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Quantum-cryptographic entangling probe
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For a general entangling probe attacking the Bennett-Brassard 1984 protocol in quantum key distribution, |
calculate three classes of optimized unitary transformations, all yielding the same maximum information to the
probe. The simplest one corresponds to a probe having a two-dimensional Hilbert space of states, and is
uniquely determined by the error rate induced by the probe in the legitimate receiver. The second class
corresponds to a probe having a four-dimensional Hilbert space of states, and is determined by the error rate
and two continuous angle parameters which are mutually constrained by the error rate. The third class corre-
sponds to a probe having a four-dimensional Hilbert space, and is determined by the error rate and two
continuous angle parameters, one of which is constrained by the error rate. Furthermore, | show that the
simplest quantum circuit representing the optimal entangling probe consists of a single comtoaligate in
which the control qubit consists of two polarization-basis states of the signal, the target qubit consists of two
probe-basis states, and the initial state of the probe is set by the error rate. A method is determined for
measuring the appropriate correlated state of the probe. Finally, a possible implementation of the entangling
probe is described.
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[. INTRODUCTION Hilbert space of states, and is determined by the error rate
and two continuous angle parameters which are mutually

O constrained by the error rate. The third class corresponds to a
protocol [1] of key distribution in quantum cryptography, probe having a four-dimensional Hilbert space, and is deter-

Slutskyet al. [2] performed an eavesdropping probe optimi- mined by the error rate and two continuous angle parameters,

zation, which on average yields the most information to theone of which is constrained by the error rate. Furthermore, it

eavetsdroppelr for a_%llven ert:or rate p?usted ?}’ the_tprc_)tbe. THE shown in Sec. IIl that the simplest quantum circuit repre-
most genéral possible probe consistent with unitarty \.Na%enting the entangling probe is one corresponding to the sim-
considered2-7], in which each individual transmitted bit is lest optimal unitary transformation, for which the Hilbert
made to interact with the probe so that the carrier and thg ace of the probe is only two dim,ensional The quantum

probe are left in an entangled state, and measurement of ﬂ&%cuit consists of a single controlledsT (CNOT) gate in

proge th?n .yletl.ds |.nf<t))rma(tj|on abou_t t.h? C"’tlrr]”equ state. fT h(?‘/vhich the control is a polarization-basis state of the signal,
probe optimization IS based on maximizing the Renyl infor-y, target is a probe-basis state, and the initial state of the

mation gain by the prope on corr.e.cted data fpr a set error rat;'g’robe is set by the error rate. In Sec. IV, a method is deter-
induced by the prqbe in the Ieg|t|matg recen{cRecalI that mined for measuring the appropriate correlated states of the
the Renyi informatioi2,4] on anl-bit string X, having prob- probe. In Sec. V, | propose an implementation of the entan-

ability Px(X), is | +10g,ZxP%(X).] The results of the optimi- ling probe. Section VI contains a brief summary.
zation were obtained for the standard protocol with an angléJ

of 45° between the signal bases.

In more recent work3,5,6], a larger set of optimum probe [l. OPTIMUM ENTANGLING PROBE
parameters was found than was known previously. It consists ) ) o ) )
of three distinct optimum sets, and although they all yield the The unitary transformation describing the interaction of
same maximum Renyi information gain by the probe, alterthe entangling probe with the BB84 signal basis states is
native options are made available for optimum probe desigrfietermined by Eqs2)—(4) of Ref.[2], namely,
In Sec. Il of the present work, the corresponding optimized
unitary transformations, representing the action of the probe len @ W) — Ulep,@ W)=, |e) @ [P (1)
on the signal, are calculated. | have determined three classes n
of optimized unitary transformations, all yielding the same
maximum information to the probe. The simplest one correHere |e,,®w) is the tensor product of the initial stafe) of
sponds to a probe having a two-dimensional Hilbert space ahe probe with the orthonormal basis stég) in the two-
states, and is uniquely determined by the error rate. The sedimensional Hilbert space of the signal. The signal basis
ond class corresponds to a probe having a four-dimensionatates are given by

For the standard four-state Bennett-Brassard 18®84)

aa . aT
. . |eg) = cos_|u) = sin—[u}, (2)
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0<E<1/2. (19

All three sets of probe parameters E¢E5)—(17) yield the

expressed in terms of the BB84 linearly-polarized-photoridentical maximum Renyi information gaig, to the probe,
signal stateg|u), [0}, [v), [0V}, for a=m/8. Herea is half the ~ Namely[2,3,5,6,

ey =cos o) - sin Z[w3, 3

complement of the angle between the nonorthogonal signal R 1-3E\2

baseg]|u),[uy} and{|v),[v)} and the statél) is orthogonal to lopt=1002| 2 = (E> : (19
|uy, and the statéw) is orthogonal tdv). (Here and through-

out, only linear polarization states are consideréds to be We first evaluate the unitary transformatiaf? corre-

understood here that the states$, [U), |v), and[o) corre-  sponding to the se§ of optimum probe parameters Eq.
spond to Boolean staté®), |0), |1), and|0), respectivelyf2].  (15). In Eg. (15 one has

Also in Eq. (1), |®,,» are the states in the Hilbert space of ; —1-4F 20
the probe and are neither normalized nor orthogonal. Using sin 2u ' (20
Egs. (3a), (3b), and (4) of Ref.[2], they can be written as Using a trigonometric identity, it follows that

follows in terms of the probe basis states _ o 1/2
{IWo), lwy).Jwy), [w)} with probe parameter, ., , - c0s 3= & (L sirf 2,)'™ 20
Then substituting Eq(20) in Eqg. (21), one obtains
|Doy) = Xswy) + Xg|Wy), (4) 1/
cos u= +[1-(1-4E)%] (22)
|10 = Xglwy) + Xs|wy), 5 or
cos 2u= *[8E(1 - 2E)]*2. 23
[Boe) = Xalwo) + Xelwp) + Xolui) + Xews),  (6) = +[8E(1 - 2B)] 29
Also, the following trigonometric identities are true:
|D19) = XglWo) + Xolwy) + Xy wp) + Xolws), (7) X 1+ cosx |2
cos-=x|——| , (24
where 2 2
Xo=Sin\ cosu, (8) X 1-cosx |2
sin—-=+ — ] (25)
X1 = COSA €cOSf CcOSg, (9)
in which the sign depends on the quadrant in whith lies.
X, = COSA cOS@ Sin ¢, (10)  Consistent with Refd.2—6], in the case o), | extend the
range in Eq.(14) to —7<(\,u) <. Then substituting Eq.
X5 = Sin\ sin (11) (23) in Egs.(24) and(25), one obtains
1 1/2
X5 = COS\ Sin 6 cos ¢, (12) cosu = % [5{1 +[8E(1 - 2E)]”2}] , (26)
Xg=—COSA Sin#sin ¢, (13) 1 172
® ¢ sinu= * [—{1 T [8E(1 - 2E)]1/2}} . (27)
and 2
0<M\ub,¢<. (14) Using Egs.(26) and (27), Eq. (15 can be rewritten as fol-
lows:

The unitary transformation representing the optimum en-
tangling probe can be obtained from E¢B—(13) by substi- SV =3\, 1,6,¢:c0SN =0
tuting the optimum probe parameters as determined in Egs.

