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Combining Jaynes-Cummings and anti-Jaynes-Cummings dynamics in a trapped-ion system
driven by a laser
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We show that, if one combines the Jaynes-Cummings and anti-Jaynes-Cummings dynamics in a trapped-ion
system driven by a laser, additional series of collapses and revivals of the vibrational state of the ion can be
generated.
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. INTRODUCTION ECO(& 1) = Epe K-ad )

The Jaynes-Cummings mod@CM) [1] has been a sub- g the negative part of the classical electric field of the driv-

ject of continuous theoretical studies already for the last 4Qng laser beam. The operatdgksand p are the position and
years[2] and it has more recently been realized in the labonomentum of the center of mass of the ion. In the rotating
ratory [3]. Still, probably the most famous feature of this fame the Hamiltoniar{1) takes the form

system, namely, the revival of oscillations of the atomic
population inversion 2], is difficult to observe in Cavity
QED experiment$4] because of the presence of dissipation
that produces a rapid decay of atomic oscillations. Revivals 3)
can also occur in quite different physical systems such as

trapped ions interacting with laser fields, and, because dissivhere O =Equ, a=\v/2A%+ip/\2hv, n=2%a, y=|K\A/2v
pation does not play an important role in this system, theys the Lamb-Dicke parameter, and the field frequency satis-
may be experimentally observed. Recently Moegial. [5]  fies the resonant conditiomg; - w=mp, wherem is an inte-
have shown a method to accelerate the revivals, undoing thger. In the cas€) < v we may neglect rapidly rotating terms

dynamics by a suitable manipulation of the two-level systemin the Hamiltonian(3) leading to a JCM-type interaction
more specifically by a quasi-instantaneous change of itgyhenm=1:

phase.

In this paper we propose a method to accelerate the re-
vival of Rabi oscillations of the atomic inversion by switch-
ing from the JCM-type interaction to an anti-JCM one. This . . .
sudden change can be implemented in trapped ions b§nd by choosingn=-1 it takes the anti-JCM form
switching the frequencies of the lasers and in cavities by R . pa A n
interacting the two-level atom with an external classical field Hase=hvn =AZ AL+ fiQ[aAg +a"Aqq. 5
(see for instancg7]).

~ 1 my ~ b A
H= ﬁv(ﬁ + 5) + h?VAlﬁ #O[e @A + H.cl,

Hac=hoh+hoAy + hn[a'Ag + BAul, ()

Let us suppose that the applied laser field is redshifed,

=1, during the time,; (JCM regime and then is switched to

the blue regimem=-1, emulating the anti-JCM-type inter-

The Hamiltonian governing the dynamics of a single ionaction for the timet,. The evolution of an arbitrary initial
trapped in a harmonic potential in interaction with laser light€lectronic and vibrational state of the ion can be found ex-
in the (optica) rotating-wave approximation has the form  actly; however, we will study the effect of changing the JCM
R R R to anti-JCM dynamics for highly excited coherent vibrational

H = 2[p% + 12%%] + hwgAgy + Au[EC(%,)Agy + H.c, statega), N=|e|?> 1, in approximate fornfnevertheless the

1) numerical results we will show are exact
It is well known that in the usual JCNHescribing inter-

whereA,;,Aq are the electronic level population operators,action of a two-level atom with a single mode of a quantized
A01,A102A<T)1 describe transitions with frequencyo; be- field) there is a single series of revivals, which appears at

_ A~ ~ - time instantd, =2m\nk/(Q),k=1,2,.... The appearance of
tween electronic levelid) (A 0)=(0)) and|1) (Au1)=|1)  ine revival structure of the atomic population can be nicely

and satisfy the commutation reIation@All,Aoo]:O, explained in terms of the evolution of the so-called semiclas-
[Ao0, Aol =—Ao1, [A11,Ao1]=Agy, v is the trap frequency is  sical [8] states|p), p=0, 1, eigenstates oA,=(Ag;+Aqq)/2
the electronic coupling matrix element, and operators,

II. REVERSING DYNAMICS IN TRAPPED IONS
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FIG. 1. Surface and contour plots of tigefunction at different time$=t, +t,, for a switch time equal to one-fourth of the revival time,
i.e.,t1=t,/4.t,= (a) 0, (b) t,/8, () t,/4.

