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Lamb shift in muonic hydrogen
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The Lamb shift in muonic hydrogen continues to be a subject of experimental and theoretical investigation.
Here my older work on the subject is updated to provide a complementary calculation of the energies of the
2p-2s transitions in muonic hydrogen.
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AEM:—2 - J g°dgAV(q) f drjo(anlFg+ G, (1)
0 0

The energy levels of muonic atoms are very sensitive to

effects of quantum electrodynami¢QED), nuclear struc- \yhereF, andG,, are the small and large components of the

than the electrofl]. In view of a proposed measurement of equal to £€+1) if j=¢+2 and + if j=¢-1. AV(q) is the

thg Lamb Shi.ft in muonic hydroge[?], an improveq theo- Fourier transform of the physical potential:
retical analysis seems to be desirable. Since the first theoret-
ical analysis[3], the subject of the Lamb shifthe 2p-2s
transition in light muonic atoms has been investigated with
increasing precision by a number of authg#s-10. The
present paper provides an independent recalculation of some 1
of the most important effects, including hyperfine structure, AV(r) = —J d%jo(ar)AV(g)da. (3
and a new calculation of some terms that were omitted in the 2 )
most recent literature, such as the virtual Delbriick effect, . - . o
[11]. An alternative calculation of the relativistic recoil cor- AS IS vyell 'known [1], the Uehling potential in momentum
S space is given by
rection is presented. (w2
In the numerical calculations the fundamental constants da(aZ
from the CODATA 1998[12] are used: i.e.a™, fic, m,, Vuenl(@) = = 3 Ge(q)F(¢) = - 4m(aZ2)Ge(q)UL(),
m,, and m,=137.0359998, 197.32696 MeV fm, )
105.658 357 MeV, 0.510 998 9 MeV, and 931.4940 MeV, re-Where  Ge is the proton charge form factor,
spectively. The changes in these constants in the CODATA&INN(¢)=a/(2m), and
2002 compared with CODATA 1998 are too small to make 1
any relevant difference in the results. F(¢) = 3" [coth?(¢) = 3][1 + ¢ coth(¢)], (4)

AV(q) = 47-rfm r?jo(qr)AV(r)dr, )
0

U,(q) is defined in[1]. The vacuum polarization corrections
Il. VACUUM POLARIZATION were calculated in momentum space; formulag4), (125),
and(127) of [1] are completely equivalent {00 in [10]. If

The most important QED effect for muonic atoms is thethe correction to the transitionpg,-2s,,, is calculated in
virtual production and annihilation of a singtée™ pair It has  lowest-order perturbation theory using nonrelativistic point
as a consequence an effective interaction of oader which ~ Coulomb wave functions, the result is 205.0074 meYV, in
is usually called the Uehling potentifl3,14. This interac- agreement with other authof0].
tion describes the most important modification of Coulomb’s The same procedure was used to calculate the two-loop
law. Numerically it is so important that it should not be corrections; the corresponding diagrams were first calculated
treated using perturbation theory; instead the Uehling poterby Kallen and Sabry16]. The Fourier transform of the cor-
tial should be added to the nuclear electrostatic potential beresponding potential is given iii,4]. The result for a point
fore solving the Dirac equation. However, a perturbativenucleus is 1.5080 meV.
treatment is also useful in the case of very light atoms, such In momentum space including the effect of nuclear size
as hydrogen. on the Uehling potential is trivial, since the corresponding

