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The concurrence of two alternate qubits in a four-qubit HeisenbergXX chain is investigated when a uniform
magnetic fieldB is included. It is found that there is no thermal entanglement between alternate qubits ifB is
close to zero. A magnetic field can induce entanglement in a certain range both for the antiferromagnetic and
ferromagnetic cases. Near zero temperature, the entanglement undergoes two sudden changes with increasing
value of the magnetic fieldB. This is due to the changes in the ground state. This novel property may be used
as a quantum entanglement switch. The anisotropy in the system can also induce the entanglement between two
alternate qubits.
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The existence of entanglement shows many interesting
properties in quantum systems. Its nonlocal quantum corre-
lation has become one of the most valuable resources in
quantum communicationf1–3g and quantum computation
f4,5g. Recently, the concept of thermal entanglement in sol-
ids was introduced and studied in a one-dimensional aniso-
tropic Heisenberg modelf6g. Thermal entanglement in two-
qubit HeisenbergXX chains was investigated with and
without an external magnetic fieldf7–9g. The entanglement
between qubits of next and next-next neighbors in an open
spin chain and in a multiqubit Heisenberg model was pre-
sented inf10–13g.

In most previous investigations, the concurrence of two
nearest-neighbor qubits is calculated as a measure of en-
tanglement. For a pair of two qubits, the concurrence is
given by f14,15g

C = maxhl1 − l2 − l3 − l4,0j, s1d

where the quantitiesli si =1,2,3,4d are the square roots of
the eigenvalues of the operator

% = r12ss1
y

^ s2
ydr12

* ss1
y

^ s2
yd s2d

in descending order. The values of the concurrence are
ranged from zero to one when quantum states are changed
for unentangled to maximally entangled states.

The state of the system at thermal equilibrium is repre-
sented by the density operator

rsTd = s1/Zdexps− H/kTd, s3d

whereZ=Trfexps−H /kTdg is the partition function,k is Bolt-
zmann’s constant, andT is the temperature. SincersTd rep-
resents a thermal state, the entanglement in the state is called
thermal entanglementf16,17g.

In this Brief Report, a HeisenbergXX model of four qu-
bits in a linear chain is investigated when a magnetic fieldB

is included. The pairwise entanglement between alternate qu-
bits is calculated. The four-qubitXXM Heisenberg model is
described by the Hamiltonian

HXXM = Jo
n=1

4

ssn
+sn+1

− + sn
−sn+1

+ d + Bo
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4

sn
z, s4d

wheresn
± are the raising and lowering operations,B is the

external magnetic field and perpendicular to the chain, andJ
is the strength of interaction. The value of positive and nega-
tive J corresponds to the antiferromagnetic and ferromag-
netic cases, respectively.

The eigenvalues and eigenstates of the Hamiltonian in Eq.
s4d can be calculated analytically. In a four-qubit Heisenberg
chain with periodic boundary conditions, the eigenvalues are
given by

E0 = − 4B, E1 = 2J − 2B, E2 = E4 = − 2B,

E3 = − 2J − 2B, E5 = 2Î2J, E6 = − 2Î2J,

E7 = E8 = E9 = E10 = 0, E11 = 2J + 2B,

E12 = E14 = 2B, E13 = − 2J + 2B, E15 = 4B, s5d

and the corresponding eigenstates can be explicitly expressed
as

uc0l = u0000l,

uc1l = 1
2su0001l + u0010l + u0100l + u1000ld,

uc2l = 1
2su0001l + i u0010l − u0100l − i u1000ld,

uc3l = 1
2su0001l − u0010l + u0100l − u1000ld,

uc4l = 1
2su0001l − i u0010l − u0100l + i u1000ld,

uc5l =
Î2
4 su0011l + u0110l + u1100l + u1001ld + 1

2su0101l

+ u1010ld,*Corresponding author. Electronic mail: szhu@suda.edu.cn
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uc6l =
Î2
4 su0011l + u0110l + u1100l + u1001ld − 1

