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Two-mode entanglement in two-component Bose-Einstein condensates
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We study the generation of two-mode entanglement in a two-component Bose-Einstein condensate trapped
in a double-well potential. The dynamics of the system is shown to be equivalent to that of two coupled
harmonic oscillators in the low excitation regime. Strong entanglement between the two components can be
achieved if the interspecies interaction is sufficiently strong. In particular, the condensate constitutes a sym-
metric Gaussian system and hence its entanglement of formation can be measured directly by fluctuations in
the quadratures of the two constituent components.
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[. INTRODUCTION condensates because of the interspecies interaction. For ex-
. o . . ample, in a recent papg¢l9] we studied the tunneling dy-
Soon after the experimental realization of Bose'EmSte'rhaneics of a two-co%p%?ler]]t condensate whose twogco?’/npo-

condensate$BEC's), rich physical phenomena have been L : ;
‘ . nents are initially separated by the potential barrier between
observed and predicted as wil-3. In particular, there has a double well. We found that in the strong scattering regime

been a surge of interest in the quantum tunneling dynam'cﬁtoms in the two components can tunnel through the barrier

gf BEfC’s trazped Jm murl1t|ple wft;:llst, and rr;]uch aétte”“%” has; 3 correlated manngi9]. As both the scattering strength
een focused on Josephson effect in such sys[émg. On nd the tunneling strength between the wells can be tuned

the other hand, it was shown that multiparticle entanglemeq dependently with various experimental techniq(5,20,

can be generated in BEC's via the coher(?nt Interactions bqt' is expected that such phenomena will become observable
tween the atom$5,6], and thereafter BEC's have played a in the near future

prominent role in the field of quantum information. For ex- In this paper, we consider a two-component condensate
ample, both multiparticle entanglemehe., spin squeezing trapped in a double-well potential. Both components of the

and two-mode entanglement can be generated in a spin- L :
i . . ndensate are initially prepared in the ground state of the
condensate with three hyperfine sublev&lg). In this case, double well and henceya[r)e speparable at ﬂ%é. The objec-

two-mode entanglement, describing the inseparability be: ; :
' . . . S ive of the presen ri n ntify th nera-
tween the two modegrespectively with spin projectiom tive of the present paper is to study and quantify the genera

) ! tion of two-mode entanglement in such a condensate. Two-
=+1), can be used as quantum information protocols to fa

cilitate quantum teleportation of continuous varialji@d.0j mode _entanglement is commonly attributed to the
: o . ) ) inseparability of the density matrix describing two systems,
On the other hand, in addition to BEC’s with spin 0 and 1, P y y 9 Y

) i ) which can be found in various experimental situations and is
BEC's with two internal degrees of fregdom’ €.9., thevery useful in the applications of quantum measurement and
|F=_1,m=—1) and _|F=2,m=2) sublevels of*Rb, are also quantum informatiorf21-23. In fact, entanglement between
achievable ‘experimentally and are o_ften_ termed as tWog, 4 ensembles of atoms with spin has recently been achieved
pomponent condensatsl, 12, Wh'Ch. give rise to interest- experimentally via interaction with polarized ligf23], and
INg features S.UCh as phase_separa[[tﬁ] and the cancella- the concept of two-mode entanglement has been generalized
tion of mean-field energy shiftLl4]. Such condensates can be to describe such spin systeff. Since each component of a
viewed as collections of interacting sp%nparticles and can '

i o two-component condensate in a double well can be described
consequently dlsplay multlp_artlcle gntanglement through th%\s a collection of spir%— particles, with the two spatially
emergence of spin Sﬁ“eez"ﬂ@g- Likewise, two different localized modes in the two wells playing respectively the
kinds of atoms(e.g.,’ K and R.b) can also fO”T‘ stable roles of spin-up and spin-down states, the condensate is in
two-component BEC'§16]. More interestingly, the INterspe- ¢ equivalent to two interacting gigantic spins that can be
cies interaction of these two-component BEC's can be varie

by th licati f i t thus hasteni escribed in terms of continuous variab[&@$. While it has
y the application o magnetic con r(nl?], us Nastening  peen shown that the intraspecies interaction is able to create
various experimental and theoretical investigations in thlsS

field pin squeezing for a single-component condensate trapped a
1€ R. tiv. there h b | di . h OIdouble-well potentiaf15], in this paper we will demonstrate

ecently, there have been several diSCUSSIOnS on e Ay e interspecies interaction is responsible for the genera-
namics of a two-component condensate trapped in a doubl

fion of two-mode entangl t. It is the intriguing interpl
well potential[18,19. The behaviors of such systems, which on ot two-mode entang'emen 1S the INfrguing nterpiay