Unlike some other authors, we prefer to use relativisticexpression foAV(q) is simply multiplied by the form factor.
(Dirac) wave functions to describe the muonic orbit. This is The numbers obtained were the same for a dipole form factor
more exact, and as will be seen below, it makes a differencand for a Gaussian form factor, provided the parameters were
for at least the most important contributions. The wave func-adjusted to reproduce the experimental rms radius of the pro-
tions are given in the book of Akhiezer and Berestetsli|  ton. The correction can be regarded as taking into account
and will not be given here. In perturbation theory, the energythe effect of finite nuclear size on the virtual electron-
shift due to an effective potentidlV is given by positron pair in the loop. The contribution of the Uehling
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potential to the B-2s transition is reduced by 0.0081 meV  The sixth-order vacuum polarization corrections to the
with a proton radius of 0.862 fril7] and by 0.0085 meV Lamb shift in muonic hydrogen have been calculated by Ki-
with a proton radius of 0.880 frfiL8]. This result is consis- noshita and Nid23]. Their result for the p-2s transition is
tent with the number given ifl0] [Eq. (266)]. More recent
values for the proton radius have been given by $itH|
(0.895+0.018 fm and in the newest CODATA compilation
[20] (0.875+0.007 frn.

The numerical values given below were calculated as th
expectation value of the Uehling potential using point
Coulomb-Dirac wave functions with reduced mass.

3
AE® = 0.120045a2)2mr(3> ~0.00761 meV.
v

t is entirely possible that the as-yet uncalculated light-by-
ight contribution will give a comparable contribution.

The hadronic vacuum polarization contribution has been
estimated by a number of authdrk0,24,25. It amounts to
about 0.012 meV. One point that should not be forgotten
about the hadronic VP correction is the fact that the sum rule
Point nucleus R,=0.875 fm or dispersion relation that everyofiecluding myself used
_ DD _ ApaDs does_ not '_tak_e intp account the fact t_hat the prc(lmnnle_us

, Puzesuz - ePazediz — PuzSie  PszeS12  can in principle interact strongly with the hadrons in the
Uehling ~ 205.0282  205.0332  205.0199  205.0250 \;irta| hadron loop. This is irrelevant for the anomalous
Kaellen-  1.50814 1.50818 1.50807 150811 magnetic moment but probably not for muonic atoms. An
Sabry estimation of this effect appears to be extremely difficult and
could easily change the correction by up to 50%. Eietesl.
e[10] point out that the graph related to hadronic vacuum

a;r:r?et??zziit :; Eg'tc?l (?@r;)t?ﬁnoviz\ferci:?uri?rei(tjePza(at{gnga::r;nb polarization can also contriibute to the measured value of the
P ) ) » 19 nuclear charge distributiof@and polarizability. It is not easy

change these results. For a very crude estimate, one can scgleyetermine where the contribution should be assigned.
previous results for heliurf] and assume that the ratio of

nonperturbative to perturbative contributions was the same,

giving a contribution of 0.175 meV. Ill. FINITE NUCLEAR SIZE AND NUCLEAR
The contributions due to two and three iterations have POLARIZATION

been calculated by8,23|, respectively, giving a total of . I - .

0.151 meV. An additional higher iteration including finite . The maln.contnbutmn due tg finite _nuclear size has.been

size and vacuum polarization is given in RE8] [Egs. (66) given _analyt|cally to ordexaz)® by Friar [26]. The main

and(67)] and Ref[10] [Egs.(264) and(268)]. These amount result is

to —0.0164r?). The best way to calculate this would be an _ 2aZ(azm \}| , ,  aZm

accurate numerical solution of the Dirac equation in the com- AEns= - RS (ro) = >

<r3>(2)
bined Coulomb plus Uehling potential.

The mixed muon-electron vacuum polarization correction 2 2
was recalculated and gave the same result as obtained +(aZ) (FREL+mfFNR)] (5)
previously: namely, 0.000 07 meMO0,21]. o )

The Wichmann-Krol[22] contribution was calculated us- Where (r%) is the mean-square radius of the proton. For
ing the parametrization for the potential given[i]. The ~Muonic  hydrogen, the coefficient of (r?) s
result obtained(-0.001 03 meV is consistent with that 5.1975(meV fm?), giving an energy shiftfor the leading
given in[10], but not with that given if8]. term) of 3.862+0.108 meV if the proton rms radius is

