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We maderegionally specificmeasurement of the hyperfine polarizationkS·I l of Rb atoms in the vicinity
s,10−5 cmd of coated and uncoated Pyrex glass surfaces in optical pumping cells. This is in contrast to the
previous hyperfine polarization studies, where the quantity measured is the bulk hyperfine polarization, which
depends on surface interactionsaveraged over the entire cell surfaces. We probe the hyperfine polarization of
the Rb atoms in the vicinity of cell surfaces using the evanescent wave of a weak laser beam. We find that the
polarization in the vicinity of uncoated surfaces is significantly lower than that in the bulk. The polarization
decreases rapidly with decreasing distance from the surface. By contrast, the polarization in the vicinity of a
silicone-coated Pyrex glass surface is independent of the distance from the cell surface and is equal to the bulk
polarization. Regionally specific measurement of the hyperfine polarization as a function of the penetration
depth of the evanescent wave allows us to deduce the hyperfine polarization, its normal gradient, as well as the
normal gradient coefficientmS·I at the cell surface. We present the values of these quantities for three repre-
sentative uncoated cells.
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I. INTRODUCTION

Hyperfine polarization of alkali-metal atoms has been
studied for decades, partly because of the important role it
plays in atomic frequency standardsf1,2g. The physical
quantity measured in those studies was the bulk hyperfine
polarization. Due to surface interactions, the hyperfine polar-
izations in the vicinity of cell surfaces can be significantly
different from that in the bulk and therefore exhibit a large
spatial gradient normal to the surface. Since under most ex-
perimental conditions the thickness of this surface layer is
more than three orders of magnitude smaller than the cell
dimensions,1 cmd, the spatial variation of the hyperfine
polarization in the vicinity of cell surfaces cannot be studied
when one probes the atoms in the bulk, as was done in pre-
vious studies. On the other hand, information about hyper-
fine polarization very close to the cell surfaces is important
in, e.g., designing miniature atomic clocks. Furthermore, the
bulk hyperfine polarization depends on surface interactions
averaged over the entire cell surfaceseven though surface
interactions may vary from place to place on the cell walls. It
is therefore desirable to develop a technique that will allow
regionally specific measurement of hyperfine polarization at
micron/submicron distance from the cell surfaces.

This technique will also be useful in the study of coatings
in optical pumping cells. One of the principal relaxation
mechanisms of polarized alkali-metal atoms is the surface
interactions on cell walls. It is found, however, that if the cell
surfaces are coated with saturated paraffins or certain kinds
of silicones, the wall relaxation can be significantly reduced,
which in turn can greatly enhance the atomic polarization
that can be achieved and produce extremely narrow line-
width in atomic spectroscopyf3g. Consequently, coatings
have the potential to be of great use in many fields, such as
precision atomic measurements, frequency standards, high
sensitivity atomic measurementsf4g, polarized sources and
targets, medical imagingf5g, etc. Bouchiat and Brossel made
an extensive study of the surface relaxation of spin-polarized

Rb atoms on paraffin-coated cell walls by studying the gas
phase relaxation of spin-polarized Rb atomsf6g. Coatings
can also dramatically reduce the surface relaxation rate of
spin-polarized inert gas atoms that do not possess a nuclear
quadrupole moment such as129Xe f7,8g. However, the relax-
ation rate for129Xe was found to vary widely among simi-
larly coated cellsf7g. This mysterious behavior of coatings is
not understood and is probably the reason that coatings have
not yet found wide use in atomic physics. The main difficulty
in studying coatings is the lack of a simple method to quan-
tify the regional quality of coatings, thus making it hard to
determine whether a coating is regionally damaged or defec-
tive.

Recently, we have made regionally specific measurement
of the hyperfine polarization of Rb atoms in the vicinitys
,10−5 cmd of uncoated and coated Pyrex glass surfacesf9g.
The hyperfine polarization near the surfaces is very sensitive
to surface interactions, and therefore can be used to charac-
terize the property of surfaces. In silicone-coated optical
pumping cells, we have been able to obtain two-dimensional
s2Dd images of surfaces by measuring the hyperfine polar-
ization at micron or submicron distance from the cell sur-
facesf10g. The images provide direct evidence for the exis-
tence of the so-called “hot spots,”i.e., the defective areas on
coated surfaces. The ability to quantify and map the coating
quality in optical pumping cells will be helpful in developing
coatings of good and reproducible quality.