- . . of the interspecies and the intraspecies interactions that
can be realized experimentally with the current technology,

. . arks our investigation in such systems. By applying the
are arguably much richer than those of S'ngle'componerﬂ:}lstein-Primakoffgtransformatior(HyP'D [24], ywh?cphyreq

duces this two-spin system to two coupled oscillators, we
show that our system is exactly solvable as long as the num-
*Email address: ptleung@phy.cuhk.edu.hk ber of excitations due to atom-atom interactions remains low.
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More remarkably, the condensate in fact forms a symmetri¢conian in terms of angular momentum operators by following
Gaussian system. Therefore we can directly evaluate the ettihirough the standard Schwinger oscillator model to construct
tanglement of formatiofi.e., the von Neumann entropy for a a set of spin operators for each compon@$:

pure statgof the system from the fluctuations in the quadra- 1

tures of the two constituent componeifits21,22,2%. In ac- jaX: ‘(&[&L - a;;&R),

cordance with the schemes proposed recently by @uaah. 2

[21,22 and Giedkeet al. [25], we define a two-mode en-

tanglement parameter that measures the fluctuations in the 3 _E(ATA “atay) 2.2)
quadratures and in turn analyze the degree of entanglement Y o ALART ARAL) )
between the two components of the condensate in the present

paper. Our discovery is that strong interspecies interaction 3

can lead to significant two-mode squeezing in the condensate
and hence strong entanglement between the two components.

The structure of our paper is as follows. In Sec. Il, wewherea=a,b. Here, = (Ju, Juy: Jaz) Obey the usual angular

introduie_ the(;—|ami|tonia;n_ of our SyStemdandtCI?hSSify it i”tt(?momentum commutation relations. In the following we will
symmetric and asymmetric cases according to the propertie . TR 2 .
o)f/the constituent%ondensates. In Sec. Ill,gwe consider; Specfenote the elgenstate§2c'Jf(=JaX+'Ja¥+JaZ 'and Joz with
cifically a system with a large number of atoms. An effectivelia:M2) ~ such  that JiJj,.my)=j.(jo+Dlj..my),  and
Hamiltonian, which is exactly solvable, is then derived fromJ,_]j,,m,)=m,|j,.m,), where j,=N,/2. After discarding
the HPT. In Sec. IV, we introduce the two-mode entanglesome constant terms, we rewrite the Hamiltoni@nl) in
ment parametef7,21,22,2%to describe and quantify the en- teyms ofJ, andJ,;

tanglement in our system. In Sec. V, we study in detail the ~ R R R o
two-mode entanglement parameter for several typical cases. H=Q.J.,+Qpdp, + KaJ§x+ KbJ§x+ 2kddoy. (2.3
Finally, we discuss the physical meaning of the two-mode . . : -
entanglement parameter in Sec. VI and consider generalizi2€SPite the signs of the tunneling coefficiefigand(2, are

tion our approach to mixed states.

S PP
az™= E(a’La’R"' aRa’L),

unimportant, we assume, for concreteneQg>0 and ()
>0 in the following discussion.

In the absence of atom-atom interactions, the ground state
of the system is obviously given by the product state

We first consider the tunneling dynamics of a two-lia:=jalin.=jp) and the two components are not entangled.
component BEC trapped in a symmetric double-well potenin the following discussion we consider how the atom-atom
tial. The total number of atoms in componeAtandB of the interactions affect the evolution of the initial state,
condensate arbl, and Np, respectively. We will further_a_s— [W(t=0))=ia=iolio—iv), (2.4)
sume that the interaction between the atoms is sufficiently
weak and adopt the two-mode approximation to describe thand show that the two components will get entangled
tunneling process. Under such approximation, the conderthrough the inter- and intraspecies interactions.
sate dwelling in each potential minimum is adequately de- To facilitate later discussion on the phenomenon of en-
scribed by a single localized mode functig?6—29g. Consid-  tanglement, we further classify two-component condensates
ering the effect of quantum tunneling and the conservation oficcording to the symmetry properties of the two components

the particle number of each component, we obtain the&onstituting the condensate. Insgmmetrictwo-component
Hamiltonian of the system: BEC, the parameters of componehiand componenB are

equal to one another, namely, =€), and x,= «;,. These con-
ditions hold approximately for condensates consisting of the
hyperfine statefF=1,m=-1) and|F=2,m=1) of 8’Rb[12].
o « . The two components of suc_:h condensates have essentially
+a}{aRb*RbR)+E""[(é{éL)2+(a§aR)2]+Eb[(b[bL)Z same masses and magnetic moments and héhee(,
Their intraspecies scattering lengths are quite close and, in
addition, k,~xp=~k [11]. In a quasi-identical two-
component BEC whereQ),=Q,=Q and x,=«,=«, the
Hamiltonian(2.3) reduces to

