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Ab initio study of high-order harmonic generation of H,” in intense laser fields: Time-dependent
non-Hermitian Floquet approach
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We present dime-dependemon-Hermitian Floquet approach for the precision three-dimensional nonper-
turbative calculations of high-order harmonic generatidriG) rates of the hydrogen molecular ions subject
to intense laser fields. The procedure involves an extension afotinglex-scaling generalized pseudospectral
method for nonuniform spatial discretization of the Hamiltonian and non-Hermitian time propagation of the
time-evolution operator. The approach is designed for effective and high-precision nonperturbative treatment of
high-order multiphoton processes in very intense and/or low-frequency laser fields, which are generally more
difficult to treat using the conventiondime-independenhon-Hermitian Floquet matrix techniques. The
method is applied to the multiphoton ionizati¢hPI) and HHG calculations of ki for the wavelength
532 nm at the equilibrium internuclear separati®«2.0 a.u) and several laser intensities, as well as at the
laser intensity 5 103 W/cn? and various internuclear distances in the range between 3.0 and 17.5 a.u. We
found that both the MPI and HHG rates are strongly dependefR &iurther, at some internuclear separations
R, the HHG productions are strongly enhanced and this phenomenon can be attributed to the resonantly
enhanced MPI at thed® Finally, the enhancement of higher harmonics is found to take place mainly at larger
R. Detailed study of the correlation between the behavior of MPI and HHG phenomena is presented.
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I. INTRODUCTION harmonic spectra with the cutoff at approximatelg|

+3.1MUp, where|E,| is the ionization potential of the atom

The exploratlon of atomic and mole_cular muItlphotona dUp is the ponderomotive potential equal Fé/ (4w?), F
processes in intense laser fields is a subject of much curren

! L . : ahd o being the laser field strength and frequency, respec-
'”tetfeslt and slltg;qlflzanr(]:e '3 scrllence a_nd techn?ggae(]s. I_n tively (linear polarization of the field is assumed gener-
particufar, muitipie high-order harmonic ge_nerfa( )'S_ alization of this model to the diatomic molecular case was
one 9f the most rapidly developing topics In Stron(~]"f'e'ddiscussed in Ref[8]. Since molecules are more complex
atomic physps in the last decade. The generation of harmorg stems than atoms, there exist several topologically differ-
ics of orders in excess of 300 from rare-gas atoms has be

v d d b | e Th t classical orbits that contribute to the harmonic spectra in
recently demonstrated by several experimeps]. € the recollision mode[8]. Additional degrees of freedom as

short_est wavelength generateql by the HHG ”.‘eCha“ism t((,)ompared to atoms lead to more flexible control of the HHG
date is about 2.7 nrfé,5], well into the water window re-

) in the | | h dv of molecul Iprocess. For example, for diatomic molecules one can study
g|mhe. n the last sel\\/llgrla yec?rli’l—:Ge study o mr? ecular MUlthe dependence of the HHG spectra on the orientation of the
tiphoton |on|;at|on( ) an . ProOCESSES Nas aso e~ yg1acylar axis and internuclear separation. Recent experi-
ceived considerable attention both experimentally an

i - ents[9,10] show the possibility of prealigning of molecules
theoretically. Due to the extra internuclear degree of free- S[ ) . P yorp gning
d h f molecul fields i idet! the interaction region.
om, the response of molecilles to strong Tieds is consider- However, due to the neglect of detailed atomic and mo-

ably more complicated than that of atoms with comparableiecular structure, the simple recollision modé@-g] and
ionization potential. The exploration of molecular physics inother models[llj based on the Keldysh-Faisal-Reiss ap-
strong fields is only at the beginning stage. roximations, etc., cannot provide quantitative details of the

b T_he fmﬁin aspﬁ_ct_s of at%miC7H|:\G cag_ be ex%l_ained dOT th nderlying quantum dynamics and HHG spectra. To obtain a
asis of the recollision mo £6,7]. ceording fo this model, - ¢ picture, ab initio calculations are required. Howeval
the atom is first ionized by the laser field. The free electron IShitio time-dependent wave-function calculations  of

accelerated by the field and acquires some additional energ _electron atomic and molecular systems is beyond the