(89), (90), and(119 in Ref.[6]. In summary, the three sets of 1 1/2
optimum probe parameters for the standard BB84 protocol cosu= * <—{1 +[8E(1 - 2E)]1’2}) ,
with a=7/8 are 2
1/2
SY={\u6 ¢;cosn=0,sinu=1-4E}, (15 sinp= i(%{li [8E(1—2E)]1/2}) } (28)
S? ={\,u,0,¢;sin2usiP =1~ 4E Next, substituting Eq(28) in Egs.(8)—(13), one obtains
- co$ \ sin 2¢,cos ¥ =1}, 16 1 112
0 / 10 Xo= {5{1 +[8E(1 - 2E)]1’2}} : (29
S¥={\u0,¢;5in2p=-1,sinusif\=1-4E
+Ccog N}, (17) X1 =0, (30
Where X2 = O, (31)
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1 1/2
Xg= 5{1 T[8E(L-2BE)]¥3| (32)
Xs=0, (33
XG =0. (34)

Note that in Egs(29) and (32), the overall signs must be
positive in order to yield Eq(19). Then substituting Egs.

(29—(34) in Egs.(4)—(7), one obtains

|Pop =0, (35
[P0 =0, (36)
|Doe) = A7), (37)
D19 = A, (39)

where

1 1/2
|A) = (5{1 +[8E(1 - 2E)]1/2}) |Wo)
1 1/2
+ (5{1 + [8E(1- 2E)]1’2}) lws), (39
and

1 1/2
o = (b= (s -201) o

1 1/2
+ (5{1 +[8E(1 - 2E)]1’2}) [Ws). (40)

The signal states, expressed in terms of the basis states

Egs.(2) and(3), are given by Eq(1) of Ref.[2], namely,

Uy = cos§|e0>+sing|e1>, (4)
[U = - sin gleo) + cos ey, (42)
[0) = sin < leg) + cos ey, (43)
[v) = cos7—g|e0> - sin 7§T|e1>. (44)

To see how the initial statei®w) transforms, we use Eq.

(41) to write
lu®w)= (Cosgleo)+sing|e1)) ® W), (45)
or

|u®W):cosg|eo®w>+sing|e1®w), (46)

so that using Eq(1) in Eq. (46), the transformed state is

described by

PHYSICAL REVIEW A1, 042312(2005

' . T
lu®w) — COSgE &) ® |®gp) + sin 52 &) ® |y,
n n
(47)

or performing the summations, then
a
luew) — COS§(|90> ® |Dop) + [er) ® [Poy))
. T
+sin §(|eo> ® |D1p) +[ep ® [P1p).  (48)
Next, substituting Eqs(2) and(3) in Eq. (48), one gets
lu®w) — cos— (cos7—7|u) - sinz|ﬁ§> ® |Ppg)
8 8 8
+ (COS7—T|U> - sin7—T|E§> ® |CD01)]
8 8
LT aw LT
+5sin 3 {(coss|u> sin 8|G§) ® | P10

+ <c057—87|v) - singm) ® |<1>1]}], (49

lu®w) — |u) ® (cos’- 7—T|<I>00) +sinz cos7—7|d>10>)
8 8 8
LT w L5 I
+[uy ® (— sing cos§|d>oo> - sir? §|CI>10>>
T . aT a
+v)® (co§ §|<I>0]} tsing cos§|<1>1]))
LT T . v
+v)y® (— sino cos§|<1>0]} - sir? §|<1>1]}> :
(50

Next substituting Eqs(35—(38) in Eqg. (50), one obtains

lu® w) — cog 7§T|u> ® |A) - sing cosg@ ® |A)
LT ks L, T
*sing cos§|v> ® |Ay) — Sir? g|§§ ® |Ay),
(51

or equivalently,

uew) — 512+ 230 @ |A) - 270 = |ay

+2Y%p) @ |Ag) - (2 - 2Y)v) ® |AR]. (52)
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It is evident from Eqs(52), (39), and(40) that the effect of

. T o
the transformation is to entangle the probe stétg$ and lv @ w) — sin gz &) ® |Dop) + COSEE &) ® [Py,
|ws) with the signal statefs), [u), |v), and[v). " "
Next consider the transformation of the stiie w) also (60)
for the optimum parameter s&". According to Eq.(42), _ _ -
one has P P g a.(42) or performing the summations, and substituting Eg@gsand

(3), one obtains

u®w)= (— sinz|e0> + cos7—7|e1>) ® |wy, (53 T T
8 8 v ®w) — |uy ® sin¢ cos§|d>oo>+cos2 §|<1>10>

or
+[U) ® (— Sirf 7§T|<I>OO> - sing cosg@lo))

uU® W>:—sin§|e0®w>+cos7—g|el®w>, (54) a o -
+v)y® (sin 8 cos§|fl>oj} +cog §|<I>1j})

so that using Eq(1) in Eq. (54), the transformed state is

described by +[) ® (— sir? 7§T|<I>o]} - sing COS7—8T|<D11>> :
u® W>ﬁ—singE lew ® |<I>On>+cosg2 & ® (@), 61
" " (55 Then substituting Eq$35)—(38) in Eqg. (61), one gets
1
or performing the summations, and substituting E8sand lv®w) — Z[ZUZIU> ® |A) - (2- 220y ® |A)
(3), one obtains
+(2+22)v) ® |A) - 249} @ [Ay)]. (62)
— . aT aw o
uew) —[uy® |- sing C03§|Cboo> +cos §|q’1o> Again, the probe states are entangled with the signal states.

