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Degree of accuracy in determining the nuclear electric quadrupole moment of radium
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The multiconfiguration Dirac-Hartree-FodlMCDHF) model has been employed to calculate the atomic
expectation values responsible for the hyperfine splittings of §ie %Pl,z anlel levels of radium. Calcu-
lated electric field gradients, together with the experimental electric quadrupole hyperfine structure constants,
allow us to extract a nuclear electric quadrupole mon@t°Ra) of 1.21(0.03 barn. This value is in good
agreement with the semiempirical determination based on neutral radium hyperfine and fine structure, but
differs from the latest result from an alkali-like radium ion.
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[. INTRODUCTION magnetic fields and the electric field gradients generated by
the electronic cloud in thes?p *P,,7s7p *P,, and &7p *P,
The nuclear electric quadrupole moment constitutes agtates of the neutral Ra-223 isotope. Combined with the mea-
indication of a nuclear charge asymmetry, which is importansurements of the electric quadrupole constahigublished
in atomic, molecular, and solid-state spectroscopy, andby Wendtet al. [12], we obtain three independently deter-
in nuclear physic§l]. Radium has recently become a subjectmined values of the nuclear quadrupole mom@(*Ra).
of theoretical[2] and experimentdl3] investigations aimed The purpose of the paper is threefold. First, we performed
at the detection of permanent electric dipole momentsan ab initio evaluation of the nuclear electric quadrupole
of elementary particle§4], associated with the possible moment of radium-223. Our final resultQ(***Ra)
violation of time-reversal invariancgs,6]. The advantage =1.21(0.03 fits, within the error limits, the valueQ
of radium lies in octupole deformations of nuclei in =1.2543){66} published in the latest paper by the group of
several isotopes [7], simple electronic structure \endt(Neu et al.[15]), but is about 4% smaller. Our value
[Kr]4d™4f1%5s°5p®5d1%s*6p°7s?, as well as in coincidental seems to be closer to the earlier, less accurate result of Wendt
proximity of two atomic levels of opposite paritys? *P, et al.[12], derived from the measurement of hyperfine struc-
and &6d °D,, which are separated by a very small energyture of the neutral radium. A second purpose of the present
interval 5 cm*. The data on the atomic spectrum of radium, paper was to narrow the relatively large error bars of the
compiled in the tables of Moorg8], came from the experi- previous determinations. This target has been achieved only
mental investigations of Rasmusg@j, with subsequent re- partially. The three values of our calculated nuclear quadru-
visions by Russell10]; both go back to the 1930s. The ex- pole momeniQ(***Ra), derived from three independent cal-
perimental investigations of the hyperfine structures Ofcu|ationsi are in almost 1% agreement, and one m|ght rea-
radium have been performed by the group of Wedt-16  sonably expect that the final accuracy would be of a similar
in the 1980s. They have studied both atomic Ra | as well agrder. However, as a check of the quality of the calculated
ionic Ra Il spectra, and obtained isotope shifts and hyperfingyave functions, we evaluated the magnetic dipole hyperfine
parameters for several states. In particular, in their 1987 PaonstantsA for the same three levels of radium, and com-
per[12] they determined the magnetic dipole hyperfine conpared them with the experimental results of Weetital.
