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Low-energy excitations of a linearly Jahn-Teller coupled orbital quintet
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The low-energy spectra of the single-mdue (G+H) linear Jahn-Teller model is studied by means of exact
diagonalization. Both eigenenergies and photoemission spectral intensities are computed. These spectra are
useful to understand the vibronic dynamics of icosahedral clusters with partly filled orbital quintet molecular
shells, for example g positive ions.
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I. INTRODUCTION possibly realized in those different systems, it is of clear
] ] interest to investigate how the vibronic spectrum changes as
In icosahedral molecules and ions, there occurs the possy function of electron-vibration coupling. For simplicity, here
bility of a partial occupancy of a quintet of orbitally degen- e restrict ourselves to a single mog eitherG or H type)
erate electronic levels, d¢f symmetry. A notable example is coupled to the orbital quintet.
that of positive G, ions, with one(or several holes in ah, Several workg3-5] attach the JT problem of the orbital
molecular orbital[1,2]. At the adiabatic level, partly occu- quintet in the linear approximation and for a single mode.
pied quintet states are unstable against molecular distortiorthese early works are mainly studies of the APES, and in
involving the vibrational modes of the molecule. Distortions particular of its minima, with the phonon coordinates treated
along nondegenerat® modes do not involve symmetry re- as classical variables. Other papers deal with the full quan-
duction, are therefore not of Jahn-TelléM) type, and can be tum mechanical problem, and provide either approximate
trivially treated as phonon shifts: thus we will ignofe  [6-8] or exact[9,10] solutions, sometimes for the many-
modes altogether. Distortions involving fourfold-degeneratemodes casé¢l11,12. The quantum mechanical dynamics of
G and fivefold-degeneratel modes reduce the molecular the entangled electron-phonon system is affected by an elec-
symmetry, and are responsible for the leadiingean contri-  tronic geometric phase, whose presence or absence has rel-
bution to the splitting of the fivefold molecular level. Other evant consequences, in particular, for the ground-$@&
(T, and T,) modes are involved in higher-order couplings, symmetry[8,9,13-18, thus for magnetic resonance spec-
which become dominating only for substantially large distor-troscopies[17]. In particular, Ref[10] provides a detailed
tions. Under specific circumstancésull or very strong lin-  study of the evolution of the tunneling splitting through the
ear coupling the inclusion of higher-order couplings could range of coupling parameters for &hmode®
become essential. However, the present work follows the Unfortunately, to date, no experimental determination of
standard practice of neglecting all higher-then-linear couthe tunneling splitting in any icosahedral JT system is avail-
pling terms and treating the phonons as harmonic oscillatorsble. In contrast, spectroscopic techniques can and do pro-
[3.4]. This approximation provides a simplified model meantvide direct measurements of the JT vibronic spectrum. For
to capture the basic shape of the five adiabatic potential erexample, molecular photoemissidii8,19 was recently
ergy surfaces(APES in a neighborhood of their high- shown[11] to provide relatively detailed information on the
symmetry conical intersection, hopefully extending out tolow-lying part of the vibronic spectrum of & especially in
include the JT minima. The advantage of the idealized lineaa specific symmetry sect¢f0]. A clean theoretical under-
model is that it involves a minimal number of parameters,standing of the general features of this vibronic spectrum is
and that it can therefore be studied in detail, drawing fairlytherefore desirable.
general conclusions, applicable to a wide enough range of The present work provides precisely an exact determina-
realistic systems. tion of the low-lying vibronic levels of the single-mode lin-
Indeed, besides &, orbital quintets could be relevant for ear model, those usually of most direct experimental access.
the spectroscopy of other icosahedral molecules and clusteThe spectrum is studied through a wide range of coupling
among those synthesized in recent years, including smallggarameters, from weak to strong coupling. In practice, the
and higher fullerenes such asdand G, By, or Bgy clus-  reported results are mainly relevant for weak to intermediate
ters, B;H,, the smallest icosahedral systemsg;SNaj;, or  coupling, since, as noted above, the linear JT model is little
Mg;3 and icosahedral structures with 13, 19, 55, and 14fnore than a mathematical curiosity in the strong-coupling
atoms in xenon clusters. With different coupling patternslimit, where higher-than-linear powers of the distortion be-

Al quoted numerical values af in Ref.[10] are incorrect and
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come dominant. The vibronic spectra presented in this work

illustrate several interesting quantum phenomena character- 0.05
istic of the dynamical JT model. Several numerical energies

reported in the Appendix can be used as benchmarks of the 0
accuracy of future calculations based on approximate ap-

proaches, for example of the type of R€i§,21]. i

II. MODEL AND CALCULATION

The model[4,6,10 describing the JT coupling of the or-
bitally degeneraté quintet with the molecular vibrations of S 02 04 06 03 i
symmetry A=G,H is conveniently formulated as follows on
[10,22,23:

FIG. 1. The splitting pattern of the electronic quintet in the
N — " " ®H JT model, as a function of the mixing angée The lowest
H=Ho+ Hyip + He-v, @ ¢ . g angie
eigenvalue is nondegenerate, the two upper ones are both twofold
degenerate; energies are in unitsgdfw. At each value ofy, Q is