Next consider the transformation of the stateo w) also

. 1) .
fBe (sinz 7§T|¢00> B sing COS§|‘I>10>> for the optimum parameter s&. According to Eq.(44),

one has
. a7 o a _
+v)® (—sm— cos—|<b01>+co§—|q3lj}> [v®w)= Cosz|eo)—sinz|e1) ® |wy, (63
8 8 8 8 8
+Y® (sinz 7—T|<I>o]}—sinz 0057_7@11))_ and s_ubstituti.ng Eqgs(1)—(3) in Eq. (63), the transformed
8 8 8 state is described by

(56)

VW) — |uy® (cos2 7—;|<1>00> —sin— cosz|<b10>>

Next substituting Eqs(35)—(38) in Eqg. (56), one obtains 8 8

LT T .5 T
Tow) — 4= 270 & A+ (2 - 290 & Ay 0 s cosgong sl

+(2+29)p) ® |AY) - 2Y40) ® [AD]. (57) +p)® (cosz 7—87|<I>m> - sing cosgm)

Again, the probe states are entangled with the signal states. - - -
Next consider the transformation of the stateow) also +[v) ® (— sin 8 cos§|<1>01> + Sir? §|<I>11>> :

for the optimum parameter s&Y. Using Eq.(43), one has
(64)

lv®@w)= (sin7—87|eo> + COS%T|€1>) ® w), (58 Next substituting Eqs(35)—(38) in Eq. (64), one obtains
- 1
or e w —2[2+2B)u e [A) - 20 © [A)

lv®w)= (sin 7—87|e0 ® W) + cosg|el ® W>), (59) -2Y2p) @ |Ay) + (2 - 2Y2)[0) ® |A)]. (85)

Again, the probe states are entangled with the signal states.
so that using Eq(1) in Eq. (59), the transformed state is Assembling together Eq$52), (57), (62), and (65), one
described by may simply represent them in matrix form as follows:
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lu® w) 2+\2[a)  -\2lA) 2Ay - 2-V2)1A )\ [ 1w
wew | 1] -\2A)  2-V2lA) 2+V2]A)  -\2|A» )
vew | 4l V2A)  -@-\2a) @+V2lA)  -1\2AY [v) (0
v e w) @+\2|A)  -V2A)  -\2A)  (2-\2))Ay [\

In Eq. (66), if one multiplies rows by the column vector, the The two statesa,) and|a_) are to be distinguished by the
entanglement of the probe states with the signal states imeasurement of the probe. Also in EJ1), the same two

manifest, the probe staté&,) and|A,) being given by Egs.
(39 and (40), respectively. SincéA;) and|A,) depend only
on the two probe basis statp, and|ws), the probe states,
for the case of the optimum parameter Sét, Eqgs.(15) or
(28), lie in a two-dimensional Hilbert space.

probe statede,) and |a_) are the appropriate correlated
stated¢;) and|y,,), respectively. This is consistent with the
assumption in Sec. Il of Ref2] that only two probe states
must be distinguished by the probe. Also, using E@4) and
(75), it can be shown that, for small induced error rates, the

From the geometry of the two-dimensional Hilbert spacedisturbance of the signal states scales @EP/2.

of the signal states in the BB84 protocaol, it follows tihat

o) = 273Uy + 274U, (67)
o) =27u) - 274U}, (68)
Uy =274 + 279}, (69)
Uy =274y - 279}, (70)

Using Egs.(67)—70), it is useful to rewrite EQq.(66) in
block-diagonal form:

Ju)w) @) @ 0 o |[lw
Wiwy | 1| lae) ey 0 0 |[[
w |4 0 0 ) -la) ||l
B 0 0 -la) | ||
(79)
where
) =[(242+ 1)(1 + )2+ (2Y2- )1 7 ) 2w
F[RV2+ AT 2+ (2¥2- 1)(1 £ 2wy,
(72)

la) =[(2Y2-1)(1 £ Y2+ (2Y2+ 1)(1 F 9)Y?]jwp)
+[(2Y2-1)(1 F 92+ (2Y2+ 1)(1 £ 92 |wy),

(73)

la) =[- (1 Y2+ (1 F pYwp)
+H[= (1% P2+ (1 9w, (74)
n=[8E(1 - 2E)]*2. (75)

It is to be noted in Eq(71) that the projected probe state

|, correlated with the correct received signal staethe
notation of Refs[2,6]), in which the stateu) is sent by the

We next evaluate the unitary transformatiof?’, corre-
sponding to the se®? of optimum probe parameters, Eq.
(16). In Eq.(16), one has

sin 2u sirPA = 1 — 4E — cog \ sin 2¢, (76)
or equivalently,
sin2u(l-cog\)=1-4E-cog\sin2p, (77)
and therefore
sin2u-—-1+4E
sinZu-1+48 (79)

Since, according to Eq14), A lies in quadrant | or 11, it then
follows from Eg. (78) that one must require sin
<sin 2u=1-4E, or sin 2p>sin 2u<1-4E, and then

H -1+4E 1/2
COS\ = q(M) . (79
Sin 2u — sin 2¢
where
e=+1. (80)

Summarizing Eqs(79) and (80), one hagletting U de-
note “or”)

CosSA=gr, sin2p<sin2u=1-4 U sin2¢

> sin2u<1-4E, (81)
and
sinn=(1-r?)2 sin2p<sin2u=1
-4E U sin2p>sin2u<1-4E, (82
where
H -1+ 1/2
r= (%) . 83)
Also, according to Eq(16), one has
cos¥=1, (84)

transmitter, and is also received by the legitimate receiver, is

|a,). Analogously, the correlated probe stdiey) is |a_).

and therefore
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cosf=e,, (85) Xg=0. (93
where Then substituting Eqg88)—(93) in Egs.(4)—(7) one obtains
g= 1. (86)
. |(I)01> = O! (94)
Next, using Eqs(81), (82), (85), and(86), Eq.(16) can be
rewritten as follows:
2 - |®,0 =0, (95)
S? ={\,u,6,¢;c080=¢e,, sin=0,
cosA =g, sin\ = (1 -r?)'2, |Dog = [By), (96)
sin2¢<sin2u=1-4E U sin 2¢ > sin 2u < 1 - 4E}. [P =By, (97)
8
(87 in which
We proceed by substituting E¢87) in Egs. (8)—(13), and
obtain IB) = (1 —r?)Y2cosu|wg) + e e, cosd|w;)
Xo=cosu(1-r?)¥2, (88) +e,ey singlwy) + (1 -r)Y%sinulwy) (99
X1 =€,e4 COSo, (899 and
X, = €& sin¢, (90) [B2) = (1~ r2)¥%sin ulwo) + e,e,r sin gfwy)
_r2\1/2
Xq = sin (1~ 122, (91) +€,64f COSP|Wy) + (1 —r?)*“cosulwsz). (99)
Next substituting Eqs(94)—(97) in Egs. (50), (56), (61),
X5=0, (92) and(64), one obtains
|
lue w) 2+\2[By  -\2BY 2By -(2-\2)[By \ [|u)
uew | 1 -V2B) (2-\2By (2+\2[B) -V2By [0 -
vew | 4] 2By -(2-V2[BY) 2+2[B) -12By [v)
v @ w) 2+ \"E)|Bl> -\2By) - \"E| By  (2-12)[By [v)

