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We compute the dipole polarizability for Sin clusters across the prolate to compact shape transition region,
n=20–28, and also for a prolate and compact isomer atn=50. We find a clear shape dependence in the
calculated values, with prolate structures having systematically larger polarizabilities, and very different trends
in per atom polarizabilities with cluster size. The shape dependence is not due to highest unoccupied molecular
orbital sHOMOd-lowest unoccupied molecular orbital gap differences or to differences in the binding of the
HOMO electron. Instead, charge density analyses show a metalliclike response of the clusters to an external
field. In addition, the size trends for the calculated polarizabilities for the compact and prolate clusters are
reproduced by the predictions of jellium models for spheres and cylinders, respectively, further suggesting that
these small clusters exhibit metallic character.
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I. INTRODUCTION

The electric polarizability,a, measures the response of an
atomic cluster to a static external electric field. It is, there-
fore, a useful quantity for assessing the potential behavior of
clusters in nanotechnology applications. It is also a funda-
mentally interesting property that cannot be extrapolated eas-
ily from the behavior of corresponding bulk material, since
the presence of the cluster surface typically makes the bond-
ing in clusters very different from that in the bulk. In Si
clusterssSind, for example, bond lengths are systematically
shorter than in crystalline siliconsc-Sid and average coordi-
nation numbers are larger. In this latter respect, clusters are
more similar to liquid silicons,-Sid, which has a coordina-
tion number in excess of sixf1g, than to the four-fold coor-
dinated,sp3 packing inc-Si. The fact that,-Si is metallic,
while c-Si is semiconducting, raises the possibility that Si
clusters may also exhibit metallic behavior in response to
external fields.

Of added interest in the case of Sin is the dependence ofa
on the overall cluster shape. Ion mobility measurementsf2,3g
indicate that silicon clusters, beginning at ten atoms, become
more prolate with increasing size up to aroundn=25, where-
upon they make an abrupt change to a compact quasispheri-
cal shape for larger sizes. It is reasonable to expect that this
shape change would have a clear signature in the electronic
properties of the clusters, includinga.

There have been a number of theoretical studies of Si
cluster polarizabilityf4–10g. Most of these focus on small
clusters, for which the ground state structures are well known
f11g. Vasiliev et al. f5g performed the first systematic study
of a sin this paper,a refers to one-third of the per atom trace
of the cluster polarizability tensor, unless otherwise notedd
for n=1–10, using a pseudopotential-based method and the
local density approximationsLDA d. They found that the po-
larizability of the small clusters is significantly greater than
the bulk limit of 3.7 Å3/atom, inferred from the bulk dielec-
tric constant using the Clausius–Mossotti relationf5g, and
that its value decreases smoothly over this size range. Jack-

sonet al. f6g extended the range ton=20 by computinga for
structures found in the genetic algorithm search of Hoet al.
f12g. They found thata increases betweenn=10 and 20 and
attributed the increase in part to the growing prolateness of
the clusters. On this basis, these authors also predicted that
the polarizability would show a shape-dependent decrease
across the prolate to compact shape transition. Later, Denget
al. f7g found polarizabilities over the rangen=10–28, using
prolate structures constructedf12g by hand forn.20. These
authors also founda to increase from a local minimum near
n=10, climbing as the clusters became more prolatef7g. Be-
cause they only studied prolate structures, they did not ad-
dress the change in polarizability across the shape transition.

These calculated results can be contrasted with the experi-
mental data of Schäferet al. f13g. While the calculations find
large values ofa for small clusters and a relatively smooth
variation with cluster size, the experiments find much
smaller values in general, and dramatic changes with size.
Motivated by this apparent disagreement, Bazterraet al. f8g
and Marouliset al. f9,10g also studied the small clusters,
carefully investigating the effect of different levels of theory
sincluding quantum chemistry versus density functional-
based approachesd, different basis sets, and different choices
of cluster structure on the calculated polarizabilities. The re-
sults showed that such differences in methodology have a
relatively small effect ona. For example, density functional
and quantum chemistry results using comparable basis sets
agree to within about 1% for Si4 f9g. Thus, differences be-
tween theory and experiment cannot be due to methodologi-
cal issues.

A significant barrier to extending the polarizability calcu-
lations to larger clusters lies in first finding the appropriate
ground state structures. This is a very complex problem for
clusters containing more than ten atoms. Recently, we con-
ducted extensive searchesf14,15g that yielded the lowest-
energy prolate and compact structures for Sin in the n
=19–28 atom size range. These structures correctly repro-
duce all known experimental data for cation and neutral clus-
ters, including the prolate to compact shape transition atn
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=25. Using the same search algorithm, we have also found a
low-energy compact structure forn=50.

