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We present results fromR-matrix sclose-couplingd calculations for elastic scattering and electron impact
excitation of Zn. The overall agreement between the predictions from two independent models, using either a
semiempirical core potential or a recently developedB-spline approach with nonorthogonal orbitals, is very
satisfactory. The latter method, however, yields particularly good agreement with the few existing experimental
benchmark data for resonances at low incident energies.
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I. INTRODUCTION

Electron collisions with quasi-two-electron atoms are im-
portant for both fundamental and applied reasons. Over
many years, collision models have been tested on helium,
and the extension to targets such as Be, Ca, Zn, and even Hg
was often achieved by representing the inner core electrons
by a model potential. In light of modern computational re-
sources, both hardware and software, low-energy electron
collisions with such targets are sometimes viewed as not
very challenging for theorists, since the close-coupling ex-
pansion is generally believed to be an ideal tool to obtain
accurate results. For elastic scattering in particular, special
methods such as the “polarized orbital approach”f1g are ex-
pected to be appropriate, since they can accurately represent
exchange between the projectile electron and the target, as
well as the polarization of the target due to the projectile.

In a recent paper one-Mg collisions f2g, however, we
pointed out that the close-coupling expansion does not pro-
vide a straightforward way of systematically improving the
calculation of low-energy resonances, due to the lack of a
minimization principle relating the position of a shape or
Feshbach resonance to the energy of the target statessd with
which the resonance is associated. Improving the quality of
the models for both the target structure and the collision
dynamicsdoes not guaranteea concurrent improvement of
the resonance description.

As mentioned above, low-energy electron collisions with
quasi-two-electron atoms are of great practical interest, for
instance in the modeling of discharges. Important examples
includee-Hg collisions in mercury-based fluorescence lamps
ande-Zn collisions, where Zn is used instead of Hg to reduce
the possible environmental problems associated with mer-
cury in lampsf3,4g. Due to the limited number of experimen-
tal studies, in particular the availability ofabsolutecross
sections, modelers essentially have to rely on theory to pro-
vide the necessary input data for their simulations. Details of
the data needs fore-Zn collisions and examples of the data
use in modeling were recently discussed by White and col-
laboratorsf5g. In the latter work, some of the electron-impact

excitation cross sections fore-Zn collisions presented in this
paper were used, together with results for elastic scattering
obtained by a polarized-orbital approach, similar to that de-
scribed by McEachran and Elfordf6g. Note, however, that
there was a major discrepancy between the calculated low-
energy dependence of the elastic cross section and the avail-
able experimental evidence, particularly the work of Burrow
and collaboratorsf7g, which was recently extended by Sulli-
van et al. f8g.

In light of this controversy in the low-energy purely elas-
tic regime, and the need for accurate cross-section data for
electron-impact excitation, we applied twoR-matrix sclose-
couplingd models to thee-Zn collision problem. One set of
results was obtained with the well-known suite of Belfast
codesf9g, while the other set was generated using aB-spline
implementation, which also allows for the use of term-
dependent and, therefore, nonorthogonal target orbitals. The
latter method, described in detail by Zatsarinny and Froese
Fischerf10g, is under further development in our group and
was applied very successfully to thee-Mg collision problem
mentioned above, as well as to electron collisions with heavy
noble gases such as neonf11,12g and argonf13g.

This paper is organized as follows: After discussing the
description of the target structure in both approaches, we
summarize the most important aspects of the collision calcu-
lations. This is followed by a presentation of the cross sec-
tions for the most important transitions starting with Zn in its
ground state. Finally, a detailed discussion of the various
low-energy resonance features is provided, and the results
are compared with the available experimental information.

II. NUMERICAL METHODS

This section describes the two methods used for the struc-
ture and collision calculations. We start with a brief descrip-
tion of a core-potential approach before focusing on the
B-splineR-matrix sBSRMd method. As mentioned above, the
latter also allows for term-dependent, nonorthogonal orbitals
in the target description. This high flexibility is very advan-
tageous in the low-energy near-threshold resonance regime,
on which we concentrate in the current work.