The equivalent potential for the virtual Delbriick effect 0.862+0.012 fm. The shift is 4.163+0.188 meV if the pro-
was recomputed from the Fourier transform giverdim,1].  ton rms radius is 0.895+0.018 fm, and 3.979+0.076 meV if
The resulting potential was checked by reproducing previthe proton rms radius of 0.875+0.007 fm.
ously calculated results for thes2p transition in muonic The second term in Ed5) contributes—0.0232 meV for
helium and the 8-2p transitions in muonic Mg and Si. The a dipole form factor and-0.0212 meV for a Gaussian form
result for hydrogen is €0.001 35+0.000 16meV. As in the  factor. The parameters were fitted to the proton rms radius.
case of muonic helium, this contribution very nearly cancelsThis can be written as -0.0347)%2 or 0.0317r)%? re-
the Wichmann-Kroll contribution. The contribution corre- spectively. This differs slightly from the value given by Pa-
sponding to three photons to the muon and one to the protoghucki[9]. The model dependence introduces an uncertainty
should be analogous to the light-by-light contribution to theof about +£0.002 meV. The remaining terms contribute
muon anomalous moment; to my knowledge, the corre0.00046 meV. This estimate includes all of the terms given in
sponding contribution to the muon form factor has[26], while other author§9] give only some of them. Clearly
never been calculated. It will be comparable to thethe neglected terms are not negligible. There is also a con-
other light-by-light contributions. For an estimate, the cor-tribution of =3X 10°® meV to the binding energy of thep2),
rection to the Lamb shift due to the contribution to thelevel and a recoil correction of 0.012 meV to the binding
anomalous magnetic moment was calculated; it amounts tenergy of the 8 level.

(—)0.000 02 meV; the contribution to the muon form factor As mentioned previously, the finite-size contri-
is one of the most significant unknown corrections. butions to vacuum polarization can be parametrized as
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-0.0109r?)-0.0164r2), giving a total of —0.02732) or transform ofV by —g?. Note that using the normalizations of

—0.02096) meV if the proton radius is 0.875 fm. [1,6], one hasv?V=-4maZp wherep is the charge density.
The contribution due to nuclear polarization has been calOne then obtains

culated by Rosenfeld¢27] to be 0.017+0.004 meV and by

Pachuki [9] to be 0.012+0.002 meV. Other calculations (2 - 1)12
[28,29 give intermediate valug®.013 meV and 0.016 meV, Ampyp(r) = —f dz——— 2 (1 + —22>
respectively. The value appearing in Table | is an average of 3mJy 2
the three most recent values, with the largest quoted uncer- (2 “ giolan
tainty, which is probably underestimated. —f - ——5d )
o O+ 4m§22
. 2 (~
IV. RELATIVISTIC RECOIL _ ;fo 2U2(q)j0(qr)dq, )

As is well known, the center-of-mass motion can be sepa-
rated exactly from the relative motion only in the nonrelativ-
istic limit. Relativistic corrections have been studied bywhereU,(q) is defined in[1]. It is also easy to show that
many authors and will not be reviewed here. The relativistic

recoil corrections summarized iri] include the effect of

. . . . dVUehI (,YZ 2a

finite nuclear size to leading order m,/my properly. Xl(zmer) + 2mexo(2mgr)
Up to now this method has been used to treat recoil cor- dr r 3w

rections to vacuum polarization only in the context of exten-

1 2a2m,
sive numerical calculations that include the Uehling potential =- FVUehI(r) + (“Z)ETTXO(ZW)'
in the complete potential, as described[ij. They can be
included explicitly, as a perturbation correction to point Cou-  Keeping only the Coulomb and Uehling potentials, one
lomb values. Recall thdto leading order in 1rhy), the en-  finds
ergy levels are given by

BS 1 _ 2a

g __>20 , = P,(r)=—aZz—(2 2mgr),
E=E 5 ™ gy (U0 + 2B0Py(0), (6) (r) = — aZ—(2me) xo(2mer)
where E, is the energy level calculated using the reduced

mass andy is the unperturbed binding energy. Also 2a
Qa(r) = aZ| 1+ _—[xa(2mer) + (2mer) xo(2mer)] |