stantsA, as well as electric quadrupole constaBtsfor the  [12]. All three calculated values differ from the experimental
7s7p Py, 7s7p °Py, 7s7p °P,, and &7d °D, levels of neutral  values by about 5%see Table . Full analysis of the error
radium. Based on a semiempirical evaluation of the radialimits is presented in Sec. IV of the present paper. Another
parametexr~3), they arrived at the nuclear quadrupole mo-route to improve the accuracy of the final valueQ@f?Ra)
mentQ=1.1912) for the isotope Ra-223. Two years later, would be to increase the number of different levels, for
they were also able to reach into the ultraviolet region, andvhich the B values were measured experimentally. Except
from the % S, ,—7p ?P,, line of the alkali-like Ra Il they ~ for the %&7d°D, level, which is in fact difficult to access
derived[15] a more accurate value of the nuclear quadrupolecomputationally, there are also four lower-lying levelsDof
momentQ=1.2543){66} for the Ra-223 isotope. The num- symmetry in the spectrum of radium, all of which belong to
ber in curly brackets reflects the “scaling uncertainty” ofthe %6d configuration. Therefore, the third purpose of the
their semiempirical analysis, i.e., the estimate of the accuracgresent paper is to draw the attention of the experimenters to
of their evaluation of the electric field gradients, and in par-the need of hyperfine structure constaAtsand B for the
ticular the relativistic and Sternheimer corrections. Hyperfine7s6d’D,, 7s6d°D, 7s6d°D,, and &6d°D, levels of radium.
structures of singly ionized radium have also been the sub- In Sec. I, we briefly describe the MCDHF thedi33,24].
ject of several theoretical papdrs7—22. Then in Sec. lll, the method is presented in some detalil,
In the present paper, we performed large-scale multiconfollowed by a discussion of the results in Sec. IV and con-
figuration Dirac-Hartree-FockMCDHF) calculations of the  clusions in Sec. V. The practical implementati@b,26 of
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the Dirac-Fock code and a through introduction to the33*Ra nucleus may be expected to possess the following
method of calculatiof27-30 have been described else- characteristics(i) high surface concentration of the magne-
where. A similar method has been used to determine thézation distribution, as opposed to a more uniform volume
nuclear electric quadrupole moments of other heavy eledistribution of the electric chargdji) the magnetic radius
ments, such as Br,[B1], Bi [32], and Hg[33]. (r2yY21arger than the electric charge radiu$'/2. The latter
feature has also been observed in the odd-58ds, 35Cs,
I THEORY ?Sr;dg%ZCs isotope$37], as well as in the odd-eve§Re and
' 72 'Re isotope$38]. To our knowledge, neither the magneti-
The atomic wave function? for a particular atomic zation distribution nor the magnetic radius is known for any
statel, isotope of radium. Therefore, we employed theet0.96
correction evaluated with the procedure developed by Kop-
fermann[39]. In light of the uncertainties mentioned above,
this correction should be regarded as a rather crude estimate,
but the magnetic dipole hyperfine structure is not the primary
is obtained as the self-consistent solution of Dirac-Fockobjective of the present paper. The value of the nuclear mag-
equationg23] in systematicallyf27,32 increased multicon- netic dipole moment for thgRa isotope was taken from the
figuration basis of NCHi.e., number of configuration func- tables of Raghavap0].
tions) symmetry-adapted eigenfunctions B, J,, and parity
P. Configuration mixing coefficients, are obtained through
diagonalization of the Dirac-Coulomb Hamiltonian,

