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Extended Hylleraas three-electron integral
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A closed-form expression for the three-electron Hylleraas integral involving the inverse quadratic power of
one interparticle coordinate is obtained, and recursion relations are derived for positive powers of other
coordinates. This result is suited for high-precision calculations of relativistic effects in lithium and light
lithiumlike ions.
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I. INTRODUCTION here the closed-form expression for the master integral

The subject of this work is the extended three-electronf(_l’0’0’0’0’(’D and derive recursion refations for increas-

Hylleraas integrals involving f and 147 terms, which ing values of arguments; of f(~1,ny,,Ny,Ns,N). The

appear in matrix elements of relativistic operators in theOther integrals, such af(n;,nz,N3,~1.n5,N), can be ob-

Breit-Pauli Hamiltonian. These integrals are defined as tained by using alre_ady derivec_i recursion relations for
f(ny,n,,N3,N4,N5,Ng) With nonnegativen; followed by a one-
3 3 3 i i ical i i i }
(Mg, MM P N M) = dry [ drp [ d r3e-wlr1-Wzrz-W3r3 dlmen_S|onaI numerical integration with respect to the corre
112,113 14 15 e 47 | 4w | 4w sponding paramete;.

X g g e, (D)
-2
with one ofn; equal to —1 and all otham nonnegative inte- Il. RECURSION RELATIONS FOR 33 INTEGRAL

gers. They have been studied in detail in a series of papers by oyr derivation is based on integration by parts identities
King and co-worker$1-3] and by Yan and Drakp4]. Their  \hich are commonly used for the calculations of multiloop

approach is based on the expansion offilih an infinite  Feynman diagram§13]. We follow here the former work
series of some orthogonal polynomials. The resulting muli11] and first consider the integr&,

tiple summation is performed with the help of convergence
accelerators. In some special cafEsthis expansion can be  G(my, My, Mg; My, Ms, M)
avoided and Eq(1) can be expressed in terms of the two- 1
electron Hylleraas integral. Using these methods leading :—Gfd3k1Jd3k2fd3k3(k§+u§)‘m1(k§+u§)‘mz
relativistic and QED corrections to energigs 6], isotope 87
shifts [7], and g factors[8] have been calculated to a high X (K2 + U2) ™a(kZ, + W2) ™Ma(k2, + W2) Ms(k2, + w2) ™,
degree of accuracy. The analytic approach to the Hylleraas
integral has been so far much less successful. Fromm and 2
Hill in Ref. [9] were able to obtain an analytic expression forwhich is related to f by f(0,0,0,0,0,0,D
a more general integral with exponentsjnas well as imy. = G(1,1,1,1,1, 1y =y,~u,-0- The following nine integration
However, their expression is quite complicated, involvesyy narts identities are valid because the integral of the de-
multivalued dilogarithmic functions, and thus is of limited | ative of a function vanishing at infinity vanishes,
use. In parallel Remiddi if10] obtained a simple analytic
expression for the Hylleraas integral with=0. Recently, 0=id(i,j)
together with Remiddi we derived recursion relatiqdg] P
for Hylleraas integrals for arbitrary large powersrpandr;;. :f d3k1f d3k2J d3k37[|2j(k§+ u2) (k3 + u3)t
This result allows for a convenient calculation of the nonrel- K;
ﬁlilt\a”?c?r(]:s\./vave function of the lithium atom and light lithium ><(k§+ ug)_l(k§2+wi)-1(k§3+ W%)—l(k%1+wz23)—l]’

In this work we present an analytic approach which al- )

lows for a fast and high-precision calculation of extended,qrei j=1,2,3. Thereduction of the scalar products from

three-electron Hylleraas integrals. This sets the ground fof,e nymerator leads to the identities for the linear combina-
improving the precision of theoretical energy levels by in-jion of the G function. If any of the arguments is equal to 0,

cluding higher-order relativistic correctioi$2]. We obtain  {han G becomes a known two-electron Hylleraas-type inte-
gral, Eq. (B6). The explicit form of all nine identities is
presented in Eq(Al) and the whole derivation presented
*Electronic address: krp@fuw.edu.pl below is performed with the help of theATHEMATICA pro-
"Electronic address: mpuchals@fuw.edu.pl gram for symbolic computation.
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In the first step of deriving recursion relations we take theG(1,1,2,1,1, 3(u3 - u3 - w?)
difference id3,2)-id(2,2) and use it as an equation for —G(102111-G(111021-G11111
G(l,z,l,l,l,l, - (1 16y -y ;J- (; Rk ] 11 (1 3=y Ay 11
+G(1,1,1,1,2,0-G(1,1,2,0,1,})
+2G(1,1,1,2,1,2w2
G(1,2,1,1,1, (U5~ U5 +w3) +G(1,1,1,1,2, (W5 + W5~ wj). (5)
=G(1,1,1,0,1,2-G(1,1,1,1,0,2+G(1,1,1,1,1,} These two equations are used now to derive recursions in
~G(1,2,0,1,1,1+G(1,2,1,0,1,1 andn;. With the help of the trivial formula
© -ur
260,112,107 [(w-2, ®
rr
+G(1,1,1,1,1, W2 - wZ - wl). @ ’

one integrates with respect tg, which lowers the first ar-

gumentn; to —1. Next, one differentiates with respect to

U,,Us,Wq,W,, W5 at u,=U3=0 to generate arbitrary powers of
Similarly, the difference i2,3)-id(3,3) is used to obtain r,5,ry,,r4,r,,r; and obtains quite long recursion relations for
G(1,1,2,1,1,], n, andng,

1
f(= 1,0+ 2,n3,n4,N5,Ng) = ——[Ny(Ny = 1)(np + (= 1,n3,n3,n = 2,05,Ng + 1) — ng(ng — 1)(ny + 1) (= 1,np,N3,ny,N5 = 2,Ng

ATS

+1) +ng(1 +ny + 2N, + ng) (N, + 1) F(= 1,n5,N3,N4,N5,Ng — 1) — Ng(Nz — )ngf (= 1,0, + 2,n5