These new structures present an opportunity to probe the
evolution ofa for realistic geometries over a wide size range
and to examine the shape dependence in then=20–28 atom
size range where prolate and compact structures are nearly
degenerate. In this paper, we present calculated polarizabil-
ities for these new structures and use the results to explore
the shape dependence ina and to characterize cluster size
trends for both prolate and compact isomers.

II. METHOD

The calculations were done using the same finite field
methodology employed in our previous workf6g. We used
density functional theory in the generalized gradient approxi-
mation sGGAd of Perdew, Burke, and Ernzerhoff16g, as
implemented in theNRLMOL programf17g. The Gaussian or-
bital basis set used for each Si atom was constructed from 16
Gaussian exponents, contracted to sevens-type, six p-type,
and fourd-type orbitals. The longest-ranged function of each
orbital type had an exponent of 0.05396.

The electric polarizability for an atomic cluster is defined
as

ai j = Udmi

dFj
U

Fj=0
, s1d

wheremi is the ith component of the cluster dipole moment
andFj is the j th component of an external electric field. The
derivative can be evaluated by finite differences using the
results of independent self-consistent calculations run with
and without a uniform static external electric field. IfFj is a
small field,

ai j =
misFjd − mis− Fjd

2Fj
, s2d

wheremisFjd is the dipole moment obtained in the presence
of Fj. A magnitudeFj =0.005 atomic units yields converged
results for the derivatives. We carry out independent calcu-
lations withF in the ±x, y, andz directions to evaluate all the
tensor components. The self-consistency criterion for the to-
tal energy was set at 10−7 Hartree, to ensure accurate values
of m. As mentioned above, we report results for the average
polarizability per atom for the clusters, i.e.,a=s1/3ndsaxx

+ayy+azzd, wheren is the number of atoms in the cluster.

III. RESULTS

Figure 1 shows the lowest energy compact and prolate Sin
isomers found in our extensive searches for the global
minima for n=20–28f14,15g, along with their cohesive en-
ergiessin eV atomd. The prolate structures can be described
as stacks of stable subunits. The prolate Si26 structure, for
example, consists of two ten-atom units, joined by a central
six-atom ring. The compact structures have no corresponding
growth pattern.

As shown in the figure, the cohesive energy is larger for
the prolate structures untiln=26, whereupon compact struc-

tures become more stable. For the corresponding cation clus-
ters, the transition in stability occurs atn=25, in agreement
with the shape transition observed in ion mobility measure-
mentsf3g. Comparisons of computed and measured ion mo-
bilities and cluster dissociation energies are also in excellent
agreement for the cationsf15g, providing strong evidence
that the cation structures obtained in the search are the same
as those present in the experiments. Since the neutral isomers
were obtained with the same search methodology, we assume
that the structures in Fig. 1 are the global minima for Sin
with n=20–28.

In Fig. 2, we show one prolate and one compact isomer
for n=50. The compact structure is the lowest-energy struc-
ture found in an extensive ground state search using the
method of Ref.f15g. While it has not been proven to be the
ground state, the structure is certainly low in energy and
therefore physically reasonable. Because they are relatively
higher in energy forn.26, prolate structures do not emerge
from ground state searches atn=50. Instead, the structure
shown in Fig. 2 was constructed by joining two prolaten
=26 isomers, removing a single cap atom from each before
joining them. Since it is formed from stable subunits, we also
expect this structure to be physically reasonable.

We focus first on the properties of the clusters in then
=20–28 size range, over which prolate and compact struc-
tures are nearly degenerate. There are clear systematic differ-

FIG. 1. Lowest-energy prolate and compact Sin structures found
in Ref. f15g. The cohesive energy in eV atom is given for each
structure. It can be seen that the cohesive energy is larger for the
prolate isomers untiln=26, whereupon the compact isomers be-
come more stable.
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ences in the electronic properties of the two cluster types, as
shown in Table I. The highest occupied molecular orbital
sHOMOd-lowest unoccupied molecular orbitalsLUMOd gap,
Eg, is larger for the prolate than for compact clusters at every
size. The average value is 1.34 eV for the prolate clusters
and 0.70 eV for compact. For comparison, the bulk Si band
gap within the GGA is about 0.65 eVf18g. The value of«H,
the HOMO energy level, is deeper for the prolate structures,
implying that the HOMO electron is more strongly bound in
the prolate than in the compact structures. The average value
for the prolate structures is −5.31 eV, compared to −4.93 eV
for compact. This difference coincides well with the fact that
the compact structures have smaller ionization energies than
the prolatef19g. This has the effect of making compact cat-
ion clusters somewhat more stable than prolate cations, rela-
tive to the corresponding neutrals, and accounts for the slight
shift in the shape transition threshold ton=25 fromn=26 in
the cation clusters.