NCF
V(TPIM) = > ¢, D(y,PIM), 1)

Ill. METHOD

The generation of wave functions followed the scheme
Hpc=2 Caj-pi+ (8- Dc?=Zri+ 2 1lj.  (2)  described in our previous papd3,41. All radial orbitals,
i > as well as mixing coefficienfg, in Eq. (1)], were separately
The effects of the Breit interaction have been estimated ipptimized for each of the three states of interest, i.e.,
separate configuration-interaction calculations, where théP:,”Py, and °P,. The multiconfiguration expansions were
matrix elements of the Breit operator at the low-frequencydenerated within systematically enlarget¥,32 sets of vir-

limit tual orbitals, yielding increasingly accurate approximations
to the exact wave functions. In each céise., for each staje
B = 1 o (@ -1j)(a; -1y 3) the computation process was divided into four phases. In the
oot r2 first phase, the spectroscopic orbitals required to form a ref-

) ! ] ] erence wave function were obtained with a minimal configu-
were evaluated perturbatively, as describefB#j. The QED  r4iion expansion, with full relaxation.

effects inclu_ded the anomalous magnetic moment of the elec- | the second phase, the virtual orbitals were generated in
tron, for which the factolgs/2=1.001 159 652 19 has been fiye consecutive steps. At each step the virtual set was ex-
used[35], vacuum polarization, and self-energgvaluated  tended by one layer of virtual orbitals. A layer is defined as a
using theZe approach in @Asp [34]). Finally, the coeffi- et of virtual orbitals with different angular symmetries. In
cientsc;, together with one-electron orbital sets, provided theye present paper, five layers of virtual orbitals of each of the
numerical representations of thes7p °Py,7s7p °Py, and s p d,f,g,h symmetries were generated. At each step the
7s7p “P, states of neutral radium. The expectation values otonfiguration expansions were limited to single and double
magnetic fields and electric field gradients were evaluatedypstitutions from valence shells to all new orbitals and to all
with the Hrs92 program(26]. The evaluation of the nuclear previously generated virtual layefthis is essentially the va-
quadrupole moment is based on the calculated value of th@nce correlation approximatidriThese configuration expan-
electric field gradient generated by the electronic cloud, andjons were augmented by a small subset of dominant single
on th_e experimentally determined hyperfine splitting of thegnd double substitutions from co(&s5p5d6sep) and va-
atomic energy level. The electric quadrupole part of the hyqence (7s7p) shells, with the further restriction that at most
perfine shift of the atomic leveW(I'PJIM) is usually ex- 4 o ajectron may be promoted from core sheflighich
pressed in terms of the electric quadrupole hyperfine conmeans that in the case of a double substitution, the second
stant B(I'PJM), which depends on the nuclear electric gjactron must be promoted from a valence Shalll con-
quadrupole momer and the electric field gradientin the  figurations from earlier steps were retained, with all previ-
stateW(I'PJM), through the equation ously generated orbitals fixed, and all new orbitals were
_ made orthogonal to others of the same symmetry. The initial
BI'PIM) = eqI'PIM)Q/. @ shapes of radial orbitals were obtained in the Thomas-Fermi
The hyperfine structure Hamiltonid26] assumes pointlike potential, and then driven to convergence with the self-
nuclear magnetic dipole moments. The correction arisingonsistency threshold set to £0All calculations were done
from spatial distribution of the magnetic moment inside thewith a spherical variable-density model for the nuclear elec-
nucleus(the Bohr-Weisskopf36] effect) depends primarily tric charge distribution. A two-parameter Fermi funct{ei2]
on the radial shape of the magnetization distribution insidevas employed to describe the radial charge distribution.
the nucleus. In even-odd isotopes, the magnetic moment is In the third phase, the configuration-interaction calcula-
often largely due to the unpaired neutron, and therefore théons (i.e., with no changes to the radial wave functipns
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were performed, with multiconfiguration expansions tailored TABLE I. Ab initio values of the nuclear electric quadrupole
in such a way as to capture the core polarization, which is theomentQ (barn of *Ra derived from the experimental electric
leading electron correlation contribution to the hyperfine ex-guadrupole hyperfine structure constatand from the calculated
pectation value$18,43,44. All single and double substitu- electric field gradients for thes7p'P;,°P,,°P, levels of radium, in
tions were allowed from several core shells and all valencéeveral different_ approximations: DF, uncorrelated Dirgc-Eock; w,
shells(i.e., 7s,7p—-, and D+) to all virtual shells, with the valence correlation m_cluo!ed; cv, core-valence correlation included;
same restriction as above, i.e., that at most one electron mé&y» core-core correlation included.

be promoted from core shellshis is core polarization, or

core-valence approximati@nThe virtual set was systemati- Py °Py °P,
cally increased_from one to five layers. At each step, i.e., fop 1.9914 1.8469 21414
each intermediate set of _Iay_ers, several core shells were, 2 4037 1.9262 21207
correlated—electron substitutions were allowed from the

outermost § core shell at first, then froms6p, and so on, vrw 11931 1.1913 1.2199
until the largest open-core calculation, where substitution§C¢*CV+w 1.1925 1.1797 1.2076
were allowed from 84p4d4f5s5p5desép shells. Opening  Breit & QED 0.0257 0.0140 0.0030
the n=4 shells together brought about the 0.3% relativetotal 1.218 1.194 1.211

change of the calculated value of the electric field gradient
and the 0.1% change of the calculated magnetic field for the