Oscillating in thg field, the electron can retur_n to_ the core an cope of the current supercomputer technologyNor2. To
undergo a recollision. As a resu_lt, a recombm_atlon can 0CCub,ercome this major bottleneck, several self-interaction-free
and the extra ele_ctr_on energy 1s conver_ted into a pho'Fon me-dependent density-functional theoreti€ADDFT) ap-
the harmonic radiation. The model predicts a plateau in they. o, ches, taking into account detailed electronic structure
and dynamical electron correlations for atomi,13 and
diatomic moleculaf14,15 systems, have been recently de-
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telnov@pcqntl.phys.spbu.ru molecular ion, the simplest two-center molecular system
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this article. Even for H', accurate three-dimensionéD) [21,23,27 and exhibit several sharp resonances as the inter-
calculations of MPI and HHG rates are by no means straightauclear separation varies. Analogous behavior of ionization
forward, particularly for the cases of long wavelength andrates was observed in the Floguet study of R28] at the
strong laser fields. There are a number of previoys¢4l-  wavelength 248 nm. We show that the resonances in the MPI
culations(see, for example, Ref16-19), but most of them  process strongly affect the HHG production.
adopt 1D or 2D model descriptior]46,17 or zero-range In the present HHG study, we extend the time-dependent
potential[8]. Recently, HHG calculations of f1 at the laser non-Hermitian Floquet approach recently developed for the
wavelength 800 nm were performed using a 3D approach fogydy of the high-order above-threshold multiphoton ioniza-
the time-dependent Schrodinger equat|@0]. The results  tion of atomic system§29] to the diatomic molecular sys-
show interesting interference phenomena in the harmonig, s The approach proved to be very accurate and efficient,
spectra d_ue to ?or;trl_butlon? from each n?(zfl_'eus. particularly for the intense and low-frequency external fields
We':gegésc'gpnézﬁ:gtg)?:woygfﬂ Z%tzeﬁ gy'é‘ maetaigejf %ne where traditional Floquet Hamiltonian methods have led to
very large size matrix problems. In Sec. Il, we start with the

time-independent non-Hermitian Floquet matrix approac lementation of the time-dependent non-Hermitian Flo-
[22]. However, such an approach requires the developmeﬁ'inp pena .
uet method for molecular systems in prolate spheroidal co-

of a sophisticated numerical procedure for the treatment ofiu® .
ultralarge complex eigenvalue problefid]. In this paper, ordlnates._ InISe(.:. I, we dlscus§ our results fpr HH_G spectra
we present an alternativab initio approach, the time- @nd MPI ionization rates of H in the laser field with the
dependent non-Hermitian Floquet method, for the high_wavelength 532 nm. Section IV contains concluding re-
precision nonperturbative treatment of HHG spectra of thenarks.
real 3D H," system. In the present study, we assume the
fixed-nuclei approximatioinuclear motion is not taken into Il. METHOD
account; this is a commonly used approximation in HHG and
MPI calculations where the fast electron motion is more im-
portan} and the alignment of the molecular axis in the ex-
ternal field direction. We study MPI and HHG in laser fields
with the wavelength 532 nm at different laser intensities an
internuclear separatiori?.

We note that although accurate numerical solution of th
3D time-dependent Schradinger equation of thé systems

Our time-dependent non-Hermitian Floquet approach
consists of the following stepsi) generalized complex-
scaling pseudospectral discretization of the wave function
nd the Hamiltonian operator in the prolate spheroidal coor-
dinates; (ii) construction of the complex-scaled time-
eevolution operator for one optical cycle by means of the time
propagation using the split-operator techniqgie) diagonal-
ization of this time-evolution operator which yields the com-

driven by intense laser pulses is now becoming feasde, plex quasienergy eigenvalues and corresponding Floquet
for example, Ref[21]), high-precision HHG results ar n- ", ; L )
or example, Refi21)), high-precisio G results are ge eigenstates at time momert0; (iv) time propagation of the

erally more difficult to achieve as the harmonic generation

rates can vary as much as 10-20 orders of magnitude fror?\?leCted _FloqL_Jet states again us_ing the split-_opera’For t?Ch'
low to high harmonics. The primary motivation of the nique which gives the wave functions on the time grid with

present Floquet study is to provide precision and benchmar, mfg;r}n s(,jpamrrlg(;j vx|tth|)r(1 onte tCi)prt]K\:/a|| cyclé]\;/zhevgilualtmrr:] Orfn nt
HHG results for the monochromatic field case, allowing € ime-dependent expectation values ot ine dipole moment,

comprehensive analysis of tredependent HHG phenom- VRS TR B Bt o e eanties.
ena in terms of the quasienergy spectrum. y q

Since HHG is observed in intense laser fields, it is accom!0 produce the harmonic generation rates.

panied by multiphoton ionizatiotMPI). The HHG and MPI

processes take place at the same time and are strongly cor- A. Pseudospectral discretization in prolate spheroidal
related. Thus the investigation of MPI is important for un- coordinates with uniform complex scaling

derstanding the behavior of HHG spectra. Previous investi- e make use of the conventional definition of the prolate
gations of the ionization dynamics of ,H involved  gpheroidal coordinates 7, ande [30], and the relation be-
numerical integration of the time-dependent Schrodingefyeen the cylindrical coordinatgs z and prolate spheroidal

proach[21,25,28. Some studies used a quasistatic approach

treating the laser field as a static electric field and then aver- p=aV(&-1)(1-77, (1)
aging over the field strengths within one optical cycle
[27,28 (a short review of previous MPI studies is given in z=aéy, (2)