A. Structure calculations

Zinc, with the ground state configuration
f1s2. . .3d10gs4s2d1S and singly-excited statesf1s2. . .3d10g
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3s4sn,d3,1L swhereL=,d exhibits many similarities to he-
lium, i.e., it can sometimes be viewed as two electrons out-
side of a doubly ionized core. For simplicity, closed shells
will be omitted in the notation below.

1. The core potential approach

The target states were constructed by adding semiempir-
ical exchange and polarization potentials to the Hartree po-
tential of the Zn2+ core to ensure very good agreementsbetter
than 0.2% for all members of theS, P, D, and F Rydberg
series up ton=9d of the ionization potentials of the various
Zn+ states with the experimental dataf14g. This was
achieved by using the programCOREPOTof Bartschatf15g.
The target states of neutral zinc were then constructed as
multiconfiguration expansions of the form 3d10n,n8,8 with
n,, n8,8 including 4s, 4p, 4d, 5s, 5p, 5d, 6s, 6p, and 6d.

This approach, based on the ionic orbitals, is known to
generally yield a good description of the states for the neutral
atom as well, provided a sufficient amount of configuration
interaction is included. In the present work, the excitation
energies of the lowest eight states from the ground state of
Zn were accurate to about 0.2 eV, i.e., at the 5% level com-
pared to experimentf14g. Although it is certainly acceptable,
this target description cannot really compete with the 1%
accuracy level achieved with the nonorthogonal method de-
scribed below. The oscillator strengths for thes4s2d1S
→ s4s4pd1Po and s4s2d1S→ s4s5pd1Po transitions were ob-
tained as 1.649 and 0.328, respectively, and the static dipole
polarizability as 41a0

3 swhere a0=0.529310−10 m is the
Bohr radiusd. These results are again in satisfactory agree-
ment with experimentf16,17g ssee also Table IId, but they are
not as accurate as those obtained with nonorthogonal orbit-
als.

2. The nonorthogonal orbital approach

Both valence and core-valence correlation are important
for the ground state and the low-lying excited states of Zn.
As mentioned above, a widely used method of incorporating
core-valence correlation is based upon applying a semi-
empirical core-polarization potential. Although such a poten-
tial simplifies the calculations significantly and can provide
accurate excitation energies and oscillator strengths, the
question always remains how well the model potential can
simulate all core-valence correlation, including nondipole
contributions. In the present approach, we therefore chose to
include the core-valence correlationab initio by adding tar-
get configurations with an excited core. However, direct
multiconfiguration Hartree-FocksMCHFd calculations in this
case usually lead to very large expansions, which can hardly
be used in subsequent scattering calculations. For this rea-
son, we used theB-spline box-based close-coupling method
f18g to generate the target states. This method also provides a
systematic way of constructing pseudostates, which are very
important for thee-Zn collision problem in general.

Specifically, the calculation of the target states included
the following steps. We started by generating the core orbit-
als from a Zn2+ Hartree-Fock calculation and then obtained
valence 4s, 4p, 4d, and 5s orbitals from a frozen-core calcu-

lation for Zn+. We then simulated the core-valence correla-
tion by adding the 3d9n̄,n̄,8 configurations, where the bar
indicates a correlated rather than a physical orbital. Different
sets of correlated orbitalsn̄, were optimized for each Zn+

state separately. Since the mean radii for then̄, orbitals lie
between the mean radii of the core and the valence orbitals,
this method allows us to incorporate the core-valence corre-
lation with a relatively small number of configurations.