1=~ Py Pur) 00| - £ Q[P0 + QU]

"m0 2 ke
Here Q4 ' @ 222 I 0 q2+4m§ZZ
% 6ar — 3 3 2_6 H
Pl(r):47mZJ o) = V() = IV (D). ><[ qr - (qr) ]cos(qr)q+[ (qr) ]Sm(qr)dq,

r where y,(x) is defined in[1]. Corrections due to finite
Qa(r) :47Tazf r'Zp(r)dr’ =r2V'(r), nuclear size can be included when a model for the charge
0 distribution is given. This done by Fria26] (and confirmed
independently for two different model charge distributions
_ L, the contribution due to finite nuclear size to the recoil cor-
Qq(r) =4maZ | 1p(r')dr’. ®)  rection for the binding energy of thesZevel is —0.013 meV.
0 The factor 1M, is replaced by 1(m,+m,), also consistent
An effective charge density,p for vacuum polarization with the calculations presented [ig6].
can be derived from the Fourier transform of the Uehling Since vacuum polarization is assumed to be a relatively

potential. Recall thatfor a point nucleus small correction to the Coulomb potential, it will be suffi-
2 12 cient to approximat€,(r) by aZ/r. After some algebra, one
Vyeni(r) = - a—ZZ—)(l(gmer) =- (az)_f ( 221) can reduce the expectation values to single integrals:
3w 1
o0 . /2
1\(2 " _cPioan) Gl Ve >1
1+ = =" "=dql, (Py(r) = 2mear Z—
( 222>< J o + 4mEZ a ' 22

where y,(x) is defined in[1]. In momentum space, the Fou- (az)z_ az+1 1
. 2Ny . . . . 5 5@0"' 55@]_ dz (10)
rier transform ofV<V is obtained by multiplying the Fourier (1+az (1+a2
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aZ 3 2a (“ (- 1)1/2< 1 ) An additional recoil correction for states with+#0 has
—Py(r) ) =-(aZ)’mme— | —— |1+ i ;
; 1(r) (a2) Mo ) . o7 been given by32] (see alsd10]). It is
2)*m?
2(a9®+1 1 AE,, = CEM (—) 13
(e e s ez, ii= gz 400 g ) (9

) B ) o When evaluated for the@states of muonic hydrogen, one
with a=2m/(aZm). When Eq. (10) is multiplied by  fings 4 contribution to the22s transition energy of 0.0575

—2Bo/(m,,+my) this results in a shift 0f-0.000 15 meV for  mev for the 2, state and-0.0287 meV for the s, state.
the & state and of—0.000 01 meV for the @ state, and

when Eq.(11) is multiplied by 1{m,+m,) this results in a

shift of 0.004 89 meV for the £state and of 0.000 17 meV V. MUON LAMB SHIFT
for the 2p state. These expectation values also appear when For the calculation of muon self-energy and vacuum po-
vacuum polarization is included in the Breit equat{@1].  |arization, the lowest-ordeione-loop approximationcontri-
Finally, bution is well known, at least in perturbation theory. Includ-
. ing also muon vacuum polarizatioi®.0168 meVY and an
<a_Z > __ (aZ)“merf (Z- 1)1/2< i) e>?tra term of ordefZa)® aps given in[10],
4Q4(r) - 2 1+ 2
o 6 3mh oz 2 a(az)’m, [ m \%(139 5
6(2+az 2 AEZS:—E4 (#) <a+%—ln(2)>,
X {_a_z<1+—az__ln(1 +az)> L
which contributes—0.004 43 meV, one finds a contribution
. 3(az?+2az-1 N 3+az } of —0.66788 meV for the &,-2p;, transition and
(1+a2)3 4(1+az* | —0.650 31 meV for the & ,,-2ps/, transition.
) A misprint in the evaluation of the contribution of the
" 1-3az-2(a2) d (12) higher-order muon form factorcontributing to the fourth-
4(1+a2* S order term$has been corrected. The extra electron loop con-

tribution to F,(0) is should be 1.094 2&/)2. This repro-
When multiplied by 1(m,+m,) this results in a shift of duces the correct coefficient dfw/m)2 from the muon
0.002 475 meV for theZstate and of 0.000 238 meV for the (g-2) analyses. This is 0.7658, which is equal to
2p-state. 1.094 26-0.328 48.

