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The low-energy spectra of the single-modeh^ sG+Hd linear Jahn-Teller model is studied by means of exact
diagonalization. Both eigenenergies and photoemission spectral intensities are computed. These spectra are
useful to understand the vibronic dynamics of icosahedral clusters with partly filled orbital quintet molecular
shells, for example C60 positive ions.
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I. INTRODUCTION

In icosahedral molecules and ions, there occurs the possi-
bility of a partial occupancy of a quintet of orbitally degen-
erate electronic levels, ofh symmetry. A notable example is
that of positive C60 ions, with onesor severald holes in ahu
molecular orbitalf1,2g. At the adiabatic level, partly occu-
pied quintet states are unstable against molecular distortions
involving the vibrational modes of the molecule. Distortions
along nondegenerateA modes do not involve symmetry re-
duction, are therefore not of Jahn-TellersJTd type, and can be
trivially treated as phonon shifts: thus we will ignoreA
modes altogether. Distortions involving fourfold-degenerate
G and fivefold-degenerateH modes reduce the molecular
symmetry, and are responsible for the leadingslineard contri-
bution to the splitting of the fivefold molecular level. Other
sT1 and T2d modes are involved in higher-order couplings,
which become dominating only for substantially large distor-
tions. Under specific circumstancessnull or very strong lin-
ear couplingd the inclusion of higher-order couplings could
become essential. However, the present work follows the
standard practice of neglecting all higher-then-linear cou-
pling terms and treating the phonons as harmonic oscillators
f3,4g. This approximation provides a simplified model meant
to capture the basic shape of the five adiabatic potential en-
ergy surfacessAPESd in a neighborhood of their high-
symmetry conical intersection, hopefully extending out to
include the JT minima. The advantage of the idealized linear
model is that it involves a minimal number of parameters,
and that it can therefore be studied in detail, drawing fairly
general conclusions, applicable to a wide enough range of
realistic systems.

Indeed, besides C60, orbital quintets could be relevant for
the spectroscopy of other icosahedral molecules and clusters
among those synthesized in recent years, including smaller
and higher fullerenes such as C20 and C80, B12 or B84 clus-
ters, B12H12, the smallest icosahedral systems Si13, Na13, or
Mg13, and icosahedral structures with 13, 19, 55, and 147
atoms in xenon clusters. With different coupling patterns

possibly realized in those different systems, it is of clear
interest to investigate how the vibronic spectrum changes as
a function of electron-vibration coupling. For simplicity, here
we restrict ourselves to a single modesof eitherG or H typed
coupled to the orbital quintet.

Several worksf3–5g attach the JT problem of the orbital
quintet in the linear approximation and for a single mode.
These early works are mainly studies of the APES, and in
particular of its minima, with the phonon coordinates treated
as classical variables. Other papers deal with the full quan-
tum mechanical problem, and provide either approximate
f6–8g or exact f9,10g solutions, sometimes for the many-
modes casef11,12g. The quantum mechanical dynamics of
the entangled electron-phonon system is affected by an elec-
tronic geometric phase, whose presence or absence has rel-
evant consequences, in particular, for the ground-statesGSd
symmetry f8,9,13–16g, thus for magnetic resonance spec-
troscopiesf17g. In particular, Ref.f10g provides a detailed
study of the evolution of the tunneling splitting through the
range of coupling parameters for anH mode.1

Unfortunately, to date, no experimental determination of
the tunneling splitting in any icosahedral JT system is avail-
able. In contrast, spectroscopic techniques can and do pro-
vide direct measurements of the JT vibronic spectrum. For
example, molecular photoemissionf18,19g was recently
shownf11g to provide relatively detailed information on the
low-lying part of the vibronic spectrum of C60

+ , especially in
a specific symmetry sectorf20g. A clean theoretical under-
standing of the general features of this vibronic spectrum is
therefore desirable.

The present work provides precisely an exact determina-
tion of the low-lying vibronic levels of the single-mode lin-
ear model, those usually of most direct experimental access.
The spectrum is studied through a wide range of coupling
parameters, from weak to strong coupling. In practice, the
reported results are mainly relevant for weak to intermediate
coupling, since, as noted above, the linear JT model is little
more than a mathematical curiosity in the strong-coupling
limit, where higher-than-linear powers of the distortion be-
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1All quoted numerical values ofg in Ref. f10g are incorrect and
should be multiplied by 21/2.
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come dominant. The vibronic spectra presented in this work
illustrate several interesting quantum phenomena character-
istic of the dynamical JT model. Several numerical energies
reported in the Appendix can be used as benchmarks of the
accuracy of future calculations based on approximate ap-
proaches, for example of the type of Refs.f6,21g.