2su0101l

+ u1010ld,

uc7l = 1
2su0011l + i u0110l − u1100l − i u1001ld,

uc8l = 1
2su0011l − u0110l + u1100l − u1001ld,

uc9l = 1
Î2

su0101l − u1010ld,

uc10l = 1
2su0011l − i u0110l − u1100l + i u1001ld,

uc11l = 1
2su1110l + u1101l + u1011l + u0111ld,

uc12l = 1
2su1110l + i u1101l − u1011l − i u0111ld,

uc13l = 1
2su1110l − u1101l + u1011l − u0111ld,

uc14l = 1
2su1110l − i u1101l − u1011l + i u0111ld,

uc15l = u1111l. s6d

If the concurrence of two alternate qubits is considered, the
reduced density matrixr13=Tr24rsTd can be given by

r13sTd =
1

Z1
u 0 0 0

0 w y 0

0 y w 0

0 0 0 v
2 s7d

in the basishu00l, u01l, u10l, u11lj, whereu,v ,y are

u = 1
2s1 + es2J+2Bdb + e−s2J−2Bdb + cosh 2Î2Jbd + e2Bb + e4Bb,

v = 1
2s1 + e−s2J+2Bdb + es2J−2Bdb + cosh 2Î2Jbd + e−2Bb + e−4Bb,

y = 1
2s− 1 + coshs2J + 2Bdb + coshs2J − 2Bdb + cosh 2Î2Jbd

− cosh 2Bb. s8d

The partition function of the system is

Z = 4s1 + cosh 2Bbd + 2fcosh 4Bb + coshs2J + 2Bdb

+ coshs2J − 2Bdb + cosh 2Î2Jbg, s9d

with b=1/kT. In the following calculationsk is set to 1.0.

From Eqs.s1d, s2d, and s7d, the concurrence can be ob-
tained:

C =
2

Z
maxsuyu − Îuv,0d. s10d

Except the concurrenceC of two qubits, the global en-
tanglementQ of many-qubit pure states also needs to be
considered. The global entanglementQ is introduced by
f18–20g

Q =
1

N
o
i=1

N

ICi
2, s11d

where thei concurrence ofICi means the entanglement be-
tween the qubiti and the other qubits and can be expressed
as

ICi = Î2f1 − Trsri
2dg. s12d

The concurrenceC as functions of the magnetic fieldB
and the temperatureT is plotted in Fig. 1. The strength of
interaction J is chosen to be 1.0. Figure 1sad is a three-
dimensional plot of the concurrenceC as functions ofB and
T. From Fig. 1sad, it is clear that there is a two-peak structure
in C. The two peaks appear symmetrically at two sides ofB.
There is no entanglement between alternate qubits atB=0.
The entanglement is also independent ofT f10g. It can be
understood that sinceB=0, the ground state will beuc6l,
which is unentangled between alternate qubits. When the
temperatureT=0, the ground-state energy as a function of
the magnetic fieldB is changed fromE6 to E3 and then toE0
for the antiferromagnetic case, while the ground-state energy
is changed fromE5 to E11 and then toE15 for the ferromag-
netic case. Therefore there should be a change in the concur-
renceC because of the change in the ground state. It can be
seen that the increase of magnetic fieldB cannot induce en-
tanglement when the temperatureT is very high. When the
temperatureT is very low, the entanglement is increased with
increasing value of the magnetic fielduBu to a maximum
value. Then it is decreased and finally disappeared. The
maximum value of the entanglement decreases when the
temperatureT is increased.

The contour map of the concurrenceC as functions of the
magnetic fieldB and the temperatureT is plotted in Fig. 1sbd.
Four contours ofC=0.5,0.3,0.1,0 are shown, respectively.
Beyond the contourC=0, the entanglement is equal to zero.