Combining these expectation values according to E8)s.  The fourth-order electron loog80] dominate the fourth-
and (7), one finds a contribution to theps transition of  order contribution(—0.001 69 meV and-0.001 64 meV, re-
—0.004 19 meV. To obtain the full relativistic and recoil cor- spectively. The rest is the same as for the electfah The
rections, one must add the difference between the expectgontribution of the electron loops alone s0.001 68 meV
tion values of the Uehling potential calculated with relativ- for the 2,,,-2p;,, transition and—0.00159 meV for the
istic and nonrelativistic wave functions, giving a total 2s, ,-2p,, transition.
correction of 0.0166 meV. This is in fairly good agreement  pachuki[8] has estimated an additional contribution of

with the correction of 0.0169 meV calculated by Veitia and —0.005 meV for a contribution corresponding to a vacuum
Pachucki[31], using a generalization of the Breit equation polarization insert in the external photon.

[32] which is similar to that given ifi6]. The treatment pre-
sented here has the advantage of avoiding second order per-
turbation theory.

The review by Eideet al. [10] gives a better version of  ysing the fundamental constants from the CODATA 1998
the two-photon recollEq. (136)] than was available for the [12] one finds the transition energies in meV in Table I. Here
review by Borie and Rinkef1]. Evaluating this expression the main vacuum polarization contributions are given for a
for muonic hydrogen gives a contribution 60.044 97 meV  point nucleus, using the Dirac equation with reduced mass.
to the 2-2s transition. Higher-order radiative recoil correc- sgme uncertainties have been increased from the values
tions give an additional contribution 6f0.00 96 me\[10]. given by the authors, as discussed in the text.

However, some of the contributions to the expressions given |, the case of the muon Lamb shift, the numbers in Table
in [10] involve logarithms of the mass ratim,/my. Loga- || are for the 2,/,-2p,, transition. The corresponding num-

rithms can only arise in integrations in the region framto  pers for the 2,,,-2ps, transition are—0.650 31 meV and
my; in this region, the effect of the nuclear form factor _g 001 64 meV, respectively.

should not be neglected. Pachufg&] has estimated a finite-

size correction to this of about 0.02 meV, which seems to be ]

similar to the term proportional ta3),, given in Eq.(5) as A. Fine structure of the 2p state

calculated in the external field approximation by Ffia6]. There are two possible ways to calculate the fine struc-
This two-photon correction requires further investigation. Inture. One is to start with the point Dirac value, include the

particular, the parametrization of the form factors used in anyontribution due to vacuum polarization, as calculated above,
calculation should reproduce the correct proton radius. as well as the spin-orbit splittingcomputed perturbatively

VI. SUMMARY OF CONTRIBUTIONS
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TABLE I. Contributions to the muonic hydrogen Lamb shift. TABLE Il. Contributions to the fine structure of thepZtate in
The proton radius is taken frofi20]. The various contributions are  muonic hydrogen.
discussed in the text.