II. MODEL AND CALCULATION

The modelf4,6,10g describing the JT coupling of the or-
bitally degenerateh quintet with the molecular vibrations of
symmetry L=G,H is conveniently formulated as follows
f10,22,23g:

Ĥ = Ĥ0 + Ĥvib + Ĥe−v, s1d

Ĥ0 = eo
ms

ĉms
† ĉms, s2d

Ĥvib =
1

2
"vo

m

sP̂m
2 + Q̂m

2d, s3d

Ĥe−v = "vkL o
rsmmm8

gL
srdCm−m8

rLm Q̂mĉms
† ĉm8s. s4d

Here m, m label components within the degenerate multi-
plets, for example according to theC5 character in the
I.D5.C5 group chain f10,24g, Cmm8

rLm are icosahedral
Clebsch-Gordan coefficientsf24g which couple twoh tensor
operators and aL tensor operator to a global scalarA opera-

tor. Q̂m are the dimensionless normal-mode vibrational coor-
dinatessin units of the natural length scale of the harmonic

oscillatord, and P̂m the corresponding conjugate momenta.
The multiplicity r =1,2, needed forL=H vibrations only,
labels the two separate kinds of coupling allowed under the
samesymmetryf22,24g: it represents the double occurrence
of theH representation in the direct producth3h sthe icosa-
hedral group is not simply reducibled. Numerical factorskG

= 1
451/2, kH= 1

2 swhich could otherwise be reabsorbed into the
definition ofgLd are included to make contact with the nota-
tion of Ref. f22g.

Without any loss of generality, the energy positione of
the h quintet will be taken as the zero of energy. In this
single-mode problem, all energies are naturally measured in
units of the vibrational quantum"v. The second character-
istic energy scalegL

2 "v sthe JT energyd is smallerslargerd
than "v for small slarged gL fweak sstrongd couplingg. The
weak-coupling regime is characterized by rapid tunneling
among shallow clustered potential wells and strong nonadia-
baticity associated to the vicinity to the conical intersection
of the five Born-Oppenheimer potential sheets; the level
structure is perturbatively related to the harmonic spectrum

of Ĥvib. As the coupling grows to intermediate and strong,
the JT wells deepen and move away from the conical inter-
section and from each other: tunneling decreases and the
vibronic spectrum acquires a characteristically intricate
structure, which simplifies again in the strong-coupling limit,

where tunneling is exponentially suppressed and semiclassi-
cal considerations applyf8g.

The adiabatic approximation, where the vibrational ki-
netic energy is neglected, provides the mainsstatic JTd fea-
tures of the strong-coupling limit. The distortion operators

Q̂m are treated as classical coordinates, and optimal distor-
tions are obtained by minimizing the lowest APESf6,7g, for
example by means of the Öpik-Pryce methodf25g. These
optimal distortionssJT wells, or minimad are associated to
specific splitting patterns of the electronic quintet. In particu-
lar, G modes produce a level pattern of the types−8,−3,
−3,7,7d, in correspondence to 10 JT wells ofD3 residual
symmetry.

The situation is slightly more intricate for anH mode
f4,6,10g, due to the multiplicity r =1,2. The coupling
scheme, associated to ther =2 Clebsch-Gordan coefficients,
produces the splitting patterns−4,−1,−1,3,3d in correspon-
dence to 10D3 minima, like theG modes. Ther =1 scheme
produces a splitting pattern of the types−4,1,1,1,1d, in cor-
respondence to 6 JT minima ofD5 symmetry.

In practice, the two-scheme coupling for theH modes is a
convenient theoretical idealization, since anyH mode of a
real molecule is associated to some amount of coupling of
bothr =1 andr =2 kind. This admixture is conveniently char-
acterized by introducingtwo coupling constants for eachH
mode, rather than one. The two dimensionless linear cou-
pling parametersgH

s1d, gH
s2d can be expressed in polar coordi-

natesf10,22g as

gH
s1d = g cosa, gH

s2d = g sina. s5d

In summary, besides its frequencyv, each H vibrational
mode is characterized by a pairsgH

s1d ,gH
s2dd of linear cou-

plings, or equivalently a global coupling intensityg plus a
mixing anglea.

Figure 1 shows the evolution of the quintet of electronic

FIG. 1. The splitting pattern of the electronic quintet in theh
^ H JT model, as a function of the mixing anglea. The lowest
eigenvalue is nondegenerate, the two upper ones are both twofold
degenerate; energies are in units ofg2"v. At each value ofa, Q is
taken at the optimal classical distortionQmin.
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eigenvalues asa takes its possible values.2 Here, the molecu-
lar vibration operators are treated as classical variables, and
are taken at the relevant static JT minimum, ofD5 or D3
symmetry, appropriate for each value ofa. Pure coupling of
type 1 is recovered ata=0 andp, while pure coupling of
type 2 occurs for a=p /2. At the special anglesas
=arctans3/Î5d.0.296p.53.3° andp−as, where cusps oc-
cur in the a-dependence of the eigenvalues,D5 and D3
minima are exactly degenerate: the JT minima collapse into a
single flat trough, and the symmetry of the JT system is
effectively larger than icosahedralf4,9,13,26–28g. Figure 1
shows that for a given coupling energyg2"v, the lowering of
the lowest electronic statesequal twice the static JT energy
gaind is strongest ata=0, p and weakest atas, p−a2.