The core-valence correlated states of Zn+ were then used
as target states inB-spline bound-state close-coupling calcu-
lations to generate the low-lying states of atomic Zn. The
corresponding close-coupling expansion had the structure

Fs3d103sn,,LSd = Ao
i

hfs3d104sdPsni,idjLS

+ Ao
i

hfs3d104pdPsni,idjLS

+ Ao
i

hfs3d105sdPsni,idjLS

+ Ao
i

hfs3d104ddPsni,idjLS

+ Ao
i

hfs3d94s2dPsni,idjLS

+ o
i

xs3d9ni,in̄,8n̄,9,LSd, s1d

whereA denotes the antisymmetrization operator. Note that
we also added the 3d94s2 core-excited state of Zn+. The un-
known functions for the outer valence electron were ex-
panded in theB-spline basis and the corresponding equations
were solved subject to the condition that the wave functions
vanish at the boundary. This scheme yields nonorthogonal,
term-dependent orbitals for eachLS term. The number of
physical states which we can generate in this method de-
pends on the sizea of the R-matrix box. We chosea=35a0,
which allowed us to obtain a good description for all low-
lying states of Zn up tos4s6sd1S. Along with these physical
states, we also generated a set of pseudostates for each sym-
metry, with the lowest states representing the remaining
bound states and the others representing the continuum. Note
that the pure close-coupling expansion exhibits a very slow
convergence for the lowest bound state, such as thes4s2d1S
ground state in Zn, where short-range correlations are very
important. For thes4s2d1S state, we therefore used the direct
MCHF expansion, with promotion of both valence and one
core orbital. We included 67B-splines of order 8 in the
present calculations. Of course, since the aboveB-spline
bound-state close-coupling calculations generate different
nonorthogonal sets of orbitals for each atomic state, their
subsequent use is somewhat complicated. On the other hand,
our configuration expansions for the atomic target states only
contain between 40 and 100 configurations for each state and
hence can be used in the collision calculations with only
modest computational resources.

The target states generated for theB-spline scattering cal-
culations are given in Table I. We see good agreement with
experiment for the excitation energies of the lowest 11 spec-
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troscopic states. The other target states represent the remain-
ing bound states and the low-energy continuum. We also
included the 3d→4p and 3d→4f core-excited states, which
were found to be important scattering channels for thee-Zn
collision problem. The pseudostates were chosen to guaran-
tee a good representation of the polarizability of the ground
state. The oscillator strengths for transitions from the ground
state and the corresponding contributions to the polarizability
are given in Table II. The oscillator strength for the reso-
nance transitions4s2d1S→ s4s4pd1Po obtained using the
above method is close to the value recommended by NIST
f17g. This transition provides the principal contribution to the
polarizability of the ground state, with the 4s→5p and 3d
→4p excitations also being somewhat important. The final
value of the static dipole polarizability is close to the experi-
mental dataf16g. In fact, when all pseudostates generated in
theB-spline box-based approach are included in the calcula-
tion, we obtain a value of 38.6a0

3. This is very close to
experiment, but the remaining pseudostates contribute less
than 0.05a0

3 each. Hence, we opted for the above model
since it could still be handled on a desktop workstation.

Finally, we note that the experimental energy splittings for
the spectroscopic states were used in the subsequent scatter-

TABLE I. Target states of Zn used in the BSRM model. The last four states were included because of their
relatively important contributions to the polarization of the ground statessee Table IId.