Ref. [21]). The applicability of the quasistatic description
depends on the wavelength of the laser field. As revealed by
the calculations of Ref24], for example, at the wavelength
1064 nm the results are consistent with the static tunneling being the half-internuclear distance. The third coordinate,
ionization picture, while at 790 nm, large dynamic correc-the rotation anglep about thez axis, is the same for both
tions are observed. Our calculations are performed at evetoordinate systems. The electronic pétf of the unper-
shorter wavelength, 532 nm, where the quasistatic descrigurbed Hamiltonian operator of the hydrogen molecular ion
tion may not be applicable. Indeed, our results for the ionH," can be written as follows in the prolate spheroidal coor-
ization rates show strong deviation from the 1064 nm caselinates(atomic units are used

lsé<w, -1sy<1, (3)
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1 1 J ., J 9 5 0 zation. They are defined as the roots of the Legendre poly-
He=~ 282 (- 17) 07_5(5 - 1)&_5 * %(1 —7 )5] nomials Py, (x) and Py (y), respectively,
E- & Py (%) =0, Py(y;)=0. (13
t e [+ U(E ), (4) Y
(-1 -7) ¢ The orders of the polynomialll, and N, are equal to the

U(¢, 7) being the Coulomb attraction between the electron_””mbers of grid points for the coordinateandy within the _
and the two nuclei. interval[-1,1]. The Gauss-Legendre quadrature can be writ-

2¢ ten as follows:
UEm=-——7 . (5) o o
& - 7) f dro?=27a’> > ¢f, (14)
The interaction of the electron with the laser field linearly ==
polarized along the axis is described in the velocity gauge, where ¢;; are related to the values of the functidnat the

E 9  E2 collocation points,
V(¢ npt)=i— Sinw'{—+—28ir‘l2 wt, (6) 5 5
oo e e, )0 = A 2 o )y (v
Xi), ), = — X i .
whereF and o are the laser field strength and frequency, ) & nj(giz— 7]]'2) NN Y i
respectively, and the partial derivative with respectztis (15)

expressed in the prolate spheroidal coordinates as follows: _ o
P 1 In Eg. (15), the primes denote the derivatives of the func-

Lo (- 1)i +&(1- nz)i . 7) tions with respect to their arguments. The discretized kinetic
gz a(& - 1) 73 an energy andd/Jz operators are matrices of the ordsgN,

The system has the axial symmetry with respect taztheis, ?n'\'txh'\éy-v-gzg{;?’_e the following matrix elements as acting
and the projectiorM of the electron angular momentum on R

the z axis is conserved. Thus the wave function of the elec- (1-x)(1-y)(1-x3)(L-y?)
tron W(&, 7, ¢,1) can be represented in the following form: Tijaryr = : — '2 > Ig-z 2J

V(& 7,0,8) = (& 7,0expiM @), ®) & 7 fwv»@iN— )& =m0
and the coordinate is eliminated from the time-dependent % 1 50 ’7f Ex ifﬁ_ 1D(>§)D(>_<)
Schradinger equation for the functidh(¢, 7,t). In what fol- 22| V1-y2 S g1 N
lows, we will limit the discussion to the statedM =0), and N )

. . ! 'y 1 1_
the equation for the functio® (¢, n,t) takes the form + 5, & 22 = ”gD%)D%’),] ' (16)
1% k= me 1 -k

(670 =[T+U(E D +VEnOIPE D, (©)

1-x3)(1 -y -x5) (1 -y
where the kinetic energy operaf®depends o and » only, (i> = \/( '),( - yjz)( > X ;/')
1 1 5 PR p 9z} iy fi,ﬂjrfirﬂj/(fi - 7]j)(§i2/_ 77j/)
T=- —(§2—1)—+—(1—772)—}- oy 2
2a° (&~ 7))L 9§ g dn & O I N ik SN Ty
(10) 2a] 1oy \1-7" 18T

Now we are going to apply the Legendre pseudospectral , 2 1-,2
discretization 31] of the wave function and operators in Eq. + 8. §&i (17 W) _ y p¥ | |.
(9). First, we need to use the mapping transformatics, Tl \ 1oy 1y
=&(x), n=7(y), to ensure the new quantitigsandy span the

interval [-1,1]. For the pseudoangular coordinaig the 17
identity transformation is used, The first derivative matrice@i(ix,), DJ(Jy) have simple analytical
7y) =y, (11) expressions in the pseudospectral method; for the sets of the
, ) , Gauss-Legendre collocation points, they appear as follows:
while for the pseudoradial coordinaté we apply the
- i i i 1 Xi
complex-scaling mapping transformation, Di(ix) _ i Di(ix) S (18)
1+x X~ Xir 1-x
&x) =1+ RL:( explia), (12
1 Y
. . . yy__ = H 1. () — _ ]
R, and« being the mapping parameter and complex rotation Dy = y; - yj,' J#15 DJJy 1 —y2 (19)
j