To compute the exact vibronic spectrum ofĤ, full
quantum-mechanical treatment must be applied also to the
vibrational operators. The standard ladder-operator represen-

tation for the vibrational coordinatesQ̂m=sb̂m
† + b̂md /Î2 pro-

vides a natural product basis of harmonic phonon states cen-
tered on the undistorted geometry, times the electronic

quintet. It is straightforward to writeĤ matrix elements in
this basis and diagonalize the resulting matrix. This basis
centered on the high-symmetry point is especially convenient
at weak coupling, where converged low-energy vibronic
eigenenergies and eigenstates are obtained by including only
few basis states. For largeg, the number of basis states
needed for a given accuracy of the low-energy levels grows
rather quickly, approximately asg2nosc, wherenosc=4 for aG
mode andnosc=5 for an H mode. For this reason, and be-
cause of the extreme sparseness of this problem, the Lanczos
method of diagonalizationf29,30g is especially suitable here.
We use a method very similar to the one employed in Ref.
f10g, with the introduction of several refinements to deal
with the problem of Lanczos ghost states, and the symmetry
analysis. We check all results against basis truncation. For
most results, inclusion ofn=35 phonons in the basis is
largely sufficient for an accuracy of 10−6"v, but for occa-
sional points in parameter space the basis needs to include up
to n=60 phononssover 8 million statesd to guarantee the
required accuracy. The spectra computed with this method
and reported below draw a full quantitative link from weak
through intermediate to strong coupling for theh^ G andh
^ H linear dynamical JT model.

III. VIBRONIC SPECTRA: ENERGIES

A. The h‹G JT model

Figure 2sad shows the difference between the exact dy-
namical JT GS energy andEclas sthe classical adiabatic en-
ergy −1

18gG
2 "v of the 10D3 wells plus the zero-point energy

2"v of the uncoupled oscillatorsd, as a function of the cou-
pling strengthgG to a G mode. This residual energy repre-
sents the part of JT energy gain not ascribable to trivial adia-

batic lowering of the JT minima with respect to zero
coupling: this energy difference gauges quantum-mechanical
effects on the vibrational motion. The rapid decrease in GS
energy at weak coupling is due to the large drop in quantum
kinetic energy in the transition from harmonic oscillations
around one isolated adiabatic minimum to rapid tunneling
among 10 shallow minima. As these minima move apart,
tunneling is suppressed, and the plotted energy difference
turns back up to the strong-coupling values3−1/2−1d"v,
which measures the zero-point energy gain due to phonon
softening at the anisotropic JT minimaf1,31g. Indeed, the
second-order expansion of the lowest APES around any of
the equivalent JT minima yields two normal modessof sym-
metryA1 andA2 in the localD3 groupd both of frequencyv,
plus a twofold-degenerate softer modesof symmetryEd of
frequency 3−1/2v. The difference in harmonic zero-point en-
ergy 21

2"v+21
23−1/2−"v41

2"v=s3−1/2−1d"v provides an
accurate estimate for the exact vibronic energyfFig. 2sadg at
strong coupling, where interwell tunneling is suppressed and
the phonon dynamics reduces to harmonic oscillations
around the JT wells. Note that the “new” frequencies at the
wells areindependent of the coupling strength gG, since for
different couplinggG, the set of five APES differs only for a
scaling factor, thus remaining self-similar. At weak coupling,
the harmonic frequencies at the JT wells remain unchanged,
but this expansion is practically irrelevant, since quantum
kinetic energy delocalizes the motion far enough from the
minima for anharmonic and nonadiabatic effects to domi-
nate.

The vibronic GS symmetry remainsH at all couplings.
This is eventually a consequence of a Berry phase ofp ac-
quired by the electronic wavefunction as the distortions fol-

2Values in thepøaø2p interval repeat those in the 0øaøp

interval, except for a reversal of the associated distortionQ̂m→
−Q̂m.

FIG. 2. Exact vibronic spectrum of a singleG mode coupled to
anh level, as a function of the linear coupling parametergG. sad GS
energy, to which the adiabatic minimum loweringEclas= s2
− 1

18gG
2 d"v is subtracted.sbd Vibronic excitation energiessmeasured

with respect to the GSd. All levels are labeled according to their
symmetry asA sdashedd, T1+T2 sdottedd, G sdot-dashedd, and H
ssolidd.
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low any of the cheapests5-cornerd loops through adjacentD3
minima: this entanglement makes the totally symmetricA
vibronic combination of the wells less advantageous than the
H combination, which thus remains the GS for allgG. In-
deed, as seen in Fig. 2sbd, even at strong coupling, theA
vibronic state lies above both theH GS and aG excitation At
strong coupling, these 5sHd+4sGd+1sAd states represent the
10 symmetry-adapted vibronic combinations of the harmonic
GS’s at the 10D3 wells. Likewise, in the strong-coupling
limit, higher excited states, represent suitably symmetrized
combinations of vibrational excitations in the wells. In par-
ticular, the 20 statessT1+T2+G+2Hd converging at strong
coupling to 3−1/2"v represent the tunneling-symmetrized
one-phonon oscillations of the new softer frequency. Simi-
larly, the 20 statessA+T1+T2+2G+Hd converging at strong
coupling to "v represent the tunneling-symmetrized one-
phonon oscillations of the modes at the original frequency
"v.

At weak coupling, the vibronic levels reconstruct the har-

monic ladder, as expected whenĤe−v is a weak perturbation.
The present exact calculation traces precisely the crossover
from the weak to strong coupling regime: for accurate nu-
meric eigenvalues, see Table I in the Appendix. It is worth
noting that the lowestA level, which at strong coupling is a
low-energy tunneling excitation, correlates to the 2"v mul-
tiplet at weak couplingf7g. Finally, note that theT1 and T2
levels are exactly degenerate for all values of the coupling.