In Eqg. (100), if one multiplies rows by the column, the en-
tanglement of the probe states with the signal states is mani-

fest, the probe statdB;) and|B,) being given by Eqs(98)

and(99). Since|B,) and|B,) depend on the four probe basis
stategwp), |wy), |w,), and|ws), the probe states, for the case

of the optimal parameter s&?), lie in a four-dimensional
Hilbert space.

Using EQgs.(67)—70), one can rewrite Eq(100 in the
following block-diagonal form:

|u)w) 1B 1B 0 0 )
ow | 1B 1B o o ||[@
ww) | 4 0 0 |8 =B |||
[0} w) 0 0 =B B LI

(101)

where

|B) = (1 =r3)¥(2 % 2Y9)sin u + (2 £ 2"%)cos u]|wo)
+(1-r)Y(2 £ 2Y?)sin w + (2 F 2Y?)cosu]|wa)
+ee (2 F 2Y9sin ¢ + (2 + 2% cosp]|w;)
+ee [(2+2Y)sin ¢ + (2 F 2Y9)cos]|w,),
(102

B = 241 = rH)Y2(sin pu — cos ) ([wo) = [ws))
+2M%, g1 (sin ¢ — cos)(lwy) = [wy)), (103

in whichr is given by Eq(83), andu and ¢ are restricted by
Eqg. (87). It is to be noted in Eq(101) that the projected
probe statdi,,) correlated with the correct received signal
state(in the notation of Refd.2,6]), in which the stateuy) is
sent by the transmitter, and is also received by the legitimate
receiver, ig3,). Analogously, the correlated probe state;

is |B-). The two state$s,) and|B_) are to be distinguished
by the measurement of the probe. Also in ED1), the same
two probe state§3,) and|3_) are the appropriate correlated
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stated,;) and|y,,), respectively. This is consistent with the
assumption in Sec. Il of Ref2] that only two probe states

must be distinguished by the probe.

We next evaluate the unitary transformatiof®), corre-

PHYSICAL REVIEW A1, 042312(2005

S¥={\,u,0,¢;sinp=2"22 cosp=-2"2 sin\=p,
cosh=+(1-p)Y2 1=sin2u=1-4E}. (119
We proceed by substituting E¢L19) in Egs. (8)—(13), and

sponding to the se§® of optimum probe parameters Eq. obtain

(17). In Eq.(17), one has

sin 2u siP A =1 - 4E + co$ \. (104
Using the trigonometric identity,
co$A=1-sirt\ (105
in Eq. (104), one gets
sin 2u SiP A =2 - 4E - sir? A, (106
and therefore
SiP A = % (107)
But one has the inequality
O<siPr<1, (108
and then substituting Eq107) in Eqg. (108), one requires
0<2-4E<1+sin2u, (109
or equivalently,
sin2u=1-4E, (110
sinceE<1/2. Also, one requires
sin2u<1, (111
and combining Eqs(110) and(111), one requires
1=sin2u=1-4E. (112

Next, from Eqs.(107), (14), and(105), one obtains

sin\ =p, (113
and
cosA = * (1 -pA)t?, (114
where
_ 1/2
- {12(+15in22} ' (115
Also, according to Eq(17), one has
sin2¢=-1. (116)
It then follows that
sing =212 (117
and
cosgp=—212, (118

Next, using Eqs(112—(115), (117), and (118, Eq. (17)
can be rewritten as follows:

Xo=pcosu, (120
X,= F 27Y%1 - p?)Y2cos6, (121)
X, = + 271 - p?)Y%cos0, (122
Xg=psinu, (123
Xs= F 27Y21 - p?)Y?%sin g, (124
Xe= ¥ 27Y2(1-p»Y%sin 6. (125)

Then substituting Eq4120—(125) in Egs.(4)—(7), one ob-
tains

Doy =S, (126)
|CI)10> = |S)>1 (127)
Do =[S, (128
D19 =Sy, (129
in which
IS = F 27741 -pHY%sin 6(|lwy) + wy),  (130)
IS) = p cosulwe + 27YH1 - p?)Y2cosblw,)

+ 27121 - p2)M2c0s 6wy + p sin ulws), (131)

|Sp) = psin ulwo) + 2741 - p*)Mcos blwy)
T 2741 - p?)Y2cosb|w,) + p cosu|wg).
(132
. Next substituting Eqs(126)—(129 in Eq. (50), one ob-
tains

uew — 32+ 2200 o [S)+ 2" o [$)

-2Y0y @ |S) - (2 - 2V [0 ® |Sy)
+(2+2"3)v) @ [S) + 2Y9v) @ |Sy)

-2y @ |S) - (2 -2 ) @ |Sy)],
(133

or equivalently,
1
uew)— 212+ 29|u) @ S - 240 © [Sy)

+220) ® S - (2= 21y ® [Syp)],
(134

in which we define
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S =[S+ (212- 1|y, (135

S12) = [Sp) + (212 + 1)|Sy). (136)

Substituting Eqs(130—(132) in Egs. (135 and (136), one
obtains

IS11) = p cosulwg) + 27Y%(1 - p2) Y9 cosh + (212 - 1)sin 6]
X |wy) £ 27YH1 - p2)Ycosg - (212 - 1)sin 6]|w,)
+ P sin uws) (137)
and
|S12) = p sin ulwe) £ 27441 - p») ' cos o - (212 + 1)sin 6]
X |wy) F 27Y2(1 - p2)Y cos 0+ (212 + 1)sin 6]|ws,)

+ P CoSu|Ws). (139

Also, substituting Eqs(126)—(129 in Eq. (56), one ob-

tains
Tow — 412200 & |8) + 2+ 290 @ %)

+(2-2P)W e |s) - 2V0) © |S)
-2V @ |S) + 2+ 2)) ®[S,)