I:|0 =€, é;rmémg, (2)  taken at the optimal classical distorti@p;,.
mo

~ 1 no s where tunneling is exponentially suppressed and semiclassi-
Hui = zhwz (P * Q. (3 cal considerations apphs].
a The adiabatic approximation, where the vibrational ki-
- -~ netic energy is neglected, provides the m@tatic J7 fea-
— A (NeErA at o ! o . -
He =fiok 2 gl'Cl Q&0 Co- (4)  tures of the strong-coupling limit. The distortion operators

rowmnt Qﬂ are treated as classical coordinates, and optimal distor-
Here m, u label components within the degenerate multi-tions are obtained by minimizing the lowest APES7], for
plets, for example according to th€s character in the example by means of the Opik-Pryce metH@$]. These
IDDsDCs group chain[10,24, C** are icosahedral optimal distortions(JT wells, or minima are associated to
Clebsch-Gordan coefficienfg4] which couple twoh tensor  specific splitting patterns of the electronic quintet. In particu-
operators and A tensor operator to a global scalaopera- lar, G modes produce a level pattern of the type3,-3,

tor. Q,, are the dimensionless normal-mode vibrational coor—3,7,7, in correspondence to 10 JT wells bf residual
dinates(in units of the natural length scale of the harmonic Symmetry.

oscillaton, and P, the corresponding conjugate momenta. The situation is slightly more intricate for a que
The multiplicity rM=1,2, needed forA=H vibrations only, [4,6,10, due to the multiplicity r=1,2. The coupllmg
labels the two separate kinds of coupling allowed under théCheme' assocatgd to the2 CIebsch-Gordgn coefficients,
samesymmetry[22,24]: it represents the double occurrence produces the spl_ltt_lng pgtte(ﬁ4,—1,—1,3,3 In correspon-
of theH representation in the direct produtx h (the icosa- dence to 1Ms minima, like theG modes. The =1 spheme
hedral group is not simply reducibleNumerical factor&® ~ Produces asplitting pattern of the typed, 1,1,1,1, in cor-
=252 KH=2 (which could otherwise be reabsorbed into the'espondence to 6 JT minima Dl symmetry.

definition ofg,) are included to make contact with the nota- In prgctice, the tyvo-spheme qoupling for tHemodes is a

tion of Ref.[22]. convenient theoretical idealization, since adymode of a
Without any loss of generality, the energy positierof real molecule is associated to some amount of coupling of

the h quintet will be taken as the zero of energy. In this bothr=1 andr=2 kind. This admixture is conveniently char-

single-mode problem, all energies are naturally measured jfcterized by introducingwo couplmg. constants for.eadH
units of the vibrational quanturhe. The second character- Mode, rather tha(q)on((za). The two dimensionless linear cou-
istic energy scal@’%o (the JT energyis smaller(largey ~ Pling parametergy;’, g;° can be expressed in polar coordi-
thanw for small (large) g, [weak (strong coupling. The ~ nates(10,22 as

weak-coupling regime is characterized by rapid tunneling

among shallow clustered potential wells and strong nonadia-

baticity associated to the vicinity to the conical intersection gf}) =g cosa, gﬁ) =gsina. (5)

of the five Born-Oppenheimer potential sheets; the level

structure is perturbatively related to the harmonic spectrum

of Hyp. As the coupling grows to intermediate and strong,In summary, besides its frequeney, eachH vibrational

the JT wells deepen and move away from the conical intermode is characterized by a paﬂg,(j),g,(f)) of linear cou-
section and from each other: tunneling decreases and thdings, or equivalently a global coupling intensigyplus a
vibronic spectrum acquires a characteristically intricatemixing anglec.

structure, which simplifies again in the strong-coupling limit,  Figure 1 shows the evolution of the quintet of electronic
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eigenvalues aa takes its possible valuédere, the molecu- 0
lar vibration operators are treated as classical variables, and
are taken at the relevant static JT minimum,f or D5
symmetry, appropriate for each value afPure coupling of
type 1 is recovered at=0 andr, while pure coupling of
type 2 occurs fora=m/2. At the special anglesag
=arctari3/\5)=0.296r=53.3° andw—a,, Where cusps oc-

cur in the a-dependence of the eigenvalud3; and Dj
minima are exactly degenerate: the JT minima collapse into a
single flat trough, and the symmetry of the JT system is
effectively larger than icosahedrp4,9,13,26—28 Figure 1
shows that for a given coupling energ$ o, the lowering of

the lowest electronic stat@qual twice the static JT energy
gain) is strongest atv=0, 77 and weakest at;, - a,.

To compute the exact vibronic spectrum éf, full
quantum-mechanical treatment must be applied also to the
vibrational operators. The standard ladder-operator represen-

L TR 5 .
tation for the vibrational Coordinate@ﬂz(bl+bﬂ)/\e’2 pro- JT coupling g,
vides a natural product basis of harmonic phonon states cen-
tered on the undistorted geometry, times the electronic FIG. 2. Exact vibronic spectrum of a sing mode coupled to

quintet. It is straightforward to writél matrix elements in 2nhlevel, as a function of the linear coupling parameer (a) GS
this basis and diagonalize the resulting matrix. This basi§N€'9y. to which the adiabatic minimum loweringas=(2

centered on the high-symmetry point is especially convenient ﬁgG)ﬁw is subtracted(b) Vibronic excitation energie@measured

at weak coupling, where converged low-ener VibronicWith respect to the GSAIl levels are labeled according to their
pling 9 9y mmetry asA (dashed, T,+T, (dotted, G (dot-dashej] andH