The cluster dipole moments,m, are also given in Table I.
The values are generally larger for the prolate structures,

reflecting a separation of charge along the long dimension of
these clusters. This occurs because of differences in the ef-
fective electronegativities of the different subunits stacked
along the prolate axis. In Si26, for example, the lower Si10
unit has a net charge of roughly +0.1e, the central six-atom
ring a net charge of −0.1e, and the top Si10 unit is approxi-
mately neutral. The dipole moments are very small for most
of the compact clusters.

The cluster polarizabilities,a, are also larger for the pro-
late structures than for the compact. The typical difference at
each size over then=20–28 range amounts to roughly 10%
of the prolate value.

The prolate/compact differences in HOMO-LUMO gap,
«h, m, anda occur not only for the lowest-energy isomers,
but for higher-lying isomers as well. Therefore, the differ-
ences can be clearly associated with overall cluster shape.

As was true for the smaller clusters, there is a general lack
of agreement between the polarizabilities given in Table I
and the experimental values of Schäferet al. f13g. Again, the
experimental values are generally much smaller and show
much larger fluctuations with cluster size, between values of
about 2.5 Å3 per atom forn=25 and about 4.5 Å3 per atom
for n=23, with an average value of about 3.5 Å3 over the
rangen=20–28f13g. The computed values in Table I lie in
the range from 4.5 to 5.13 Å3 per atom, with an average
value of 4.8. Note that since the clusters have nonzero dipole
moments, an additional term,m2/3kT, should be added to the
expression in Eq.s1d to give the effective polarizability seen
in experiments. This would increase the calculated values
beyond those reported in Table I, particularly for the prolate
clusters, increasing the disagreement between theory and ex-
periment.

IV. DISCUSSION

It is interesting to consider the origin of the shape depen-
dence ina seen in Table I. We note first that the prolate/
compact differences cannot be explained on the basis of the
HOMO-LUMO gap,Eg, or the HOMO binding energy,«H. A
simple perturbation theory argumentf5g holds thata should

FIG. 2. Prolate and compact structures forn=50. The compact
structure was obtained using the search method of Ref.f15g. The
prolate structure was formed by joining two low-energy Si26 iso-
mers, and removing a single cap atom from each.

TABLE I. Calculated HOMO-LUMO gapsEgd, HOMO level s«Hd, dipole momentsmd, and average per
atom polarizabilitysad for the lowest-energy prolatesPd and compactsCd Sin clusters withn=20–28. The
structures for these clusters are shown in Fig. 1.

N

Eg seVd «H seVd m sDebyed a sÅ3 atomd

P C P C P C P C

20 1.78 0.96 −5.31 −5.14 0.53 0.41 4.93 4.59

21 1.68 1.02 −5.44 −5.09 0.55 0.03 5.09 4.68

22 1.18 0.64 −5.25 −4.95 1.25 0.07 4.86 4.54

23 1.19 0.64 −5.50 −4.93 1.13 0.32 4.99 4.51

24 1.71 0.85 −5.36 −4.93 0.62 0.21 4.97 4.55

25 1.47 0.45 −5.41 −4.65 0.76 0.18 5.13 4.60

26 1.32 0.42 −5.33 −4.87 1.10 0.53 5.09 4.70

27 1.12 0.73 −5.20 −4.93 1.11 0.53 5.06 4.64

28 0.96 0.60 −4.93 −4.90 0.13 0.75 5.03 4.57
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be inversely related toEg, but in Table I prolate clusters can
be seen to have both larger gaps and larger values ofa at
each cluser size. Furthermore, clusters with more tightly
bound valence electrons might be expected to be less polar-
izable, suggesting that that«H should be inversely related to
a, but again the results in Table I show that the opposite is
true for prolate and compact clusters. The shape dependence
must therefore go beyond these differences in electronic
structure.