II. TUNNELING TWO-COMPONENT BEC

Qo atn o atay Qorpn | opr Ata Dt
H=—%(&laq+ala) + - (blbe+ biby) + x(a/a blb,

+ (bibR)?. (2.1)

Herea/ (&) andb] (b)) are, respectively, the creatiganni-
h|Iat|c_>rl) operators of componen&;and_B residing in thejth H,=0J,+ KJE, (2.5
well, j=L,R. Since there are two spatial modgise L andR o
modeg available for each component, the HamiltonianwhereJ=J,+J, is the total angular momentum of the sys-
above in fact consists of four Bosonic operators. Besides, th@am. Despite that the Hamiltonian of such a two-component
parameter$),({ly), ka(xp), andx are the tunneling, intraspe- condensate is identical to that of a single-component one
cies interaction strength of componei(B), and the inter- [15], the distinguishability of the two species entails the
species interaction strength, respectively. study of two-mode entanglement.

For the convenience of the subsequent discussion of two- Meanwhile, for asymmetrictwo-component BEC'’s rel-
mode entanglement, it is instructive to represent this Hamilevant physical parameters of the two components are gener-
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ally different. For example, it has recently been observed in At P N
the experiment that the condensates of potassium and ru- Her=Qaa'a+ Qpb'b+ E[Kaja(a +a)°+ Kkpjp(b' +b)
bidium (Rb—K), which have different scattering lengths

and masses, can form stable two-component condensates +2K\‘"’E(éT+é)(E)T+E))]_ (3.7
[16]. Therefore it is deemed appropriate to develop a generic

analytical scheme to study such condensates. In the follow-

ing discussion, we will make use of the HRZ4] to carry
out a thorough analytical investigation on the entangleme
between the two constituent components.

n]’his Hamiltonian is analogous to that of two coupled oscil-
lators and completely captures the essence of the dynamics
of the two interacting BEC’s. Correspondingly, the initial
state(2.4) is given by the vacuum stat@,,0,) of the two

[ll. BOSONIC OPERATOR APPROXIMATION decoupled oscillators described by the first two termid i,
gvhere|na,nb> represents the Fock state of the oscillators.

To study the two-mode entanglement in the condensate, it
advantageous to make use of the position and the momen-
tum operators:

In this section, we consider the evolution of a condensat
with large numbers of atoms and sufficiently weak scatterinqS
strengths, nameli,;)>1 and Q) > k,, kp, k. As the ini-
tial state, given by Eq(2.4), is the ground state of a nonin-
teracting condensate and the scattering strengths are weak,
only the low-lying states will be excited in the evolution and
the coherence of tunneling process can be maintained. The A
current situation is in contradistinction to our previous study Qa=
[19] that discovered correlated tunneling of the two compo-
nents in the strong scattering regime. However, we will show
that the interspecies interaction does lead to nontrivial en-
tanglement of the two components. 1 . . 1 . .

To proceed, we apply the HPT to map angular momentum dp=—"=(b"+b), pp=i-—=(b"-D), (3.9
operators into Bosonic operatd4,3Q and show that under V2 V2
the HPT our system is in fact equivalent to two coupled
harmonic oscillators. In HPT, the angular momentum opera-

. R
,—E(a”a), pa=|,—5(aT—a), (3.8
v AY

tors and to rewrite the effective Hamiltonian as
Jor = dxtiday, a=ab, (3.1

andJ,, are expressed in terms of Bosonic operatars: Qo re Qpor o o

) _ Her= 265+ P2) + = (65 + BO) + walal + roinp

J=a2j, - a'a, (3.2 .