eigenenergies and eigenstates are obtained by including on id)
few basis states. For largg the number of basis states 0.
needed for a given accuracy of rEhe low-energy levels growgatic lowering of the JT minima with respect to zero
rather qwckly,_approxmately agos; wherengs=4 for aG coupling: this energy difference gauges quantum-mechanical
mode andn,s=5 for anH mode. For this reason, and be- gffects on the vibrational motion. The rapid decrease in GS
cause of thg extreme sparseness of thls'proble'm, the Lanczgﬁergy at weak coupling is due to the large drop in quantum
method of diagonalizatiof29,30 is especially suitable here. yinetic energy in the transition from harmonic oscillations
We use a method very similar to the one employed in Reéfaround one isolated adiabatic minimum to rapid tunneling
[10], with the introduction of several refinements to dea'among 10 shallow minima. As these minima move apart
with the problem of Lanczos ghost states, and the symmetry,nnejing is suppressed, and the plotted energy difference
analysis. We check all results against basis truncation. FQ{;ins pack up to the strong-coupling val@@ 2= 1w
most results, inclusion oh=35 phonons in the basis is hich measures the zero-point energy gain due to phonon
largely sufficient for an accuracy of 18w, but for occa- softening at the anisotropic JT mininja,31]. Indeed, the
sional points in parameter space the basis needs to include WR.,nd-order expansion of the lowest APES around any of
to n=60 phonons(over 8 million statesto guarantee the e equivalent JT minima yields two normal modesym-
required accuracy. The spectra computed with this methOFEetryAl andA, in the localDs group both of frequency,

and reported below draw a full quantitative link from weak plus a twofold-degenerate softer motté symmetryE) of
through intermediate to strong coupling for the G andh frequency 3Y2w. The difference in harmonic zero-point en-

clas

(EggE,.) I o>

LA LA B B B B B |

0.5

(Energy-E ) / fied

(b) oy

OO

®H linear dynamical JT model. ergy Zhw+2:3 - hwiihw=(3"1?-1)ho provides an
accurate estimate for the exact vibronic endiigig. 2(@)] at

IIl. VIBRONIC SPECTRA: ENERGIES strong coupling, where interwell tunneling is suppressed and

the phonon dynamics reduces to harmonic oscillations

A. The h®G JT model around the JT wells. Note that the “new” frequencies at the

Figure Z2a) shows the difference between the exact dy-wells areindependent of the coupling strength, gince for
namical JT GS energy ané,, (the classical adiabatic en- different couplinggg, the set of five APES differs only for a
ergy —50afio of the 10D5 wells plus the zero-point energy scaling factor, thus remaining self-similar. At weak coupling,
2hw of the uncoupled oscillatoysas a function of the cou- the harmonic frequencies at the JT wells remain unchanged,
pling strengthgs to a G mode. This residual energy repre- but this expansion is practically irrelevant, since quantum

sents the part of JT energy gain not ascribable to trivial adiakinetic energy delocalizes the motion far enough from the
minima for anharmonic and nonadiabatic effects to domi-

nate.

Values in ther= a< 2 interval repeat those in the<Oa < The vibronic GS symmetry remairs at all couplings.
interval, except for a reversal of the associated distor@n— This is eventually a consequence of a Berry phase af-
-Qy- quired by the electronic wavefunction as the distortions fol-
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low any of the cheape$b-cornej loops through adjaceii;
minima: this entanglement makes the totally symme#sic
vibronic combination of the wells less advantageous than the
H combination, which thus remains the GS for gd. In-
deed, as seen in Fig.®, even at strong coupling, tha
vibronic state lies above both ti€GS and &G excitation At
strong coupling, these(Bl) +4(G) + 1(A) states represent the
10 symmetry-adapted vibronic combinations of the harmonic
GS’s at the 10D wells. Likewise, in the strong-coupling
limit, higher excited states, represent suitably symmetrized
combinations of vibrational excitations in the wells. In par-
ticular, the 20 state$T;+T,+G+2H) converging at strong o RV S Y — :
coupling to 3Y%w represent the tunneling-symmetrized a/n
one-phonon oscillations of the new softer frequency. Simi-
larly, the 20 stategA+T,;+T,+2G+H) converging at strong
coupling toZiw represent the tunneling-symmetrized one-
phonon oscillations of the modes at the original frequenc
fhw.

At weak coupling, the vibronic levels reconstruct the har-

monic ladder, as expected whélg_\, is a weak perturbation.

The present exact calculation traces precisely the crossoviiey are essentially irrelevant at weak coupling, where inter-
from the weak to strong coupling regime: for accurate nu-yell tunneling dominates.

meric eigenvalues, see Table | in the Appendix. It is worth Nt unlike theh® G calculation, to draw the GS energy it
noting that the lowesA level, which at strong coupling is @ g convenient to subtract the quantity

low-energy tunneling excitation, correlates to thiew2mul-

tiplet at weak couplind7]. Finally, note that thel; and T,

wT/®

0.2

FIG. 3. “Tangential” normal frequencies, of vibration around
the JT wells, in units of the original frequeney as a function ofr.
Both these modes are twofold degenerate. As customary for linear
YT coupling, the frequency of the fififnadia) normal mode equals
w, regardless of.

levels are exactly degenerate for all values of the coupling. 5 1
{5 - E(COSag)Z}ﬁw, 0<a<a,
B. The h@H JT model Eoad9.@) = 1 g _
We move on now to study the spectrum for a vibrational {5 B E(Sinag)z}ﬁ“” ASas.

mode ofH symmetry. The Hamiltoniaii depends now on (6)
two parameters. Each vibronic eigenvalue traces a two-
dimensional surface aganda (or equivalentlygfj) andg,(f))

are \(aried. The most effe(;tive presentation of t_hese spectra |'§C|a {g,@) represents the trivial zero-point eneréﬁ w of
obtained by means of radial cuts at fixedplus circular cuts -~