E(2p3/2)-E(2p12) (MeV)

Contribution Valueg(meV) Uncertainty(meV) ]

Dirac 8.41564
Uehling 205.0282 Uehling (VP) 0.0050
Kéllen-Sabry 1.5081 Kallen-Sabry 0.00004
Wichmann-Kroll —0.00103
Virt. Delbrueck 0.00135 0.00015 Anomalous momend,,
Mixed mue VP 0.00007 Second order 0.01757
Hadronic VP 0.011 0.002  Higher orders 0.00007
Sixth order{23] 0.00761

Recoil[Eq. (13)] —0.0862
Recoil [10] [Eq. (136)] ~0.04497
Recoil, higher ordef10] —0.0096 Total fine structure 8.352
Recoil, finite sizg26] 0.013 0.001
Recoil correction to V1] —0.0041
Additional recoil[32] 0.0575 1dV _ aZl f (2 - 1)1’2<1 )

rdr 3 27
Muon Lamb shift
Second order —0.66788 X (1 + Znerz)e"zmdzdz} , (15)
Fourth order —0.00169
. which is obtained from the Uehling potent{dl3,14] by dif-
Nuclear size(R;=0.875 fm) 0.007m  foentiation. Then, assuming thatgitr?s suff[icientzgtoyuse non-
Main correction[26] —3.979 0.076  relativistic point Coulomb wave functions for thep Ztate,
Order(a2)® 0.0232 0.002  gne finds
Order(a2)® —0.0005
Correction to VP —0.0083 <l> <l>
o 3 —\ 3 (1+ 82p)y

Polarization[9] 0.015 0.004 r°/ 2 r°/ 2
Other(not checkedl where
VP iterations| 8] 0.151 (22 1)1/2 1 2a7
VP insertion in self energig] —0.005 J (1 + —)( )
Additional size for VP[10] —0.0128 z (1 +az)2 (1 +az)3

(16)

due to the muon’s anomalous magnetic moment, and recoWith a=2m¢/(aZm). The result for the fine structure is
as given by Eq(13). The results are summarized in Table II.

An alternative method is to use the formalism givef6h —(a2)'m? [ 1 L1 _%_
(and elsewhere see, e[d0,32) which gives the energy shift n(2€ +1)x\ mym, 2m2 * (o), (10
as the expectation value of

wheree,, is given by Eq(16). In this case, the terms involv-
1 dV 1+a,+(a,* 1/2)mN/m L-d,. (14) ing a, in the expression for the muon Lamb shift are in-
rodr’ mym,, cluded and should not be double counted. With a numerical

value ofe,,=0.000 365, one finds a contribution of 0.003 05

Note that ) X :
meV (compared with 0.005 meV using Dirac wave func-
1 1 1 1 tions).
mym,, + e 2m2 2me’ . Numerically, the terms not invol\'/ingﬁ give a co'ntribu—
# tion of 8.3291 meV and the contribution fromy, gives a

so that the terms not involving, in the spin-orbit contribu-  contribution of 0.0176 meV, for a total of 8.3467 meV, in
tion are really the Dirac fine structure plus the Barker-Glovergood agreement with E¢80) of [8]. When the vacuum po-
correction[Eqg. (13)]. larization correction is added, the result is only very slightly

The Uehling potential has to be included in the potentialdifferent from the Dirac value of 8.352 meV. The contribu-
V(r). For states witif >0 in light atoms and neglecting the tion due to the anomalous magnetic moment of the muon is
effect of finite nuclear size, we may take the same in both cases.
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In both cases one should include &% 2M-type correc- TABLE IIl. Hyperfine structure of the 2 state in muonic
tion to the fine structurgsee[10], Eq. (39)]. This is tiny  hydrogen.
(5.7x10°® meV) and is not included in the table. Frig26]
has given expressions for the energy shifts of tpestates  State Energy Energy in meV
due to finite nuclear size. These were calculated and found tp

give a negligible contributior(3.1x 10°°meV) to the fine  , /2 —B Q“Z"?;i _i-zzé

structure of the @ state. 3I01/z (A-R) .
P32 (A+R)/2 6.376
®0a/ 8+p'(1+5x/4-a,/4)/20 9.624

VIl. HYPERFINE STRUCTURE

The hyperfine structuréHFS) is calculated in the same 4.3
way as was done in earlier woflé,7], but with improved Avp= (aZ)"my
accuracy. Most of the formalism and results are similar to 3m,my
those given by8].