angle, respectively.
We make use of the Gauss-Legendre abscigghsand  As for the Coulomb potentidll (¢, %) on the right-hand side
{y;} as the collocation points in the pseudospectral discretiof Eq. (9), it is represented by a diagonal matfike any
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multiplication operator in the pseudospectral mejhadth  time Fourier components in E3), and the matrix dimen-
the matrix elements U(&(x), 7(y)))6i- 6.  Equations  sion isNyN, X N,N, only. The penalty for the reduced matrix
(15—(19) are the main results of the current Gauss-Legendreize is some extra work required to obtain the one-cycle
pseudospectral discretization in the prolate spheroidal coopropagatoitUs.
dinates. We should note that previously a pseudospectral dis- At the time moment, the time-evolution operatdy, sat-
cretization scheme in the prolate spheroidal coordinates wasfies the equation
developed in Ref[21]. However, that approach used a dif-
- . : d
ferent definition of the prolate spheroidal coordinates and a i—U,=[Ho+ V(& 7,)]U, (24)
different (Gauss-Lobattbset of collocation points. The ad- ot
vantage of these r_nethods i§ th.at they allow nonuniform ang it the initial condition at=0,
optimal spatial grid discretizatiofdenser mesh near each
nucleus and sparser mesh at larger electron-nucleus separa- Ug=1, (25)
tions). This improves greatly both the accuracy and the effi- : : . . .
ciency of the electronic structure and time-dependent calcﬂ%@’here}I is the identity operator. Upon integration of EG4)
lati rom t=0 to t=T, one obtains the one-cycle propagalby.
ations. . ;
We employ the following split-operator, second-order short-
time propagation formula,

B. Complex-scaled time-evolution operator Upens = eXpl— i%AtHo)exq— IAV(E, 7.t + %At))
If Eq. (9) is solved for the Floquet state, the wave func- 1
tion ®(&, 5,t) can be expanded in the time Fourier series, Xexp(—i;AtHg) U (26)
w The smallerAt, the more accurate E¢26), and the error is
(& 9,t) = exp—iet) D exp(— imot)®, (£, 7), (20) of the orderO[(At)%]. The one_-cycle timg—evolution opgrator
ME—oo U is calculated by sequentially applying E@6), starting
. . i from t=0. To facilitate the computations for the velocity
Wheres is a complex quasienergy with the real part repre- auge interactioV(¢, 7,t) (6), the time propagation accord-
senting the ac Stark-shifted energy level of the system, ana]g to Eq.(26) is performed in the momentum space where
the imaginary part is equal to minus one-half of the ioniza—the operatoN(£, 7,1) is diagonal.

tion rate. Then Eq(9) is equivalent to the infinite-dimension The matrix exb—i%AtHo) is computed only once for the

time-independent matrix eigenvalue problem for the quasien- .- i
ergy and the vector of the Fourier componed specifiedAt and can be represented by the spectral expan

sion. Since the matrik is non-Hermitian, there are two sets
[Ho - Mw]®,, + > Vo ® =ed, (21) of eigenvectors, the right eigenvecto{gﬁf} and the left

o eigenvectorgyi}, involved in the spectral expansi¢ag],

1 NxNy 1
-~ < m< o, exp(— iEAtH(,) => exp(— iEAtEk>|¢E><¢k|. (27
k=1
where
The eigenvectorgf; and % correspond to the same complex
Ho=T+U(£7) (22)  eigenvalueE, and satisfy the biorthogonality and binormal-

is the unperturbed molecular electronic Hamiltonian, &pd ~ 1Zation relations,

are the time Fourier components of the interaction operator <'ﬁtr|‘/f5> =0, k%K, (28)

V(&, 7,t). The left-hand side of E21) represents the time-

independent Floquet Hamiltonian acting on the vector of the B =1 29
kI Pk/ = =

wave-function Fourier componends,,. In practical compu-

tatior_ns, t_he set qf Eq(21) i_s _trungated,_and the FquueF The time-dependent matrix e@qsiAtV(g,n,H%At)) must be
Hlamllto.man matrix has a finite dlmenslon. However, th'scomputed at each time step, but this operation is fast since
dimension[N,NyNm, X N.NyNr, whereNp, is the number of  his part of the short-time propagator is diagonal in the mo-
equations retained in the s@1)] can be very large, particu- mentum representation used in the present calculations, since
larly for strong and low-frequency external fields. the interaction is described in the velocity gauge.

An alternative way[29] to solve for Floquet wave func- The above procedure describes a complex-scaling ap-
tions is by the extension of the time-evolution operator aPproach to theeigenvalueproblem for the one-cycle time-
proach [22,32,33. Consider the one-optical-cycle time- gyojytion operator. The computed operatdy is being di-
evolution operatoryT. For Fhe Floquet wave function agonalized to produce the complex quasienergy and the
(¢, 7,1), the following equation holds: corresponding Floquet statetat0. The first implementation

_ i of this method was accomplished in RE29] for the study
Ur®(&7.0) = exp(= 12T P (£, 7,0). 23 of the high-order above-threshold multiphoton detachment of
Equation (23) is an eigenvalue problem for the time- H~. Note that previously the complex-scaling approaches in
evolution operatolJ;. The quasienergy can be determinedtime-propagation schemes were applied to ithiéal-state
from the eigenvalue expieT). Unlike Eq.(21), there are no  problems[34,35.
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C. Time-dependent non-Hermitian Floquet approach 2

for the calculation of HHG spectra @D(t) =A(t). (39
e'l{he nth-order harmonic generation ratEs (the number of
photons with the frequencypw emitted per unit timg are