at fixedg. H,i, plus the adiabatic lowering of tHes/ D5 JT well appro-
Like for the G mode, the strong-coupling asymptotic vi- Priate to that value ot. _
bronic energies, are determined by the normal frequencies of Figure 4a) reports the exact GS energy, for the special
oscillation around the adiabatic JT minima, and these freMixing anglea=0 (a mode of pure type=1). This energy
quencies now depend an The five normal modes separate difference converges rapidly to its asymptotic value
into a radial vibration of unchanged frequeneyand sym-  [(18/5Y2-1]%w at strong coupling. Like for th& mode,
metry A;, plus two softer doubly-degeneratef E; andE,  this is understood in terms of zero-point energy associated to
symmetry forDs wells and both o symmetry forD; wells)  the four frequencies,=(9/10*?w plus one frequencw of
tangential modes, represented in Fig. 3. For specialues, the normal-mode vibrations at the JT minima.
extra degeneracies occur. Fex0 andr, the two tangential The spectrum of excitations Fig(B) is much less clut-
modes become degenerate at,=(9/10"2w. For «  tered than that of th& mode[Fig. 2(b)]. The main reason is
=0.1347 and 0.866r, the upper tangential frequency tops at the larger than icosahedral effective symmetry of the Hamil-
a maximum where it reaches the frequeneyf the radial  tonian at this specific coupling angle. This largspherical
mode. At the speciak=as and 7— a points, both tangential symmetry induces extra degeneracies among the vibronic
frequencies vanish as the vibrations turn into free modes dgvels, which one could in fact label with spherical angular-
pseudorotation along the flat JT trough. In addition, éor momentum labels. The lowest excited state isAafymme-
=m/2, both soft modes reach a local maximum, of frequendry: it is the one state which at strong coupling drops towards
cies w(Tl)=(5/ 1424, and w<72):(5/ 6)"?w. Observe that the theH GS. Together, these(H)+1(A) states represent the 6
normal frequencies at the wells only dependagnvhile they ~ symmetrized tunneling-split vibronic combinations of the
are independent of the coupling strength like for the G harmonic GS’s at the B5 wells. An approximate analytical
mode. Again, these single-well harmonic frequencies deterapproach to this problem based on this idé@e unitary
mine the strong-coupling asymptotic vibronic energies, butransformation methodi32]) yields [7] an estimate of the
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FIG. 4. Exact vibronic spectrum of a singlemode coupled to FIG. 5. Exact vibronic spectrum of a singlemode coupled to
anh level, as a function of the linear coupling paramegefor « anh level, as a function of the coupling parametgffor a=/10.
=0. (a) GS energy, to which the energy of the adiabatic JT wells(a) GS energy, to whiche,sis subtracted(b) Vibronic excitation
Ega=(5/2-g?/10)hw is subtracted(b) Vibronic excitation ener-  energies measured with respect to Hé&S. All levels are labeled
gies (measured with respect to the GShe levels are labeled ac- according to their symmetry a& (dashed, T/, (dotted, G (dot-
cording to their icosahedral symmetry even though, for this speciatiashegl andH (solid).
value of a, the effective underlying symmetry is spherical. The
conversion in spherical angular-momentum labgls is A=[0],
H=[2], G+H=[3], and T;+T,+G=[1]+[3]. (c) Comparison of
the exact excitation energy of the loweAtstate (the tunneling
splitting) with the approximate expression obtained in R&f. by
means of the unitary transformation metH@2].

GS energy, as compared to the=0 case. On the contrary,
the comparison of Fig. (6) with Fig. 4b) shows that even
such a small value af (i.e., a tiny admixture of the coupling
of typer=2) is sufficient to completely resolve the “acciden-
tal” degeneracies of the=0 spectrumA and G states are
o S 3. ) little affected, while theT,/T, degeneracy is widely broken.
excitation energysolid line in Fig. 4c)]:” this approxima- | jkewise, the weak-coupling near degeneracy of the
tion is seen to be fairly accurate throughout the range ofi_phononH states fora=0 is now widely split. Eventually,
couplings. The approximate expression underestimates thg strong coupling, these twid states converge to different
tunneling splitting at strong coupling due to the simplifying angential frequencies of the JT wells.

assumption of isotropic JT wells, of frequencies all equaling  coming to the spectrum fog==/5, Fig. 6 shows a con-

, which therefore exaggerate the localization of the dis+jnyous evolution away frora=0 througha=/10. We ob-
torted states. Corrections due to the anisotropy of the wells

were introduced in Ref.21]. In the Appendix, Table Il re- o
ports a few of the vibronic eigenenergies used to draw Fig. 4.
Higher excitations cluster around the harmonic normal-
mode energies at theDs wells: the tangentialZo,
=(9/10Y%w» and the radiakw. The 24 state$T,+T,+2G
+2H) around#w, are symmetrized combinations of the four
1-phonon states per each of the 8ix JT wells. Likewise,
the 6 state$H+A) nearfiw are combinations of the 1-radial-
phonon states in the 6 wells. Note in particular that the two

-0.1f

clas

(Egs-E,,) | i
5 5
[ [
.-

o
N

1-phononH states remain almost degenerate upt 2, they @
split significantly in the interval Zg=<8, and then recon- = 1<
verge againto Ziw,) at strong coupling. At strong coupling, 3
higher excitationgnot drawn are found in the overtone re- Li
gion 2iw,, and above. o0 0.5
For a=7/10, Fig. 38 shows the exact GS energy re- o1
ferred toE.,s This small value ofa has little effect on the g
0

*The linear coupling parameteks of Ref.[7] are related to the
dimensionless coupling parameters of the present workkrgy
=19V ho, khI:%g(HZ)hw, andky=39cho.