1p, state. Therefore, in all subsequent calculationsrthd  electric field gradient for the s7p'Py,°P;,°P, levels of
and all deeper lying shells were kept closed. During generaégsRa.

tion of the sixth layer, convergence problems were encoun- Since they were determined in three independent calcula-
tered with thes symmetry orbital. The presence of the fifth tions for three different atomic levels, it would be reasonable
layer in the virtual orbital set brought about a 0.6% relativeto assume the statistical distributi¢rather than systematic
change of the calculated value of the electric field gradientleviation of computed values d®, which would allow us to
and a 1.8% change of the calculated magnetic field for théreat their variance in a similar manner as a purely statistical
!p, state. Based on our earlier hyperfine structure calcula‘experimental” error distribution. Such a procedure would
tions [27,45, and on similar conclusions by other authorsyield the valueQ(***Ra)=1.2080.008 There are, however,
[19,21], we estimated that the contribution to the hyperfinetwo objections. First, the sample is too small for any reason-
fields arising from the omitted sixth layer and all other omit- able level of confidence. It would be highly desirable to per-
ted virtual shells does not exceed 1% in the case of the maderm similar calculations on a larger sample. As indicated in
netic hyperfine field and much less in the case of the electrithe Introduction, we would like to encourage the experiment-

field gradient. ers to measure the hyperfine structures Bncbnstants for
In the fourth phase of the wave-function generation, theother levels of radium.
core-core correlation effects were estimated in tfow each The second objection arises upon inspection of Table I,

of the three levelslarge-scale configuration-interaction cal- where the calculated values of the magnetic dipole hyperfine
culations. First, the core@shell was opened for double structure constanta of the %&7p'P,,%P;, and®P, levels of
substitutions to the first layer of virtual orbitals. These con-25°Ra are presented. The comparison with experiment shows
figurations were augmented by the final core-valence exparthat all three calculated constants deviate from experiment
sion. In the second step, the double substitutions from the

core &6p shells were allowed to one layer of virtual orbitals ~ TABLE II. Calculated values of the magnetic dipole hyperfine
and again augmented by the final core-valence expansiostructure constanta (MHz) of the %7p'P,,%P,, and*P, levels of

The computer constraints did not permit any further exten43°Ra, compared with experiment; DF, uncorrelated Dirac-Fock; wv,
sion of the double substitutions. Each of the several largestalence correlation included; cv, core-valence correlation included;
configuration-interaction calculations performed in this studycc, core-core correlation included. Experimental data are quoted
took more than a week on an eight-node cluster of Linuxfrom the paper by Wendit al.[12]. The RCI+RPA entry is calcu-
machines of 13 GHz total peak power, and required up tdated from the value published by Dzubaal. [46].

100 GB temporary disk storage for the Hamiltonian matrix.
Any meaningful extension of the correlation model would Py Py °P,
require an order of magnitude increase of the computin

. . —226.59 803.97 567.22
power. As the very last phase of the calculations, Breit an
QED corrections are estimated with the method described it —216.41 873.50 247.19
[45], whereby both corrections are evaluated perturbativelfV*VV ~363.65 1336.94 785.58
and monitored along a systematically enlarged multiconfigucc+cv+wv -351.21 1329.02 779.09
ration expansion, until saturation with respect to the size oBreit & QED 7.15 -24.92 -11.24
the expansion is obtained. BW 13.76 -52.20 -30.76
V. RESULTS total -330.3 1251.9 737.1
. experiment -344®.9 1201.10.6) 699.63.3
Table | presents the values of the nuclear electric quadrugc|+Rrpa 242 4

pole momentQ derived from the calculated values of the
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: : : : } the magnetic field generated by the electrons at the site of the

nucleus. Usually the large part of the shift is due to different
densities of electrons in one or more closesghells. These