State
Excitation

energyseVd
Experimentf14g

seVd State
Excitation

energyseVd

Spectroscopic: s4sksd3S 9.559

s4s2d1S 0.000 0.000 s4sksd1S 9.637

s4s4pd3Po 4.127 4.054 s4skdd1D 9.708

s4s4pd1Po 5.839 5.796 s4skdd3D 9.882

s4s5sd3S 6.690 6.654 s4skpd3Po 9.978

s4s5sd1S 6.931 6.917 s4skpd1Po 10.060

s4s5pd3Po 7.597 7.601 s4p2d3P 10.098

s4s4dd1D 7.734 7.744 s4sksd3S 10.641

s4s4dd3D 7.776 7.783 s4sksd1S 10.723

s4s5pd1Po 7.798 7.800 s4skpd1Po 11.167

s4s6sd3S 8.109 8.113 s4skdd1D 11.283

s4s6sd1S 8.182 8.188 s3d94s24pd3Po 11.481

Pseudostates: s4p2d1S 11.612

s4s6pd3Po 8.448 s3d94s24pd3Fo 11.977

s4s5dd1D 8.470 s3d94s24pd1Po 12.054

s4s5dd3D 8.506 s3d94s24pd1Fo 12.130

s4s4fd3Fo 8.522 s3d94s24pd1Do 12.303

s4s4fd1Fo 8.522 s3d94s24pd3Do 12.312

s4s6pd1Po 8.528 s4skpd1Po 12.475

s4snsd3S 8.762 s4skpd1Po 12.951

s4snsd1S 8.821 s4p2d1D 13.537

s4sndd1D 9.009 s3d94s25pd1Po 15.345

s4sndd3D 9.078 s3d94s2kfd1Po 28.807

s4snpd3Po 9.087 s3d94s2kfd1Po 31.327

s4snpd1Po 9.172 s3d94s2kfd1Po 34.061

Ionization limit 9.394 s3d94s2kfd1Po 37.006

TABLE II. Contributions to the polarizability of the Zn ground
state in the BSRM model.

Upper level
Oscillator
strength

Polarizability
sa0

3d Experiment

s4s4pd1Po 1.450 31.952 1.468f17g
s4s5pd1Po 0.095 1.155

s4s6pd1Po 0.025 0.251

s4snpd1Po 0.015 0.129

s4skpd1Po 0.003 0.020

s4skpd1Po 0.010 0.057

s3d94s24pd1Po 0.450 2.289

s4skpd1Po 0.035 0.165

s4skpd1Po 0.037 0.165

s3d94s25pd1Po 0.046 0.143

s3d94s2kfd1Po 0.116 0.103

s3d94s2kfd1Po 0.145 0.109

s3d94s2kfd1Po 0.174 0.111

s3d94s2kfd1Po 0.196 0.106

Total 36.755 38.8±0.8f16g

BENCHMARK CALCULATIONS FOR ELECTRON… PHYSICAL REVIEW A 71, 022716s2005d

022716-3



ing calculations. This allows for a direct comparison between
experiment and theory. In the standardR-matrix method, this
is achieved by adjusting the so-called “continuum-continuum
elements” of the Hamiltonian before diagonalizationf9g.
Note, however, that this procedure that can cause inconsis-
tencies due to the lack of a general recipe for adjusting the
“bound-bound elements.” The latter part of the Hamiltonian
matrix originates when the projectile orbitals are constructed
orthogonal to the target orbitals. In the BSRM method, no
such bound-bound block is requiredssee belowd, and hence
the position of a resonance relative to its parent target statessd
is conserved even after adjusting the target thresholds.

B. Collision calculations

1. Standard R-matrix with core potential

The semirelativisticR-matrix code of Berringtonet al. f9g
was employed to perform the inner-region calculation. Using
25 numerical orbitals and a radius of 40a0 ensured that ex-
change effects between the projectile and the target electrons
could be neglected outside theR-matrix sphere and that nu-
merically reliable results for partial waves up to a total or-
bital angular momentum ofL=15 could be generated for
collision energies up to 20 eV. The calculation for the exter-
nal region was performed using the flexible asymptotic
R-matrix packageFARM of Burke and Noblef19g. When nec-
essary, results for the optically allowed1S→1Po transitions
included contributions from higher partial waves. These were
generated by using a geometric extrapolation scheme. Alto-
gether, 25 states were closely coupled in the above model,
with the lowest nines4sn,d states being well-represented
physical target states.

2. The B-spline R-matrix approach

For the alternative scattering calculations we employed
the recently developedB-splineR-matrix codef10g. Details
of this approach can be found, for example, in our recent
publication one-Mg collisionsf2g. The distinctive feature of
the method is the use ofB-splines as a universal basis to
represent the scattering orbitals in the inner region ofr øa.
Hence, theR-matrix expansion in this region takes the form

Ck
Gsx1, . . . ,xN+1d

= Ao
i j

F̄i
Gsx1, . . . ,xN; r̂ N+1sN+1drN+1

−1 BjsrN+1daijk
G , s2d

where theF̄i are the channel functions while the splines
Bjsrd represent the continuum orbitals. The principal advan-
tage ofB-splines is that they form an effectively complete
basis, and hence no Buttle correction to theR-matrix is
needed in this case. The amplitudes of the wavefunctions at
the boundary, which are required for the evaluation of the
R-matrix, correspond to the coefficient of the last spline,
which is the only spline with nonzero value at the boundary.