Once the one-cycle time-evolution operatdt is con-
structed and diagonalized to produce the desired Floqu
E}S(tg‘;vy'g't[‘hi ?:t?sﬁgi;gzdagg eths?grlgsg F;I:I)Eilr\llte f;lrj?ﬁg(?[ir:ne_calculated according to the classical electrodynamics for-
propagation process based on the same split-operator fo?jUIa
mula (26). As a result, the right wave functioRR(¢, 7,t) is 4lA,?
obtained on the uniform time grid betweér0 andt=T. I'h=
This wave function is used to calculate the time-dependent
dipole momentD(t), momentumP(t), and acceleratiod(t) wherec is the speed of light an4,, is the Fourier component
expectation values. Actually, to calculate those expectatio®f the acceleratior\(t),
values one needs also the left wave functibr(&, 7,t), so

T
the following expressions can be used: A, = lf dtexplinwt)A(t). (42)
T 0
D(t) = (P&, 7,)|ZD(E 7.V), (30)

- , 40
3nwc® (40)

Equation(40) represents the so-called acceleration form of

the HHG rates expression. The dipole and momentum forms
P(t) = _i<(I)L(§, 7m0 i‘(DR(g, ﬂ,t)>, (31) can be obtained usin_g the relations betwégrand Fourier
dz components of the dipole moment and momentiy,and
P,
Alt) = <q>L(g, ) ‘ &%U(g, | ORG, 77,t)> +F cosat. An==n*"Dy, (42)
(32 An==inwP, = 3F[81+ 8, -] (43)
The right and left wave functions satisfy the time-dependent
equations
Ill. RESULTS AND DISCUSSION
i£|<I>R(§, 7,0) = H(t)|[PR(& 7,1)), (33 To test the quality of the wave functions obtained by the
ot present time-dependent non-Hermitian Floquet approach, we
performed the calculations of the harmonic spectra using
9 three different forms for the harmonic generation rates ex-
- iﬁ@"(f, 7,0 = (P& 7 )[H(), (34)  pressions: the dipole form, the momentum form, and the ac-
celeration form. If the exact wave functions are used, all
whereH is the total non-Hermitian Hamiltonian matrix, three forms should yield the same result. However, if the
wave functions are approximate, one expects some discrep-
H=Hgy+ V(¢ nt). (35)  ancies when employing different formulas for the harmonic

generation rates. The results of the calculations are presented
For the uniform complex scaling, the following relation in Tables | and Il for the laser field intensities<3.0'3 and
holds for this matrix: 1x 10" W/cn?, respectively. As one can see, an excellent
agreement exists for a wide interval of harmonic orders start-
HT(—=t) = H(1), (36) ing from the lowest third harmonic and ending well beyond
. _ the cutoff and covers a 15 orders of magnitude range in the
where the superscripit denotes the_ transposed matrix. AS a HHG rates. To our knowledge, these are the first preciaimn
consequence, the right and left time-dependent wave fungpitio calculations of high-order harmonic generation by the

tions are related as hydrogen molecular ion that have achieved full convergence
L —_ #R o . R _ of the HHG spectra.
[P(E 701 = & 7= 1) = explieT)PE . T -1). We present two sets of the HHG spectra calculations. In

(37) these calculations, we used the momentum form of the ex-
pression for the HHG rates. In the first set, we have com-
That is why one can evaluate the expressi@®—(32) using  puted the harmonic generation rates at the internuclear sepa-
the right wave functions only. rationR=2 a.u. and several laser field intensities. To achieve
It can be ea.Sin verified that the eXpectation values of th%onvergence in the time-evolution operator and wave-
dipole moment, momentum, and acceleration satisfy the folfunction computations for the highest intensity 5

lowing equations: X 10 W/cnm?, we applied 80 pseudoradial and 20
pseudoangular grid points and used 65 536 time-propagation
ED(t) = P(t) - F sin ot (3g)  steps. For the lowest intensity>x&10'2 W/cn?, 60 pseudo-
dt 1) ’ radial, 20 pseudoangular grid points, and 32 768 time-
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TABLE |. HHG rates of H," in the ground electronitloy) state 10"
for the internuclear separatid®=2 a.u. The laser field wavelength
is 532 nm and the intensity is>610* W/cn?. Shown are the re-
sults of the calculations using the dipde), momentum(P), and
acceleratior(A) forms of the HHG rates expressiaN.is the order
of the harmonic. The numbers in brackets indicate the powers of 10.

HHG rates(a.u)

Harmonic generation rate (a. u.)

N D P A

3 2.89-17] 2.89-17] 2.84-17] 0%~ 5 7015 20 25 30 35 40 45 50 55

5 1.69-16] 1.69-16] 1.69-16] Harmonic order

’ 4.84-21] 4.84-21] 4.8¢-21] FIG. 1. HHG rates of " in the ground1o,) electronic state at

9 9.74-22] 9.74-22] 9.74-22] the internuclear separatidR=2 a.u. The wavelength of the laser
11 3.98-21] 3.99-21] 3.99-21] field used is 532 nm and the intensities arex B W/cn?

13 4.87-22] 4.84-22] 4.97-22] (circles, 1x10"W/cn? (squarey 2x 10" W/cn? (triangles

15 4.17-22] 4.17-22] 4.17-22] down), and 5< 10" W/cn? (triangles up. The arrows indicate the
17 5.42-23] 5.47-23] 5.44-23) positions of max“lnjum return’ kinetic ’energles of the electron as

follows from the “simple man’s model['8].