= 2,N4,N5,Ng = 1) + Ny(ng = Dngf(= 1,0y + 2,n3,n, — 2,n5,Ng — 1) — 2n,(Ny + L)wy (= 1,ny,N3,Ny4

= 1,n5,ng+ 1) — 2ng(ny + wy (= 1,ny5,n3,n, + 1,n5,ng — 1) — 2n4ngw;f(— 1,0y + 2,n3,n, — 1,5, Ng
= 1) + ngW2f(= 1,ny + 2,N3,Ny, N5, Ng — 1) + 2n5(Np + DWof (— 1,n5,N3,Ng, N5 — 1,06+ 1) — (2 + 1,
+2n,+ 2ng) (N2 + DWaf (= 1,n5,N3,N4,N5,N6) + (N3 = D)NgWaf (= 1,0, + 2,03 = 2,4, N5,Ng) = Ny(N,

= Dwsf(= 1,2 +ny,Nz,— 2 +ny, N5, Ng) + 2(Ny + D)wywif(= 1,n,,N3,n4 + 1,05, Ng) W W5

+ 2nWiwWaf (= 1, + 203,05 = 1,0s,1g) + (N, + 1)(WE — W5 +W5)f(= 1,n,N3,N, N5, Ng + 1)

+ O, Wal'(N3 + N5 = 1,0y + Ng + 1, = 1 W5, W3, 0) = 6, Wal'(= 1 +ny + N5, N, No; Wy + Wp, W3, 0)

= (ny+ng+1)8, I'(N3 + N5 = 1,y + g, = 1;W5, W3, 0) + N, ['(Ng + N5 = 1,05 = 1,np; Wy + Wy, W3,0)

+(ny+ 1)5n5r(n6 = 1,ng+n,—1,ny;wz,wy,0)], (7)

1
f(=1,ny,n3+ 2,ny,N5,Ng) = W[_ ny(n, = nsf(=1,-ny = 2,n3+ 2,n4,N5 = 1,ng) + (Ng + 1)ny(ng — )f(= 1,0y, N3N0y
W2

= 2,n5+1,ng) + (N3 + 1)ns(1 +nz + 2n, + ng) f(= 1,0z, 3,4, N5 = 1,ng) = (N3 + L)ng(Ng

= Df(=1,ny,Nn3,N4,N5+ 1,ng = 2) + Ny(ny— )nsf(= 1,n,,n3+ 2,0, = 2,05 — 1,ng) — 2(N3

+ D)nawy f(= 1,n,5,n3,n, — 1,05+ 1,ng) — 2(N3 + 1)ngwy f(— 1,ny,n3,n + 1,05 1,ng)

= 2n4new; f(— 1,n,,2 +ng,ny — 1,05 — 1,ng) + (N3 + 1) (W2 + W5 — W3) f(— 1,n,,Ng,Ng,Ng + 1,Ng)
+NgW2f(— 1,n,Ng + 2,ng, N5 — 1,Ng) + No(Np — DWof(— 1,0, — 2,053 + 2,0,4,N5,Ng) — (Ng + 1)(Ng + 21,
+ 2ng + 2)W,f (= 1,n5,N3,N4,N5,Ng) — Na(Ng — D)Worf (= 1,n,,2 +N3,ns = 2,N5,N) + 2(N3 + 1)
XWyWof (= 1,ny,N3,n, + 1,05,Ng) + 2n,W,Wof (= 1,n,,N3+ 2,0, — 1,05,Ng) + 2(N3

+ 1NgWsaf (= 1,n5,N3,N, N5 + 1,05 = 1) + &, Wol (N3 + N5+ 1,0y + N — 1, = 1 W5, W3, 0)

= S, Wol'(Ng + Ng = 1,N5,Ng; Wy + W3, Wy, 0) + (Ng + 1) 5, I'(Ny + Ny = 1,05 = 1,n3;W3,W5,0) = (1 + 1y

+15) 5, (N3 + N5, Ny + Ng = 1, = 1Wp, W3, 0) + N5 8, I'(Ng + N = 1,05,N3 = 1wy + W3, W, 0)], )
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where 6, denotes the Kronecker deltd,, and I' is a  for (ny,ng) €{(1,1),(1,0),(0,D)}.

two-electron Hylleraas integral, which is defined in Eq. The calculation of the integraf(-1,0,0n,,Nns,ng) is
(B1). These recursions assume that the values ofnuch more elaborate and we have to return to integration by
f(=1,0,0n4,n5,ng), f(=1,1,04,n5,ng), f(-1,0,1n4,n5,  parts identities; see Appendix A. These are nine equations,
ne), andf(-1,1,1n,,ns,ne) are known. We calculate master which we solve against the followin;-; ¢ unknowns at
integrals for the last three cases explicitly and express them,=u;=0,

in terms of two-electron Hylleraas integrals aq i,

3 3
f(-1,1,1,0,0,0= fdrlfdrz

" WAWE-w) w%(mé—w%

d3r e—wlrl Wol 3~ W3l g

47T r23r 1r2r3

1
=—1I'(0,0,— 1W,,w3,0),

Wi
d3r e—wlrl Wol 5—W3l'3

d®, ( d
f(- 101000)[ 1f —2
471'
! {In2< Wo )
AnAw, W, + Wy
w W
—In2<—2>+2Li2< 2 )
Wy + W, + W3 Wy + W3
W w
- 2Li2(—2> + 2Li2<1 - —3>
Wy + W, + Wy W,
wl+w3)
W,

1
= W[F(_ 1,0,_ 1W3,W2,0) - r(_ 1,0,
1

9)

r23r 13M1M2r3

- 2Li2(1 -

-1 TWq + W31W2! O)]! (10)

3 3,
f(~1,1,0,0,0,0= Jdrlfdrzf

1
= F[F(_ 1,0,— 1 w,,w5,0)
1

d3r e—erl Wol o—=W3l'3

47 r23r12r1r2r3

-I(=1,0,- 1w, +w,,w5,0)], (11
where Lj is a dilogarithmic function, Eq(C13). The recur-
sion relations imy4, ns, Ng are obtained by differentiation with
respect tow,, Wy, andws,

f(=1,n2,ng,Ny, N5, Ng)
1
= F[_ n4(n4 - 1)f(_ 1,n2,n3,n4 - 2,”5,”6)
1

+ 2n4W1f(_ 17n21 N3, Ny — l1n51 nG)