+(2-2"3)) @ |S) - 2Y9v) @ Y],
(139

or equivalently,
Tow) — 4220 & [0+ (2 - 220 S
+ 2+ 22)00) 0[S - 2700 © S,

(140

in which we define
1S =[S) - (2Y2+ 1)), (141
S0 =15 - (242~ DSy, (142

Substituting Eqs(130—(132) in Egs. (141 and (142), one
obtains

IS, = p cosuwg) F 27YH1 - p2)Ycosd - (2¥2+ 1)sin 6]
X |wy) £ 27YH1 - p2) Y cos g + (212 + 1)sin A]|w.)
+ P sin uws) (143

and

1S,0 = p sin ulwp) + 274%(1 - pA) ¥ cos g + (212 - 1)sin 6]
X|wy) F 27Y2(1 - p?)Yq cos - (212 - 1)sin 6]|w,)
+ P cosu|ws). (144

Also, substituting Eqs(126)—(129) in Eq. (61), one gets
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b o w - (2770 & |S) + 2+ 2 @ [ - (2- 29

X[ @[Sy - 249u) ® |Sp) + 2Y7v) ® |Sp)
+(2+29)P) @[S - (2-2"H) ® |S)
-2y @ [S))],

or equivalently,

(149

o ® W) — (270 &[Sy - (2 - 22T &[S + 2+ 29

X|v) ® S5 - 2Y0) ® [Sp)], (146)

in which we define
S0 =[S0 + 212+ 1)|Sy), (147
1S3 =[S + (242 - 1)|Sp). (148

Substituting Eqs(130—(132) in Egs. (147 and (148), one
obtains

S50 = p cosulwg) F 27YH1 - p2)Ycosd + (212 + 1)sin 6]
X |wy) £ 2741 - p2) Y cos g - (22 + 1)sin G]jwy)
+psin u|wy) (149

and

|S30) = p sin u|wg) £ 27Y4(1 - p?) Y cosh - (212 - 1)sin 6]
X|wy) F 27Y2(1 - p?)Y cosf + (2Y2 - 1)sin 0] |w,)

(150

Substituting Eqs(126—(129 in Eq. (64), one gets

+ p cosu|ws).

oW — 3@+ 230 & [8)- 290 0|8 - 27

®[S)+(2-2"9)W) @[S + (2 + 2" ) @ |S)
-2"%0) ® |Sy) - 2Y9v) ® |Sp) + (2 - 229)[v)
@[Syl (151)

or equivalently,

e w — %UZ +29)u) ® |Si) - 240) © |Syp) -~ 24)

®[Sp) + (2 - 2"y © [S))], (152

in which we define
S =1[Sp +(1-22)|sy), (153
S =S - (1+2Y9)|Sy). (154

Substituting Egs.(130—(132) in Egs. (153 and (154),
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one obtains

S4p) = p cosulwg) F 27441 - p?) M cos b - (212~ 1)sin 6]

PHYSICAL REVIEW A1, 042312(2005

IS4 = p sin u|we) £ 27Y2(1 - p?) Y9 cosh + (212 + 1)sin 6]
X|wy) F 27Y2(1 - p?)Y cosf - (22 + 1)sin 6]|w,)

X|wy) = 27141 - p?)Hqcos g+ (212~ 1)sin 6]jw.) +p cosu|wg). (156)

+p sin u|ws) (155 Therefore, summarizing Eqg134), (140, (146), and
and (152, one has
|

ue w) @+\2)Is)  -\2sw  2sp —2-\2)Isp | [

lu® w) - 25,9 2-\2Ism (2+\2Is)  -\2lsy) [u) (157

vew | 4l V2S)  -2-\D2Is) @+2lsy  -\2sn || )

v ® w) 2+\2)|Sw - V2Sw V28 2-\2)s |/ \I0

[

In Eq. (157), if one multiplies rows by the column, the en- 18,) = pl(2 + 22?)sin u + (2 = 22?)cos u]|wp)
tanglement of the probe states with the signal states is mani- _ T
fest, the probe statd§;) being given by Eqs(137), (138), + 2(1=p)4(sin - cos)|wy)
(143, (144, (149, (150, (159, (156), (115), (112), and T 2(1 - p?)Y2(sin 6+ cosb)|wy)
(14). Since the probe states;) depend on the four probe 2 U
basis statefwg), |w;), |w,), and|ws), the probe states for the +pl(2-2")sinp + (2 + 2")cosp]lwy),
case of the optimal parameter s&” lie in a four- (162

dimensional Hilbert space.
Using EQs.(67)—(70), it is useful to rewrite Eq(157) in
block-diagonal form: 162) = pl(2 = 2Y9)sin p + (2 + 22)cos ]| wo)
+2(1 - p?)Y?(sin 6 - cosh)|w,) = 2(1 - p?)*?

X (sin 6+ cos6)|w,)

| w) o) o) 0 0 || W
[Ww) [ 1] |o) leoy 0 0 f[w)

oy |4l 0 0 (&) (8 ([l ] +p[(2+29sinpu+ (2 - 2)cospllws), (163
B o 0o [& [y
(159 16 = 242p(= sin . + cos ) (W) — [wa))
where T 2(1 - p?)Y2(sin 6+ cosH)|wy)
T 2(1 -p?)Y2(sin 6 - cosb)|wy), (164

o) = pl(2 = 2Y2)sin p + (2 + 2% cosu]lwp)
T 2(1 -p?)Y2(sin 6+ cosh)|w,) F 2(1 - p?)*?
X (sin 6 - cos6)|w,) + p[(2 + 22?)sin u
+(2 - 2"?)cosu]lws),

in which p is given by Eq.(115), and w is restricted by Eg.
(112. It is however significant to note in Eq158) that the
projected probe stat@l,,) correlated with the correct re-
ceived signal statén the notation of Refs[2,6]), in which

the statdu) is sent by the transmitter, and is also received by
the legitimate receiver, ifr,). Analogously, the correlated
probe statéysy) is |o_). The two stateso,) and|o_) are to

be distinguished by the measurement of the probe. But one
also notes in Eq(158) that probe statel$,) and|4_), distinct
from |o,) and|o_), are the correlated statég,,) and|),
respectively. However, the setbr,),|o_)} and{|8.),|o_)}
have the same overla and they(and|o) and|8)) go into
each other under the reflection symmetry of R&f.in which

the basis vectorfvy) and |wg), and alsolw;) and |w,), are
interchanged. Alst)® does in fact yield the same maximum
information asU®™ andU®.