— MCDHF + . . o ; ;

+ RCI+RPA {-250 differences in densities are induced by the exchange interac-

tion of the valences electron with only one of the closed-

core s-shell electrongthe exchange interaction is zero be-

% experiment

Ra-223 hyperfine constant A [MHz]

[ 77300 tween electrons with antiparallel spjn3o some extent the
above applies also tp,, electrons, since they also have
[ *  1as0 nonzero densities at the site of the nucleus, but the polariza-
(') 20(')00 40(')00 60(')00 tion of the core by a valenceelectron is much stronger than
Size of MCDHF space by a valencep,,, electron.(ii) The valences electron is ab-

sent in the’P,,, and ?P,, states of the Raion, therefore

FIG. 1. Hyperfine magnetic dipole constahtof the %7p P, core-polarization effects should be smallierrelative termg
state of the radium-223 isotope as a function of the number othan in the®*P, and 3P, states of neutral radium. This is
configuration functions in the multiconfiguration expansion, com-clearly visible in Table Il of the present paper, where core
pared with experimeritL2] and other theory46)]. polarization(i.e., the difference between the “cv+vv” and

“w" lines) amounts to about 40% of the total valugs),

by about 5%. The disagreement probably arises from highekyice as much as in the case ?@1/2 and 2|33/2 states of the
order correlation effects, which for the time being remainra' ion [22].
beyond the reach of the computer systems at our disposal. As On the other hand, the reverse is true with respect to
described in Sec. Ill, the final, largest configuration-core-core electron correlation effects, i.e., they are much
interaction calculations were composed fr@infinal core-  smaller(in relative term$in neutral radium than in the Ra
valence expansion arid) double substitutions from the core ion. To get a qualitative understanding of this feature, one
6s6p shells to one layer of virtual orbitals, which generatedhas to picture the core-core correlation as a van der Waals—
92 921 relativistic configurations for tﬁ@z state and 62 751 like interaction between the valence electrand the core
for each of the other two states. electrons. The strength of this interaction depends on the

Figure 1 presents the calculated hyperfine magnetic dipoldipolar polarizabilities of the interacting shells on one hand,
constantA for the %7p 1Pl state as a function of the number and on the spatial separation between them on the other. It
of configuration functions in the multiconfiguration expan- has been shown by Yuaet al.[21] that the separation factor
sion. An interesting, albeit unexplained, feature is the almoskeads to a decrease of the core-core correlation contributions
complete absence of oscillations in the functi8BtNCF) to the hyperfine shifts in atoms and ions of the seventh row
(where NCF represents the size of the MCDHF expansion of the Periodic Table, compared to lighter systems. Qualita-
An oscillatory behavior oA(NCF) has often been observed tively this can be understood on the grounds that the strength
in multiconfiguration Dirac- and Hartree-Fock calculationsof the van der Waals interaction depends on the sixth power
[27,32,33,44 The monotonic, decreasing part of the curveof the distance, and therefore is very sensitive even to small
shows the core-valence results. It appears to be almost fulliearrangements in the electronic shell structure of the system
converged, while the same connot be said about the last twi question. This is particularly true in the case of radium,
points, which represent the final core-core calculations. Thavhich is one of the biggest atoms in nature. When comparing
core-core model adopted in this paper should capture ththe relative sizes of the core-core correlation effects in neu-
large part of core-core correlation effects, but certainly doeéral and ionized radium, one has to realize that the ragii,
not achieve saturation, and constitutes the largest source e (r%)*2 expectation valu¢of their inner shells are almost
uncertainty in the present calculations. There exist indicaidentical—r?)'2(6p)=2.26 a.u. in the ion andr?)¥%(6p)
tions in the literaturg 18—20,22 that for the R& ion, the  =2.29 a.u. in the atom—Dbut the radius of the outprsiell
core-core correlation effects amount to about 20% of theof the Rd ion equals 6.36 a.u., while in the neutral Ra atom
total value of the hyperfine shift in the magnetic dipole hy-this value is 7.83 a.u. Such a difference translates into more
perfine structure calculations. In particular, a non-negligiblethan a sixfold decrease of the van der Waals interaction, and
contribution may arise due to double substitutions from theénto a similar decrease of the core-core correlation contribu-
5d shell, which were not accounted for in the present studytion to the hyperfine shift, when going from the Ra ion to the
(a 4% contribution in the case of the magnetic dipole hyperatom. It is obviously a very crude estimaand neglects the
fine constan® for the 2Py, level of ??'Ra’ ion was reported  fact that there is a second electron in the valence shell of
by Yuanet al.[22]). The core-polarizatiofcore-valence cor- neutral radium but it does explain the relatively small core-
relation effects were also reported to reach about 20% of theore contributiondi.e., the difference between the “cc+cv
total value of the hyperfine shift for the excitélél’l,2 and +w” and “cv+wV’ lines) in Tables | and Il of the present
2p,,, states of thé?'Ra" ion [19,22. paper.