+ 2K\ ] aj p0alo- (3.10
Jo-= (V2] - &' D), (3.9
jaz: (ata-j,). (3.4) It is then straightforward to solve the resulting equations of

motion of g,(t), Pa(t), g,(t), andpy(t). For convenience, we
Here &' and & are standard Bosonic operators satisfyingexpress the solutions in matrix form, which reads
[a,a']=1. Hence the Hamiltoniaf2.3) can be written as

- sta iy Kadaf oy [ @@ A A
= {Qa(“ i e 1- 5 X(0 = (@), Ba), 80, (1) = UDX(1=0).
+\[1-—a| |+rjapl@T\/1-—
2, 2ja
1A N hir Here U(t) is a real 4x4 matrix representing the evolution
a'a, \| - b'b b'b-~ .
+1/1-—allbf\/1-—+\/1-—b]. operator and can be written as
2ja 2jp 2jp
(3.5
SinceQup) > K, ka, Ky, it is arguable that U= (C El)
E, D/’
(a'a) ?
— <1, (3.6)
24
leading to an approximate effective Hamiltonian, with the 2X 2 matricesC, D, andE being explicitly given by
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C= 1 (,LLZ COSwlt - M1 COSth Qa(,le sin a)lt/wl - M1 sin wzt/wz) >
B (/.Lz - ,lLl) - ((1)1,&2 sin (1)1t — WoMq sin wzt)/Qa Mo COSwlt - M1 COSwzt ,
D= 1 (_ M1 COSwlt + M2 COSwzt - Qb(,ul sin wlt/wl - M2 sin (l)zt/(l)z) )
- (ILLZ - ILL]_) (/.Ll(,()l sin O)lt - MoWw>o sin wzt)/Qb - M1 COS(I)]_t + M2 COSwzt ’
E - 1 (— (CosSw;t — COSw,t) - Qu(sin wyt/w; — sinw,t/w,) )
= (/.LZ - ,LL]_) ((1)1 sin (l)lt ) sin wzt)/Qa - Qb(COSwlt - COSa)Zt)/Qa '
and
E - 1 (— Qp(coswit — coswot)/Qy = Qp(Sin wt/ oy — Sin w,t/ w,) )
27 (o= 1) \ (@1 Sin st — 0, SN wot)/Q, - (COSwyt — COSwot) '
[
where IV. THEORY OF TWO-MODE ENTANGLEMENT
02~ 02— 2,j .0 Entanglement between two systems that are described in
Mi(2) = — : (3.12  terms of continuous variables is usually indicated by an in-
26QaV]alb

equality in its Einstein-Podolsky-RosgiPR uncertainty
and the normal-mode frequencies of the coupled oscillatioh7,21,23:
are

0402 - 02 KM@+ B + (A= P <1, (@0
w1(p) = ( s +KajaQa+ijbe)i{< 32

where [Q, Pn]=idnn for m,n=a,b. G,p,) and Py, are, re-
. . 2 0 2| vz spectively, the position and momentum operat@s any
* Kalalda = Kojply | + 4xTa)p{daldy : pairs of quadraturgof systema(b), and the above inequal-
(3.13 i'gy simply implies tha_t the positiongmomenta of the par-
ticles are strongly anticorrelatédorrelated. In general, con-
This approximate solution, which is based on HPT, isdition (4.1) is only a sufficient condition for entanglement
valid as long as the conditio(8.6) holds. However, if the and does not imply separability of the two systems even if it
normal frequency is complex, the system will become unis violated[7,21]. However, it has recently been shown that a
stable. We can therefore determine the stability conditiomecessary and sufficient condition for entanglement, which is
from Eq.(3.13: analogous to Eq(4.1), can be established if the combined
system is a Gaussian one in the sense that if its Wigner
|| < %\/<Q_a + 2@)(& + 2Kb) =K. (3.1 characteristic function, defined by
J Ib

a

w - a_y*at AN
The HPT fails to yield a self-consistent solution for systems X" (haNo) = trlp expihad = NA" + Ab ~ N, (4.2
violating the inequality. It is interesting to note that in the is a Gaussian function of, and )\, [21,25. Without loss of
limit where j,, jpb— o, the condition for stability reduces to generality, one can assume that the expectation values of alll
— quadratures vanish and hence the Wigner characteristic func-
|1l < Vicarn = e, (319 tion of a Gaussian system is expressible as
which is a well-known result for BEC'’s in extended space, 1
and violation of Eq(3.15 will lead to the phase separation X(W)()\aa)\b) = exp[— —ATMA] 4.3
of two-component BEC'Y13,3]. It is also worthwhile to 2
note that the stability criterion3.14) depends on the num- \\LraM is a 4x 4 real symmetric matrix and the matrixis