B. The h‹H JT model

We move on now to study the spectrum for a vibrational

mode ofH symmetry. The HamiltonianĤ depends now on
two parameters. Each vibronic eigenvalue traces a two-
dimensional surface asg anda sor equivalentlygH

s1d andgH
s2dd

are varied. The most effective presentation of these spectra is
obtained by means of radial cuts at fixeda, plus circular cuts
at fixedg.

Like for the G mode, the strong-coupling asymptotic vi-
bronic energies, are determined by the normal frequencies of
oscillation around the adiabatic JT minima, and these fre-
quencies now depend ona. The five normal modes separate
into a radial vibration of unchanged frequencyv and sym-
metry A1, plus two softer doubly-degeneratesof E1 and E2
symmetry forD5 wells and both ofE symmetry forD3 wellsd
tangential modes, represented in Fig. 3. For speciala values,
extra degeneracies occur. Fora=0 andp, the two tangential
modes become degenerate atvt=s9/10d1/2v. For a
.0.134p and 0.866p, the upper tangential frequency tops at
a maximum where it reaches the frequencyv of the radial
mode. At the speciala=as andp−as points, both tangential
frequencies vanish as the vibrations turn into free modes of
pseudorotation along the flat JT trough. In addition, fora
=p /2, both soft modes reach a local maximum, of frequen-
cies vt

s1d=s5/14d1/2v and vt
s2d=s5/6d1/2v. Observe that the

normal frequencies at the wells only depend ona, while they
are independent of the coupling strength g, like for the G
mode. Again, these single-well harmonic frequencies deter-
mine the strong-coupling asymptotic vibronic energies, but

they are essentially irrelevant at weak coupling, where inter-
well tunneling dominates.

Not unlike theh^ G calculation, to draw the GS energy it
is convenient to subtract the quantity

Eclassg,ad =5F
5

2
−

1

10
scosagd2G"v, 0 ø a ø as,

F5

2
−

1

18
ssinagd2G"v, as ø a ø

p

2
.6

s6d

Eclassg,ad represents the trivial zero-point energy5
2"v of

Ĥvib plus the adiabatic lowering of theD5/D3 JT well appro-
priate to that value ofa.

Figure 4sad reports the exact GS energy, for the special
mixing anglea=0 sa mode of pure typer =1d. This energy
difference converges rapidly to its asymptotic value
fs18/5d1/2−1g"v at strong coupling. Like for theG mode,
this is understood in terms of zero-point energy associated to
the four frequenciesvt=s9/10d1/2v plus one frequencyv of
the normal-mode vibrations at the JT minima.

The spectrum of excitations Fig. 4sbd is much less clut-
tered than that of theG modefFig. 2sbdg. The main reason is
the larger than icosahedral effective symmetry of the Hamil-
tonian at this specific coupling angle. This largerssphericald
symmetry induces extra degeneracies among the vibronic
levels, which one could in fact label with spherical angular-
momentum labels. The lowest excited state is ofA symme-
try: it is the one state which at strong coupling drops towards
the H GS. Together, these 5sHd+1sAd states represent the 6
symmetrized tunneling-split vibronic combinations of the
harmonic GS’s at the 6D5 wells. An approximate analytical
approach to this problem based on this ideasthe unitary
transformation methodf32gd yields f7g an estimate of the

FIG. 3. “Tangential” normal frequenciesvt of vibration around
the JT wells, in units of the original frequencyv, as a function ofa.
Both these modes are twofold degenerate. As customary for linear
JT coupling, the frequency of the fifthsradiald normal mode equals
v, regardless ofa.
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excitation energyfsolid line in Fig. 4scdg:3 this approxima-
tion is seen to be fairly accurate throughout the range of
couplings. The approximate expression underestimates the
tunneling splitting at strong coupling due to the simplifying
assumption of isotropic JT wells, of frequencies all equaling
v, which therefore exaggerate the localization of the dis-
torted states. Corrections due to the anisotropy of the wells
were introduced in Ref.f21g. In the Appendix, Table II re-
ports a few of the vibronic eigenenergies used to draw Fig. 4.

Higher excitations cluster around the harmonic normal-
mode energies at theD5 wells: the tangential "vt

=s9/10d1/2"v and the radial"v. The 24 statessT1+T2+2G
+2Hd around"vt are symmetrized combinations of the four
1-phonon states per each of the sixD5 JT wells. Likewise,
the 6 statessH+Ad near"v are combinations of the 1-radial-
phonon states in the 6 wells. Note in particular that the two
1-phononH states remain almost degenerate untilg&2, they
split significantly in the interval 2&g&8, and then recon-
verge againsto "vtd at strong coupling. At strong coupling,
higher excitationssnot drawnd are found in the overtone re-
gion 2"vt, and above.

For a=p /10, Fig. 5sad shows the exact GS energy re-
ferred toEclas. This small value ofa has little effect on the

GS energy, as compared to thea=0 case. On the contrary,
the comparison of Fig. 5sbd with Fig. 4sbd shows that even
such a small value ofa si.e., a tiny admixture of the coupling
of type r =2d is sufficient to completely resolve the “acciden-
tal” degeneracies of thea=0 spectrum.A and G states are
little affected, while theT1/T2 degeneracy is widely broken.
Likewise, the weak-coupling near degeneracy of the
1-phononH states fora=0 is now widely split. Eventually,
at strong coupling, these twoH states converge to different
tangential frequencies of the JT wells.