(159

o) =pl(2 + 2¥9)sin u + (2 = 2 cosu]lwo)
+2(1 - p?)Y?(sin 6+ cosh)|w,) + 2(1 —p?)*2
X (sin 8- cosf)|ws,) + p[(2 — 22?)sin u

+(2+ 2 cospllws), (160

|o) = 22p(sin pu = cosp)((wo) = [wa)) F 2(1 — pA)*2
X (sin @ - cosd)|w,) F 2(1 —p?)*2

X (sin 6+ cosf)|w,), (161
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{leg> , leg >} {leo>, ley >} {leg > , leg >} {leg > , e >}
{wo> , ws >} v > N > W
FIG. 1. QuantumcNoT gate: Signal basis state$ey),|e)}; FIG. 3. Quantum circuit for entangling probe; initial probe state
probe basis state$wy), [ws)}. |A).
IIl. QUANTUM CIRCUIT a,=2"Y1 5 p'? (172
Although all three optimum unitary transformatiob§”,  gnd

U®@, and U® produce the identical maximum information 1o
gain by the entangling probe, EGL9), the transformation 7=[8E(1 - 2B)]"*. 173
U™, given by Eq(66) or Eq.(71) is clearly the simplest, and  Next, consider the quantum controlledT gate in Fig. 1,
should therefore be the easiest to implement. In this sectiofiy which the control qubit consists of the two signal basis
| exploit the quantum-circuit model of quantum computationstates{|ey), |e;)}, and the target qubit consists of the probe
to determine the quantum C'Egu't corresponding to the optipasis stateglwy), [ws)}. The associated truth table is shown
mum unitary transformatio)™. From Eq.(1), it follows i rig 5 it then follows that a simple quantum circuit ef-
that for a signal basis stafey) or |e,) entering the probe in o ing the transformation¢169 and (170, and thereby
initial state|w), the probe produces the following states, re'faithfully representing the entangling probe, is that shown in

spectively: Fig. 3, in which, according to Eq$169 and (170),
&0 ® W) — |eg) ® |¢boo) +[€1) ® [por) (165 |A) = ag|w) + aglwa), (174)
d
an |Az) = alwg) + &g |ws). (179
&1 ® W) — |eg) @ |h1o) + [e) ® [$ry). (166 The associated truth table is shown in Fig. 4.
Then substituting Eq$35)—(38) in Egs.(165) and(166), one Next, according to Eqs(41)«(44), the legitimate signal
obtains 9 Eq#35-39 as.(165 (168 states{|u),[u),|v),[v)}, with which the probe states become
entangled, can be written in terms of the signal basis states as
leo ® W) — |eg) ® |Ap) (167 follows:
and u) = cleg) + sley), (176
ler@w) —le) ® Ay, (168 [u) = —sleg) + Cley), 177
expressed in terms of the probe std#es and|A,), given by _
Egs. (39) and (40). Equivalently, using Eqs(39) and (40), [v) = sleg) + cley), (178
one has
[v) = cleg) - sley), (179

€0 ® W) — le) @ [Ay) =[e0) ® (r]Wo) + 2lws)) in which, for notational convenience in Figs. 5-8 | define

(169 1
— ain = 2o _ oli2\1/2
and s=sin_ = 2(2 2122, (180
ler @ w) — |e)) ® [Ag) = ey) ® (aglwp) + agws)), -1
(170) c=cosg = 5(2 + 212172, (182
where In Fig. 5, for initial probe stat¢A,), the effect of the quan-
a, = 2°V%1 + )2, (171) tum circuit on IS|gnaI statéu), Eq. (176),. is shown. It then
follows from Fig. 5 that the quantum circuit effects the fol-
Truth Table lowing transformation:
in | out Trth Tabl
control target control target ruth Table
leg > [wo > eo > (w3 > in I out
leg ; w3 > leo > wo > control target control target
Igl > :x°> I:l Z Ixo > leg> |47 > leg > 4] >
! 3> 1> 3> ley > 42 > le; > |42 >
FIG. 2. Truth table forcnoOT gate. FIG. 4. Truth table for entangling probe.
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Truth Table Truth Table
in | out in | out
control target control target control target control target
cleg > |4y > cleg > |4,> sleg> 42> sleg> l4,>
sle; > |4y > slep > |[Ap > cley> |Ay> cle; > |[dy>
FIG. 5. Action of quantum circuit on signal state. FIG. 7. Action of quantum circuit on signal stdte.

Uy ® |Ay) — cleg) ® |A) +sley) ® |Ay, (182  [v) with the probe statel;) and|Ay). It is to be emphasized
o _ ) that the initial state of the probe must &), given by Eq.
or substituting Egs(2) and(3) in Eq. (182, one has equiva-  (40). [A sign choice in Eq(40) is made below in Sec. IV,

lently consistent with the measurement procedure defined {here.

|} ® |Az) — c(clu) = slu) @ [Ap) +s(clv) = sv) ® [Ay),
(183 IV. PROBE MEASUREMENT CORRELATIONS

or, using Eqs(180) and(181), According to the block-diagonal form of the transforma-
tion UD, Eq. (71), and the analysis of Sec. Ill, the probe
4 / o112 produces the following entanglements for initial probe state
W @ [A2) — 4[(2+ 291A) ® |u) - 274y © [0 |w)=|A,) and incoming signal statds), [u), [v), or [v), re-
spectively:
+2Y7A) @ v) - (2= 22)|A)) ® [0)], pectivey
1
(184 WelA) = Z(adelw+a) o ), (189
which agrees with Eq(66).
Analogously, in Figs. 6—8, the effects of the quantum cir-

cuit on signal statefu), |v), and[v) are shown. It then fol- 0 ® |Ag) — l(|a> ® |u) + |a) @ W), (189
lows that the quantum circuit effects the following transfor- 4
mations:

1
0o A — 2= 2"A) @ lu+ (2~ 29A) & [ et = gllerelzige, 190

1/2 _ 21/2
rerER el 2A el B Ay — S lw el +lay o). 19D

(189
1 Then, accord?r_lg_to Eq<188 and (189), if, following thg
0) ® |AY) — [2Y2A) ® |uy - (2 - 2X3)|A) @ [U) pub_I|c reconciliation phase of the B_BS4 protocol,_ the signal
4 basis mutually selected by the legitimate transmitter and re-
£ 2+ 2Y9)|A) ® o) - 2Y3A) ® o) | ceiver is publicly revealed to bduy,[u)}, then the probe

measurement must distinguish the projected probe ktale
(186  when the signal statel) is both sent and received, from the
projected probe stater_), when the signal statfl) is both

