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Photon statistics of light fields based on single-photon-counting modules
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Single-photon-counting moduldSPCM’g, with their high quantum efficiency, have been widely used to
investigate effectively the photon statistics of various light sources, such as the single-photon state and emis-
sion light from controlled molecules, atoms, and quantum dots. However, such SPCM’s cannot distinguish the
arrivals of one photon and tw@r more than twpphotons at a moment, which makes measurement correction
in real experiments. We analyze the effect of SPCM’s on photon statistics based on the Hanbury-Brown-Twiss
configuration when the total efficiency and background are considered, and it shows that the measured second-
order degree of coherence and Man@ehctor for different quantum states, including single-photon states and
squeezed vacuum states, are corrected in different forms. A way of determining the squeezing of a squeezed
vacuum state based on single-photon detection is presented.
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[. INTRODUCTION ence and MandeQ factor in Sec. Il. We then describe the
Since the Hanbury-Brown-Twis¢HBT) experiment[1] influences of the correction of the SPCM, the detection effi-

photon statistical properties have been widely investigate§i€ncy. and the background on the coherent state, single-
and the early experiment was finished by using a photomulPhoton state, thermal state, and squeezed vacuum state in
tiplier tube (PMT). The nonclassical character of light fields, Sec. Ill. Numerical results are also presented. In Sec. IV we
such as the photon antibunching effect, was observed baségmmarize the main points of the paper.

on HBT configurations by measuring the two-time photo-

electronic correlatiori2—6]. In recent years, because of the

development of quantum information science, the generation Il. MODEL OF DETECTION

of quantum states, especially single-photon states, has played
‘;": Ik:npf);itar;tngole Lnamﬁr%m@gmeﬂtt:tt;gggﬁf qSuir;n':g[n ﬁa/grt]og'factor are well known as the important parameters for char-
soFl)Jr)c/es have bgen produced F;)y pumpihg sigglepmolecule cterizing the statistical properties of light fields. T_he param-
[9], individual quantum dot§10], and color centerfl1,17] eters can be measured by the HBT scheme which is com-
and by the way of cavity-QEDcavity quantum electrody- prised of.two detector@l and DZ.) and a 50/ .50 Ioss]ess
namics [13]. It was reported, recently, that deterministic °€a8m splitte(BS) (see Fig. 1 [¢) is the input field which
single photons were demonstrated by one controlled atorfl@s @n intrinsic photon distributioR,(n). In general, the
[14]. Single-photon-counting modulgSPCM'9 with high  Joint detection probability of Rin At; atry, t; and D in At,
quantum efficiency and low dark count rate are widely usedtrz, t; is [15]
in modern quantum optics experiments to measure the
second-order degree of coheremf® of light emitted from

The second-order degree of cohereg@and MandelQ

Pa(ry,ty;r2,t) Aty Aty

single atomg[13] and theQ factor of a triggered single- = Py(rq,t) Aty Po(r 5, t) At
photon source radiatiof®]. However, the SPCM cannot de- _
tect more than one photon per pulse within a time shorter X[+ tyra )], 1)

the}P its dead Em‘i which Tea”s that all phﬁton nurr‘?ber Probyhere P (r,,t;)At, is the detection probability of Pin the
ab;rmetstF;]” Wr:;[ n/rl grrg a l?etected @, Thus we have 10 e interval At, at ry,t; and Py(r,,t)At, is the detection
cotrect e Measurec resuits. in the time interval At, at ryt,.

In this paper we analyze how such SPCM'’s affect photorPrObablllty of D
statistics based on the HBT configuration. The overall quan-
tum efficiency and the background are taken into account. | B |0)
The corrected second-order degree of coheregi®eand 1 D1
Mandel Q factor are obtained. We investigate several light |l//> >.
fields, including the coherent state, ideal single-photon state,
thermal state, and squeezed vacuum state, and it shows that 1- n 5|  50/50B8
for different quantum states the corrections are different. The
second-order degree of cohererg® is more sensitive to
real experimental situations than the ManQeactor in most ‘Dz
cases.