+0p,I'(Ns + N3 = 1,ng + Ny = 1, = 1w, W3, 0)

- 6n3F(n4 + n5 - 1,n6, - 1 ;Wl + W2,W3,0)

= 8 I'(Ng+ng—1,n5,~ 1;w; + W3,W,,0)], (12)

X, =G(1,2,1,1,1,1uy,
X,=G(1,1,2,1,1,1u,
X3=G(1,1,1,1,2,1uy,
X,=G(1,1,1,1,1,2u,,
Xs=G(1,2,1,1,1,1,
Xs=G(1,1,2,1,1,1,
X7=G(1,1,1,1,2,3,
Xs=G(1,1,1,1,1,2,

Xo=G(2,1,1,1,1,1. (13)
The solution forX; and Xg is
G(1,1,1,1,2,1= c3(2,1,1,1,1,12Wg
G112 MWW
2 2
Wi +wo-wg  F(uy
+G(1,1,1,1,1,1 . 4\A€W§,
(14
G(111112——G(211111u—i
L] i) i) ) y - i) ] i) y H 2W§
-G(1,1,1,2,1,1 20l
3wi-ws+ws  F(uy)
+G(1,1,1,1,1,1 Py oyl
(15
where
F(u) =2[G(1,1,1,0,2,2w3 - G(1,1,1,1,2,0m3
+G(2,0,1,1,1,wW5 - G(2,1,1,1,1,0w3
-G(1,1,1,0,1, M2+ G(1,1,1,1,0, W2
-G(2,1,0,1,1,M2 + G(2,1,1,1,0,w2].
(16)

We now use the explicit form of two-electron integrals in Eq.
(B6) and integrate both equations with respectiip

f(-1,0,0,0,1,0= [F + (2w2 + W2 — w2)

1
205w,
xf(=1,0,0,0,0,0— w; (W2 +W2 - w2)

xf(-1,0,0,1,0,0], (17)
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1
2wiws

f(-1,0,0,0,0,1= [- F+(2ws — w3 +w3)f(- 1,0,0,0,0,0- wy(ws — w3 +w3)f(- 1,0,0,1,0,0], (18)

where

* 1 w W Wy + W w. W W
F:f dulF(ul):—{ZLiz(——z)—Li2<1——2>+Li2<1—1—2>—2Li2<——3>+Li2< 2 )—Li2< 3 )
0 2 W1 W3 W3 Wy Wy + W3 W5 + W3

. Wy . W. . W. . Wy + W3 Wy Wy + W, +Ws
O R Y R S AECA S e
Wq + W, + W3 Wq + Wy + W3 W, Wop W3 Wop + W3

= F(Ol_ 1;_ 2W21W1 + W350) - F(Ol_ 15_ 21\N31W1+W210) + F(O!_ 11_ 210W1|W2) - F(Oy_ 11_ 250W11W3)
+W2F(_ 1101_ 15\N1101W2) _W3F(_ 1101_ 1W1101W3) + WZF(_ 1!0!_ 1;0W21W3) - W3F(_ 110!_ 1;OW31W2)' (19)

Next, we multiply both equations by powerswf to eliminate anyw; from the denominator and differentiate with respect to
Wy, W,, andws. This leads to the following recursion relationsrigand ng of the f function:

1
f(_ 1,0,0n4, n5+ 1,n6) = 2—2{n4(n4_ 1)(n4+ 2n5)f(_ 1,0,0n4_ 2,n5,n6) - 2n4(n4_ 1)W2f(_ 1,0,0n4_ 2,n5+ 1,n6)
1Vv2

= Ny(3n, + 4ng + L)w; f(—= 1,0,0Nn, — 1,ns,ng) + 4nwywof(—=1,0,0n,— 1,ns+ 1,ng) + (ny + 1)(ns — 1)nsf(= 1,0,0n4,N5

- 2,ng) — 2(ng + L)nsw,f(= 1,0,0Nn,,n5— 1,ng) — (Ng + 1)(ng — L)ngf(= 1,0,0Nn,,N5,ng — 2) + 2(n, + 1)ngwisf(- 1,0,0,
Ng,Ns,Ng — 1) + [(3n, + 2ng + 2)W2 + (ny + 1)w3 — (N, + DWAIF(— 1,0,0n4,N5,Ng) — (N5 — 1)ngw; f(— 1,0,00, + 1,n5 — 2,ng)
+ 2nswywof(= 1,0,0n, + 1,n5 — 1,ng) + (ng — L)ngw; f(= 1,0,0n, + 1,n5,ng — 2) — 2ngwywsf(—=1,0,0n, + 1,ng,ng — 1)

— Wy (W2 + W3 —w3)f(— 1,0,0n, + 1,ns,Nng) + F(ny,Ns,Ng)}, (20)

1
f(=1,0,0Nn,,n5,n6+ 1) = 2—2{n4(n4_ 1)(ng + 2ng)f(= 1,0,0n4 - 2,n5,ng) — 2(ny = 1)n,wsf (= 1,0,00n, = 2,n5,ng + 1)
W3