The other important feature of the present code concerns
the orthogonality requirements for the one-electron radial
functions. As outlined above, we do not require any orthogo-
nal conditions for the one-electron radial functions used to

represent the target states, and the continuum orbitals do not
have to be orthogonal to the bound orbitals either. The use of
non-orthogonal orbitals allows us to avoid the introduction
of additional sN+1d-electron terms in theR-matrix expan-
sion. For practical reasons, however, we imposed limited or-
thogonality conditions on the scattering orbitals by forcing
them to be orthogonal to the bound orbitals representing
closed subshells. This is advantageous from a numerical
point of view but otherwise has very little effect on the re-
sults.

The number ofB-splines and theR-matrix radius in the
scattering calculations were chosen the same as in the calcu-
lation of target bound states. We numerically calculated
partial-wave contributions up toL=12. The cross-section
calculations were then carried out in the same way as in the
standardR-matrix calculations.

III. RESULTS AND DISCUSSION

A. Cross sections fore-Zn scattering

Figure 1 displays the electron transmission signalsETSd
for electron collisions with Zn atoms in their ground state
s4s2d1S. After convolution of the raw theoretical results with
the experimental energy resolution of 50 meV, there is ex-
cellent agreement between the experimental data of Burrow
et al. f7g and the BSRM predictions for the energy derivative
of the total cross section, which is proportional to the ETS.
Several rapid variations of the signal are observed, particu-
larly near the excitation thresholds. These will be further
discussed below. Also shown are the predictions from the
core-potential approach. While this method achieves qualita-
tive agreement with experiment as well, the details are not
predicted as well as they are in the BSRM calculation.

Figure 2 exhibits our predictions for the angle-integrated
elastic cross section. Overall, there is very satisfactory agree-
ment between the results from the corepotential and the
BSRM approaches. One discrepancy occurs in the position
and, consequently, the height of the first cross-section maxi-
mum below 1 eV. This sensitivity of the theoretical models
is of the same nature as we observed in our recent work on
e-Mg collisionsf2g. However, our resonance position agrees
much better with the experimental findingsf7,20g than the
polarized-orbital results presented and used by Whiteet al.
f5g. The other discrepancy concerns the energy region very
close to the threshold of thes4s4pd3Po state. Again, it is very
difficult to theoretically predict the fine details of this reso-
nance feature, since one can expect a high sensitivity of the
results to the details of the model, particularly the relative
position of thesN+1d-electron resonance and theN-electron
target state.

Figures 3–6 present our low-energy results for electron-
impact excitation of thes4s4pd3,1Po and s4s5sd3,1S states.
Once again, there is overall good agreement between the
predictions from the two methods, with a notable exception
in the vicinity of the s4s4pd3Po threshold. Likely most im-
portant for modeling applications, however, is the large cross
section predicted for excitation of the latter state for incident
energies between 4 eV and 8 eV, which dominates the exci-
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tation of the other three states shown, including the optically
allowed s4s2d1S→ s4s4pd1Po transition.

Finally, Fig. 7 provides an overview of the largest cross
sections for incident energies up to 50 eV. Due to the lack of
coupling to the target continuum in the present BSRM cal-
culation, we do not expect the predictions of the small cross
sections, especially those for optically forbidden transitions,
to be highly accurate for incident energies above approxi-
mately 10 eV. However, it is qualitatively clear that these
cross sections are small, and hence the accuracy require-
ments are expected to be low for practical applications. An
interesting observation from this figure is the relatively large
cross section for excitation of thes3d94s24pd1Po state, i.e.,
the promotion of an inner 3d-electron. Note that cross sec-
tions for these inner-shell processes cannot be predicted by
core-potential approaches with only two active target elec-
trons accounted for.