bers of atoms in the double well and similar dependence ha&efined byA=(\" AR\ AR)T. As the characteristic func-
previously been found for two-component BEC's in a singley; .o 210 pe Sx;ritién :asb '

well [31]. We will, however, assume the stability criterion

(3.14 is satisfied throughout the present study and obtain YW (NaNp) = trp expliv2ATX)], (4.4)
analytically the two-mode entanglement parameter for the _ . .
condensate, which will be defined in the following section.it is obvious that the matrix elements lgf are the correlation
We will see that in addition to yielding the analytic solution functions of the quadrature VafiabWS.(Qa,pa,Qb,pb)T- In
to the tunneling dynamics, the HPT performed here also fafact, M;; =((X;X;+X;X;)) and thereforeM is termed the cova-
cilitates our study on two-mode entanglement. riance matrix.
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As the amount of entanglement between the two systemsection, we shall make use of the two-mode entanglement
is unaffected by local unitary operations, say local rotationgparameteré, to study how the two components of a BEC
in the g-p plane and local squeezing operations, the matrixondensate trapped in double well are entangled.

M can be transformed into a standard folfy by several

local operationg21]: V. TWO-MODE ENTANGLEMENT IN BEC'S

n 0 ¢ O To study two-mode entanglement in BEC's, we first show
M. = 0 n 0 o that a two-component BEC indeed forms a Gaussian system.
10 mo | Since
0 ¢ 0 m X" e t) = trfp explin 2ATX (D]}
whereny,n,,m;,m, are positive numbers, and = tr{p exdi \;’E(U(t)TA)TX(t: oL, (5.1

nl_l n2_l

_ 4.5 X" (\a,\p,t) can be obtained fronqy™ (A4, \p,t=0) and we
ml - l m2 - l, '

therefore consider the characteristic functiori=a). For the
initial state |0,,0,), it is readily shown thaty™(\y,\p,t
lcal = |col = V(ng = 1)(my = 1) = V(ny = 1)(m, = 1). =0) is a Gaussian function arid(t=0) is an identity matrix.
4.6 X" (\a,\p,t) at other times can simply be obtained by the
' replacement A—U(t)A. Consequently, we show that
It has recently been shown by Duan al. that a Gaussian y™(\,,\;,,t) is a Gaussian function of and

system is entangled if and only if the following inequality is 1
satlsfled[21,25: X(W)()\ai)\bit) - exp{— 5[UT(t)A]TM (O)UT(t)A} ’
ag(ny + 1) = 2(|c| +[co) + (my + my)/ag < 2af + 2/aj,
4.7) (5.2
' which directly yields the covariance matiM(t):
where
M(t) = U(t)M(0)UT(t) = U(H)UT(t). (5.3
o fm-1_ mp-1
- n -1 - np—1° (4.8 Hence the condensate constitutes a Gaussian system to

which the two-mode entanglement parameter applies.
We therefore accordingly construct a two-mode entangle- After applying several local unitary transformations to

ment paramete¢; [21,25: M(t), we obtain the matriM(t) of our system, which reads
g = oty — (e +leg) +(my +mpfeg no co
‘ 2a2 + 2/a? T MO = 0On 0 -c

Physically speaking&, >0 is merely a suitably weighted ° c0 noO

EPR-type uncertainty in the squeezed quadratures of the sys- 0 -c 0 n

tem. The sufficient and necessary condition for entanglement

mentioned above can then be expressed in terms of an inforeover, the matrix elements of the mathk are express-
equality involving this parameter: ible in terms of the variances of the physical quantities as

follows:

&£<1. (4.10 ) . o
t N = 2{(820)PAD) ~ [ReEa(t) Pa(t) J32

If, in addition, the system is a symmetric one such that

n,=n,=m; =m,, Giedkeet al. [25] have recently shown that = 2{(@R0XP5(D) ~ [Re@®PLD) Y2, (5.4)
the parameteg; can also yield the entanglement of formation
(EOF) of the systemFE, [32]: ¢ = 2[Re((Ga(t) Pu(t) (Gu(t) Pa(t))

Er(&) = c.(&)In[c.(§)] - c-(&In[c(§)]if 0 < & <1, = (Ga() &)X Pa(H) PN TV, (5.5

_ . and the variances are given in the Appendix for reference. It
=0 otherwise, (4.1 is then obvious that our system is a symmetric one with

where the functions c,(z) are defined by c.(z2 =n,=m=m,=nand hence,=1. Therefore one can use the

=[(27Y2+(2)Y2)?/4. 1t is noteworthy that EOF is a proper corresponding two-mode entanglement parameter, which is

measure of the degree of entanglement between two systeryen by

and is equal to the von Neumann entropy if the compound £=n-c (5.6)

g . = , .

system remains in a pure state. However, unlike the von

Neumann entropy, EOF still works for mixed states. In fact,to evaluate the EOF of the systd2b].