= ny(3n, + 4ng + D)w,f(= 1,0,0n, — 1,n5,ng) + 4nwywsf(—1,0,0n,— 1,n5,ng + 1) — (N + 1)(ns — 1)nsf(= 1,0,0Nn,,N5
- 2,ng) + 2(ny + L)nswyf(= 1,0,0Nn,,n5— 1,ng) + (Ng + 1)(ng — 1)ngf(—= 1,0,0N,,n5,ng — 2) — 2(n, + 1)ngwsf(- 1,0,0,
Ng,Ns,Ng — 1) + [(3n, + 2ng + 2)W2 — (Ny + L)W + (N + DWAF(— 1,0,004,1N5,Ng) + (N5 — 1)ngwy f(— 1,0,00, + 1,n5 = 2,ng)
= 2nswy Wy f(=1,0,0n, + 1,n5 - 1,ng) — (Ng— 1)ngwy (= 1,0,0Nn, + 1,n5,ng — 2) + 2ngwywsf(— 1,0,0n, + 1,n5,ng — 1)
= wy(Wj = W3 + w3)f(= 1,0,0n, + 1,n5,Ng) = F (N, N5, Ng)}, (21)
where
F(Ng,N5,Ng) = (= ) ™(= Gw,)"(= ) oF = (N = N5) 6, I'(= 1,n5 = 1,0 = 1;0,Wz,W3) +Wo3, I'(= 1,n5,ng = 1;0,W2, W3)
= W33, I'(= 1,ng,N5 = 1;0,W3,W,) = (N5 = 1) 8, I'(ng = 1,005 = 2;wy, 0,W5) + W, I'(ng = 1,005 = 1;wy,0,w,)
+(Ng = 1)6,.I'(ng = 1,006 = 2;wy,0,W3) = W38, I'(= 1 +ng,0,ng = 1;wy,0,W5) + I'(N5, g + Ng = 1, = 2 Wo, Wy + W3, 0)

_F(nG,n4+ n5_ 1,_2;\/V3,W1+W2,0). (22)

What remains is the calculation 6¢~1,0,0n,,0,0. In the X1U12— Xs=0 (24)
following we derive a differential equation foh(w;) . ) .

=f(-1,0,0,0,0,0, from which we obtainf(-1,0,0n,,  form two algebraic equations, which, however, are too long
0,0). The solutions for to be written herg. They involve the terrﬁz,l,l,l,l,_jzl,
G2,1,1,1,1,Ju;, G(1,1,1,1,1,}, G(1,1,1,1,1,3u;",
G(1,1,1,2,1,1 G(1,1,1,2,1,1u;? and the known two-

G(2,1,1,1,1,1=X, (23) electron terms, where one of the arguments ofGHenction
is equal to 0. We integrate both equationsujnfrom e to «,
and for the difference approach the limit— 0, and drop Irg,
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j auG(2,1,1,1,1,1=- 222,
* h
f du’G(2,1,1,1,1,1= (‘2'1)

fdulG(l,l,l,l,l,J.:h(Wl).

J du;u;°G(1,1,1,1,1,1=g(wy) - £(1,0,0,0,0,0,

J du].G(lalallzylvj-:_(—;All)l
* "(w 14f(1,0,0,0,0,
f duu;%G(1,1,1,2,1,1= - g'twy) , 1f( @,
. 2 2 W,
(25
where
h(Wl) = f(_ 110101010101
d®ry [ d, [ d°
gy = J 1f 2f d’rg
X @I YIS(IN 1pg+ ) ar o TS
(26)
and
1 W1 (Wy + W, + Ws) ]
f(1,0,0,0,0,0=- {
wWAw3 | (W + W) (wy + W)
(27)

The set of both equations forms first-order differential equa-

tions for h(w,;) andg(w,). We eliminateg(w,) to obtain the
following second-order differential equation fbtw;):

WWih"(Wl) + Wl[4W§(W% - Wg - Wg) +wlh’ (wy)
+ W]+ Aw2(W2 — w5 — w3) — wlh(wy) = R(wy),
(28)
where
R(Wy) = WyW, In(l + %) + Wy Wy In(l " \\;VT;)

+(W2-wd)in (W1+W3>

+W2

+2w§|n< Wy (Wy + Wy + Wy) >+(W§—W§)F

(Wy + W) (Wy + Wy)
(29)

and

PHYSICAL REVIEW A71, 032514(2009

+W3) (Wq — Wy + W) (Wy + W, —

_ LA 4 4
W =Wy + W, + W — (—wq +w,

W3)(Wy + W, +Ws). (30)

Two linearly independent solutions of the homogeneous
equation are

1 Wy + W, — W3) (Wq — Wy + W.
) = — K[( 1 W, = W) (W = W 9]
W1 VWoW5 4W2W3
(= Wy + W, + W) (Wy + W, + Wp)
ha(w,) = 7 K ,
W1V WoWsg 4w,

(3D

whereK is a complete elliptic integral of the first kind as
defined in Eq(C1), and the WronskiaiV is

2
W= hywyhyws) = hiwpholw) ===, (32)

1

wherew is defined in Eq(30). The solution in Eq(31) is
valid for w; in the ranggw,—w;| <w; <w,+ws, because the
elliptic integralK has a branch cut for arguments exceeding
1. We use the identity in E4C8), to obtain the solutiom; of

the homogeneous equation fa@g > w,+Wws,

2
hy(wy) = —
W1 \(Wq + Wy = Wa) (Wy — W + Wa)
4w,W.
K{ 2= ] . (39
(Wq + W, — W3)(Wy — W, + Ws)
andh, for wy <|w,—ws|,
2
hZ(Wl) = [
W1 V(= Wy + W, + W) (Wy + Wy + Wa)
4w,W.
X K[ =3 } . (39
(= Wy + W, + W) (Wy + W, + Wy)

The solution of the inhomogeneous equation is obtained by
Euler’'s method of variation of the constant,

hy(wy) (2

2T

gu KD ha(w')

h(w,) = W

wy
ety (M RWORW)
27 J jw,w w
There is no additional term that is a solution of the homoge-
neous equation, becaubéw,) is finite for all values ofw;,
but noth;(w;) and h,(w,). Therefore this is the right solu-
tion. Having obtainedf(-1,0,0,0,0,0=h(w,;) and f(
-1,0,0,1,0,0=-h"(w;) we calculate f(-1,0,0n,,0,0
:h(wl,n4):(—c7wl)”4h(w1) recursively. The inhomogeneous
differential equation(28) is differentiatedn times with re-
spect tow, to obtain

032514-5



K. PACHUCKI AND M. PUCHALSKI

h(wy,n+2) = (n=3)(n-2)%(n- 1)nh(wy,n - 4)

1
g
+(n=2)(n-1)n(13 - 17 + 6n?)w;h(wy,n
-3) - (n-1n[(14 - 251 + 15n°)w2
- 2(n- 1)°wg]h(wy,n— 2) + 2nw4[ (3 - 5n
+100M)WE + (- 1 + 3n - 4nd)welh(wy,n - 1)
+[= (4 + 10+ 159w + (1 - n)w?
+2(1 + 3n + Bn?)wiwg]h(wy, n) +wy[ (5
+Bnwj + (1 + 202 = 2(3 + dn)wiwe]h(wy,n
+1) + R(wy,n)}, (36)
wherewg=w3+w3, w,=w3-w3, and

R(wy,n) = (= d,)"R(Wy)
__4(n-3)
S
. 5w;(n = 2)!