This paper is organized as follows: first we will give the  FIG. 1. HBT configuration with the detection efficieneyand
basic model of detecting the second-order degree of cohetoherent backgroungs).
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N(rq,t1;15,t,) is the normalized intensity correlation func- H1-m)
tion, which can be expressed in term of the second-order Prixl) = E (- e_yF’tr(m)- (7)
degree of coherenag?(ry,t;;r,,t,): m=0
. . The joint probability of detectindN photons on R and (!
=q®@ -
MrptiTat) =97 il ) = 1. ) -N) photons on B can be written a$19]
The second-order degree of coherence is then determined by I
the detected photon probabilities: -Nz—P._.
photon p PN = N) = o P, (8)
2 Pa(ry,ty;rth) . . .
gP(rytyrpty) = ————== ©) for ideal single-photon detectors. Yet the SPCM gives only
P1(ry,ty)Po(ra,to) one count within the dead time for one or more than one

incident photon. The measured photon probabilities must be
for simplicity. Assume the two detectors are identical andcorrected Actually, there are total four measured photon

have the same distances to the 50/50 lossless beam sphttBFOb?jb'"t'es P(g Ot)>l P(Ofl)h P(1, O)Sancd P(1.2). Thbe de-

The detection probability of one detector and the joint detec!ected Joint proba llity of the two SPCM'®;, can be ex-

tion probability of the two detectors can be written Bs pressed as the sum of all probabilities that each detector has
=Py(rq1,11) =Py(rs,tp) and P,=Py(rq,t1;r,,t,) in the case of one count:

statistical stationary fields. So the measured mean photon © -1 [ I

number of _thg ingident field according to the measured pho- P,=P(1,1) = >, ( ) N PonixD). (93

ton probabilities igny=2P;. From Eq.(3), we have 1=2 N=1 ( )

Set the time delay between the two detectorsas—-t;=0

The probability of having one count of one of the two detec-

(2) — 2
g'“=P,/Py, (4) tors can be written as

and the Mandel parameter can be writter] 58]

w | I
(AP = (n) _ 4P,(0) P1=P(0, 1“”1):22( )N'(I 1 P

= = — |=1 N=0
Q (n) (n) . ® (9b)

It is clear that the second-order degree of coherence anfhe probability of none of the two detectors having photons
MandelQ factor are determined by the joint detection prob-js

ability of D; and D,. Let us consider the real situation in

experiment. Suppose the overall detection efficiency, includ- Po=Pmix(0). (90
ing the optical collection efficiency, propagation efficiency,

and quantum efficiency of photon detectorsyisThis over-

all efficiency can be regarded as an attenuation of the inci- 1. NUMERICAL RESULTS FOR DIFFERENT
dent field by an attenuator with transmission(f 7). The FIELDS
background is another problem we have to face, which in- A. Coherent field

cludes the environment radiation and the dark counts of the ) .
SPCM. Because the scattering background light from sur- Given the detection efficiency and backgrounds), by
roundings can be thought as a thermal field with very largd!S€ Of EQs.(9), a cozherent incident fieltk)) with a mean
bandwidth and very short coherent tirffer example, even Photon numbew= |¢|* gives

for a 1-nm bandwidth at wavelength of 500 nm, the coherent Py = e (7)), (109
time is about 0.8 psthe usual photon counting tim@ano-
seconds discussed here is much longer than the coherent

— —(na+y)/2
time and the photocounts of such time-average stationary Py=1-e ", (10D
background show a Poissonian distributidb]. In a dark (mat)I2\2
environment, the SPCM also generates random counts that Py =(1-e" 77, (109
follow a Poisson distribution. Both of these two random
counts appear in the Poissonian distribution, and thus we can (n)=2(1 —e 102, (10d

use a weak coherent fie|@) with a Poissonian photon dis-
tribution P(n)=+"e"/n! with y=|4|? [9,17] to simulate the
backgroundgsee Fig. 1

The photon number distribution after the attenuat¢i§

Equations(4) and (5) give g?=1 andQ=0, which means
that for coherent light, the measured results can characterize
the statistical properties of the input light, and both the
second-order degree of coherence and the Mandel factor are

x o not affected by the total efficiency and background.
Py(m —————— (1= )P, (n 6
W(m=3 e T TR (©