JT coupling g

FIG. 6. Same as Fig. 5 fak=7/5.
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FIG. 7. Same as Fig. 5 far=0.287=< as. FIG. 8. Exact vibronic spectrum of a singlemode coupled to

. anh level, as a function 0§, for «=0.37= a.. (8) GS energy, to
serve that, at strong coupling for boh==/10 and @  which E,is subtracted; the GS is ¢4 symmetry at weak cou-
=m/5, only one new frequency is seen in the strong-couplingling, and ofA symmetry at strong couplingo) Vibronic excitation
spectrum: that of decreasing, for increasing @ (o,  energies measured with respect to the lovitsttate.
=0.86w for a=7/10, w,=0.6% for a=x/5). Figure 3 con-
firms that the'frequency)r of the other t_angentlal mode is Coming now toa=27/5 (Fig. 9), the tangential frequen-
very close to its maximunm, thus very difficult to separate cies at theD. minima are nOWa)( )~ 0529 and w
on this scale. In practice all 18 relevant one-phonon stateS S 0.8540, mu30h larger than for the previous cut ot
converge neatw at strong coupllng . =37/10. These values account for the reduced zero-point

Moving f‘.”ther away from this aCC|de_ntaI degengracy, toenergy lowering shown in Fig.(8). Also, the spectrunfFig.
“‘0'285) (f:)g:%;)» thz tv<\/2c)>~n§v(\5/$n_?ﬁnt|al ffrequenqes be- 9(b)) is less dense: the 10 tunneling staés-H+G) con-
come w, *=U. andw, =9.5Jw. These Irequencies are verge to zero energy at strong coupling; the 20 1-phonon
so small because of the nearness to the special angle tangential states conver in ‘mu D are fairl weII VISIble
whereD5 andD3 minima degenerate to a flat trou¢dee Fig. 9 ging y
3). These small values explain the twofold reason why thén® tarl}ger;)tla%w i radial i, (;and overt(;]nel 2o statles .
spectrum of Fig. ) is so cluttered(i) tunneling is only &€ still substantially intermixed even at the arge coupling o

the right side of Fig. @). The splittings betweeii; and T,

weakly suppressed by the low interwell barriers, @ndsev- i . .
eral overtones and combinations of these soft tangentidl@i'S are consistently reduced here, compared to previous

modes fit in the considered energy range. The large zero-
point energy lowering shown in Fig.(& is also well ac-
counted for by the values ab..

The next pointae=37/10 (Fig. 8) is located immediately
beyondeas, with Dz minima barely prevailing oveDs distor-
tions. Here, the tangential frequencies are as Iovvw&%
=0.1250 andw )~ 0.247w: this accounts for the huge zero-
point energy Iowenng apparent in Fig(aB in the strong-
coupling limit. In contrast to all previous values, wherd®s
wells prevail, we observe here the celebraigé®,1q level
crossing(occurring at a rather strong coupling=12) to a
nondegenerate GS @& symmetry. The vibronic spectrum
[Fig. 8b)] is now even more cluttered than far=0.287, it
shows an intricate pattern of level crossirgtates of differ-
ent symmetriesand avoided crossingstates of the same
symmetry. Several higher-lying levels have been omitted in

0

(Energy- GSH) [ fiw (Egs - Eqpy) [ 100
o
(9.}

the plot for clarity. This is due to the exceedingly low normal 0

frequencies at the wells, plus the larger number of wdlGs 0

instead of 6. The clustering around the semiclassical fre- JT coupling g
guencies is barely hinted, even for the rather strong coupling

at the right side of the plot. FIG. 9. Same as Fig. 8, with=27/5.
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FIG. 10. Same as Fig. 8, with=/2.

FIG. 11. Exact vibronic spectrum of a sindglemode coupled to
anh electronic quintet, as a function ef for g=1. (a) The vibronic
states related to the first overtonéa2 region. (b) The vibronic

)ﬁtates perturbatively related to the “fundamental” excitatioficat

values ofa. Note in particular that, in contrast to therange
producing Dg wells, both 1-phonorH states correlate at
strong coupling to the lowest tangential mode of frequenc
hwf). A fairly general feature of the vibronic spectrum, es-
pecially visible in Figs. %), 9(b), and 1@b), is the rapid
drop of several vibronic energies, then followed by a succes
sive climb back at strong coupling where tunneling is sup-
pressed and the motion gradually collapses to oscillation
around the adiabatic wells.

At a=7/2 (Fig. 10, JT coupling of purer=2 type is
acting. As illustrated in Fig. 3 above, the tangential frequen
cies at the JT wells reach here a local maximmfr)
=0.598» and w(f):o.91?w. Accordingly, the zero-point en-

ergy lowering of Fig. 1(8) amounts to(5/142+(5/62 D, wells is perfectly smooth in the quantum spectrum, and
—Z]ﬁc_u:—o.490ﬁw. The GS level crossing occurs now a_t a signaled by only a number of extra degeneracies.
marginally smallerg=10.7, due to suppressed tunneling “rigyre 12 reports the excitation energies of several low-
sphttlng. The spectrum is now even less den;e than for Pr8ying vibronic states forg=11 (intermediate or strong cou-
vious values ofa, due to the larger frequenues_at the JT pling). The tunneling partners are visible at the low-energy
wells, and the exact Qegeneracy of theand T, pairs. The end, with the crossing to aA GS in the range 0.42< o
20 1-phonon tangential staté&+2H+T,+T,) converging <587, The coupling is not strong enough to have the
to 0" are well visible; the 20 state®f the same symme- higher vibronic levels organized according to the harmonic
tries) converging toﬁw(f) are still entangled with the 180 frequencies of Fig. 3 throughout the range, but similar
radial stategA+H+T,+T,). trends are already recognizable: in particular éo=0.27

For m/2< a< 7 the spectra are mirror symmetric around and «= 0.8, the vibronic levels follow quite closely the
a=1/2 to those reported for the intervakbe< /2. The  harmonic frequencies of Fig. 3, and their overtones and com-
only difference is that alll; and T, states(which always binations. As observed in the discussion of Fig. 8, the vi-
come in pairg are exchanged. bronic spectrum in the strong tunneling regions at and