(wy +wy)"

2wt we)?(n- 1)1 4w, +wa)(n - 2)!
(Wy + Wy +ws)" (Wy + Wy +wy)"
An-3! (4w5 - w3)(n — 1)!

(Wy + W, +wy)"? (Wy +wy)"

, @Wa-wy)(n-1)!

(wy +ws)"

5w,(n - 2)!

(wy +wy)"t
4(n-3)!

(W +w3)"2

4(n- 23!
(Wy +wyp)"2

+ (W3- whF(n,0,0
forn> 2,
R(wy,0) = R(wy),

Ao, (Wt we)?)

Wi + W,

(

W (Wy + W, + Ws)
(wy + Wp)(wy +ws)

R(wy,1) = - (W + wp) +

4wg - Wy
+ =2 _w,In
W; + Wy

Wp + W, + Wy

2
|

p)
2(W, +Wy)?

(Wy + Wy +Ww3)?

-

(W +w3)?

1+V11)
W3

- 4Wl |n|:
+ (W3- wHF(1,0,0,

5w, S5ws

W; + Wy

R(er 2) = +

Wy + W,
_ Awytwg) 4wz = W
(W +W,)?

Wy + W, + Wy
+4 In{
(37)

In the casew; = Wsjng=W,+Ws3 Or |W,—Wj|, the recursion in
Eq. (36) is not numerically stable. Therefore, instead of this

W1 (Wy + W, + Ws)
(Wq + W) (Wy + Wy)

]+(mé—mé)F(2,o,o>.
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recursion, one calculates the recursion exactlyvgtwg;q,,
which corresponds to setting=0 in Eq. (36),

-1
wi[(5 + 6w + (1 + 2nw? — 2(3 + 4n)wiw]
x{=(n=3)(n-2)%n-1)nh(wy,n—4) +(n
-2)(n-1)n(13 - 1T + 6n?)wyh(wy,n - 3)
—(n=1n[(14 - 25+ 15n)wW2 - 2(n

= 1)2we]h(wy,n = 2) + 2nw[(3 - 5n + 10M)W?
+ (= 1+ 3n-4nd)wglh(wy,n - 1) +[- (4 + 1
+1502)w] + (1 -n?)wh + 2(1 + 3n

+ Bn2)wiwglh(w;,n) + R(w;,n)}, (38)

wherew; =wsj,, This completes the recursion relations for
the extended Hylleraas integral Wi[E%.

h(Wl, n+ 1) =

Ill. NUMERICAL EVALUATION

We pass now to numerical implementation of recursions
and integration of the master integral in E&5). All the
computation is performed with extended precision arith-
metic, namely, quadruple and sextuple precision. Even
higher precision, the octuple one, is used for checking nu-
merical accuracy. The starting point is the master integral.
One needs to calculate it with the highest possible accuracy,
because the recursions depend most significantly on the
value of initial terms. The integrand in E5) is a product
of the functionR and the complete elliptic integrdl. The
function R defined in Eq.(29) has singularities only atv;
=0 and«, and the complete elliptic integral has logarithmic
singularities atw; =Wgjng=|W,~Wj3| or w,+w; which corre-
spond to zeros olv in Eq. (30). In the following we assume
that wo,—w5;# 0. When |w,—ws|+ €, <w; <W,+W;—¢,, the
integral in Eq.(35) can be performed by the Gauss-Legendre
guadraturg 14]. We have verified that fog;~0.2 the inte-
gration with 100 points gives an accuracy of at least 32 digits
if not more. For the casew;>w,+W;+e, and w; <|w,

TABLE I. Values of the master integral for selectesgl, w,, and
ws. The number in brackets represent power of ten.

Wp W,  Ws f(-1,0,0,0,0,0

40 1.0 0.5 1.243735828073620173310981 564244
40 1.0 1.0 9.855133136060504 470218647 797-883P
40 1.0 15 8.181412007 841597 436460514 476528
40 1.0 2.0 6.983588391604 680181982031 82303b
40 1.0 25 6.077218287692100226048 417 17672pb
40 1.0 3.0 5.365400720042544709716 176 26447p
40 1.0 3.5 4.791010346652078 406517 300 908-53b
40 1.0 4.0 4.317729831064 450749511048 756728
40 1.0 45 3.92118558522161469337857339345pb
40 1.0 5.0 3.584332630993527980 351431 968§74p
40 1.0 55 3.294856 745699432 037 984 459 599-02B
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TABLE Il. Three-electron Hylleraas integral involving ﬂié. n; andw; are from Table Il of Ref[3].
Function! from this reference should be divided bym)2 for comparison with our functioi. The numbers
in brackets represent power of ten.