Coming to the spectrum fora=p /5, Fig. 6 shows a con-
tinuous evolution away froma=0 througha=p /10. We ob-

3The linear coupling parameterskL of Ref. f7g are related to the
dimensionless coupling parameters of the present work bykh2
= 1

2gH
s1d

"v, kh1
= 1

2gH
s2d

"v, andkg= 1
2gG"v.

FIG. 4. Exact vibronic spectrum of a singleH mode coupled to
an h level, as a function of the linear coupling parameterg, for a
=0. sad GS energy, to which the energy of the adiabatic JT wells
Eclas=s5/2−g2/10d"v is subtracted.sbd Vibronic excitation ener-
gies smeasured with respect to the GSd. The levels are labeled ac-
cording to their icosahedral symmetry even though, for this special
value of a, the effective underlying symmetry is spherical. The
conversion in spherical angular-momentum labelsf jg is A;f0g,
H;f2g, G+H;f3g, and T1+T2+G;f1g+f3g. scd Comparison of
the exact excitation energy of the lowestA state sthe tunneling
splittingd with the approximate expression obtained in Ref.f7g by
means of the unitary transformation methodf32g.

FIG. 5. Exact vibronic spectrum of a singleH mode coupled to
an h level, as a function of the coupling parameterg, for a=p /10.
sad GS energy, to whichEclas is subtracted.sbd Vibronic excitation
energies measured with respect to theH GS. All levels are labeled
according to their symmetry asA sdashedd, T1/2 sdottedd, G sdot-
dashedd, andH ssolidd.

FIG. 6. Same as Fig. 5 fora=p /5.
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serve that, at strong coupling for botha=p /10 and a
=p /5, only one new frequency is seen in the strong-coupling
spectrum: that of decreasingvt for increasing a svt

=0.86v for a=p /10, vt=0.69v for a=p /5d. Figure 3 con-
firms that the frequencyvt of the other tangential mode is
very close to its maximumv, thus very difficult to separate
on this scale. In practice all 18 relevant one-phonon states
converge near"v at strong coupling.

Moving further away from this accidental degeneracy, to
a=0.28p sFig. 7d, the two new tangential frequencies be-
come vt

s1d.0.33v and vt
s2d.0.61v. These frequencies are

so small because of the nearness to the special angleas
whereD5 andD3 minima degenerate to a flat troughssee Fig.
3d. These small values explain the twofold reason why the
spectrum of Fig. 7sbd is so cluttered:sid tunneling is only
weakly suppressed by the low interwell barriers, andsii d sev-
eral overtones and combinations of these soft tangential
modes fit in the considered energy range. The large zero-
point energy lowering shown in Fig. 7sad is also well ac-
counted for by the values ofvt.

The next pointa=3p /10 sFig. 8d is located immediately
beyondas, with D3 minima barely prevailing overD5 distor-
tions. Here, the tangential frequencies are as low asvt

s1d

.0.125v andvt
s2d.0.247v: this accounts for the huge zero-

point energy lowering apparent in Fig. 8sad in the strong-
coupling limit. In contrast to all previousa values, whereD5
wells prevail, we observe here the celebratedf6,9,10g level
crossingsoccurring at a rather strong couplingg.12d to a
nondegenerate GS ofA symmetry. The vibronic spectrum
fFig. 8sbdg is now even more cluttered than fora=0.28p, it
shows an intricate pattern of level crossingssstates of differ-
ent symmetriesd and avoided crossingssstates of the same
symmetryd. Several higher-lying levels have been omitted in
the plot for clarity. This is due to the exceedingly low normal
frequencies at the wells, plus the larger number of wellss10
instead of 6d. The clustering around the semiclassical fre-
quencies is barely hinted, even for the rather strong coupling
at the right side of the plot.

Coming now toa=2p /5 sFig. 9d, the tangential frequen-
cies at theD3 minima are nowvt

s1d.0.529v and vt
s2d

.0.854v, much larger than for the previous cut ata
=3p /10. These values account for the reduced zero-point
energy lowering shown in Fig. 9sad. Also, the spectrumsFig.
9sbdd is less dense: the 10 tunneling statessA+H+Gd con-
verge to zero energy at strong coupling; the 20 1-phonon
tangential states converging to"vt

s1d are fairly well visible;
the tangential"vt

s2d, radial "v, and overtone 2"vt
s1d states

are still substantially intermixed even at the large coupling of
the right side of Fig. 9sbd. The splittings betweenT1 andT2
pairs are consistently reduced here, compared to previous

FIG. 7. Same as Fig. 5 fora=0.28p&as. FIG. 8. Exact vibronic spectrum of a singleH mode coupled to
an h level, as a function ofg, for a=0.3p*as. sad GS energy, to
which Eclas is subtracted; the GS is ofH symmetry at weak cou-
pling, and ofA symmetry at strong coupling.sbd Vibronic excitation
energies measured with respect to the lowestH state.