1 sent and received. In this case one has the correlations
[v) ® |Ap) — Z[(Z +22)|A) ® Juy - 2Y9A) ® [u)

u) = |ay), (192
-213Ay) ® oy + (2 - 22)|A) @ [v)
(187) u) = |a). (193
all of which also agree with Eq66). The same two statda,) and|a_) must be distinguished, no

One concludes that the quantum circuit of Fig. 3 doegnatter which basis is chosen during reconciliation. This is
faithfully represent the action of the unitary transformationindeed the case since, according to H480 and(192), f,
U@ in optimally entangling the signal states, [}, [v), and  following the public reconciliation phase of the BB84 proto-

Truth Table Truth Table
in I out in out
control target control target control target control target
-sleg > |[4; > -sleg> |4;> cleg > |4, > cleg> |4,>
cle; > |4, > cle;> |4y > -sley > 42> -sley > 2>
FIG. 6. Action of quantum circuit on signal state. FIG. 8. Action of quantum circuit on signal state.
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low,> lo. > and that the probe basis stadte;) be dominantly correlated
with the signal statefl) and|v). With this sign choice, and
Pwo> oy enforcing monotonicity irg, Eqs.(196) and(197) become
3
[(wolal?  [(walal)]? 1 . [E(1 - 2E)]"2

a2 a2 1-B)

(199

[(wola)|® _ Kwala)l* _ 1 [E(1 - 2E)]"?
2 e 2 a-B

(199

.

and one then has the following state correlations:

FIG. 9. Geometry of states in the two-dimensional Hilbert space @) = [wo, (200
of the probe; correlated probe stafés,),|«_)}; probe basis states
{Iwo), [ws)}. la_) < |ws). (201

col, the signal basis mutually selected by the legitimateNext combining the correlation$192—~(195, (200, and
transmitter and receiver is publicly revealed to{he,[v}}, (201, one then establishes the following correlations:
then the probe measurement must distinguish the projected

probe statda_), when the signal statp) is both sent and Junfd} = law) = |wo, (202)
received, from the projected probe sthte), when the signal
state[v) is both sent and received. In this case one has the {{W, o)} = |ay = |ws), (203

correlations
to be implemented by the probe measurement method. This
can be simply accomplished by a von Neumann-type projec-
tive measurement of the orthogonal probe basis s{atgs

[0) = |as). (195 and |ws), implementing the probe projective measurement

Next, one notes that the correlations of the projecte(ppera_torsﬂvyo)(wo\,|_w3><w3|}. The chosen geometry in the

probe statesa,) and|a_) with the probe’s two orthogonal two-dimensional Hilbert space of the probe is displayed in
basis stateswg) and |ws) are indicated, according to Egs. Fig. 9, in which the sign choice is enforced in E¢82) and

o) = la-), (199

(72) and(793), by the following probabilities: (73), namely,
(et _Kwle)f?_ 1, [BL=2BF% - jgq ) =[@2+ (0 + 92+ @2 1)(1 - 9w
|y |a| 2 (1-B) F[(2Y2+ 1)(1 - Y2+ (212 - 1)(1 + )2 wsy),
[(wola)? [(wsla)? 1 _ [E( - 2B)]M2 (204)
Ij-l2 ) Iil2 27 a-p 19

—r(ol2 4 _ U2, (ol2_ + )Y
At this point | make a choice of the positive sign in Eq. ) =12 v-7) G D+ 7)™ o)
(196), and correspondingly the negative sign in E{97). +[2Y2+ (L + M2+ (22 - 1)(1 - )M ws),
This choice serves to define the Hilbert-space orientation of (205
the probe basis states, in order that the probe basis|siate

be dominantly correlated with the signal stafgsand [v),  where

incident signal state gated signal photon
{le=>, >, >, v>}

CNOT gate
(cavity QED/
solid state / ?) FIG. 10. Entangling probe
schematic.
[wo>
probe photon |4,> gated probe photon /|
[w3>
Wollaston
prism
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1> 4 > tions (202 and(203), that a statév) or [v), respectively, was
most likely measured by the legitimate receiver. By compar-
[wp> ing the record of probe-photodetector triggering with the se-
3 fws> quence of bases revealed during reconciliation, then the
likely sequence of ones and zeros constituting the key, prior
to privacy amplification, can be assigng®ecall that the
states|u), [u), |v), and[v) correspond to Boolean statgs,
|0y, |1), and|0), respectivel\f2].) In any case the net effect is
to yield, for a set error ratg, the maximum information gain
to the probe, which is given by E¢L9), namely,

_ 2
|opt= Iogz{z —(£> } (208

FIG. 11. Geometry of probe stat@#,),|Ax)}; |Ay) is the initial 1-E

state of the probe. The geometry of the initial and shifted probe polarization

statesA,) and|A,), respectively, and probe basis stdeg
n=[8E(1 - 2E)]*2, (206)  and|ws) in the two-dimensional Hilbert space of the probe is
shown in Fig. 11. Here, the angliy between the probe state

as in Eq.(75). This geometry is consistent with the symmet- |A,) and the probe basis stdig,) is given by

ric von Neumann test, which is an important part of the

optimization in Refs[2—6]. _1( <Wo|A1>)

8y = COS (209
° A

V. ENTANGLING PROBE IMPLEMENTATION o . . _ .
_ or, substituting|A;), given by Eq.(39) with the sign choice
Based on the results of Secs. Il and IV, I invent the en-made in Sec. IV, namely,

tangling probe implementation shown in Fig. [i®). Here, 1o

an incident photon coming from the legitimate transmitter is |1 _ 1/

received by the probe in one of the four signal-photon polar- A = 2{1 +[BEQ =251 | |wo)

ization statesu), [uy, [v), or [v). The signal photon enters the 1 112

control port of thecNOT gate of Figs. 1 and 2. The initial + [_{1 ~[8E(1 - 2E)]1’2}] lw), (210
state of the probe is a photon in linear-polarization sfiaje 2

and ent_ering the target p(_)rt of thenoT gate. The probe in Eq. (209, one obtains

photon is produced by a single-photon source and is appro-
priately timed with reception of the signal photon by first (1 v |2

sampling a few successive signal pulses to determine the 8 = €OS 5{1 +[8E(1-26)1"% ) . (21
repetition rate of the transmitter. The linear-polarization state

|A,), according to Eq(40) with the sign choice made in Sec. This is also the angle between the initial linear-polarization