Wy W2 W3
f(-1,2,2,2,2,2 2.700 2.700 2.700 3.622 072 193238 069 065 841 911 46[3-366
f(-1,2,4,1,1,1 2.700 2.900 0.650 2.044941897 990188175637 070 880-313
f(-1,0,2,1,1,1 2.700 2.900 0.650 8.560152 684 198 427 372 519 849 56[23]8
f(-1,0,0,1,1,1 2.700 2.900 0.650 7.695548 443 927 856 456 193 296 733-895
f(-1,4,4,3,2,2 7.384 4.338 4338 2.516 457 130304 929 175 434 829 563-692
f(-1,0,0,2,2,2 3.000 2.000 1.000 7.759319533814 226 728 190 558 69335
f(-1,0,0,1,3,2 3.000 1.000 2.000 1.528428 874506 937 507 531 543 743-291
f(-1,0,4,2,4,3 2.000 3.000 4.000 6.208037 315282433323 108011 1848399
f(-1,2,2,1,1,1 2.700 2.900 0.650 4.036 629272285446 411970 138 933-270
f(-1,2,2,1,1,1 2.500 2.500 0.600 1.025 702 855657 754 018 359 340 659-240
f(-1,2,2,0,0,0 2.700 2.900 0.650 3.674 068373009 625515617 159 19#284
f(-1,2,2,1,2,3 1.000 1.000 1.000 4.576 295 463 451 984 514 935 097 87@#411
f(-1,2,2,2,2,2 1.000 1.000 1.000 5.436536 048 634 697 021 325 813 24683
f(-1,2,4,4,3,1 3.000 2.000 1.000 6.126 463 692 215 932 446 059 888 958061
f(-1,2,4,1,0,0 1.000 1.000 1.000 4.219 398 540 932 754 336 898 663 062822
f(-1,4,4,1,1,1 2.700 2.900 0.650 3.826 213 635 276 544 192 395 399 458200
f(-1,4,6,1,1,1 2.700 2.900 0.650 4.206 326 264 336 604 338 380 540 65B.410
f(-1,6,6,1,1,1 2.700 2.900 0.650 1.886 948 258 407 236 970 462 772 96[13418

—Wws| - €, the integration contour is deformed on the complex  Considering the extended Hylleraas integral wifh we
plane to avoid the singularity. So this contour consists of twacalculate it by numerical integration with respectvig
lines on a real axis, joined by a half circle with origin at the

singular point, and integration is performed independently on *

each part using the Gauss-Legendre quadrature. Wheés f(n,nz,n3,— 1,n5,ng) = [ dwf(ng,ny,N3,0,ns5,Nng).
close to the singular point, we first obtafiws,,* €); next W1

we calculaten(wsing) by matching the Taylor expansion from (39

recursion in EQ(38) with h(wj,4* €); and in the last step we ) ) )
again use recursion in E¢38) to obtainh(w;,). Forw,-w;  The recursion relations fof(ny,n;,ng, Ny, Ns,ng) with non-
=0 we separat® in Eq. (29) into the part that is free of Iy, ~ Negativen; have been derived previoudly1], and they seem
and the part that is proportional to . The first part is o be stable enough to perform this integration numerically.
integrated using the Gauss-Legendre quadrature and the ségnce we have not found in the literature a method of inte-
ond one is integrated using the Gauss quadrature adapted fgration that is adapted to two weight functions, the constant
the logarithmic weight function. Several numerical resultsand the logarithmic one, we use the standard Gauss-
for some selected;, are presented in Table I. Legendre quadrature. In Table lll we present several numeri-
Considering recursions, all but one involve denominatorsal results. A significant loss of precision is observed due to
limited from below. Only that in Eq(36) for increasingn,
has a denominator that can be arbitrarily close to zero.
Therefore, ifw; = wgj,q, instead of recursion in E¢36), one
uses the recursion in E¢38) and calculate$(wy,n) from
Taylor expansion alv; =Ws;, All other recursions are calcu-

TABLE lll. Three-electron Hylleraas integral involving ﬂi/at
W=2, Wr=3, Wz=4.

lated directly as in Eqs.7), (8), (12), (20), and(21). They  f(0,0,0,-1,0,0 5.112 034 507 187 907 5432]
involve two-electron integralE. The calculation of includ-  (0,1,0,-1,0,0 1.376 985 263 507 039 1p42]
ilgg]c sir[11gglf;] caszs.hzs recently been descrigfd inqut?I” i10,2,0,-1,0,0 6.942 269 369 095 712 1D53]
efs. , 17, and It does not pose any problem. Finally,
several numerical results for three-electron integral involvingf(0 ,3,0,-1,0,0 5.408 223 451815 895 113]
powers ofr; andr;; are presented in Table Il. For comparison f(0,4,0,-1,0,0 5.907 661 306 554 417 5553
with the former results obtained in RdB], we have taken f(0,5,0,-1,0,0 8.587 459 945 883 427 5p73]
the same; andw; as in Table Il of this reference. Our results f(0,6,0,-1,0,0 1.598 496 287 482 975 9B€2]
agree up to the precision achieved in RE3] with the  f(0,7,0,-1,0,0 3.698 745 219 132 481 1pe2]
one correction. In the fifth position instead 42,1,1,3,3,  f0,8,0,-1,0,0 1.036 442 843 454 920 4p81]
—2,4338,4338,738,4 it should be |(1,1,2,3,3, f(0,9,0,—1,0,(D 3.434 721 508 609 856 1891]

-2,4.338,4.338,7.384
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the presence din w,/w}) at the largew; asymptotic. There-  id(1,1)=-G(0,1,1,1,1,2- G(0,1,1,1,2,1
fore, precise integration requires in some cases the subtrac- +G(1,0,1,1,1,2+G(1,1,0,1.2,1

tion of these terms.
-G(1,1,1,1,1,1+26(2,1,1,1,1,1u3

IV. SUMMARY +G(1,1,1,1,2, (W2 - u3+w3) +G(1,1,1,1,1,2

An analytic approach is presented for the calculation of X (U2 - U3 +w3),
three-electron Hylleraas integrals involving one inverse qua-
dratic power of the interparticle coordinate. This approach is id(2,1)=-G(0,1,1,1,1,2- G(0,1,1,1,2,1
based on exact recursion relations in powers of coordinates.