FIG. 1. The concurrenceC is
plotted as functions of magnetic
field B and temperatureT when
J=1.0.sad The curve ofC as func-
tions of B andT. sbd The contour
map ofC as functions ofB andT.
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It means that there exists a critical temperatureTc. From the
curve of C=0 in Fig. 1sbd, it can be seen that the critical
temperatureTc depends on the magnetic fieldB. If B,0.09,
the concurrenceC is always zero no matter whether the tem-
peratureT is increased or decreased. When 0.09,B,0.41
or B.1.0, there are two critical temperatures ofTc. WhenT
is either above the lower part of the curve ofC=0 or below
the upper part ofC=0, the concurrenceC is always greater
than zero. When 0.41,B,1.0, there is a single value of the
critical temperatureTc. When the temperatureT is above the
curve of C=0, the entanglement is vanished no matter the
magnetic fieldB is increased or decreased. For the four-qubit
nearest-neighborXXM model, the critical temperature is in-
dependent of the magnetic fieldB f11g.

The thermal entanglement of alternate qubits forJ=−1.0
is also studied. The result is almost the same as that shown in
Fig. 1. This means that entanglement exits for both the anti-
ferromagnetic and ferromagnetic cases.

The concurrenceC, the global entanglementQ, and thei
concurrenceICi are plotted in Fig. 2 as a function of the
magnetic fieldB. The concurrenceC of different qubits is
plotted in Figs. 2sad and 2sbd when the temperatureT is
varied withT=0.01, 0.1, and 0.5. Figure 2sad is a plot ofC
for alternate qubits. From Fig. 2sad, it can be seen that the
shape ofC is like a square wave for a low temperature of
T=0.01. The concurrenceC keeps zero untilB is increased
to 0.41. Then the concurrence maintains a maximal value of
C=0.5 until it drops to zero atB=1.0. In the limit ofT→0,
one has

lim
T→0

C = 0, uBu , sÎ2 − 1duJu,

lim
T→0

C =
1

2
, sÎ2 − 1duJu ø uBu ø uJu,

lim
T→0

C = 0, uBu . uJu. s13d

This can be understood as follows. WhenuBu. uJu and uBu
, sÎ2−1duJu, the ground states are the unentangled states
uc0l and uc6l, respectively, while forsÎ2−1duJu, uBu, uJu,

the ground state is the maximally entangled stateuc3l of the
two alternate qubits. When the temperatureT is increased to
0.1 and 0.5, the shape ofC is changed from square wave to
a single peak. The maximal value of the concurrenceC is
decreased whenT is increased. For finite temperatures, this
definite ground-state structure is smoothed out by the parti-
tion of higher states and therefore the concurrenceC be-
comes smaller with higher temperatures. To compare this
with that of the two nearest-neighbor qubits in the four-qubit
XXM model, the concurrenceC of the two nearest-neighbor
qubits is plotted as a function ofB in Fig. 2sbd with the same
condition. For a low temperature ofT=0.01, the entangle-
ment keeps a constant value ofC=0.46 until it drops to a
dip. It seems that the dip is due to the crossing of energy
level at the point ofB=sÎ2−1d f11g. Then C maintains a
maximal value ofC=0.5 until it drops to zero atB=1.0.
When the temperatureT is increased to 0.1, the shape ofC is
changed to two peaks with almost the same dip. WhenT is
increased to 0.5, the dip disappears. There is only a single
peak atB=0. From Figs. 2sad and 2sbd, it can be seen that the
effects of temperature onC are much stronger for alternate
qubits than that for nearest qubits. WhenT is increased to
0.5, the curve ofC in Fig. 2sbd is much higher than that in
Fig. 2sad. It seems that the temperature affects the entangle-
ment between weakly interacting alternate qubits stronger
than that for strongly interacting nearest qubits. The global
entanglementQ and thei concurrenceICi are plotted in Fig.
2scd. Due to the symmetry of the eigenstates in Eq.s6d, the
values of the i concurrence are the same. When 0øB
ø0.41, IC1= IC2= IC3= IC4=1.0. The value of thei concur-
rence is the same as that ofQ. The two-qubit concurrence
C is C12=C14=C23=C34=s2Î2−1d /4 and C13=C24=0.
These are shown in Figs. 2sad and 2sbd. Although the en-
tanglement of three and four qubits cannot be discriminated,
the additional entanglement of three and four qubits can be
described by 1−oCij