Josseet al. have recently measured the EOF of a pair of non Now we are ready to investigate the entanglement in our

separable light beams with this schef8]. In the following  system with the help of, and Ec(£). We first consider a
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0 0.05 0.1 0 0.05 0.1

Kpt Kpt
FIG. 1. The time evolution ot (solid line, left scalg and the FIG. 2. The time evolution of; (solid line, left scalg and the

EOF Ef (dashed line, right scalare shown for the symmetric case EOF Er (dashed line, right scaleare shown for the asymmetric
with Na=N,=400; Q,=Q,=50k«p,; and (a) «/k,=0.50; (b) «/«p case WithNa=N,=400; k,=0.75; Q,=34.5y, Q,=50«;,; and(a)
=1.00;(c) «/ kp=1.12. To gauge the accuracy of the HPT, the exactx/ x,=0.50; (b) x/«,=0.875;(c) «/x,=0.965. To gauge the accu-
numerical solution o is shown by the empty circles. racy of the HPT, the exact numerical solutionéfs shown by the
empty circles.

symmetric two-component condenséeg., a Rb—Rb con-
densatg wherex,=k, andQ,=(,,. The time evolution of;,  such condensates changes with the interspecies interaction
for such a condensate is shown in Fig. 1, whékge=N,  strengthx. In the following, we assume that the tunneling
=400, Q,=0Q,=50«,, andx=0.50«, [Fig. 1(a)]; k=« [Fig.  strengths and the intraspecies interaction strengths of the two
1(b)]; k=1.12«, [Fig. 1(c)]. The solid line and empty circles species are in the ratios of 1:1.45 and 1:1.33, respectively,
are, respectively, results obtained from the HPT and numeriwhich are reasonable estimates of experimental data for a
cal diagonalization of the original Hamiltonian, showing that Rb—K condensatg26].
the HPT indeed yields a good approximation in this regime. The two-mode entanglement parameters for three asym-
We also show the time evolution of the EOF, which equalsmetric cases withx/«,=0.5,0.875,0.965 are, respectively,
the von Neumann entropy in this case, by the dashed line ishown in Figs. 2a)—2(c). Considering the interspecies inter-
Fig. 1. It is obvious that our system is able to generate actionk as an adjustable parameter, we find that a smégller
substantial amount of two-mode entanglement for most ofi.e., higher entanglementan be obtained as the system
the time. Besides, one can see that there is a strong anticdrecomes closer to the point of stability limit given by Eq.
relation between these two curves, which can be understod®.14. As shown in Fig. &), if « is increased and ap-
asEp(&) is a monotonically decreasing function §ffor 0  proaches the stability limit given by E¢3.14) from below,
<&<1. the two-mode entanglement parametitie EOF can attain

It is remarkable that the degree of entanglement dependsuch smallergreatey values. Thus the significance of the
crucially on the interspecies interaction. Of course, it is ob-strength of interspecies interaction in two-mode entangle-
vious that the EOF or the entropy is zero when the interspement generation is clearly demonstrated.
cies interactionc vanishes. As shown in Figs(a-1(c), the From the results illustrated in Figs. 1 and 2 it is manifest
entanglement parametej decreases while the EOF in- that a substantial increase of entanglement can be achieved
creases with increasing Therefore one can achieve optimal in the vicinity of the stability limit(3.14). In fact, this inter-
squeezing by properly controlling the interaction parametersesting feature can be understood heuristically as follows. In
Besides, it is worthy of remark that in Fig(c k.> x>, ~ general, positioimomentum squeezed states of a harmonic
Therefore the system is still a stable one and the HPT reoscillator can be produced by strengtheniageakening its
mains valid. Physically speaking, the availability of the two spring constani34]. The two-component condensates can be
spatially separated modes in fact stabilizes the condensatéewed as a coupled oscillators and at the critical point of
despite that > « [31]. stability the eigenfrequenices arg(Q2+Q2+2k.j.Qa