These recursions involve initial terms and two-electron inte- +G(1,0,1,1,1,2+G(1,1,0,1,2,})

grals. For the initial ternf(-1,0,0,0,0,0 as a function of -G6(1,1,1,0,2,1+G(1,1,1,1,2,0

wy, one constructs a linear second-order differential equa-

tion. Its solution is expressed as a one-dimensional integral -G(2,0,1,1,1,1+6(2,1,1,1,1,0

over dilogarithmic and elliptic functioiK, which can be ob- + G(l,l,l,l,l,z(ui— u%—vv%) +G(2,1,1,1,1,1
tained numerically with arbitrarily high precision. The two-

electron Hylleraas integrals have already been derived in the X(uf+u3-wj +G(1,1,1,1,2,1

gtre;}rgglij(r)i .and they also can be obtained with arbitrarily high X (W= U2+ W2 —wd),

These extended Hylleraas integrals are necessary for the _ _
calculation of relativistic effects in lithium and light lithium- d(3,2)=-6G(0,1,1,1,1,2-G(0,1,1,1,.2,1
like ions [5-8]. One interesting goal is the high-precision +G(1,0,1,1,1,2+G(1,1,0,1,2,1
calculation of the lithium hyperfine splittind.8], which can 3
serve as a benchmark result for other less accurate methods. G(1,1,1,0,1,2+G(1,1,1,1,0.2
Moreover, it has recently become possible to derive nuclear -G(2,1,0,1,1,1+G(2,1,1,1,0,1
parameters such as the charge radius from the measurement 2 2
of the isotope shiff7]. The hyperfine splittinghfs) is sen- +G(1,1,1,1,2,Muf - 13- w) +G(2,1,1,1,1,]

sitive to the distribution of magnetic moment. Therefore the X(u2+u3-ws) +G(1,1,1,1,1,2
measurement of hfs in various odd isotopes of Li or light 2_ 2l
lithiumlike ions may lead to the determination of the so- X(up = Uz +wi—wyp),

called magnetic radius, which is very difficult to access ex-
perimentally. Even more interesting is the possible extensionid(2,2)=G(0,1,1,1,1,2-G(1,0,1,1,1,2

of this analytic method to beryllium and berylliumlike ions, -G(1,0,1,2,1,1+G(1,1,0,2,1,1

the four-electron systems. The use of the Hylleraas basis set

will allow for a high-precision calculation of the wave func- -G(1,1,1,1,1,1+2G(1,2,1,1,1,1u3

tion and, for example, various transition rates which are of +G(1,1,1,2,1, (2 - w2 +wA) + G(1,1,1,1,1,2

astrophysical relevance. e S T
Note added in proofAuthors after submission of this X (= U3 + U5+ W3),

work, became aware of a paper by J. Btaal. [19], where a

method of numerical integration adapted to two weight func-id(1,2) = G(0,1,1,1,1,2- G(0,2,1,1,1,}1
tions is presented. This method allows one to perform the B _

integral in Eq.(39) with precision of 32 digits using about 40 G(1,0,1,1,1,2-G(1,0,1,2,1,1
nodes only. +G(1,1,0,2,1,1-G(1,1,1,2,0,1

+G(1,1,1,2,1,0+G(1,2,1,1,1,0

+G(1,1,1,1,1, -2 +u3-w3) + G(1,2,1,1,1,1
We are grateful to Vladimir Korobov for his source code
of the fast multiprecision arithmetics and the dilogarithmic ><(u§+ u%—wﬁ) +G(1,1121.1
function. We wish to thank Krzysztof Meissner for help in X (U3 - U3 +ws— w3,
solving differential equation and Frederick King for present-
ing us his numerical results for some selected values of ex-jg(3 2 =G(0,1,1,1,1,2- G(1,0,1,1,1,2
tended Hylleraas integral and for useful comments. This
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+ G(lil!llolliz_ G(]'! 111711012
APPENDIX A: INTEGRATION BY PARTS IDENTITIES -G(1,2,0,1,1,1+G(1,2,1,0,1,1
The complete set of recursion relations as obtained from +G(1,1,1,2,1, Mué- 3 -wd) +G(1,2,1,1,1,1
integration by parts identities is presented below. FundBon by
is defined in Eq(2) and idi,j)=0 fori,j=1,2,3. X(up+uz-wp) +G(1,1,1,1,1,2
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X(= UL+ U5~ Wi+ W),

id(3,3=G(0,1,1,1,2,1+G(1,0,1,2,1,1
-G(1,1,0,1,2,1- G(1,1,0,2,1,1
-G(1,1,1,1,1,1+26(1,1,2,1,1,1u3
+G(1,1,1,2,1, (- i3+ i3 +wP)
+G(1,1,1,1,2,1(- 2 + U3+ w3),

id(2,3=G(0,1,1,1,2,1+G(1,0,1,2,1,1
-G(1,0,2,1,1,1-G(1,1,0,1,2,1
-G(1,1,0,2,1,1+G(1,1,1,0,2,1
-6(1,1,1,1,2,0+ G(1,1,2,0,1,1
+G(1,1,1,2,1,1(-u3+u3-w) +G(1,1,2,1,1,1
X(us+u3-wd) +G(1,1,1,1,2,1
X (= U+ U5~ Wi + W),

id(1,3=G(0,1,1,1,2,1- G(0,1,2,1,1,1
+G(1,0,1,2,1,1-G(1,1,0,1,2,1
-G(1,1,0,2,1,1+G(1,1,1,2,0,1
-G(1,1,1,2,1,0+G(1,1,2,1,0,1
+G(1,1,1,1,2, (-2 +u3-wa) + G(1,1,2,1,1,1
X(UW2+u3-wi) +G(1,1,1,2,1,1

X(— U3+ U5—W5+W3). (A1)

APPENDIX B: TWO-ELECTRON INTEGRALS
The two-electron integrdl is defined by

I'(ny,np,N3; ay, @z, )

3
j d rlj d r2 —alrl ayl )= a3r12rn1 lrgz ]TT% 1

(B1)
In the simplest case of;=n,=n3=0 it is
1

(o + a))(ap+ ag)(ag+ ay)
(B2)

F(0,0,0, ;Cl’l,az,a3) =

In the general case af =0

d \™ d \" d \™
(- 222

dal da2 da/3
1
(a1 + ap)(ap+ ag)(az+ ay)

(B3)
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in Ref. [15]. The two-electron integral’ for n;<0 can be
obtained by integration ovey;. Typical examples are

) e
da’z da3

In(ay + ap) —

F(_ 1,n2,n3;a1,a2,a3) = <_

In(ay + a)

(ap = ag)(ay + ay)

(B4)