B. Single-photon field

then, the beam is mixed with the weak coherent background If the incident field is a single-photon state—that|ig—
and the photon number distribution can be writterj 53§ then, according to Eq%9), we get
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@ 10+ [ v=0.1 The star in Fig. 2 corresponds to the experimental data in
08k .......... v=0.01 Ref.[9]. In the experiment, the corresponding background is
E S v=0.0022 about y=0.0022 and the overall efficiency is aroung
g 0-6-5';,_ —r0 =4.55%, which means for an ideal single-photon source the
0al T measuredy® andQ should be about 0.09 and -0.04. If the
overall efficiency improves to 50%, which is almost the best
L N quantum efficiency at 850 nm of the present SPCM that we
0.0 ey e e e can get, then the results can reach to 0.009 and -0.5 accord-
00 01 02, 03 04 05 ingly. . ,
1 For the low overall efficiency, such as 5% in actual ex-
(b) 0.0 periments[9,13], the MandelQ parameter is very close to
011 zero. This MandelQ factor cannot provide a distinct crite-
rion to distinguish a single-photon field from a coherent
0.2 source; on the other hand, the second-order degree of coher-
° o e ence is more convenient to distinguish a single-photon
031 |- ym0.1 source when the overall efficiency cannot be effectively im-
0.4 '_';'_';'_"_’_;g:g;zz proved but the background is relatively low.
o5 —12

00 01 02 03 04 05
n

C. Thermal field

For incident single-mode thermal field the photon number

FIG. 2. The measured second-order degree of coneflo@  satisfies the Bose distribution

and MandelQ factor (b) of the single-photon state as a function of
overall efficiency » under different backgroundsy=0, 0.0022, p - a” 12
0.01, and 0.1. The star represents the experimental data in9Ref. n— (1+a)™L’ 12

wherea is the mean photon number of the thermal field. The

Po=(1-me, (11a measured photon probabilities and mean photon number
1 1 when taking the efficiency and background into account are
P, = —(1 + oy = (3-An)er+(1- 71)6”/2) , -
2 2 Py = , (139
(11b) 1+na
o |-1 |
) 1 ) ) I ( 1)| ,y(l—m) _
— _ y_ = Y _ _ 2 = RN — Y
Po=1+(L-2p)e” = e~ 2(L-n)e ", (119 P |21 DT zo T
- n! a"
(ny=1+ %nye-v— (B-4npe 7+ (1-pe 2. (11d x nzm o 7AD" s (13D
The second-order degree of coheren and Mandel pa- w -1 P -
rameterQ can be given by Eqg4) and(5) accordingly. p,=> I (}) D Y o
Figure 2 showg/? andQ for the single-photon state as a PTE SN =N\ 2) = (- m)!
function of the overall efficiency. It shows that the measured "
g? for an ideal single-photon source is strongly affected by > n! M1 = e a" 13
the background and overall efficiency. Clearly, if there is no = m(n-m! 7"(1=7) (1+a)™ (139
background, an ideal single photon will go to either detector
1 or detector 2 after the beam splitter and trigger only one of B
the detector$20]. So the coincident probability of the two () =2P,. (13d)
detectors in the HBT scheme is absolutely zero, which inif there is no background, we have
ducesy®=0{solid line in Fig. Za)] andQ=-7[solid line in
Fig. 2(b)]. The background is a Poissonian distribution and p. = 1 (143
gives the probabilities of two and more than two photons and o714 na’
would trigger the two detectors simultaneously and thus the
stronger background gives a largg? [Fig. 2(a)] and Man- ne
del Q factor [Fig. 2(b)]. A lower detected efficiency is an Py = >+ e (14b)
equivalent of higher extra noise induced by losses, which is K
also random Poissonian, and consequently higher efficiency 5
can reveal better the intrinsic photon statistics of the input X (72) (140

field; here, for ideal one photon state, @ is 0. T2+ pa)(1+ )’
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20 1.0
(a) (a) —ideal
18] TS T 084 ¥=0, n=1
. >~ T e v=0.0022, n=0.05
L 16l 7
g P
1.4
12{; [ ¥=0.0022, 1=0.05
i =yt
1.0 : : :
00 02 04 06 08 1
<n>
(b) 2.0
18], T
- 1.6'.': """""""""""""
‘o S
144} e
- 0.0 Hr
12 it 00 01 02,03 04 05
10 e memmemeym0).1
00 01 02 q, 03 04 05 FIG. 4. Mandel paramete as a function of the measured mean

FIG. 3. The second-order degree of coheregi@evia the mea-

sured mean photon numbaer(a) and detection efficiency (b) for

the thermal state.