The a-dependence of the low-lying excitatiofmeasured around the flat-trough values=a, and m—as is extremely
with respect toEgg) is best illustrated by fixed- circular  congested: only the lowest-lying states are drawn in figure.
cuts. Figure 11 reports the exact excitation energies at fixeAccordingly, most vibronic levels undergo a fast movement
g=1 for the 25 vibronic states related to the 1-phonon exciin that region, but always evolve continuously acressa,
tation and for the 75 states related to the 2-phonon overtonand 7—«,. In the limit of infinitely large g, the singular
as a function ofe. This value ofg is sufficiently small for  behavior of Fig. 3 would eventually emerge even in the exact
perturbation theory to provide not especially bad estimates ouantum spectrum. The very large slope in sheependence
the excitation energies drawn in Fig. 14, G, andH ener-  of many vibronic energies may prove useful in future precise
gies are symmetric aroune= /2, while T; andT, energies  determinations of the JT coupling parameters from spectro-
are antisymmetric functions af, coming in pairs. The low- scopic data.

estA level is the lowest excitation for alk: at strong cou-
pling it evolves into a low-energy tunneling partner with the
H state(and aG state wherD; minima prevail. The average
osition of the twoH states in the one-phonon multiplet is
ocated abovéiw: this causes the characteristic signature of
JT coupling in molecular photoemission which was observed
and discussed in Reff11]. Note that no singular behavior is
observed neat, and 7— a5 (vertical lineg, in contrast to all
quantities based on a classical treatment of the vibrations,
such as those plotted in Figs. 1 and 3: the transition filpm
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FIG. 13. Zero-temperature PES obtained by fast removal of the

FIG. 12. Low-energy region of the vibronic spectrum of a single Single electron from ai orbital coupled to a singlél mode, for
H mode coupled to ah level, as a function ofy, for g=11. Ener- several values of the couplirgy anda=w/5. Energies are referred
gies are referred to the lowelst state. to the GS; a phenomenological broadening HWHM=@2pro-
vides a finite width to the peaks. Fractional spectral weights of the

V. PHOTOEMISSION SPECTRA 0-phonon and 1-phonon line are listed.

Several spectral properties of experimental interest argons. |t thus goes beyond the study of the single-mode rather
readily accessed by the exact diagonalization method &jeneral model considered in this work. However, electron-
hand. Photoemission spectf@ES involving the quinteth  gjectron repulsion plays no role in two relevant cases, which
molecular orbital are of course affected by JT coupling to the re therefore completelv described by the JT Hamiltorian
degenerate vibrations. If, as is usually the case, the photoéEf Egs. (1)—(4): (i) ph ye e el ty ies th L
emitted electron kinetic energy is much larger tia# pho- of EGS.{)=4). (1) When asingle electrorbccupies the quin
toemission occurs in a time much shorter than that charact-et .OTF"ta"” the initial state and(ii) when t_he_orb|ta| quintet
teristic of phonon dynamics. In this limit, it is convenient to Iss'nlnIIélar:loylecs)nmt?]lgtﬂwyalfusltla?dnr? tﬁg?-?;'@;:fnﬁrggucfﬁ a
apply thesudden approximatiof33,34], where the photo- ng : ! ! ! upling

emsion pocess s escrbed smpy by he operaer 11 4S5 e el Sontouaten, wle n e sseon
suddenly destroying a spim-electron in orbital component ’ pling on'y : PP

m of the quintet level. The phonon shakeup contributions toof exact diagonalization to the two cases separately provides

the PES are obtained in terms of the matrix elements of thigfeiigg ivr\]'ht?]rg S:LRE_@::%%?}“Z ef:;c(’;;;ri]g%?haerr:eo%ﬁna ne-
hole-creation operatat,,,, between the initial configuration g pp y

and the final vibronic states. If we assume that the initial'nC|Uded'
temperature is negligibleksT<7%w, only the GS|GS) is
initially populated, then the PES intensity for the creation of A. JT coupling in the initial states

a spine hole in orbitalm is When JT coupling only affects the initial states, the mol-

Imo(E) o 2 [{(f[Emol GOPSE - Ey), (7) epule is insta_ntangously brought from_ the multi-well .intrin—
f sically nonadiabatic vibronic GS to a linear superposition of

. L the final harmonic oscillator states. According to and
where averaging over the components is implied wheneve g to HGs

|GS) is degenerate. If the individual contributions of different ), the peaks in the spectrum are located at the final-state

/ : ergiesk;, which here simply involve single or multiple
%rtl;l;aslitsr:g ti%lr? component are not separate, the total PE citations of the harmonic phonabw. The spectrum is

therefore a sequence of regularly spaced peaks, with inten-

1 sity of the 0, 1, 2.. -phonon line proportional to the square
I(E) = ﬂ)z lmo(E).- (8) modulus of the corresponding total component in the initial
m vibronic GS.

For generic occupancy of the level, the spectrum is Figure 13 presents precisely a spectrum with this simple
generally affected not only by JT coupling, but also by in-structure, for arH mode characterized by=/5. Accord-
trashell electron-electron repulsion, and the ensuing multipleing to the standard electron-phon@mon-JT) Frank-Condon
structurg] 1,23,35: calculation of the PES in such conditions picture, the percentage of spectral intensity displaced away
must take into account several other system-specific interadrom the 0-phonon to the multi-phonon excitations increases
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FIG. 14. Same as Fig. 13 far=27/5. FIG. 15. Zero-temperature PES obtained by fast removal of an
electron from a filledh orbital coupled to a singlé&s mode, for
with the distance between the initial and final equilibrium S€veral values of the coupling Energies are referred to the GS; a

configurations, which, in turn, is proportional to the linear Phénomenological broadening HWHM=0.8 provides a finite
coupling parameteg. width to the peaks. Fractional spectral weights of the “zero-phonon