IV, is given by state|A,) of the probe and the probe basis statg). Also in
. o Fig. 11, the shiftd in polarization between the initial probe
T _ u stategA,) and the statéA,), in accord with the truth table in
1A2) {2{1 [BE(L - 2] 2}} o) Fig. 4, is given by
1 1/2 AllA
: [—{1 +[BE(L- 25)]1/2}} Wy, (207 5= cos‘l<<l|—2>>, (212
2 |Aq|A;

and can be simply set for an error réieby means of a or, substituting Eqs(207) and(210), one obtains
polarization rotator. In this way the device can be tuned to N
the chosen error rate induced by the probe. The outgoing d=cos(1-4E). (213

gated signal photon is relayed on to the legitimate receivelpggiple implementations of tieoT gate are under consid-
and the gated probe photon enters a Wollaston prism, oflation, including ones based on cavity-QED, solid state,
ented to separate orthogonal _photon linear-polarization stateg,q/or linear opticg[8,9]. However, a sufficiently robust
[wo) and|ws), and the photon is then detected by one of WOpigh-fidelity cNOT gate, for control and target qubits based

photodetectors. If the basis, revealed during the public basig;, single-photon orthogonal polarization states, is not yet
reconciliation phase of the BB84 protocol,{is),[u)}, then . zilaple.

the photodetector located to receive the polarization state
|wg) or |ws), respectively, will indicate, in accord with the
correlations(202 and (203, that a statgu) or [u), respec-
tively, was most likely measured by the legitimate receiver. Using the sets of optimum probe parameters Egs.
Alternatively, if the announced basis {§v),[v)}}, then the  (15)—17), three corresponding optimized unitary transforma-
photodetector located to receive the polarization stafeor ~ tions were calculated, representing an entangling probe at-
|wg), respectively, will indicate, in accord with the correla- tacking the BB84 protocol of quantum key distribution. The

VI. SUMMARY
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corresponding entanglements of the probe states with the sigxplicit design parameters for the entangling probe are ana-
nal states are given by Eq$66), (100, and (157), or, lytically specified, including1) the explicit initial polariza-
equivalently, by the corresponding block-diagonal formstion state of the probe photon, E(07); (2) the transition
Egs.(71), (101, and(158). All three transformations yield state of the probe photon, E@10); (3) the probabilities that
the identical maximum information gain E@19) to the  one or the other photodetector triggers corresponding to a 0
probe, expressed in terms of any set error rate induced by the 1 of the key, Eqs(198 and(199); (4) the relative angles
probe. The simplest of the optimal unitary transformations ispetween the various linear-polarization states in the Hilbert
represented by Ed66), or, equivalently, Eq(71), in which  space of the probe, Eq09), (213, and(5) the information

the Hilbert space of the probe is only two dimensional. Ex-gain by the probe, Eq208). The probe is a simple special-
ploiting the quantum-circuit model of quantum computation,purpose quantum-information processor that will improve
the quantum circuit Fig. 3 needed to implement this simplesthe odds for an eavesdropper in gaining access to the pre-
unitary transformation, was determined and shown to yieldprivacy-amplified key, as well as impose a potentially severe
the correct entangled states, Eq$84—(187). Thus, the sacrifice of key bits during privacy amplificatid@]. The
quantum circuit, faithfully representing the optimum entan-successful implementation of the probe awaits the develop-
gling probe, consists of a single quantum-control& ment of a single robust high-fidelitgnoT gate, and also a
gate in which the control qubit consists of two photon- practical single-photon source.
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sists of the two probe-photon polarization basis states, and ACKNOWLEDGMENTS

the probe photon is prepared in the initial linear-polarization

state Eq.(207) set by the induced error rate. The initial po-  This work was supported by the U. S. Army Research
larization state of the probe photon can be produced by &aboratory, the Defense Advanced Research Projects
single-photon source together with a linear-polarization rotaAgency, and the Advanced Research and Development Ac-
tor. The gated probe photon, optimally entangled with thetivity. The hospitality of the Isaac Newton Institute for Math-
signal, enters a Wollaston prism which separates the appr@matical Sciences at the University of Cambridge, where part
priate correlated states of the probe photon to trigger one af this work was performed, is gratefully acknowledged. The
the other of two photodetectors. Basis selection, revealed oauthor wishes to thank Noah Linden for inviting him to par-
the public channel during basis reconciliation in the BB84ticipate in the Newton Institute program “Quantum Informa-
protocol, is exploited to correlate photodetector clicks withtion Theory: Present Status and Future Directions.” Also, the
the signal transmitting the key, and to assign the most likelyauthor wishes to thank Jeffrey Shapiro, Bryan Jacobs,
binary number 1 or O, such that the information gain by theCharles Bennett, John Preskill, and Jeff Kimble for useful
probe of the key, prior to privacy amplification, is maximal. discussions.

[1] C. H. Bennett and G. Brassard, Rroceedings of the IEEE  [7] C. A. Fuchs and A. Peres, Phys. Rev.58, 2038(1996.
International Conference on Computers, Systems, and Signal[8] H. E. Brandt, U. S. Army Research Laboratory, Adelphi, MD,

Processing, Bangalore, IndidEEE, New York, 1984 pp. Invention Disclosure, 2004unpublishegl
175-179. [9] See, e.g., L.-M. Duan and H. J. Kimble, Phys. Rev. Lég,
[2] B. A. Slutsky, R. Rao, P. C. Sun, and Y. Fainman, Phys. Rev. 127902(2004; T. B. Pittman, M. J. Fitch, B. C. Jacobs, and J.
A 57, 2383(1998. D. Franson, Phys. Rev. A8, 032316(2003; J. L. O'Brien, G.
[3] H. E. Brandt, Phys. Rev. A6, 032303(2002. J. Pryde, A. G. White, T. C. Ralph, and D. Branning, Nature
[4] H. E. Brandt, J. Math. Phys43, 4526(2002. (London 426, 264 (2003; M. Fiorentino and F. N. C. Wong,
[5] H. E. Brandt, J. Opt. B: Quantum Semiclassical OptS557 Phys. Rev. Lett93, 070502(2004); S. Gasparoni, J. W. Pan, P.
(2003. Walther, T. Rudolph, and A. Zeilingeribid. 93, 020504
[6] H. E. Brandt, Quantum Inf. Procesg, 37 (2003. (2004.

042312-14