1—‘(_ 11n2!_ 1ya11a21a3)
e e
da2 2a2 6 2 a2+ ag

+ +
+ Li2<1 _ 4 a3> + Li2<1 —u’ﬂ (B5)
ot o ap+ ag

Other examples together with recursion relations to calculate

derivatives may be found in Ref$16,17. Some three-
electron integral$s can be expressed in terms bf This is

when any of the arguments is equal to zero. The complete list

of all cases is

G(0,1,1,1,1,1=T(-1,0,— 1w, + Wz, Wy, U, + U3),
G(1,0,1,1,1,1=T"(-1,0,— 1wy + Wz,Wy,U; + U3),
G(1,1,0,1,1,1=T(-1,0,— 1wy +Wy,W3,U; + Uy),
G(1,1,1,0,1,1=1'(-1,0,— 1w, + Uz, Uy, W3 + Uy),
G(1,1,1,1,0,2=1(-1,0,— 1wy + Uz, Up; W3 + Uy),

G(1,1,1,1,1,0=F(— 1,0,_ 1Wl+ Uz,U3,W2+ Ul).
(B6)

APPENDIX C: SPECIAL FUNCTIONS

The complete elliptic integrals of the first and second

kinds, K andE, respectively, are defined accordindg 28] as

K(m) = f 1 dt(1 -t3)~Y4(1 -m) ™2, (CD
0
1
E(m) = fo dt(1 -t2)"Y(1 -mi) 12, (C2
They are related to hypergeometric functions
K(m) = 2F (1/2,12;1;m), (C3
E(m) = 2F1( 1/2,12;1;m), (C9)

and recursions relations for its evaluation have been derivednd satisfy the Legendre relation
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E(m)K(1 - m) + E(1 - m)K(m) - K(m)K(L —m) = g
(CH
Their first derivatives are
o E(m  K(m)
K'(m) = 2m(1-m) 2m’ (6
, . _ E(m) -K(m)
E'(m)= —Vom (C7)

Elliptic functions for|m|<1 can be conveniently calculated
numerically as described ifiL4]. For m>1 one uses the

identities[19]
. 1 1 .
K(mtie) = ?K<—) +iK(1-m), (C8)
ym \m
E(mtie) = \'EE<£> e _mK(1>
- “Am/ ym \m
+i[K(1-m)-E(1-m)], (C9)
and form<-1
m
Km= HK<m—1> (€10
E(m) = 1 —m%ml_l) (C11)

The Laurent expansion near the singulanty 1 is

PHYSICAL REVIEW A 71, 032514(2005

1

2
2) } {¢(n+1)—¢(n+1/2)

1
K(m):rgoh(

—%In(l—m)}(l—m)”, (C12

where ¢ is a logarithmic derivative of the Euler Gamma
function.
The dilogarithmic function Li is defined by

“In(1-z
Li2(z):—f ¥ (C13
O Z
The Taylor expansion around the origin,
. o7
Lia@=2 3, (C14
i=1
is convergent foitzl < 1. Two useful relations
1 ™  In?x
Lio(-x) +Lig| == | == — - —, C1
i2(=%) |2< X) 6 2 (C19H
_ _ w?
Lis(X) + Liy(1=x) = r InxIn(1-x) (Cle

are used for simplification of the result of integrations in Egs.
(10) and (19). Further formulas may be found in Re20]

and an efficient numerical evaluation is described among
others in Ref[16].

[1] F. W. King, Phys. Rev. A44, 7108(1991); F. W. King, K. J.
Dykema, and A. D. Lundipid. 46, 5406(1992.

[2] I. Porras and F. W. King, Phys. Rev. A9, 1637(1994); P. J.
Pelzl and F. W. King, Phys. Rev. B7, 7268 (1998; F. W.
King, Adv. At., Mol., Opt. Phys.40, 57 (1999.

[3] P. J. Pelzl, G. J. Smethells, and F. W. King, Phys. Re%3%=
036707(2002.

[4] Z.-C. Yan and G. W. F. Drake, J. Phys. 80, 4723 (1997);
Z.-C. Yan,ibid. 33, 2437(2000.

[5] F. W. King, J. Mol. Struct.: THEOCHEM40Q, 7 (1997); F. W.
King et al,, Phys. Rev. A58, 3597(1998.

[6] G. W. F. Drake and Z.-C. Yan, Phys. Rev.46, 2378(1992);
Z.-C. Yan and G. W. F. Drakebid. 52, 3711(1995; Phys.
Rev. Lett. 81, 774 (1998; Phys. Rev. A61, 022504(2000;
Phys. Rev. A66, 042504(2002; Phys. Rev. Lett91, 113004
(2003.

[7]1Z.-C. Yan and G. W. F. Drake, Phys. Rev. 86, 042504
(2002.

[8] Z.-C. Yan, J. Phys. B35, 1885(2002.

[9] D. M. Fromm and R. N. Hill, Phys. Rev. 86, 1013(1987.

[10] E. Remiddi, Phys. Rev. A4, 5492(1991).

[11] K. Pachucki, M. Puchalski, and E. Remiddi, Phys. Rev/®
032502(2004.

[12] K. Pachucki, Phys. Rev. A/1, 012503(2005.

[13] F. V. Tkachov, Phys. Lett100, 65 (1981); K. G. Chetyrkin
and F. V. Tkachov, Nucl. Phys. B92 159(1981).

[14] W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. F. Flan-
nery,Numerical Recipes in FORTRAN 2#nd ed.(Cambridge
University Press, Cambridge, U.K., 1992

[15] R. A. Sack, C. C. J. Roothaan, and W. Kotos, J. Math. PBys.
1093(1967.

[16] V. I. Korobov, J. Phys. B35, 1959(2002.

[17] F. E. Harris, A. M. Frolov, and V. S. Smith, Jr., J. Chem. Phys.
121, 6323(2004.

[18] K. Pachucki, Phys. Rev. A6, 062501(2002.

[19] J. Ma, V. Rokhlin, and S. Wandzura, SIAKSoc. Ind. Appl.
Math.) J. Numer. Anal.33, 971 (1996.

[20] Handbook of Mathematical Functionsedited by M.
Abramowitz and I. A. SteguiDover, New York, 1964

032514-10