FIG. 9. Same as Fig. 8, witha=2p /5.
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values ofa. Note in particular that, in contrast to thea range
producing D5 wells, both 1-phononH states correlate at
strong coupling to the lowest tangential mode of frequency
"vt

s1d. A fairly general feature of the vibronic spectrum, es-
pecially visible in Figs. 2sbd, 9sbd, and 10sbd, is the rapid
drop of several vibronic energies, then followed by a succes-
sive climb back at strong coupling where tunneling is sup-
pressed and the motion gradually collapses to oscillations
around the adiabatic wells.

At a=p /2 sFig. 10d, JT coupling of purer =2 type is
acting. As illustrated in Fig. 3 above, the tangential frequen-
cies at the JT wells reach here a local maximumvt

s1d

.0.598v andvt
s2d.0.913v. Accordingly, the zero-point en-

ergy lowering of Fig. 10sad amounts tofs5/14d1/2+s5/6d1/2

−2g"v=−0.490"v. The GS level crossing occurs now at a
marginally smallerg.10.7, due to suppressed tunneling
splitting. The spectrum is now even less dense than for pre-
vious values ofa, due to the larger frequencies at the JT
wells, and the exact degeneracy of theT1 andT2 pairs. The
20 1-phonon tangential statessG+2H+T1+T2d converging
to "vt

s1d are well visible; the 20 statessof the same symme-
triesd converging to"vt

s2d are still entangled with the 10"v
radial statessA+H+T1+T2d.

For p /2,aøp the spectra are mirror symmetric around
a=p /2 to those reported for the interval 0øaøp /2. The
only difference is that allT1 and T2 statesswhich always
come in pairsd are exchanged.

Thea-dependence of the low-lying excitationssmeasured
with respect toEGSd is best illustrated by fixed-g circular
cuts. Figure 11 reports the exact excitation energies at fixed
g=1 for the 25 vibronic states related to the 1-phonon exci-
tation and for the 75 states related to the 2-phonon overtone,
as a function ofa. This value ofg is sufficiently small for
perturbation theory to provide not especially bad estimates of
the excitation energies drawn in Fig. 11.A, G, andH ener-
gies are symmetric arounda=p /2, while T1 andT2 energies
are antisymmetric functions ofa, coming in pairs. The low-

est A level is the lowest excitation for alla: at strong cou-
pling it evolves into a low-energy tunneling partner with the
H statesand aG state whenD3 minima prevaild. The average
position of the twoH states in the one-phonon multiplet is
located above"v: this causes the characteristic signature of
JT coupling in molecular photoemission which was observed
and discussed in Ref.f11g. Note that no singular behavior is
observed nearas andp−as svertical linesd, in contrast to all
quantities based on a classical treatment of the vibrations,
such as those plotted in Figs. 1 and 3: the transition fromD5
to D3 wells is perfectly smooth in the quantum spectrum, and
signaled by only a number of extra degeneracies.

Figure 12 reports the excitation energies of several low-
lying vibronic states forg=11 sintermediate or strong cou-
plingd. The tunneling partners are visible at the low-energy
end, with the crossing to anA GS in the range 0.42p&a
&0.58p. The coupling is not strong enough to have the
higher vibronic levels organized according to the harmonic
frequencies of Fig. 3 throughout thea range, but similar
trends are already recognizable: in particular fora&0.2p
and a*0.8p, the vibronic levels follow quite closely the
harmonic frequencies of Fig. 3, and their overtones and com-
binations. As observed in the discussion of Fig. 8, the vi-
bronic spectrum in the strong tunneling regions at and
around the flat-trough valuesa=as and p−as is extremely
congested: only the lowest-lying states are drawn in figure.
Accordingly, most vibronic levels undergo a fast movement
in that region, but always evolve continuously acrossa=as
and p−as. In the limit of infinitely large g, the singular
behavior of Fig. 3 would eventually emerge even in the exact
quantum spectrum. The very large slope in thea dependence
of many vibronic energies may prove useful in future precise
determinations of the JT coupling parameters from spectro-
scopic data.

FIG. 10. Same as Fig. 8, witha=p /2.
FIG. 11. Exact vibronic spectrum of a singleH mode coupled to

anh electronic quintet, as a function ofa, for g=1. sad The vibronic
states related to the first overtone 2"v region. sbd The vibronic
states perturbatively related to the “fundamental” excitation at"v.
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IV. PHOTOEMISSION SPECTRA

Several spectral properties of experimental interest are
readily accessed by the exact diagonalization method at
hand. Photoemission spectrasPESd involving the quinteth
molecular orbital are of course affected by JT coupling to the
degenerate vibrations. If, as is usually the case, the photo-
emitted electron kinetic energy is much larger than"v, pho-
toemission occurs in a time much shorter than that charac-
teristic of phonon dynamics. In this limit, it is convenient to
apply thesudden approximationf33,34g, where the photo-
emission process is described simply by the operatorĉms

suddenly destroying a spin-s electron in orbital component
m of the quintet level. The phonon shakeup contributions to
the PES are obtained in terms of the matrix elements of this
hole-creation operatorĉms between the initial configuration
and the final vibronic states. If we assume that the initial
temperature is negligibleskBT!"v, only the GS uGSl is
initially populatedd, then the PES intensity for the creation of
a spin-s hole in orbitalm is

ImssEd ~ o
f

ukf uĉmsuGSlu2dsE − Efd, s7d

where averaging over the components is implied whenever
uGSl is degenerate. If the individual contributions of different
orbital and spin component are not separate, the total PES
intensity is then