In this paper, we will report more details of our experi-
mental study of the hyperfine polarization of Rb atoms in the
vicinity of uncoated and coated Pyrex glass surfacesf9g. The
basic idea of the experiment is to use a strong pump beam to
create hyperfine polarization in the Rb vapor and to probe
the hyperfine polarization near the surfaces using the evanes-
cent wave of a weak beam. Evanescent wave spectroscopy
provides a unique way to study surface interactions of alkali-
metal atoms and has been used by several groupsf11–16g.
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The hyperfine polarizationkS·I l, where"S and "I are,
respectively, the spins of the electron and the nucleus, is
obtained from the following equation:

kS · I l = TrsS · Ird =
IsI + 1d
Na + Nb

SNa

ga
−

Nb

gb
D , s1d

wherer is the density operator of the ground-state Rb atom,
and Na and Nb are, respectively, the population densities of
the ground-state hyperfine multiplets of total angular mo-
mentaa= I +1/2 andb= I −1/2, with ga and gb being their
respective statistical weights. For87Rb atoms,I =3/2 and
therefore the ground-state hyperfine multiplets area=2,ga
=5 andb=1,gb=3. When all of the87Rb atoms are in the
multiplet a, kS·I l=0.75. For85Rb, I =5/2 andthereforea
=3,ga=7 andb=2,gb=5. When all of the85Rb atoms are in
the multipleta, kS·I l=1.25.

Due to surface interactions, the density operator and con-
sequentlykS·I l is a function of the distancez from the cell
surface. Regionally specific measurement of the hyperfine
polarization as a function of the penetration depth of the
evanescent wave allows us to determine the normal gradient
coefficientm, which plays an important role in the theory of
surface interactions and is defined by

U ]r

]n
U

z=0
= mrsz= 0d, s2d

where] /]n=n ·= and n is a unit vector in the direction of
the z axis, which is perpendicular to the cell surfacesxy
planed and points into the cell. In describing coherent surface
interactions, it is essential to treatm as an operator in Liou-
ville space, acting on the density operatorr, which is re-
garded as a vector in Liouville spacef17g. Under our experi-
mental conditions,m is characterized by a scalarmS·I , which
is defined by

mS·I =
]kS · I l/u]nuz=0

ukS · I luz=0
, s3d

and will be referred to as the normal gradient coefficient
f18g.

II. EXPERIMENT AND RESULTS

A. Experiment

The Pyrex glass cells used in the experiment are cylindri-
cal in shape. Their diameters vary from 12 to 30 mm and
their lengths from 1.6 to 50.0 mm. The cells contain isotopi-
cally enriched Rbs98.3 at. %87Rbd or Rb of natural abun-
dance. They also contain N2 buffer gas of various pressures.
The pressures refer to 25 °C. We use both coated and un-
coated cells. The coating is done using SurfaSilsa siliconiz-
ing agentd, following a procedure similar to that described in
Ref. f19g. For coated cells, care is taken to make sure that
coated surfaces are not covered with Rb atomsf6g. This is
achieved by the following precautions.sid Cells are made to
have a 90° bent rather than straight stem so that during Rb
filling no Rb metal will get into the cell body.sii d During the
experiment, the body of the cell is maintained at tempera-

tures about 10 °C higher than that of the tip where the Rb
metal is by placing the tip in a small chamber and flowing
room-temperature air through the small chamber. As noted in
Ref. f19g and also observed in the present experiment, Rb
density in coated cells can be significantly lower than that in
uncoated cells. All Rb densities reported here are directly
measured rather than inferred from the cell temperature, us-
ing the method described in Ref.f20g. The experimental
setup is shown in Fig. 1. The Rb cell is mounted inside an
oven and heated by flowing hot air into the oven. Cell tem-
perature and the temperature of the tip where the Rb metal is
are measured using thermocouples attached to the cell body
and the tip. By adjusting the air flow into the small chamber,
the temperatures of the tip and the body can be controlled
independently to better than 0.2 °C using a feedback system.
The oven is mounted on a rotation stage with a resolution of
0.001°. A truncated right angle fused quartz prism is attached
to one of the windows of the cell using index matching sili-
cone fluid.

Single-mode diode lasers operated in the free-running
mode with a linewidth of 45 MHz and followed by a Glan-
Thompson linear polarizersLPd sextinction ratio of,10−5d
provide linearly polarized pump and probe beams. Both
beams arep-polarized and diffraction limited, with an angu-
lar beam spread of 0.025°. The pump beam is incident per-
pendicularly on the cell surface. Its frequency is tuned to the
transitionsc1,d1 or c2,d2, depending on whether the cell is
filled with isotopically enriched87Rb s98.3 at. %d or Rb of
natural abundance. The designation of the transitions is indi-
cated in Fig. 2. The transitionsc1 andd1 are not resolved due
to collisional and Doppler broadening. The same is true for
the transitionsc2 andd2. The pump beam depletes the popu-
lation of the hyperfine multipletb, causing an accumulation
of the Rb atoms in the hyperfine multipleta.