All the theoretical predictions mentioned above refer to  The effects of the triple substitutions on the magnetic di-
the radium ion. When comparing the calculated contributiongole hyperfine structure constamsvere estimated by Pani-
of various electron correlation effects in neutral radium andgrahyet al. [19] to be of the order of 2% for the alkali-like
Ra' ions, it is important to bear in mind the following con- Ra" ion. However, the alkali atoms and alkali-like ions are
siderations(i) Hyperfine shifts of atomic levels arise prima- notorious for large third-order correlation effedt&s,47],
rily due to the interaction of the nuclear magnetic dipole withwhile in the alkaline-earth neutral atoms the third-order ef-
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TABLE lll. Proposed values of nuclear electric quadrupole mo-  QOur rather conservative error bar is about twice as small

mentQ (barn of ***Ra. as the previous determination by Net al. [15]. The two
above-mentioned error bars overlap, but tiigivalue is out-
Q (barn Method Reference side our error limit. Also, our value appears to be closer to
_ their earlier result derived from the measurement of hyper-
1.21(0.03 a MCDHF this work fine structure of the neutral radium, rather than the alkali-like
1.254(0.003 {0.066 fs Raul [15] Ra" ion. Apparently, the earlier value of Wendt al. [12],
1.19(0.12" fs Ral [12] Q(*®Ra)=1.1912), has also been adopted in the tables of
1.28 RMBPT [18] Raghavarj40].
1.190(0.007 {0.126 fs Ral [15]
1.2 BE2) [11] V. CONCLUSIONS
1221 average of all above We performed amb initio evaluation of the nuclear elec-

tric quadrupole moment of radium-223 isotope. Our final re-
sult Q(?**Ra)=1.21(0.03 fits between the latest values ob-
tained by the group of Wend12,15, but has a smaller error

fects are expected to be much smaller, for the same reason Bar. The accuracy of the present calculation is limited to a
discussed abovisee Ref[21,18 for qualitative argumenjs  large extent by the available computer power. Further
Also, due to the spin polarization effects, the calculated valProgress is expected from either of the two directions. An
ues of magnetic fields are in general more sensitive to eledncrease of the computer power by an order of magnitude
tron correlation effects than electric field gradients. This iswould permit a more thorough treatment of the core-core
clearly reflected when comparing the core-core contributionglectron correlation effects. Availability of experimentally
in Table | (electric field gradientswith those from Table II measured electric quadrupole hyperfine constBrfisr sev-
(magnetic fields of the present paper. Therefore, we still eral other states of radium would permit determination of the
expect the calculated values @f?>Ra) to be more accurate radium nuclear electric quadrupole moment with accuracy
than the limit which might arise from the magnetic field derived from purely statistical distribution of calculat€d
calculations alone. However, to take a fully conservative apvalues.
proach, we have estimated the error bar of the final value of

®Quoted in BNL table§48] as 1.25(0.07).
bStandard value of Raghava#Q].
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