IsEd =
1

10oms

ImssEd. s8d

For generic occupancy of theh level, the spectrum is
generally affected not only by JT coupling, but also by in-
trashell electron-electron repulsion, and the ensuing multiplet
structuref1,23,35g: calculation of the PES in such conditions
must take into account several other system-specific interac-

tions. It thus goes beyond the study of the single-mode rather
general model considered in this work. However, electron-
electron repulsion plays no role in two relevant cases, which

are therefore completely described by the JT HamiltonianĤ
of Eqs.s1d–s4d: sid when asingle electronoccupies the quin-
tet orbitalin the initial state, andsii d when the orbital quintet
is initially completely full and photoemission produces a
single hole in the final state. In the first case, JT coupling
only affects the initial configuration, while in the second
case, JT coupling only affects the final states. The application
of exact diagonalization to the two cases separately provides
spectra where all nonadiabatic effects and phenomena ne-
glected in the Frank-Condon approximationf36g are fully
included.

A. JT coupling in the initial states

When JT coupling only affects the initial states, the mol-
ecule is instantaneously brought from the multi-well intrin-
sically nonadiabatic vibronic GS to a linear superposition of
the final harmonic oscillator states. According to Eqs.s7d and
s8d, the peaks in the spectrum are located at the final-state
energiesEf, which here simply involve single or multiple
excitations of the harmonic phonon"v. The spectrum is
therefore a sequence of regularly spaced peaks, with inten-
sity of the 0, 1, 2… -phonon line proportional to the square
modulus of the corresponding total component in the initial
vibronic GS.

Figure 13 presents precisely a spectrum with this simple
structure, for anH mode characterized bya=p /5. Accord-
ing to the standard electron-phononsnon-JTd Frank-Condon
picture, the percentage of spectral intensity displaced away
from the 0-phonon to the multi-phonon excitations increases

FIG. 13. Zero-temperature PES obtained by fast removal of the
single electron from anh orbital coupled to a singleH mode, for
several values of the couplingg, anda=p /5. Energies are referred
to the GS; a phenomenological broadening HWHM=0.02"v pro-
vides a finite width to the peaks. Fractional spectral weights of the
0-phonon and 1-phonon line are listed.

FIG. 12. Low-energy region of the vibronic spectrum of a single
H mode coupled to anh level, as a function ofa, for g=11. Ener-
gies are referred to the lowestH state.
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with the distance between the initial and final equilibrium
configurations, which, in turn, is proportional to the linear
coupling parameterg.

The situation is qualitatively similar fora=2p /5 sand for
the case of aG mode, which is omitted for brevityd. The only
quantitative difference to observe in Fig. 14 compared to Fig.
13 is that fora=2p /5 spectral weight is preferentially trans-
fered to the 1-phonon line, while fora=p /5 it is more
equally distributed among several phonon excitations.

The spectra in Figs. 13 and 14 are obtained by means of a
complete Lanczos calculation of the GS wave function. This
is straightforward, as long as zero temperature is addressed
as in the present work. If instead finite-temperature was to be
considered, many initial vibronic states would be required
for a thermal average, and this is generally a difficult task for
the Lanczos methodf37g: completely different techniques,
e.g., based on the Monte Carlo method, could prove more
convenient there.

B. JT coupling in the final states

When JT coupling affects the final states, the energiesEf
marking the PES peaks are the vibronic energies of Figs. 2
and 4–12. The transparent structure of a harmonic spectrum
is now lost. However, the calculation of the PES is straight-
forward, asuGSl is now the 0-phonon state of the filled-shell
non-JT molecule.4 The symmetry of the stateĉmsuGSl occur-
ring in the matrix element of Eq.s7d is that of the electronic
operatorĉms, namelyH. As a consequence, only transitions

to H final stateskf u are possible, while matrix elements to all
other vibronic states vanish by symmetry. Peaks occur there-
fore only at the energies marked by the solid lines in Figs. 2
and 4–12.

Figure 15 reports the computed PES for a coupledG
mode and a few intermediate values ofg. The positions of
the low-lying peaks correspond to the solid lines of Fig. 2sbd,
and are readily followed. Strong intensity transfers due to
level crossings are well visible. The intensity of the “zero-
phonon” linesbetter referred to as the vibronic GSd decreases
steadily asg increases:5 the intensity lost there redistributes
across an intricate vibronic spectrum.

Figures 16 and 17 report the computed PES for a coupled
H mode characterized by the same value ofa of Fig. 6 sp /5,
producingD5 minimad and of Fig. 9s2p /5, producingD3
minimad, respectively. The positions and intensities of sev-
eral low-lying peaks can be traced: several intensity transfers
due to level crossings are well visible. Again, the intensity of
the “zero-phonon” line decreases consistently asg is in-
creased, while the intensity lost there redistributes across a
rather dense spectrum of vibronic levels.