Denget al. f7g took a different approach to modeling the
shape dependence, studying the relationship between theto-
tal cluster polarizability and a simple geometrical parameter,
I =oi=1

n ri
2, where r i is the distance of atomi to the cluster

center of mass.I increases relatively faster for prolate than
for compact clusters and could, therefore, explain the in-
crease ina with prolateness. In Fig. 3, we plot the total
polarizabilities versusI for the prolate and compact clusters
with n=20–28. The figure indeed shows a correlation be-
tweenI anda, but the correlation is clearly different for the
two cluster shapes. The shape dependence is clearly more
complicated than the difference inI between clusters.

An alternative approach to understanding the shape de-
pendence begins by examining the effect of an external elec-
tric field on the distribution of charge in the clusters. To do
this, we divide space into a collection of atomic volumes,
analogous to Wigner–Seitz zones in periodic systems. The
volume for a given atom is that region of space geometri-
cally closer to the chosen atom than to any other in the clus-
ter. The atomic charge,qi is the integral of the total charge
density within the corresponding atomic volume. It is a
straightforward matter to define the atomic volumes and to
computeqi using the numerical integration mesh inNRLMOL

f17g.
Changes in the charge distribution related to an external

field can be visualized by comparing atomic charges calcu-
lated with and without the field. In Fig. 4, we showdqi
=qisFjd−qis0d, for a magnitudeuFju=0.001 a.u. in two per-
pendicular field directions for both prolate and compactn
=26 isomers. Shading is used to indicate atoms that gain or
lose more than 0.02e as a result of the external field. The

largest value ofdq in both clusters is approximately 0.09e.
The charge transfer depicted in Fig. 4 shows a metal-like

pattern in both clusters, as the external field drives electron
charge from one side of the cluster to the other, while the net
charge on the interior atoms remains approximately constant.
Summing over the surface atoms, we find a net charge trans-
fer in the range of 0.20 to 0.28e for the compact cluster
depending on the field orientation, and 0.20 to 0.25e for the
prolate structure.

The metalliclike distributions shown in Fig. 4 suggest that
size trends in the polarizability could be understood using
models appropriate for metallic systems. The jellium model
f20,21g assumes that electrons move in the potential of a
uniform positive background charge, mimicking the effective
potential seen by conduction electrons in a metal. Using self-
consistent LDA calculations, Beckf22g found that the polar-
izability of a jellium sphere can be expressed as:

a = sr + dd3, s3d

wherer is the radius of the positive background charge andd
is the so-called spill-out parameter, simply interpreted as the
distance the electronic density extends beyond the back-
ground positive charge. Guanet al. f23g recast this equation
to model the results for Nan clusters, expressing the sphere
radius in terms of the atomic number density,r:

a/n = FS 3

4pr
D1/3

+
d

n1/3G3

. s4d

Using our calculated value ofa for the Si atom, 5.98 Å3, and
the bulk limit a=3.71 Å3, we can fit the two parameters in
this equation,r and d, yielding r=6.4331022 cm−3, which
corresponds to a mass density of 2.99 g/cm3, and d
=0.278 Å. These values can be compared to the analogous
quantities for,-Si, which has a density of 2.59 g/cm3 at T
=1800 K f1g and an average bond length of 2.55 Å, esti-
mated from the pair correlation function given in Ref.f1g.
The average bond length in Si clusters at 0 K is about
2.45 Å. Scaling the,-Si density by s2.55/2.45d3 yields
2.92 g/cm3, within about 2% of the result of the fit, showing

FIG. 3. Total cluster polarizability for Sin vs I =oi=1
n ri

2 for the
clusters in Fig. 1. Here,r i is the distance of atomi from the cluster
center of mass. Filled diamonds represent compact clusters and
open squares prolate.

FIG. 4. Charge transfer caused by applying the indicated static
uniform external electric field to the prolate and compact isomers
for Si26. The shading indicates atoms that have gained or lost more
than 0.02e. Light gray atoms have lost charge, while dark gray
atoms have gained charge.
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that the fit value is physically reasonable for a metallic Si
structure at low temperature.

The value ford from the fit is about 11% of the cluster
bond length, a reasonable value giving its spill-out interpre-
tation. This is somewhat smaller than the roughly 25% ratio
found for Nan f18g. The difference may reflect stronger bind-
ing of the electrons in Sin.

The prediction of Eq.s4d is plotted in Fig. 5 along with
the first-principles values ofa. The latter show significant
variation from the model, especially for smaller cluster sizes,
but the model fits the overall cluster size trend for the com-
pact clusterssopen squaresd very well, including the value
for n=50. The slight decrease with size is due to the dimin-
ishing impact of the spill-out radius, which becomes a
smaller fraction of the overall cluster radius with increasing
size.