(n) =

2na

(14d

photon number (a) and the overall efficiency (b) for the thermal
field. In (b) the mean photon number=1.

efficiency is not perfect, the overall result is thgi® is in-
creasing from 1 since the nonideal system corresponds a Pos-
sionian background witly?=1 and so the mixed result is
between 1 and 2 as we see in Figglddashed ling The two

2+ 7 effects, either from the SPCM itself or from the nonideal

measurement, have different influences on the coincident
counting and the measured mean photon number; conse-
B quently, when we see thg#? as a function of efficiencfFig.
e’ (159 3(b)], for a certain backgrounth mixed field there exists a
1l+a’ maximum value for a certain efficiency.

The result of theQ factor is shown in Fig. 4. Theolid
line in Fig. 4a) corresponds to the ideal result of the thermal
field in theory—i.e.Q=(n). Similar to the above analysis for
g?, when the background exists the increas®a$ slow as
—y the measured mean photon numffeig. 4(a)] or the overall
, (150 detection efficiencyFig. 4(b)] increases. Higher background
gives relatively lowQ. Compared to thg?, the MandelQ
factor is not a very sensitive parameter to the background.

If the overall efficiency is unity and the background|,
we get

P0:

2
-1 __= 2
P, >+ e e, (15b)

2+« ' (150 D. Squeezed vacuum state
The squeezed vacuum std&VvS) is a very important and

Figure 3 shows the second-order degree of cohergRteia . C . ]
typical nonclassical state. It is defined as

the measured mean photon numiey and detection effi-
ciency 7 for thermal state. It is well known that for a single- —alo
mode thermal state the second-order degree of coherence is 2 1§)=S(9)[0),

and is independent of the mean photon number. Compared Whereé(g):exdéf*éz—% 32 is the unitary squeeze opera-

the smgle—photc_)n state and_coherent state, the ther.m.gl st tg:r with £=r expli6) and r=|¢| is the squeezed parameter.
shows a bunching effect which means that the possibility o he photon number distribution of the saueezed vacuum
arrivals of multiphotons is higher than previous states an P q

séate is[21]

thus the measured results are affected even strongly by th
SPCM since it cannot distinguish multiphoton. So we can (tanhr)2"(2n)!
see that even in the ideal case—i=,0 and»=100%—the on= W'
measuredy® is not 2 any more. Actually, it decreases from '

2 as the mean photon number increases since the probabilityhich clearly tells us that only an even number of photon
of multiphotons is higher for a larger mean photon numberdistributions exists in this nonclassical field and it shows a
[solid line in Fig. 3a)]. When the background exists and the bunching effect. The mean photon number, second-order de-

(16)

17
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gree of coherence, and Mandel parameter of the SVS are
obtained for a given squeezing paramatén theory:

PHYSICAL REVIEW A 71, 023807(2005

(@ 30
" ——ideal
STt n=1,y=0
204 % Lo n=1,=0.0022

(ngg =sinltr, (183
Osvs” =2+ % (18b)
Qsvs= sint?r + cosHr. (180

Similarly, from Egs.(9), we get the measured photon prob-
ability based on the HBT configuration and SPCM's:

® *

L - ~ ,,(tanhr)?"(2n)!
Po=e nzz’o(l 7 coshr(ni2M?2 (193
o |-1 |
1 | ,y(l—m) -
|21N 1N' (I- N)'( >m2:o(|-m)!
(2n)! mn onm(taNhr)?(2n)!
8 n=(mr1y/2) M(2n = m)'n (-7 coshr(ni2M? ’
(19b)
o |-1 | (I m
%NlNl(l N)'( )g I—m)|
. (2n)! mer o anem(tanhn)?(2n)!
Xn:[(%l)/Z] m (2n-m)! 7L =) coshr(ni2"? '’
(190
(n) =2P;. (194d)