We now switch our attention to asymmetric BEC’s con- +2«,j,{2p)*/? and zero. As one of these frequencies=0, is
sisting of two components with different physical character-markedly different from those in the interaction free case, the
istics. In fact, stable BEC's of rubidium and potassium haveeffect of squeezing in the position space and the momentum
recently been achieved in experiments and it is also possiblepace is much pronounced in the vicinity of the critical point.
to control the strength of interspecies interaction between the To further elaborate this issue, we show the minimal value
two components with a magnetic fie[d7]. It is therefore of & during the evolution of the coupled condensates and the
deemed appropriate to investigate how the entanglement icorresponding EOF as functions of the interspecies interac-
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(a) T 5&)&) of the a-species condensate in the two wells, where
° 1 a=a,b [3]. Therefore the two-mode entanglement parameter
o ] &=n-c, where
05k 9, | 125 _ o2 52 o . 2172
°o o n=2{(N(1))(6p5(1)) — [RE(Ny(t) 5pa(1)) 1}
°©00000 900 | 52 52 AP 2112
ok x XX XX XXX XETO = 2{(oNG(1)(6i(1)) — [Re(AN(L) dhp(1)) ]}, (6.1)
E.»t (1) (’;:g;) } 2, X (5) Er R R
o x ¢ = 2{Re(AN,(t) by, (1) ) SNy (t) Spa(1))
.l T o, Tl = (SN0 SN 6Ba(D) SO, (6.2
. o | ) ~
° o oy indeed measure the correlation &, and 6¢,. If the two
cal i components are entangled and theref§re 1, the fluctua-
0 Wk x x x x x XK * °°¢; 0 tions in the population difference and phase difference of the
0 0.5 1 1.5 composite system are squeezed accordingly. Therefore it is

K/Kp likely that the two-mode entanglement parameter between
the condensates could be measured directly with the current
experimental techniqugsee, e.g., Ref.37)).

On the other hand, in real experiments the temperature of
the condensate is not exactly z¢BY]. Therefore it is worth
studying how the effect of finite temperature might affect the
entanglement that could be built up in the system during its
evolution when the initial state is a mixed state. Specifically,
we consider an initial state that can be written as a product of
two thermally equilibrium states maintained at a common

tion strengthx in Fig. 3, which explicitly _confirms thaF the temperaturel, and the density matrix a0 is given by
degree of entanglement increases drastically as the interspe-

FIG. 3. The maximal achievable values&fempty circles, left
scalg and the EOFEE (crosses, right scaleluring time evolution
are shown for different values of the normalized interspecies inter:
action strengthx/ k,. The condensate is an asymmetric one with
Na: Nb:400, Ka= 075<b, and (a) Qa:34.5(b, QbZSOKb, Kc
=0.96%,; (b) Q,=172.5, Q,=250k, k.=1.385%}. The value of
K¢ IS shown by the vertical dashed line in each diagram.

cies interactiork is close to the stability limit given by Eq. p(0) = pa ® pp, (6.3
(3.14. In fact, both quantities change noticeably once _
. L . where fora=a,b,
> k.. It is noteworthy that similar increase in entanglement
has previously been found in quantum phase transition of a po=[1-expg- Q. /ksT)]exp- Q,a'a,/ksT). (6.4)

spin-chain mode[35].
P 135 It is a mixed stated and its two components are obviously

separable at=0. The covariance matrix da=0, M(0), for

V1. DISCUSSION this initial state is

In the present paper the entanglement between the two 2N+l O_ 0 0
components of a BEC condensate trapped in a double well is M(O) = 0 2n,+1 0 0
studied analytically in the low excitation limit with the HPT, 0= 0 0 2n,+1 0 '
dit i firmed b i ith th t _
and its accuracy is confirmed by comparison wi e exac 0 0 0 o+ 1