19 2.11-24] 2.11-24] 2.10-24]
21 2.54-26] 2.54-26] 2.54-26] monics. It is instructive to compare the behavior of the HHG
23 1.24-28] 1.24-28] 1.24-28]

spectrum obtained from the present accurate Floquet calcu-
25 2.94-31] 2.94-31] 2.94-31] lations with the qualitative predictions of the classical
“simple man’s model'{8]. According to this model, for the
propagation steps were enough to obtain fully converged réWo-center system, there exist topologically different classi-
sults. cal electron trajectories which can lead to collisions with the
The results are presented in Fig. 1. As may be expecte(ﬁ_‘,Udei and emission of high-energy photons. Besides the col-

for higher laser intensities the harmonic spectrum becomession with the parent core which resembles the single atom
wider with the cutoff position shifted towards higher har- ¢@S€ and leads to the harmonic spectrum cutoff position at
the energy|Eq|+3.17U,, irrespective of the laser field inten-

TABLE II. HHG rates of H," in the ground electroni¢log)  sity and internuclear separation, the collisions can occur also
state for the internuclear separatiBr2 a.u. The laser field wave- with the other nucleus. In the latter case, the return kinetic
length is 532 nm and the intensity is<110' W/cn?. Shown are  energy of the electron depends on the field intensity and
the results of the calculations using the dipt®, momentum(P),  frequency as well as on the distance between the nuclei. For
and acceleratioitA) forms of the HHG rates expressioN.is the  the field parameters used in the present calculations, two
order of the harmonic. The numbers in brackets indicate the powergifferent classical trajectories may be responsible for the

of 10. high kinetic energy of the electron when it returns to the
other nucleus. The corresponding maximal recombination
HHG rates(a.u) energies appear quite close to the atomic one and are listed in
Table Il for the intensities used in the calculations. All three
N D P A values which mark the harmonic spectrum cutoff position are
also shown by arrows in Fig. 1. For the highest intensity used
3 1.33-16] 1.33-16] 1.34-16] in the calculations, % 10'* W/cn?, the plateau in the HHG
S 8.71-15] 8.71-19] 8.74-19] spectrum is wide(extends to the harmonic order )3and
7 1.50-18] 1.50-18] 1.50-18] exhibits maxima in the dependence on the harmonic order.
9 1.79-19] 1.79-19] 1.79-19] One of them is located just before the cutoff and corresponds
11 6.56—-19] 6.56-19] 6.57-19] to the classical trajectories discussed above. The other
13 1.53-19] 1.59-19] 1.59-19] maxima can be attributed to collisions with the parent and
15 9.20-20] 9.2q-20] 9.2q-20] otht_er nucleus_after the return at larger tinfesore than one
period of the fielgl. For example, the next two extrema in the
17 4.61-19] 4.61-19] 4.61-19] d N T
ependence of the recombination energy on the initial time
19 1.08-19] 1.094-19] 1.04-19] correspond tdEg|+1.49U,, and |Eg|+1.6QU,, or 21.50» and
21 5.74-21] 5.74-21] 5.74-21] 22.2w, which is in fair agreement with the position of the
23 1.16-22] 1.14-22] 1.14-22] next maximum in the HHG spectrum.
25 1.15-24] 1.19-24] 1.19-24] The “simple man’s model” also predicts a maximum in
27 6.46-27] 6.45-27] 6.45-27] the low-energy part of the HHG spectrum, corresponding to
29 2.28-29] 2.2-29] 2.24-29] the harmonic ordeFR/ w (the so-called “low-energy hump”

[8]). At the internuclear separatid®=2 a.u. and laser wave-
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TABLE lll. Cutoff positions of the harmonic spectrum at inter- I N B B B L B B B L B L B B B
nuclear separation 2 a.u. as follows from the “simple man’s model”
[8] for the field parameters used in the present calculations.

=1
(=
T

Laser field Maximum 07k
intensity (W/cn?) recombination energies
5x 1013 |Eql+2.72U,=14.30 0.8

|Eq|+3.1U,=14.7»
|Eq|+3.68,=15.00

Real part of quasienergy (a.u.)

1x 10" |Eql+2.88J,=16.10
|Eql+3.17U,=16.50 TS e TR s 0 T 1213 14 15 16 17 18
‘E0| +3 53Jp: 16.9 Internuclear separation (a.u.)
2x 10" |Eol+2.94U,=19.60 FIG. 2. Real parts of the complex quasienergies for the lower
|Eo| +3.1U,=20.20 and upper Floquet states as functions of internuclear sepadtion
\EO|+3,43Jp:20,7w (solid lineg. The dashed lines show the unperturbed energies
5% 1014 \E0|+3.02Jp=30.2w E(loy) and E(loy)-w (diabatic curves that exhibit a crossing at

R=4.2 a.u). The photon energy=0.085 645 4 a.u. corresponds to

+3. =31. X ) B
El 317Up_31]w the wavelength 532 nm, and the laser field intensity is 5
[Eol+3.38,=32.00 X 10 W/ cn.