2 =0.16 f18,19g. When 0.41øBø1.0,
IC1= IC2= IC3= IC4=Î3/2. The global entanglementQ and
the two-qubit concurrenceC satisfy the relation ofQ
= 1

2oi jCij
2 f18,19g. There is no additional entanglement of

three and four qubits. WhenB.1.0, there is no entangle-
ment at all. All the values ofC, Q, andICi equal to zero. It
is very interesting to note that in the low-temperature limit

FIG. 2. The concurrenceC, the global entanglementQ, and thei concurrenceICi are plotted as a function ofB whenJ=1.0. For the
concurrenceC of sad andsbd, the curve is plotted whenT=0.01, 0.1, and 0.5sfrom top to bottomd. sad The curveC of the alternate qubits.
sbd The curveC of the nearest-neighbor qubits.scd The curves ofQ andICi are plotted whenT=0.01. Solid line: the curve ofQ. Dotted line:
The curve ofICi.
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the entanglement between two alternate qubits of the four-
qubit XXM Heisenberg model undergoes two sudden
changes when the magnetic fieldB is increased. This novel
property may be used as a quantum entanglement switch in
quantum computing and quantum communications.

For a more general model of four-qubit HeisenbergXX
chains, the anisotropic contribution needs to be considered.
If the anisotropy is included, the Hamiltonian of the system
can be written as

HXXZM = HXXM +
JD

2 o
n=1

4

sn
zsn+1

z , s14d

whereD is the anisotropy parameter andHXXM is given by
Eq. s4d. The system reduces to theXX model whenD=0 and
the isotropicXXX model whenD=1.0.

The concurrenceC of alternate qubits is plotted in Fig. 3
as functions of the temperatureT, the magnetic fieldB, and
the anisotropic parameterD when the strength of the inter-
actionJ is 1.0. The concurrenceC is plotted as functions of
T andD in Fig. 3sad whenB=0.5. From Fig. 3sad, it is seen
that the concurrenceC increased first, then reached a maxi-
mum value, and finally decreased whenD is increased from
−0.4 to 1.0. ForD.0, the concurrenceC is monotonically
decreased whenT is increased. The concurrenceC is plotted

as functions ofB andD in Fig. 3sbd whenT=0.2. From Fig.
3sbd, it is seen that the value ofC is kept zero forDù0 when
B=0. The peak inC appears atD=−0.5. It is found that the
anisotropy in the Heisenberg model can induce the entangle-
ment between alternate qubits even forB=0. If B.0, the
height of the peak inC is increased and the position of the
peak is shifted to larger values of bothB andD. From Fig. 3,
it is seen that the curve ofC is asymmetric aboutD.

In conclusion, in this Brief Report the entanglement be-
tween two alternate qubits of a four-qubit HeisenbergXX
model is investigated. There is no thermal entanglement be-
tween alternate qubits of a four-qubit HeisenbergXX model
whenB is very small. However, when the magnetic fielduBu
is increased, it can induce entanglement in theXX model
both for the antiferromagnetic and ferromagnetic cases. The
square-wave-like shape appearing in the concurrenceC may
be used as a quantum entanglement switch. It is very inter-
esting to find that the temperature affects the entanglement
much stronger for weakly interacting alternate qubits than
that for strongly interacting nearest qubits. The anisotropy in
the Heisenberg model can also induce entanglement between
alternate qubits.
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