For the prolate clusters, we turn to a model described by
Apell et al. f24g for jellium cylinders. The model was origi-
nally developed to treat the energy deposition of fast ions in
materials, taking into account effects due to the shape and
geometry of the target molecules. Combining expressions for
the average excitation energy of a jellium system with sum
rules for oscillator strengths and the polarizability, they de-
rived an expression for the average polarizability, of a clus-
ter:

a =
V

vsbd
, s5d

where V is the cluster volume, andv is a depolarization
factor that depends only on the cluster shape. For a jellium
cylinder,

v =
2

b
E

0

`

s1 − e−btdSJ1std
t

D2

dt s6d

whereb=L /R, L is the cylinder length, andR is its radius.
Measuring directly from Fig. 4 and assuming the bound-

ary for the jellium background to extend one-half a bond
length beyond the centers of the outermost atoms, we find
R=3.68 Å andL=15.0 Å for the prolate Si26 isomer. We use
the same value ofR for the remaining prolate clusters, since
all are constructed from similar subunits. The cylinder length
in sÅd can then be given asL=s15.0/26dn, since the cluster
volume scales linearly withn and is proportional toL.

The results of the jellium cylinder model are also plotted
in Fig. 5. The model underestimates the calculated polariz-
abilities nearn=10 but reproduces the general increasing
trend for prolate clusterssfilled squaresd. Particularly striking
is the fact that the model extrapolates nearly perfectly to the
calculated value for then=50 prolate structure. The relative
failure of the model at the smaller sizes is likely due to the
assumption of cylindrical geometries. This description is
crude at the smaller sizes where the clusters are more nearly
spherical, but becomes increasingly apt for the larger clusters
f25g.

Figure 5 shows that jellium models reproduce both the
magnitude and the cluster size trends ofa for both the pro-
late and compact clusters over the intermediate size range,
suggesting that the clusters display a metal-like response to a
static field. This result can be understood in qualitative terms
by appealing to the structural similarities between clusters
and,-Si, which is metallicf1g. The clusters in Figs. 1 and 2
feature average coordination numbers for all atoms of ap-
proximately 4.5 for both prolate and compact structures. The
values for interior atoms are naturally larger than for atoms
on the surface. In the compact Si26 structure, for example,
the two interior atoms are seven-fold coordinated. For com-
parison, the coordination number for atoms in,-Si, obtained
by integrating the radial distribution function out to its first
minimum, is about 6.4f1g. In these highly coordinated struc-
tures, the bonding combines covalent and metallic character,
resulting in a nonzero density of states at the Fermi level in
the case of,-Si, and the metallic response seen in Fig. 5 in
the clusters.

V. SUMMARY

In this paper, we have used the structures obtained in a
recent ground state search for Sin f15g to investigate the
shape dependence of cluster electronic properties. We find
prolate clusters to have systematically larger HOMO-LUMO
gaps, dipole moments, and polarizabilities than compact
clusters across the rangen=20–28. By also including results
for prolate and compact isomers forn=50, we explore the
shape-dependent trends with size for both cluster types. In
Fig. 5, we see that the per atom polarizability for compact
structures decreases slowly with size toward the bulk limit,
whereas prolate clusters become increasingly polarizable.
Both trends are captured very well by jellium-based models
of the polarizability, suggesting that the response of these

FIG. 5. Trends in the per atom average polarizability for Sin.
The filled squares are for prolate clusters and the open squares
compactsn=20–28d. The open triangles are calculated values ob-
tained for the ground state clusters withn,20. These become in-
creasingly prolate over the rangen=10–19. The solid line is the
prediction of Eq.s4d, the jellium sphere modelf24g. The dashed line
is the prediction of Eq.s5d, the jellium cylinder modelf18g.

SHAPE, POLARIZABILITY, AND METALLICITY IN … PHYSICAL REVIEW A 71, 033205s2005d

033205-5



clusters to a static external field is metallic, a conclusion that
is reinforced by an analysis of charge transfers in the clusters
due to an external field, as shown in Fig. 2.

It is clear from Figs. 1 and 2 that subnanometer silicon
clusters have not yet evolved thesp3 bonding pattern of
c-Si. It remains a fascinating problem to determine the size
range over which these bulklike features emerge and how the

physical properties of the clusters will change as this occurs.
We are currently working to address such questions.
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