam in thaeth arm is rotated by the Dove Mirror
prism with the angley,. Here we choose the angles to satisfy
a,=2n7/D and the state of the system is evolved into p BS 4,
ol 2nlar
Jdru'o(r)E up, exp(—iT>a§(r)|0> BS
n=0
D-1 0 1 2 ¢3 0 1 2
- | D .t
_f dr uo(r)go Unmot n@n(1)]0)- @) FIG. 2. Triangular array for symmetric three-port device. The

lowermost beam splitter has a reflectiviRg 1/3; for theother two
After passing through the second symmetric deigethe  R=1/2. The phase shifters are chosen as=@g=2¢,=-27/3,
photon with the orbital angular momentunappears in the ¢,=2¢;=m, and ps=7/6.
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FIG. 4. The schematic shows the measurement of the states in
the baseB,. OAM denotes the orbital angular momentum beam
0 splitter, as shown in Fig. I is the symmetric multiport devices;
o o o HO, denotes the hologram.
BS] L BSz 2 BSDfl D-1

these two bases, again at random. The basis used by each
FIG. 3. The schematic shows the generation of arbitrary superparty is subsequently disclosed on the public channel, so that
positions of the orbital angular momentum states; &Shotes the  Alice and Bob obtain correlated random variables if they
beam splitter and HOdenotes the hologram. OAM denotes the used the same bases and there was no disturbance on the
orbital angular momentum beam splitter, as shown in Fig. 1. channel. The use of mutually unbiased bases implies that if
Alice and Bob use different bases, Bob’s measurement yields
where n is an integer. Compared with this scheme, oura random number that is uncorrelated with Alice’s state. The
scheme does not need an additional hologram for sorting theaw secret key is then made out of the correlated data. This
arbitrary orbital angular momentum. procedure ensures that any attempt by an eavesdropper to
Next we demonstrate how to prepare a single photon in again information on Alice’s state induces errors in the trans-
arbitrary superposition of orbital angular momentum statesmission, which can be detected by the legitimate parties. To
The experimental setup is shown in Fig. 3. A single photonmplement theD-dimensional BB84 protocol, we choose two
of the Gaussian mod& Gy, mode is emitted into a series of mutually unbiased bases as follows:
beam splitters. The other input modes of these beam splitters

are in the vacuum states. If the parameter of the beam splitter B,={|k),k=0,1,2,..,.D-1} (10)
BS is chosen to satisfy
’ -1 and
tan Hje""i = C] 2 |CJ|2 (8)
n=0 D-1

we can prepare an arbitrary superposition of optical paths B2= |k>:s_52 e?™Pln), k=0,1,2,...D-1
35'C;l0);. Then the beam of thith path is sent through a Ve n=0
hologram, which transforms the incoming j§&mode into (11
the L&, mode, and we obtain

N-1 where|k) is a single-photon state of the lg@Gmode. Thus, to

> Cili);- (9)  implement theD-dimensional BB84 protocol, we have to be

=0 able to generate and measure the states in these two bases.

Since the orbital angular momentum beam splitter can dis-
inguish the states in the baBg, and the experimental setup
hown in Fig. 2 can prepare a single photon in an arbitrary
uperposition of orbital angular momentum states, the work

Finally, the beam of thg path is emitted into théth input
port of the orbital angular momentum beam splitter. Base
on Eqg. (1), we can assure that an arbitrary superposition o

orbital angular momentum states appears in output port 0 g, e gone is how to distinguish the states in the tRs&he
the setup. In principle, a scheme has been proposed for the e rimental setup is shown in Fig. 4. Assume that the un-

same purpose. However, the scheme required numerical . . . . .
puTp q nown single-photon stat) is emitted into the input port 0

solving the inverse problem, and a definite solving scheme i )
not given for arbitraryN. In the present scheme, the super-°f the OAM. After passing through the OAM, the state of the

position of arbitrary amplitudes and relative phases can b&YStem becomes
produced by appropriately choosing the parameters of the

beam splitters. 1 7 b
Finally we demonstrate how to realize high-dimensional \_BE 2™ ). (12
/Y n=0

generation of the BB84 protocol for quantum key distribu-
tion by using the orbital angular momentum. The BB84 pro-
tocol is briefly reviewed as followgt4]. The scheme consists Then, the output modes of the OAM are sent through ho-
in using two mutually unbiased bases. The sender Alicdograms, which transform the incoming kGmode into the

sends a basis state in one of these two bases chosen at r&sy, mode (n=1,2,...,D-1). Thus the state of the total
dom, while the receiver Bob makes a measurement in one afystem becomes
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1 In summary, we have proposed a scheme to implement an
——E e?™kb|0), . (13 orbital angular momentum beam splitter, which is the analog
VEn=0 of the polarization beam splitter in that it can select the op-

Now we send the moddsinto a symmetricD-port device; tical path on the basis of orbital angular momentum, one path
the state of the system beconj@s. Therefore we can assure for each of the distinguishable states. As some applications
that the photon in the stat&) appears in the output pokt of such a beam splitter, we show how to sort different orbital

Thus by employing the orbital angular momentum beam@ngular states of a single photon, create an arbitrary super-

splitter, we can implement thB-dimensional BB84 proto- position of orbital angular momentum states, and implement
col. a D-dimensional quantum key distribution.
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