AdpY=Nglp), Ap=p-1/2,

(6)

wp= Tlhp - 2o
ot

In particular, the evolution of the initial semiclassical state . ) . . i
|£’>‘0‘> leads to an approximately factorized form of the wave Ve will show below that in the fieldor in our case, vibra-
function[9]:

with

where

(WD) = [Ay(D)) ® [Dp(1),

t

A1) = eXP[_ i%E(All_ Aoo+ 1) P,

(1) = exd— i pQt V] @),

)

tional mode phase space each factorized state can be de-
scribed by itsQ function, which has the shape of a single
hump revolving around a circle of radiug with an angular
velocity wp,. The distribution of excitations for these states is
always Poissonian, but they spread in phase, due to an
intensity-dependent phase sHi. Any initial atomic (elec-
tronic) state can be expanded in the basis of the semiclassical
states as

liny =2 clp), (8)
p

and, correspondingly, the state of the total system can be
rewritten as a superposition of the factorized states:

023811-2
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[W(1) = X clAp(t)) ® [Py(1). 9
p

Hence, a generic initial state causes the appearance of tw

humps revolving around a circle of radiug in the field
(vibration modg¢ phase space with angular velocities The
motion of the humps in the phase space of the fieildration
mode determines the behavior of the atont@ectronig in-

version. When the humps are well separated, there are n

Rabi oscillations(i.e., we have the collapse regjorwhile
the collision of two humps & leads to the revival of Rabi
oscillations.

The effect of switching from the JCM to the anti-JCM

regime can also be studied using the idea of wave functior

factorization. Taking into account that Hamiltoniaf@s and
(5) can be represented as

o= Q(ivh + 2 7QVAA ) O, (10)
Aae= Of(hvh + 25 70VAA)O, (11)

wherefg is defined ag10]
Q= exifidA] = |0)(0] +|e¥(1], (12)

- )
and expti¢] are the Susskind-Glogower phase operators

[11], the evolution operator describing the JCM dynamics
during a timet; and consecutive anti-JCM dynamics during a
time t, has the form

O(t, +t,) = Q exg— it,(vh + 27QVAA ) 1?
Xexf - it,(vh+ 27Q\PAAY 10T, (13)

The initial statelp)|a),p=0,1 (for simplicity we consider an
initial vibrational state with zero phase,= \VA), under the
action of(13) evolves according to

|#p(0) = U(ty + t)|p) @)
= Oteriltu+t) g2 POVR(A A ty) g=2ity (o V)A11| D)),
(14)

where we have taken into accou(@ and the following
property[10] of the operato(12):

Qla=1Ae?)|1) = &4a)|1) + O(LAT).
In particular, we obtain from Eq14)
|46(0) = U(ty + )| 0] @)

— QT[cos oty ns)\fﬁ(t1+t2)|o>

~ i sin wt,e 72 0)]| @) (15
and
|ya() = Oty + ) |D)] )
= Qcoswt,e™ 70 Alt+a) 1)
+isin wtle‘i”‘”ﬁ(tft?IQ}]la), (16)
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FIG. 2. (a) Atomic population inversionV=2P,—1, with P,
=Tr(|leXe|), and (b) purity function,§=1—Tr{p§}, as a function of
the scaled timeyQ)t, with a switch time equal to one-fourth of the
revival time,t;=t,/4.