To use the phase-sensitive detection method, the probe
beam is modulated by an optical chopper at a frequency of
1900 Hz. The probe beam has an intensity of 6mW/cm2. It
is incident at the same spot where the pump is and at an

angle slightly larger than the critical angleūc=sin−1s1/Îe1d
=sin−1s1/n1d, wheree1 andn1 are, respectively, the dielectric
constant and index of reflection of the glass. The probe beam
undergoes total internal reflection at the interface between

FIG. 1. The experimental setup. PD1 and PD2, silicon photo-
diodes. LP, Glan-Thompson linear polarizer.
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the Pyrex glass and Rb vapor. The size of the probe beam is
sufficiently smaller than that of the pump beam so that it can
be completely overlapped by the pump beam. The frequency
of the probe beam is scanned across the RbD1 line. The
reflectivity Rsvd of the probe beam is measured using the
following method. A photodiode PD1 measures the intensity
of the reflected probe beam. Its output is given by
C1I lasersvdRsvd, whereI lasersvd is the output intensity of the
probe laser andC1 takes care of the reflectivity and transmis-
sivity of various optical components such as linear polarizer,
wedges, windows of the oven, prism surfaces, etc. The out-
put of P1 is fed into a lock-in amplifier. The intensity of the
laser beam is monitored by a second photodiode PD2, the
output of which is equal toC2I lasersvd, with C2 having a
similar meaning toC1, and is fed into the same lock-in to
divide the output of P1, so that any intensity change or fluc-
tuation of the laser beam during the frequency scan is can-
celed out. The output of the lock-in is therefore given by

Ssvd =
C1

C2
Rsvd, s4d

which is obviously independent of laser intensity. A typical
total internal reflection signal is shown in Fig. 2, and the
procedure for obtaining the reflectivityR from the data is
explained in the caption of Fig. 2.

Since no wavemeter is used in the laser frequency scan to
correlate time and laser frequency, signals are recorded on
the oscilloscope as a function of time rather than frequency.
The conversion of the time base to the absolute frequency
base is done as follows. The probe beam is allowed to pass
through a reference cell filled with Rb metal and no buffer
gas. The absorption spectra are taken in the same way as the
reflectivity Rsvd so that the recorded reflectivityRsvd and
absorption spectra have the same time base. Since the cell is

maintained at 25 °C when absorption spectra are taken, all
the transition frequenciesvFF8 can be assumed to be un-
shifted. By comparing the absorption spectra with the known
frequencies of the transitions between the hyperfine multi-
plets of the ground and excited states of Rbf21g, one can
convert the time base of the recorded reflectivityRsvd into
an absolute frequency base.

B. Average hyperfine polarization ŠS·I ‹

Experimental study is done in two types of cells: cells
filled with isotopically enriched Rbs98.3 at. %87Rbd and
those filled with Rb of natural abundance. Since the experi-
mental methods and results are similar for these two types of
cells, we will focus on the study of87Rb, briefly mentioning
the differences that may arise for the cells filled with natural
Rb. In cells filled with isotopically enriched Rb
s98.3 at. %87Rbd, the N2 pressure is 25 Torr. We choose this
pressure to insure that the transitionsc1 and d1 have suffi-
cient overlap. In these cells, the85Rb atoms make little con-
tribution to the signal except at high cell temperatures and in
the study of bulk hyperfine pumping. The pump beam is
tuned to the transitionsc1 andd1. The 87Rb hyperfine polar-
ization kS·I l in the vicinity of cell surfaces is obtained from
Eq. s1d. Therefore, one needs to know the population densi-
ties Na and Nb near the cell surfaces. Due to surface relax-
ation, however, the population densities and consequently the
hyperfine polarization in the vicinity of surfaces are func-
tions ofz. A convenient way to study thez dependence of the
hyperfine polarizationkS·I l is to introduce the average hy-
perfine polarizationkS·I l, which for a given penetration
depth d is obtained by replacingNaszd and Nbszd by their

average valuesN̄a and N̄b. Here the penetration depthd of
the probe beam is defined by

d =
l0

2p

1
Îe1 sin2 u − 1

, s5d

with l0 being the wavelength of the beam in the vacuum.

The average population densitiesN̄a and N̄b are determined
as the fitting parameters that give the best fit between the
measured reflectivityRsvd and the calculated one. The de-

tails for the calculation ofRsvd and the determination ofN̄a

and N̄b are described in the Appendixssee Appendix A 4 a
and A 4 dd. The z dependence of the actual population den-
sities Na and Nb manifests itself in the dependence of the

average population densitiesN̄a and N̄b on the penetration
depthd sFig. 3d.