B. Resonance analysis

Table III summarizes the resonance features identified in
the BSRM calculations. These results were obtained by per-
forming a time-delay analysis of theS-matrix elements, simi-
lar to what we did in our recent work one-Ar collisionsf13g.
Note that theR-matrix method, as used in the present calcu-
lations for generating cross sections, does not provide a
unique recipe for classification of the resonances. In order to
get some indirect clues regarding the classification, we ana-
lyzed the channel expansion of theR-matrix poles in the
vicinity of each structure. If appropriate, the largest contri-
bution from the closed channels was then taken as the prin-
cipal component of the resonance under consideration.

As can be seen from Table III, there is excellent agree-
ment between the resonance positions predicted in the
BSRM approach and the limited amount of experimental

FIG. 1. Electron transmission signal for elec-
tron collisions with Zn atoms in their ground state
s4s2d1S. The top panel presents the experimental
signal obtained in the work described inf7g,
while the middle and bottom panels show the de-
rivative swith respect to the energyd of the total
cross sectionsunits of a0

2/eVd as obtained in the
BSRM and the 25-state standard core-potential
R-matrix sRM25d approaches. The theoretical re-
sults were convoluted with a Gaussian represent-
ing the experimental energy resolution of
50 meV sFWHMd. The vertical lines in the
BSRM panel represent the thresholds of the first
eleven excited states.
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data available. One interesting feature is the region around
the s4s4pd1Po threshold just below 5.8 eV. Our time-delay
analysis suggests that the structure in the cross section isnot
due to thes4s4p2d2S resonancef8g, but instead is a cusp
effect associated with the opening of new channels. We also
classify the features seen experimentally at 7.55 eV as the
s4s5p2d2D resonance and at 7.65 eV ass4s4d5pd2Fo. These
classifications differ from those given by Sullivanf8g, but the
latter authors explicitly labeled their assignments “tentative.”
due to the very limited experimental evidence. In principle,
angle-resolved measurements could be used to either confirm
or dispute our revised classification. Finally, we identify ad-
ditional features that have not yet been classified experimen-
tally, and we also provide the corresponding widths.

IV. SUMMARY AND CONCLUSIONS

Results for elastic scattering from and electron-impact ex-
citation of Zn in its ground states4s2d1Swere obtained using

FIG. 5. Same as Fig. 2 for electron-impact excitation of the
s4s2d1S→ s4s5sd3S transition.

FIG. 6. Same as Fig. 2 for electron-impact excitation of the
s4s2d1S→ s4s5sd1S transition.

FIG. 2. Angle-integrated cross sectionsunits of a0
2d for elastic

electron scattering from zinc atoms in their ground states4s2d1S.
The dashed line represents the core-potential results, while the thick
solid line exhibits the predictions from the BSRM approach. The
remaining thin solid lines show the most important partial-wave
contributions, as obtained in the BSRM approach.

FIG. 3. Same as Fig. 2 for electron-impact excitation of the
s4s2d1S→ s4s4pd3Po transition.

FIG. 4. Same as Fig. 2 for electron-impact excitation of the
s4s2d1S→ s4s4pd1Po transition.
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two independent theoretical approaches. The results were
compared with each other and with the very limited experi-
mental data available. Overall, both models yield satisfactory
results, but the highly flexibleB-spline R-matrix approach
appears superior in the description of very fine details. At the
present time, however, this method is most reliable only in
the near-threshold regime. This limitation is particularly im-
portant for the description of optically forbidden transitions,
where coupling to the target continuum is known to be im-
portant. This coupling can be accounted for in theR-matrix
with pseudostatessRMPSd f21,22g and convergent close-
coupling sCCCd approachesf23,24g. It can also be done in
the BSRM method, but further development work is required
in order to span the continuum with a relatively small num-
ber of pseudo-states. This development will keep the subse-
quent collision calculation tractable, requiring only modest
computational resources such as desktop workstations.

However, since the cross sections for optically forbidden
transitions fall off rapidly with increasing energy, a loss of

accuracy in the computational method is not expected to be a
major problem for modeling applications. Consequently, we
expect the current results to fulfill the most urgent demands
regarding data fore-Zn collisions. Electronic data files are
available from the authors upon request.
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