The situation is qualitatively similar far=27#/5 (and for line are listed.

the case of & mode, which is omitted for brevijy The only H final ¢ ibl il i el I
quantitative difference to observe in Fig. 14 compared to Figi© H final states | are possible, while matrix elements to a
13 is that fora=2w/5 spectral weight is preferentially trans- other vibronic states vanish by symmetry. Peaks occur there-

fered to the 1-phonon line, while fow=/5 it is more fore only at the energies marked by the solid lines in Figs. 2

equally distributed among several phonon excitations. and _4_12'

The spectra in Figs. 13 and 14 are obtained by means of a Figure 15 reports the computed PES for a coupled
complete Lanczos calculation of the GS wave function. Thignede and a few intermediate values@fThe positions of
is straightforward, as long as zero temperature is addressd@€ '0W-lying peaks correspond to the solid lines of Fiy)2
as in the present work. If instead finite-temperature was to b@"d are readily followed. Strong intensity transfers due to
considered, many initial vibronic states would be required®Ve! crossings are well visible. The intensity of the “zero-
for a thermal average, and this is generally a difficult task fo?onon” line(better referred to as the vibronic Gecreases
the Lanczos methofi37]: completely different techniques, steadily agg increases: the intensity lost there redistributes

e.g., based on the Monte Carlo method, could prove mor@CroSs an intricate vibronic spectrum.
convenient there. Figures 16 and 17 report the computed PES for a coupled

H mode characterized by the same valuexalf Fig. 6 (77/5,

producingDs minima) and of Fig. 9(2#/5, producingDs

minima), respectively. The positions and intensities of sev-
When JT coupling affects the final states, the enerfies eral low-lying peaks can be traced: several intensity transfers

marking the PES peaks are the vibronic energies of Figs. @due to level crossings are well visible. Again, the intensity of

and 4-12. The transparent structure of a harmonic spectruthe “zero-phonon” line decreases consistentlygass in-

is now lost. However, the calculation of the PES is straightcreased, while the intensity lost there redistributes across a

forward, agGS) is now the 0-phonon state of the filled-shell rather dense spectrum of vibronic levels.

non-JT moleculé.The symmetry of the statg,,|GS occur- Figures 15-17 illustrate in detail the general findjid]

ring in the matrix element of Eq7) is that of the electronic that in the PES of dynamic JT system with weak to interme-

operatorc,,,, namelyH. As a consequence, only transitions diate coupling, the “1-phonon line” splits into essentially two

features, usually with most spectral weight in the upper peak,

e o b .
4Computationally, the Lanczos method is even more convenienl?Iue shifted up to 30% higher energy thai. The blue shift

here than when JT coupling occurs in the initial state. Indeed, pr09f the 1-phonon satellite is not specific to the (G+H) JT

vided that the starting vector of the Lanczos chaif,ig|GS [29], moﬁlel' F[g%]e)ia?plg’ S'Té';r gf’nc'uﬁ_lf?nsf ?hpplg{ t(: Ei_rgeE .
the tridiagonal Lanczos representatiortbfields automatically the probiem - ihdeed a o biue Shilt- ot the first vibronic

matrix elementsf|¢,,,/0), without any need to store any Lanczos

vector and reconstruct any of the actual eigenstates of the original®The zero-phonon line intensity is the same in the initial and final
matrix. All reported spectra are converged with respect to the finite) T configurationge.qg., in Figs. 13 and 26since the involved ma-
length of the Lanczos chain. trix elements are the same.

B. JT coupling in the final states
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FIG. 16. Zero-temperature PES obtained by fast removal of an FIG. 17. Same as Fig. 16 far=27/5.
electron from a filledh orbital coupled to a singléd mode, for

several values of the couplirgand, a= /5. Energies are referred On the other hand, the spectra of Sec. IV A describe a
to the GS; a phenomenological broadening HWHM=00ipro- it ation where a single electron inastate is rapidly re-

vides a finite width to the peaks. Fractional spectral weights of themoved This cannot occur in practically accessible ionic
zero-phonon” line are listed. states of G, but could well occur in singly charged negative

satellite is clearly observable in the PE spectra of benzenk%nS of higher icosahedral fullerenes, under the condition that
the LUMO is a quintet. By particle-hole symmetry, the same

[39]. s a qu _ ne sam
A general feature of the displayed PES is that the perturt1€0ry applies to inverse PES, where a single hole in a quin-
bative structure ofi-phonon states, still fairly well recogniz- €t i filled. This is relevant, e.g. for inverse PES &<
able forg=2, is rapidly lost in the PES fag=3. The only The difficulty of the many-mode JT systei2,3§ is that
other general consideration we can draw from these spectf linéar superposition of the spectra of single modes occurs
except for the weak-coupling limit This means that any

is that not much regularity is to be expected: unless couplin v - . X i
is very weak, phonon shakeups in the PES from a JT molduantitative description of the dynamics requires to include

ecule build very intricate spectral structures, which are?ll modes together in a single calculation. The method of
stronglyg-dependentalso a-dependent, foH modes, even Lanczos exact diagonalization used in the present work is by
for a single phonon mode. ’ ' no means limited to the single-mode case. Indeed, [R&f.