length 532 nm, however, the position of this maximum istion rates. In Fig. 4, we show the ionization rates of thé H
below the third harmonic, even for the highest intensity Slower and upper F|oquet states as a functiomRo¥When the
X 10" W/cn used in the calculations. That is why the low- internuclear distance varies froR=3 a.u. toR=17.5 a.u.,
energy hump is not well pronounced in the present HHGhe ionization potentials for the unperturbed,land o,
spectra. Probably, the maximum in the calculated HHG specejectronic states of 51 change from 0.911 to 0.557 and from
tra at the fifth harmonic can be attributed to this feature 0f0701 to 0.557 atomic unitsi respective|y_ Several mu|tiph0-
the classical analysis. ton ionization thresholds exist within this rangeRfas the
In the second set of the calculations, we computed theninimum number of photons required for ionizatitin the
harmonic generation rates at the intensity 80'* W/cn?  \veak-field limit changes from 11 to 7 for theo], state, and
for various internuclear distances between 3 and 17.5 a.grom 9 to 7 for the I, state. However, the correct position
The two lowest-lying unperturbed states of"H-1oy and  of the thresholds in the strong laser field must be determined
lo,—become nearly degenerate at larger internuclear sepgom the quasienergies rather than unperturbed energies, and
rations. Thus in our Floquet calculations we need to computéhe ponderomotive shift of the continuum onset should be
two Floquet states which are dominated by the unperturbeghken into account. Thus for the lower Floquet state, the ion-
logand o, states. We shall call them the lower state and thgzation thresholds are located approximately at 3.2, 4.4, and
upper state. For the laser field with the wavelength 532 nm, @ 5 a.u; for the upper Floquet state, the ionization threshold
one-photon resonan¢e=0.085 645 4 a.j.occurs at the in-  positions are at 4.6 and 7.4 a.u. Whhincreasing, the next
ternuclear distanc® approximately equal to 4 a.u. Therd  (and the last thresholds appear at 19.6 a.u. for both the
and o, states are strongly mixed in the lower and upperower and upper Floquet states; these last thresholds are be-
Floquet states in the vicinity of this resonance. For the inter-
nuclear separatioriR less than 4 a.u., the lower Floquet state
is dominated by &, unperturbed state, and the upper Floquet
state is dominated by thes], unperturbed state. The situation
is reversed for the internuclear separations larger than 4 a.u.
The real parts of the quasienergies for the lower and upper
states as functions d? undergo an avoided crossing at this
distance(see Fig. 2
The HHG spectra demonstrate strong dependence on the

internuclear separatioR. In Fig. 3, we show the HHG rates
for R=3, 6, 10, and 16 a.u. for both the upper and the lower
Floquet states, respectively. As one can see, for the same L L
harmonic orden the difference between the valueslgf at 0 5 10 15 20 25 0 5 10 15 20 25

. . Harmonic order Harmonic order
different R can be as large as several orders of magnitude.
Higher-order harmonic¢l15th and aboveare generally en- FIG. 3. HHG rates of H' in the upper(A) and lower(B) Flo-
hanced at the larger internuclear distances shown, for exuet states at several internuclear separatri=3 a.u.(circles,
ample 16 a.u. There is no regular dependencdrdor the  R=6 a.u.(squares R=10 a.u.(triangles dow} andR=16 a.u.(tri-
lower-order harmonics. Our calculations reveal a strong corangles up. The wavelength of the laser field is 532 nm and the
relation between the ionization rates and harmonic generantensity is 5< 103 W/cn?.
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3 04 7 FIG. 4. Multiphoton ionization
'EO'%T. N I TP NP AP BN RPN B PR B M E rates of H" in the upper(A) and
=2 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 lower (B) Floguet states vs the in-
- Internuclear separation (a.u.) ternuclear separatio® showing
g e o e S o e e the resonance-enhanced pattern at
< 20 - severalR. The wavelength of the
‘-'o 1.8 B = laser field is 532 nm and the in-
= 1.6 - tensity is 5 103 W/cn?.
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Internuclear separation (a.u.)

yond theR range where the present calculations were pertered which causes a significant enhancement in the
formed, however. ionization process. In Fig. 4, such a resonance series is
When going from smaller to higher internuclear separa-<learly seen around 6 a.u. Another large resonance series is
tions and approaching the next threshold, a series of res@pread from 9 to 17.5 a.u. Analogous resonances in the ion-
nances with the excited electronic states gf s encoun- ization rate as a function of the internuclear separation were

20 20
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15 15
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2 5+ =2 5+ b N
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E - 7 E - 13
1.5 0.15F
g ¢ g oer
1.0F B o10F Al
B {ui:"':' i :.: n“ , | l
S i oosi- PR A s': 1
ol AN O AR Lca oz i S aage s
2 4 8 10 12 14 16 18 2 4 6 8 10 12 14 16 18
Internuclear separation (a.u.) Internuclear separation (a.u.)
FIG. 5. (Color onling Harmonic generation rates oszin the FIG. 6. (Color online Harmonic generation rates oszin the