where w= nﬂ/(z\s’ﬁ) and we consider stroboscopic times,

1ty ,=27k. The corresponding density matrices of the vibra-
tional state have the form

pb(0) = 3690, a)(a]U],e7¢ + 3050 a)al 0L, (17)

inQ \“ﬁ(tl‘*tz) ¥

with  Uj;=cosot,e* i sinwt,e 7t~ gngd
U,,=cosot, et 70t +j sin ot,et 7t Thus, the
Husimi Q functions corresponding to the initial electronic
states|0) and |1) take the following approximate forms

[Q(B)=(Blp|B]:
Qo1(B) = cog wty|(Blet ™At )2
+sitf oty (19

This means that depending on the titpethe initial dis-
tribution of vibrational quanta corresponding to a single ini-
tial semiclassical electronic state is split after changing the
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FIG. 3. Surface and contour plots of tiefunction at different times$=t; +t,, for a switch time equal to one-half of the revival time,
t1=t,/2. t,= (a) 0, (b) t,/4, (c) t,/2.

frequency of the laser field from=1 to —1, in general, into |®g 4(1) = [COSwtleii[n()\‘ﬁ(tl+t2)+wtl]
two distributions, except for two particular instants) if ' o
wt;=7k the initial state continues moving as a single distri- + i sin wt, e 7Rt oll] 0y - (20)

bution in the same directiorth) if wt;=wn(k+1/2) the dis-
tribution only changes the direction of its rotation to the
opposite one.

The evolution of the inversion of electronic levels can be
written as

Then, taking .into accoun) the evolytion of the initial <\If(t)|(A22—A11)|\If(t)>: Re(D4(0)|D4(D)). (21)
excited electronic state and coherent vibrational state can be
represented as To estimate the revival times we neglect the effect of defor-

mation of vibrational quanta distributida consequence of
nonlinear evolution of the vibrational modd8); see the

W) = Uty + t)[D)]a) = \126T[|;>|d>1(t)> 10| D0))]. giss,?g”ss\iﬁsn: in9]] and approximate the above overlap integral
(19) (@g(t)|@1() = cOF wty{ae "] qeriwltr2)
+ sir? wty(ae 17| qg @) (22)
where It is thus clear that there exists a revival series associated
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1.0 before the switching took place and another that changes its
direction to the opposite one; the revivals are associated with
overlapping of only one of those paifsvhich happens at
different time$. If instead the switching moment coincides
with half the revival time, therwt;=m(k+1/2), and both
parts of the distribution change direction to the opposite one
w and the revival occurs due to its overlappifand interfer-
0.0 * i ence at the starting point of the phase space. If the switching
moment coincides with the revival timet,; =k, basically
nothing happens and we have the standard JCM evolution.
In Figs. 1-4 we show the evolution of tiggfunction, the
electronic inversion, and the purity evolutiofé(t)=1
-Tr{p? with p, the vibrational(field) density matri} for
different switching instants. The initial state is taken excited
1.0 : : : : : : : : for the electronic degree of freedom and coherent for the
20 40 60 80 vibrational one. One can observe two possible scenarios of
nat evolution._ _ _
(1) Switching at an arbitrary moment, but such that
05 + mn/ 7€), leads to a splitting of each distribution of vibra-
tional quanta, corresponding to semiclassical electronic
b) states|0) and|1), into two parts. One of them continues to
0.4 move in the same direction as the initial distribution,
] whereas the other changes its direction to the opposite.
5 Switching at a particular momeni=m\n/27,Q leads to a
0.3 splitting of that distribution into equal parts. Two series of
revivals are present in this case. _
(2) Switching at the moment;=myn/ 7 (half revival
0.24 momenj leads to a complete reversing of the dynamics, i.e.,
both parts of the distribution change direction of rotation into
the opposite one. Obviously, only a single series of revivals
0.1 survives with the revival time being the same as in the stan-
dard JCM case.
It is worth noting that switching at the momenj