FIG. 5. The measured second-order degree of coheigAcef
the squeezed vacuum state as a function of squeezing parameter
(a) and detection efficiency (b) under different backgrounds and
overall efficiencies. The squeezing parameted in (b).

overall efficiency and the background into account, e
factor is very close to zero and does not change too much as
squeezing increases. This shows that the meagQridttor

is quite different from the real value of the input SVS. The
results ofQ are similar to the single-mode thermal state as
both of them are bunching fields.

We can then use Eqg$4) and (5) to get the results of the
second-order degree of coherence and the Mandel parameter
as the function of the squeezing parameateand detection
efficiency under different backgrounds. The numerical re-
sults are shown in Figs. 5 and 6.

Because for an ideal SVS there only exists the even pho-
ton number distribution and a very strong bunching effect is
clearly shown, which implies large and sensitive corrections
of statistical properties of the SVS measured by the SPCM in
some cases. In fact the measured second-order degree of co-
herenceg® is always bigger than 2 and is becoming small
whenr is getting largeFig. 5@)]. g'? is very sensitive to
the efficiencies and backgrounds for lower squeezing, while
for large squeezing it is not sensitive and the correction is
very small. But in all these cases, the measug@dmore or
less reflects the rea® of the input SVS itself. This indi-
cates that we can measure the squeezing of the SVS by mea-
suring theg? in certain conditions when the correction is
consideredFig. 5(b)].

The properties of the Mandé€) factor of the SVS is also
strongly corrected just by SPCM[&ig. 6(b)]. According to
Eq. (180, the Q factor of the SVS increases along with the
increasing of squeezing but from Fig. &a) we can see that

@ *
ideal
3{ | n=1,y=0
""""" 1n=1,y=0.0022

0 .................. possincanieeienies e
0.25 0.50 0.75 1.00
r
(b) 0.75 :
0.50-
o
o 7=
0251 P e ¥=0.0022
£ =0.01
’ D (R y=0.1
0.00-4"—, : , .
00 01 02 03 04 05

FIG. 6. MandelQ factor of squeezed vacuum state as a function

the Q factor shows a decrease when the squeezing is increast squeezing parametar (a) and overall efficiencyy (b). The
ing even in the case of perfect detection. If we take thesqueezing parameter1 in (b).
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IV. CONCLUSION 100% efficiency and no background—the SPCM has its cor-
) o ) rection to the photon statistics since the SPCM cannot tell
We have discussed photon statistical properties based gRe difference between one and more than one photon within
the HBT experiment with SPCM’s. The genel’al result of the|ts dead time. For some parameterS, such aﬁmactor of
joint detection probability is obtained by taking the overall the SVS, the actual measured value is quite different from
detection efficiency and background into account. The influthe value of the field itself. As the measured second-order
ence on second-order degree of cohereagigeand the Man-  gegree of coherence of the SVS is sensitive to the squeezing
del Q factor for various ||ght fiEIdS, inCIUding the coherent parameter, one can determine the Squeezing of the input SVS
state, single-photon state, thermal state, and squeez@gst by measuringy® under different detection efficiencies
vacuum state, are given analytically and numerically. Itand backgrounds, instead of using the usual homodyne de-
shows that for some quantum states, such as the singl@sction with strong local light.
photon state and squeezed vacuum state, the statistical prop-wyith the help of multidetectors or fiber-optical setup the
erties are strongly corrected by SPCM's as well as the detegerformance of single-photon detection can be improved
tion efficiency and background. Especially for well- [22] yet the two-port HBT configuration is still widely used
investigated single-photon sources, which play an importany many quantum optics experiments. The analysis and

role in quantum information, the correction of imperfect method described in this paper could be extended to the situ-
measurements and the SPCM itself must be considered. Thgion of multiports to discuss, for example, the higher-order

measuredy'® for an ideal single-photon source is strongly degree of coherence of light fields.
affected by the background and overall efficiency, while the
MandelQ factor is not so sensitive to the background. But in
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