deals successfully with the intricacies of thg,@Gany-mode
V. DISCUSSION problem, also accounting for thermal effects. The same
theory used in Sec. IV B for PES could be applied to an
Understanding the general features of a vibronic spectrumptical transition from a nondegenerate electreangtate to a
is a necessary step towards the interpretation and assignmefintal h state, if that dipole-forbidden transition could be re-
of the spectra of molecules and molecular ions. This hasalized. Modifications of the same method could be employed
been undertaken and carried out quite extensively for eledto study phonon shakeups in optical absorption or emission
tronic doublets, triplet$38,40,41 and more complex elec- in dipole allowed transitions involving electronic degenerate
tronic configuration$35,42,43. The present paper fills a gap states at both sides: these are often associated to “product”
in the theory of icosahedral systems, providing generalT systems[35,45, and with due account of “term” ex-
guidelines for the interpretation of vibronic PES of the elec-change interactions, JT coupling would account for the vi-
tronic quintet in theh® (G+H), restricting to the idealization bronic “decorations” of the spectra, not unlike PES. More
of a single mode. In practical applications, the situation isapplications of the Lanczos methdohcluding generaliza-
much more intricate. All actual icosahedral systems ardions thereof{30]) to other spectroscopical applications are
many-mode systems, where the intermode interaction genetherefore expected in the future.
ates a much less coherent spectrum than simple non-JT
phonons[44]. The present theory allows the basic under-
standing of the PES of icosahedral systems wherever the ACKNOWLEDGMENTS
coupling to a single high-energy mode is dominant, the other
couplings only contributing to the background. The cou- The author is indebted C. A. Bates, A. Bordoni, P. Gattari,
plings of fullerene Gy are approximately of this kind, and I. D. Hands, and E. Tosatti for useful discussion. This work
the spectral of Sec. IV B allow to rationalize some observedvas partly supported by FIRB RBAU017S8R operated by
PES features in terms of an effective single-mode theory. INFM.
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TABLE |. Exact eigenenergies of several low-lying vibronic TABLE lll. Same as Table Il, forw=/4.
states of theh® G linear JT model for selected values of the cou-
pling parameteg. Energies are in units df,,. g 1 2 5 10 15
1 2 5 10 15 A 3.286920 2.838680 1.066520 -3.082956 —9.369654

A 4309107 3.872518 2.044770 -2.121879 -8.473972
A 3.724144 3163979 0.990680 -3.888699 -10.881188y 3318833 2915855 1.247562 -2.696110 -8.854724

A 5094787 4.788557 2428383 -2.782559 -9.7995881 4587806 3.838287 2.068227 -1.958552 -—8.086429
Ty 2903273 2634575 1.098218 -3.511597 -10.3365071, 3434308 3.237084 1.880242 -2.280608 -8.537845

Tuz 3745236 3.221392 1.222379 -3.110401  -9.893907r, 4085747 3.829377 2.016910 -2.178646 -8.345314
G 2799066 2.355251 0.503564 -3.987637 -10.885576G 3333101 2956614 1.370430 -2.614428 -8.851809
3.859923 3.502678 1.672126 -3.351358 -10.317040G 3364209 3.029490 1.485305 -2.346950 -8.538216
1.882022 1.581814 0.105229 -4.046978 -10.887960y ;387797 2089510 0.694933 -3.124845 -9.370196
2819443 2.411645 0.673159 -3.612510 -10.340670y 3345469 2.978750 1.375550 -2.572543 -8.849910
2.992497 2.859999 1.158021 -3.449058 -10.317965, 3510110 3.423708 1.778880 ~-2.340165 -8.537793

3.746243 3228490 1350820 -3.191928  -9.925392y 4247742 3729200 1947019 -2.305749 -8.491719
3.793550 3.345318 1504876 -3.113374 -9.815484

3.888832 3.646643 1.810633 -2.941030 -9.781893

T I ITIII®O

TABLE II. Exact eigenenergies of several low-lying vibronic
states of then® H linear JT model fora=0 and selected values of TABLE IV. Same as Table Il, foow=m7/2.
the coupling intensityy. Energies are in units dfw.

g 1 2 5 10 15

9 ! 2 5 10 15 A 3.282422 2.807794 0.866002 -3.650697 -10.518971

A 3.269039 2.704296 0.014206 -7.605244 -20.103759 A  4.431838 4.165069 2.165531 -2.669479 -9.635062
A 4416117 4.031416 1.213521 -6.611668 -19.106543T;, 3.390187 3.098692 1.498544 -3.029840 -9.956428
Typ 3.349001 2.940441 0.696237 -6.663875 -19.157685 G  3.305993 2.869310 1.027386 -3.525390 -10.511108
G 3.349001 2.940441 0.696237 -6.663875 -19.157685 G 3.321806 2.908694 1.077499 -3.306272 -9.969104
3.405264 3.109744 0.907404 -6.663079 -19.157685H 2.381251 2.074260 0.534055 -3.662262 -10.516120
2.376848 2.025472 -0.135556 -7.605387 -20.103759 H 3.406622 3.132388 1.463674 -3.184920 -9.966811
3.405223 3.107032 0.786076 -6.663301 -19.157685H 3.478854 3.325880 1.517402 -3.071858 -9.959172
3.405264 3.109744 0.907404 -6.663079 -19.157685H 4.227504 3.672462 1.693740 -2.935829 -9.678823
4.245489 3.651009 1.018708 -6.613430 -19.106543 H 4.252143 3.734125 1.787623 -2.900136 -9.660194

T T ITIT®O®

APPENDIX: EXACT EIGENENERGIES significant. Extra degeneracies are apparent in all tables ex-
Tables -1V collect a number of exact vibronic eigenen-cept Table Ill(a=m/4). However, the apparent degeneracy
ergies of the orbital-quintet single-mode linear JT modelbetween theA states andH states forg=15, a=0 (Table 1))
Note thatE,s was not subtracted here, therefore the tabu-only indicates that the€tunneling splitting between these
lated energies represent precisely the eigenvalues of thsates is smaller than the energy resolution of the diagonal-
Hamiltonian as defined in Eql). All reported digits are ization (see also Fig. #
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