upper (dashed ling and lower (solid line) Floquet states vs the upper(dashed ling and lower (solid line) Floquet states vs the
internuclear separatioR. Shown are the harmonics 3 to 7; the internuclear separatioR. Shown are the harmonics 9 to 13; the
harmonic order is labeled in each graph. The wavelength of théarmonic order is labeled in each graph. The wavelength of the
laser field is 532 nm and the intensity is<3.0* W/cn?. laser field is 532 nm and the intensity is<3.0% W/cn?.
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80 between the adjacent interference minimum and maximum is
60'_ 15 approximately 7.5 a.u. For larger average electron momen-
L tum k, AR becomes smaller, but anyway one can expect the
40~ period of the interference oscillations to be of the order of a
E 20k few atomic units, which is much larger than the separation
& - between the adjacent resonance peaks in the ionization rate
ey 0, dependence oR. One can see the beginning of this interfer-
% ence oscillatory structure in Fig. 4 at the internuclear sepa-
g Bl rations larger than 14—15 a.u.
= 4ok The resonances in the ionization process strongly affect
o= | the harmonic generation as well. In Figs. 5-7, we show the
g 20k HHG rates for the harmonics 3-19 as a functiofiRoAs one
5 L '-lL can see, the enhancement in the harmonic generation occurs
;" 0 i“ J-’“gM TR TR AR exactly at those internuclear distances where the ionization
g rates show resonances. The production of low-order harmon-
g 0.06— 19 ics rates is increased in the region arol¥d6 a.u. The three
s 004'_ high ionization peaks of the upper stateRst9.5, R=11.2,
il andR=12.5 a.u. also correspond to enhanced generation of
0.02 the harmonics of the order 9-13. For the higher-order har-
L monics(15-19, the increased generation is observed at large
0 L DN VNI BTN B | ./‘\.A'

b 1y L i —_
I I TR T distanceg16-17.5 a.y.
Internuclear separation (a.u.)

. . . . IV. CONCLUSION
FIG. 7. (Color onliné Harmonic generation rates of,Hin the

upper (dashed ling and lower (solid line) Floguet states vs the In this paper, we have presented a time-dependent non-
internuclear separatioR. Shown are the harmonics 15 to 19; the Hermitian Floquet approach for accurate calculations of
harmonic order is labeled in each graph. The wavelength of thg4HG by the hydrogen molecular ionzH in intense laser
laser field is 532 nm and the intensity is<8.0'* W/cn?. field with the wavelength 532 nm. The procedure involves
the extension of the complex-scaling generalized pseu-
revealed in the previous Floquet calculations by Madsengospectra CSGP$ technique fornonuniformand optimal
Plummer, and McCann 25,26 at shorter wavelengths spatial discretization of the two-center Hamiltonian and effi-
248 nm and 212 nm. cient non-Hermitian time propagation of the time-evolution
The resonant enhancement of ionization occurs for botlperator. We show that high-precision time-dependent
the lower and upper Floquet states. However, for the uppeguasienergy wave functions, MPI rates, and HHG power
state the ionization rate is generally larger than that for thespectra can be achieved by this method.
lower state(except for the internuclear separations larger We have studied the dependence of the HHG spectra on
than 15 a.y. The upper state is dominated by tlezen 1o,  the intensity of the laser field at the equilibrium internuclear
unperturbed state &> 4 a.u. Thus it has a significant popu- separation. Our results confirm that the “simple man’s
lation between the nuclei which is easier to ionize, as dismodel” [8] can give a reasonable estimate of the cutoff po-
cussed by Codling and Frasindid6]. On the contrary, the sition. Moreover, we have explored the dependence of HHG
lower state is dominated by the odd lstate, and the popu- spectra on the internuclear separati®at the field intensity
lation between the nuclei is suppressed. 5X 10" W/cn?. Our calculations reveal a strong depen-
At the very large internuclear separatio(R>15 a.u), dence of HHG rates oR. At someR, the HHG production is
the ionization rate of the lower Floquet state exceeds that aftrongly enhanced, and this phenomenon can be attributed to
the upper state. At such large distances, one can expecttlae resonantly enhanced multiphoton ionization of Ht
transition to the separated atoms picture which features thidaese internuclear separations. The enhancement of higher
interference of the contributions from the two atoms to theharmonicg15-19 occurs at largeR. The observed phenom-
total ionization rate for the both Floquet states. As a conseena in theR dependence of the HHG rates can be used for
guence, the ionization rate exhibits an oscillatory behavior abetter control of the high-order harmonic generation process.
a function of R. The minima of the ionization rate for the Extension of the present approach to the study of HHG of
upper state must correspond to the maxima for the lowemultielectron diatomic molecules is in progress.
state, and vice versa. One can roughly estimate the period of
the interference oscillationsR from the equatiorkAR=21r,
where k is the average momentum of the electron in the
continuum. Since the laser field intensity used in these cal- This work was supported by the U.S. Department of En-
culations is not very high5x 103 W/cn?), a reasonable ergy, Office of Basic Energy Science, Division of Chemical
value ofk can be the momentum of the electron after absorpSciences, and by the National Science Foundation. We ac-
tion of the minimal number of photons required for ioniza- knowledge the Kansas Center for Advanced Scientific Com-
tion, that is,k~2w. ThenAR=~15 a.u., and the separation puting for the use of Origin2400 supercomputer facilities.
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