05

-0.5

0.0 . . . . P = . ] .
0 20 0 60 80 =2m\n/ »Q (revival time does not change the dynamics of
the system at all.
nQt
FIG. 4. (a) Atomic population inversiotw and (b) purity func- IIl. CQED CASE
tion ¢ as a function of the scaled timg)t, with a switch time equal
to one-half of the collapse time;=t,/2. The same effect can be produced in the case of a quan-

tized field interacting with a two-level atom in a high€av-
with the rotation of the distribution corresponding to the in-ity. It has been shown that tHeompleté interaction of an
terference of the semiclassical statgsand|0) at time in-  ion with a laser field is completely equivalent to the atom-
stantsw(t; +t,) =7k, k=1,2,..., which are the usual revival field interaction in CQED with an extra atomic driving term
times. Nevertheless, the second revival series appears due[@7]. Solanoet al. [7] have demonstrated that it is indeed
the splitting of the semiclassical states at the moment opossible to engineer anti-JC interactions in CQED. Below we
switching from JCM to anti-JCM dynamics. This happens atuse counter-rotating terms to produce such interaction. We
instantsw(t,—t;)=7l,1=0,1,2.... The amplitudes of these start with the Hamiltonian
revivals depend on the switching timig¢ and are equal to
cog wt; and sift ot; respectively ifot; # 7k/2,k=1,2,.... ) ©
If the switching moment is such thatt;=wk/2, then reviv- H=rhoh+h—6,+ANE+AN) (6, +0.), (23
als with unitary amplitudéi.e., complete reviva)shappen at 2
wt,=m(1-k/2),k,1=1,2,.... This has the following phase
space interpretation. In the course of the JCM dynamics thwhere» and w, are the field and atomic transition frequen-
initial vibrational quanta distribution is split into two parts, cies, respectively) is the interaction constant, aréd (a")
each of which is associated with a corresponding semiclasand o_ (o) are the lowering operators for the cavity field
sical electronic state. If the switching moment is such thatnd the atom, respectively. Under the rotating-wave approxi-
oty # wk/2, then both distributions are split again into two mation(RWA) the above Hamiltoniaf23) takes the standard
components, one pair that rotates in the same direction akCM form:
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- ) CQED leads to the appearance of a second series of collapses
Hyc = fiwh + h—6, + in(ao, + &T5) (24) vals | i :
JCc=hoN+ R 07 as,+ao-). and revivals in the process of interaction of two-level sys-
S tems with a quantized field. On the other hand, it is notable
Now, suppose we apply a Ramsey pulsgecting a strong  that there are two particular switching instantgatthe half
classical field for a short time inside the cayitp the atom.  (eyival time, leading to the complete reversing of the dynam-
The system statg/(t)) abruptly changes to ics; and(b) the revival moment, when the dynamics of the
W/ (D) = &y| ). (25) system does nqt chgngg. In partlpulgr, th|§ means that in the
o _ _ o first case, the fieldvibrational excitationsdistributions run
This is equivalent to transforming the Hamiltonié23) to  over only half of the phase space, whereas in the second

the following form: case, these distributions make a whae complet revolu-
o . L tion in the phase space. Finally, we should stress that our
Hg=0oyHoy =fwn - ﬁ?%— ain@+ah (o, + o), approach is different from that of Morigt al. [5] as they

manipulate the JC dynamics via an external pulse that pro-
(26) duces a quasi-instantaneous phase change; this manipulation

which after application of the RWA takes the anti-JCM form Produces a JC evolution operator multiplied by the atomic
inversion operato(o,). Here instead we exploit the possibil-
Hpye=fioh — hﬂ)&z— inaG. +aTa,). (27) ity of turning our system from JC to anti-JC dynamics, which

2 results in a JC evolution operator multiplied by the operator
o, [see Eq(25)] that allows the presence of revivals imme-

IV. CONCLUSIONS diately after the switching takes place. In the case of the
In conclusion, we have shown that the possibility of Com_switching taking place at half the revival time, it is shown

bining JCM and anti-JCM dynamics in trapped ions and/ofthat the dynamics can be completely reversed.
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