numerical solution. As demonstrated in previous sections, the
degree of entanglement, gauged by the two-mode entanglgshere, as usual, the mean excitation number is
ment parameter, depends strongly on the interspecies intefexpQ),,/ksT)—1]72. If the initial temperature and the tun-
action that can be varied with the current technolfibjg,2Q. neling frequency are of order 1K and 1 kHz, respec-
We expect that our work can be applied to study entangletively, which are typical values in current experiment situa-
ment in two-component condensates such asHb and  tjons [20,37, the mean excitation number may reach order
Rb—K mixtures. Specifically, our result shows that the two unity and can give rise to non_neg"gib'e effect on the en-
components of the condensate can remain in the tunnelinginglement parameter.
phase and yet get strongly entangled as longas«> . It is well known that the Wigner characteristic function of
On the other hand, it is worthy of remark that the two-modea harmonic oscillator in a thermal mixed state is still a
approximation adopted here fails to describe the long-terngayssian functiof3s]. So, it is readily shown that the sys-
dephasing of Josephson oscillations between two Bosgem considered in our paper remains in a Gaussian state and
Einstein condensate$6], which is an important issue for one can use the two-mode entanglement parameter to study
asymmetric condensates. However, the results obtained hefige entanglement between the condensates. Following the ar-
still hold before such effect begins to prevail. gument outlined previously, one can show that the covari-
T? gain more physical insight from our result, we note gnce matrixM(t) att>0 is given byU(t)M(0)UT(t), from
thatJ,, andJ,,, respectively, represent the population differ- which the two-mode entanglement paramefecan be ob-
ence(measured by the operaton,= apar—a @ ) and the tained accordingly. In particular, for a symmetric two-
phase differencémeasured by the relative phase operatorcomponent BEC witl),=(),,, the covariance matri¥(t) is
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2 T 2 APPENDIX: EXPLICIT FORM OF THE VARIANCES

@

The explicit expressions of the variances are given here
for reference:

<Q§> = > {F; cos it + G, cow; + (- 1) Lw, ]t + Hy},

i=1,2
(A1)
a2 1 2 i+1
() = . > {ufQF; cos vt - QG; codwy + (- D) w,t
ai=1,2
+ wiQH}, (A2)
o _~1 2 i+1
h=—= > {wFi cos it + (- 1)*lw, ,G;
FIG. 4. The time evolution o, (solid line, left scalg and the O%icio
EOF Eg (dashed line, right scaldor a symmetric thermal BEC i1 2
with N,=N,=400: 0,= 0 =50k, n,=ng=0.5; and(a) «/ x,=0.50; Xcodwy + (= D) wplt + wiHi}, (A3)
(b) k! k,=1.00;(Cc) k/Kkp=1.12.
just Ut)UuT(t) mu_ltiplieq by h,+1 (or equivalently 2,+1) () = - 12 S [12wROF, €S Aot + (- Diayw,UWG,
and the system is again symmetric. The two-mode entangle- O Oiz12
ment parameteg; can then be used to determine whether the .
el xcofor+ (- Di'lalt+ w2 MY, (Ad)

system is entangled or not and to evaluate the entanglement
of formationEg(¢;) as well. In Fig. 4 we show the two-mode
entanglement parametéy and the entanglement of forma-
tion Eg as functions of time for a symmetric two-component
BEC with the mean excitation numbaf,=0.5. It is clearly
manifested that a substantial amount of entanglement can ,
still be achievable whem is sufficiently strong. Therefore Xcodw; + (- 1) wolt + 2uH},  (A5)
the existence of finite thermal effects does not readily pre-
clude the occurrence of entanglement.

On the other hand, for an asymmetric two-component A —1 2 41
BEC with Q,# Qy, the covariance matri¥(t) is no longer ~ Re&({PaPo) = M_E {2pi@F; €08 2uit + (= 1) w107
symmetric with respect to the two interacting components. hi=L2 .
Therefore, despite that one can still make use of the param- X (g + )G codwy + (- 1)t
eter to determine whether the system is entangled or not, it + 2u0?H ) (AB)
is no longer possible to apply the method developed here to M@ s
obtainEg even if& <1 and other numerical schemes have to
be sough{32].

In summary, although there might be some complications A = _

Re((aPp)) = 2 {2uiwiF; sin 2wt + [ 110,

A 1
Re((0a0)) = > > {2uiF; cos 2ot + (ug + )G
i=1,2

in quantifying the degree of entanglement if the initial state 20457,
of the condensate is a mixed state, the two-mode entangle- " . "
ment parameter studied here can still give a necessary and + (= D" 2w Gy siflwy + (- D) wot},
sufficient condition of the separability of the two conden- (A7)
sates.
P -1 .
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~2 2 2 ~2 2
" 1 QO Q - 1 QO Q

i:%{l+~—2——g—7b2] (A9) Hi:%{lh—ﬁ—;hzbz}, (A11)

A g = o) woooof p Apr = po) Y

1 Q 0.0 02
Gi= —2{_b —14(- )24 (- 1)'+1—b] :
2(p1 = 1) L Qa w10, w10 B

(A10) i = pa(l = 61) + po(l = 62). (A12)
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