(1+xp)(l+a,) =p(1+a,) =22.8332 meV

[see, for exampl€l0], Egs.(271) and(277)]. As was shown
in [6,10], the energy shift of the 2state is given by

A. 2p state
The hyperfine structure of theptate is given by6] (F  AEzs= Ave(l+eve+ euertex™ eareit+ ersred Or1 ~ 30r0l/4.
is the total angular momentum of the sjate (19
1 ldv
— (1+Kp)[2(1+x)5”,(F(F+1)—11/4) Here([34]
Am,my \ 1 dr / 5,
2a(aZ) 13 4
~n ¢ F 1 ¢ F 1 Epertex— In(2) -—|=-1.36X 10
+6“,(CF1(1+a,u,)_2(1+X)) 1 1 . 1 1 ., f 3 4
2 2 2 2 )
(1 andl[10] Eq.(277)]
where j=\2j+1, the § symbols are defined ifi33], Cg; oo = 17(a2)? —113% 104
=61~ 26r0—(1/5) 65, and Bret 8 ' '
«= m,(1 + 2xp) The vacuum polarization correction has two contributions.
2my(1 + xp) One of these is a result of a modification of the magnetic

. . . interaction between the muon and the nucleus and is given
represents a recoil correction due to Thomas precessm(gy (see[7])

[6,32]. The same correction due to vacuum polarizafigg.

(16)] should be applied to the HFS shifts of thp &ates, as 4o RN \2 [*
well as to the spin-orbit term. eyp1 = _zf r2dr<—> f q*jo(ar)Gu(g)dg
As has been known for a long tinjé—8], the states with 37 Jo R(0)/ Jo
total angular momentuniF=1 are a superposition of the (2 -1)12 1 dz
states withj=1/2 andj=3/2. Let the finestructure splitting XITT<1 +—22) 22 >
be denoted by=Eqyz2—Egp2, and let 2z°) Amg[Z° + (g/2me)°]
20
_(azfe (20)
A= 3m, my “p One can do two of the integrals analytically and obtains for

and 8= B(1+e). 2s state[with a=2m./(aZm,) and sinti¢)=q/(2my) =K/a]

The energy shifts of the@states with total angular mo-
mentumF (notation2F+1Lj) are then given in Table Ill where

A=6-p'(x-a,)/16,

_Aa [T KE
VRT3 )y (1+KD?

2- ! 6 21
P Tk Tk 0

F(¢)Gw(aZmK)dK

RC=[5-B'(1+7x/8+a,/8)/6]*+(B')*(1+2x~a,)?/288

(here 56=8.352 meV. Some minor errors ii6] have been whereF(¢) is known from the Fourier transform of the Ue-
corrected. These numbers differ slightly from those given inhling potential and is given by Ed4).

Ref.[10]. The other contribution, as discussed [84,35, arises
from the fact that the lower-energy hyperfine state, being
more tightly bound, has a higher probability of being in a
region where the vacuum polarization is large. This results in
The basic hyperfine splitting of thes3tate is given by an additional energy shift of

B. 2s state
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hyperfine splitting of the & state is then 0.0470 meV
2 f Vueni(r) tras(r) S s A . +0.0733 meV=0.1203 me\0.1212 meV if muonic vacuum
polarization is included The combined Breit and vertex cor-
Following Ref.[34] with y=(aZm,/2)r, one has rections reduce this value to 0.1207 meV/1226 meV if the
) \2 proton form factors are not taken into account
- _< _ The contribution to the hyperfine structure from the two-
S2s(r) 2mﬁvFlpZS(o)(aZ ) eXp-Y) loop diagrams [16] can be calculated by replacing
[ 13y-3-2% 1 U,(aZmK)=(al3m)F(¢) by U(aZmK) (as given in[1,4])
X| (L-y)[In2y) + y] + ———— - — in Egs. (21) and (22). The resulting contributions are
4 4y 1.64X 10°° and 2.46x 10°°, respectively, giving a total shift
(yis Euler's constant and of 0.0009 meV.
The correction due to finite size and recoil have been
Pas(1) = Ps(0)(L —y)exp(-y). given in[8] as—0.145 meV, while a value 0f 0.152 meV is

given in[38]. Referencg8] also gives a correction as calcu-
lated by Zemach36] equal to—0.183 meV. This correction