Figures 15–17 illustrate in detail the general findingf11g
that in the PES of dynamic JT system with weak to interme-
diate coupling, the “1-phonon line” splits into essentially two
features, usually with most spectral weight in the upper peak,
blue-shifted up to 30% higher energy than"v. The blue shift
of the 1-phonon satellite is not specific to theh^ sG+Hd JT
model. For example, similar conclusions apply to thee^ E
problem f38g. Indeed a 15% blue shift of the first vibronic

4Computationally, the Lanczos method is even more convenient
here than when JT coupling occurs in the initial state. Indeed, pro-
vided that the starting vector of the Lanczos chain isĉmsuGSl f29g,
the tridiagonal Lanczos representation ofĤ yields automatically the
matrix elementskf uĉmsu0l, without any need to store any Lanczos
vector and reconstruct any of the actual eigenstates of the original
matrix. All reported spectra are converged with respect to the finite
length of the Lanczos chain.

5The zero-phonon line intensity is the same in the initial and final
JT configurationsse.g., in Figs. 13 and 16d, since the involved ma-
trix elements are the same.

FIG. 14. Same as Fig. 13 fora=2p /5. FIG. 15. Zero-temperature PES obtained by fast removal of an
electron from a filledh orbital coupled to a singleG mode, for
several values of the couplingg. Energies are referred to the GS; a
phenomenological broadening HWHM=0.01"v provides a finite
width to the peaks. Fractional spectral weights of the “zero-phonon”
line are listed.
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satellite is clearly observable in the PE spectra of benzene
f39g.

A general feature of the displayed PES is that the pertur-
bative structure ofn-phonon states, still fairly well recogniz-
able forg=2, is rapidly lost in the PES forg*3. The only
other general consideration we can draw from these spectra
is that not much regularity is to be expected: unless coupling
is very weak, phonon shakeups in the PES from a JT mol-
ecule build very intricate spectral structures, which are
stronglyg-dependentsalsoa-dependent, forH modesd, even
for a single phonon mode.

V. DISCUSSION

Understanding the general features of a vibronic spectrum
is a necessary step towards the interpretation and assignment
of the spectra of molecules and molecular ions. This has
been undertaken and carried out quite extensively for elec-
tronic doublets, tripletsf38,40,41g and more complex elec-
tronic configurationsf35,42,43g. The present paper fills a gap
in the theory of icosahedral systems, providing general
guidelines for the interpretation of vibronic PES of the elec-
tronic quintet in theh^ sG+Hd, restricting to the idealization
of a single mode. In practical applications, the situation is
much more intricate. All actual icosahedral systems are
many-mode systems, where the intermode interaction gener-
ates a much less coherent spectrum than simple non-JT
phononsf44g. The present theory allows the basic under-
standing of the PES of icosahedral systems wherever the
coupling to a single high-energy mode is dominant, the other
couplings only contributing to the background. The cou-
plings of fullerene C60 are approximately of this kind, and
the spectral of Sec. IV B allow to rationalize some observed
PES features in terms of an effective single-mode theory.

On the other hand, the spectra of Sec. IV A describe a
situation where a single electron in ah state is rapidly re-
moved. This cannot occur in practically accessible ionic
states of C60, but could well occur in singly charged negative
ions of higher icosahedral fullerenes, under the condition that
the LUMO is a quintet. By particle-hole symmetry, the same
theory applies to inverse PES, where a single hole in a quin-
tet is filled. This is relevant, e.g. for inverse PES of C60

+ .
The difficulty of the many-mode JT systemf12,38g is that

no linear superposition of the spectra of single modes occurs
sexcept for the weak-coupling limitd. This means that any
quantitative description of the dynamics requires to include
all modes together in a single calculation. The method of
Lanczos exact diagonalization used in the present work is by
no means limited to the single-mode case. Indeed, Ref.f11g
deals successfully with the intricacies of the C60 many-mode
problem, also accounting for thermal effects. The same
theory used in Sec. IV B for PES could be applied to an
optical transition from a nondegenerate electronica state to a
final h state, if that dipole-forbidden transition could be re-
alized. Modifications of the same method could be employed
to study phonon shakeups in optical absorption or emission
in dipole allowed transitions involving electronic degenerate
states at both sides: these are often associated to “product”
JT systemsf35,45g, and with due account of “term” ex-
change interactions, JT coupling would account for the vi-
bronic “decorations” of the spectra, not unlike PES. More
applications of the Lanczos methodsincluding generaliza-
tions thereoff30gd to other spectroscopical applications are
therefore expected in the future.
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FIG. 17. Same as Fig. 16 fora=2p /5.FIG. 16. Zero-temperature PES obtained by fast removal of an
electron from a filledh orbital coupled to a singleH mode, for
several values of the couplingg and,a=p /5. Energies are referred
to the GS; a phenomenological broadening HWHM=0.01"v pro-
vides a finite width to the peaks. Fractional spectral weights of the
“zero-phonon” line are listed.
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APPENDIX: EXACT EIGENENERGIES

Tables I–IV collect a number of exact vibronic eigenen-
ergies of the orbital-quintet single-mode linear JT model.
Note thatEclas was not subtracted here, therefore the tabu-
lated energies represent precisely the eigenvalues of the
Hamiltonian as defined in Eq.s1d. All reported digits are

significant. Extra degeneracies are apparent in all tables ex-
cept Table IIIsa=p /4d. However, the apparent degeneracy
between theA states andH states forg=15, a=0 sTable IId
only indicates that thestunnelingd splitting between these
states is smaller than the energy resolution of the diagonal-
ization ssee also Fig. 4d.
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