_16a [* dK Gl aZmIOE is equal to
e =3 3 . 1+K2 e(aZmK)F(¢)

One finds after a lengthy integration

8zem= ~ 20ZMKI)(2),

1 W 41 24 where (r) is given in [6,26,37. Using the value(r).,
+ v )
2 (1+K»? (1+K?»® (1+K»* =1.086+0.012 fm from[37] gives e,0,=—0.00702 and a
In(1 +K?) 7 6 contribution of of—0.1742 meV to the hyperfine splitting of
- + the X state. Including this, but not other recoil corrections,
1+K? (1+K?  (1+K?? . . o
to the hyperfine structure of thes 2tate gives a total splitting
tarr {(K) 19 20 12 of 22.7806 meV. Additional higher-order corrections calcu-
K - 201+K?) + (1+K?)? - 1+Kk23 | [ lated in Ref[38] amount to a total of~-0.0003 meV and are
not included here.
(22)
Sternheim{35] denotes the two contributions b, and &g, VIIl. SUMMARY OF CONTRIBUTIONS
respectively. An alternative expression, obtained by assum- AND CONCLUSIONS

ing a point nucleus, using E¢L31) from [1] for the Uehling

. : - . : : , The most important contributions to the Lamb shift in
potential, and doing the integrations in a different order, is

muonic hydrogen, including hyperfine structure, have been
16 [* (22— 1)¥2 1 1 independently recalculated. A calculation of some terms that
eyp2 = 3_77f T( + g)m were omitted in the most recent literature, such as the virtual
1 Delbriick effect[11] and an alternative calculation of the
[ az 1 23 3 relativistic recoil correction, have been presented.
P + 27 3 Numerically the results given in Table | add up to a total
2 1l+az 8(1+az” 2(1+az correction of [206.0326)-5.225r2)+0.0347r2)32] meV
+ 3 ) dz, (23) =202.055+0.12 meV(for the value of the proton radius
l+az 2(1+az? ' from [20]). As is well known, most of the uncertainty arises
) ) from the uncertainty in the proton radius.
with a=2m/(aZm,). Both methods give the same result. However, the contribution of the light-by-light graph to
In the case of ordinary hydrogen, each of these contribthe muon form factor has not yet been calculated. Also, since
utes 3?/8=1.997x 10°°. The accuracy of the numerical in- m,/m, =0.1126 is much larger thaaZ, it is possible that
tegration was checked by reproducing these results. One caBcoil corrections of higher order in the mass ratio, which
thus expect that the muonic vacuum polarization will con-have never been calculated, could be significant at the level
tribute 3¢?/4=4x 107, as in the case of normal hydrogen. of the expected experimental accuracy of about 0.01 meV. In
This amounts to an energy shift of 0.0009 meV. Contri-particular, the two-photon recoil corrections, including finite

butions due to the weak interaction or hadronic vacuum POnuclear size, should be recalculated to res@%am incon-
larization should be even smaller. For muonic hydrogensistencies among various theoretical results.

one obtains &, =0.00211 and &yp,=0.00325 for a

point nucleus. Including the effect of the proton size ACKNOWLEDGMENTS

[with Ge(g)=Gy(q) as a dipole form factdrreduces these

numbers to 0.002 06 and 0.003 21, respectively. For the The author wishes to thank M. Eides, E.-O. Le Bigot, and
case of muonic®He [7], the corresponding numbers are F. Kottmann for extensive email correspondence regarding
eyp1=0.002 86 andeyp,=0.004 76. The contribution to the this work.
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