The values ofN̄a andN̄b thus determined are used in Eq.
s1d to compute the average hyperfine polarizationkS·I l. Fig-
ure 4 displays the dependence of the average hyperfine po-
larizationkS·I l on the penetration depthd in some represen-
tative coated and uncoated cells. It is important to note that
the average hyperfine polarization near the cell surfaces as
plotted in Fig. 4 is regionally specific rather than averaged
over the entire cell surfaces. That is, the measured average
hyperfine polarization is determined by theregional surface
interactions. The spatial resolution of the hyperfine polariza-

FIG. 2. A representative attenuated total internal reflection sig-
nal Ssvd in a cell filled with Rb metal of natural abundance and
5 Torr N2. The Rb density is 2.7631013 cm−3. The incidence angle
of the probe beam corresponds to a penetration depth of 0.51mm.
The signal is averaged 10 times. The dashed line corresponds to no
absorption and therefore is equal toC1/C2. The reflectivityRsvd is
obtained by dividing the signalRsvdC1/C2 by the dashed line
C1/C2.
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tion in thexy plane is determined in the present experiment
by the size of the probe beam, which is about 1.0 mmf10g.
In the coated cell, the dependence of the average hyperfine
polarization on the penetration depth is studied for two dif-
ferent pumping intensities 1.3 W/cm2 and 8 mW/cm2. At
1.3 W/cm2 pumping intensity, the average hyperfine polar-
ization is 0.70±0.02 and is independent of the penetration
depth within experimental uncertainties. That is, the Rb va-
por is almost fully polarized all the way to the cell surface.
For pumping intensity 8 mW/cm2, although the average hy-
perfine polarization is substantially smallers0.32±0.02d, it is
still independent of the distance from the cell surfaces. This
is in sharp contrast with the uncoated cells, in which the
average hyperfine polarization near the surfaces is signifi-
cantly smaller than that in the bulk. The distance over which
the average hyperfine polarization changes rapidly is on the
order of 10−3 cm. Thus, we come to the conclusion that in
the vicinity of uncoated surfaces, the relaxation rate of hy-
perfine polarization is dominated by surface interactions
whereas the relaxation rate near coated surfaces is still domi-
nated by bulk interactions such as collisions with Rb atoms
and buffer gas molecules.

Shown in Fig. 5 and 6 are the typical data of87Rb hyper-
fine pumping in the vicinity of cell surfaces in coated and
uncoated cells. In spite of its narrow linewidth, the pump
beam pumps all velocity groups as a result of collision
broadening and velocity-changing collisionsf22g. This is
also confirmed by the hyperfine pumping data in Figs. 5 and
6. For comparison, bulk hyperfine pumping data taken in the
same coated and uncoated cells under the same experimental
conditions are also shown. The method of obtaining the av-

erage bulk hyperfine polarization is similar to that used to
obtain the average surface hyperfine polarization. The only
difference is that the probe beam, instead of undergoing total
internal reflection, passes through the cell and the transmis-
sivity as a function of the probe beam frequency is measured.
Details are given in Appendix A 4 b and A 4 d. Numerically
calculated reflectivityRsvd and transmissivityTsvd are also
shown in Fig. 5 and Fig. 6. The fit is excellent.

We note that the average hyperfine polarizationkS·I l in
Fig. 4 does not seem to be approaching the bulk value
s,0.7d asd increases. To understand this, we made a simu-
lation study, which allows us to study the average hyperfine
polarization for large values ofd that would otherwise be
difficult to achieve experimentally due to the diffraction limit
of the probe beam.

The penetration depthd as defined by Eq.s5d does not
depend on the frequency of the probe beam, and therefore
serves as a convenient frequency-independent length scale.
Physically, it represents the 1/e decay distance of the ampli-
tude of the evanescent wave when the frequency of the probe

FIG. 3. The dependence of the normalized average population

densitiesN̄a/N ssd and N̄b/N shd on the penetration depthd in a
representative uncoated cellsno. 17d. The cell contains isotopically
enriched Rbs98.3 at. %87Rbd and 25 Torr N2. The Rb density is
6.231013 cm−3. The pump beam intensity is 1.3 W/cm2. The av-

erage excited-state populationN̄e/N snd, which constitutes a few
percent of the total population, is also indicatedssee Appendix A 4
ad.

FIG. 4. The dependence of the average hyperfine polarization
kS·I l on the penetration depthd in a coatedsP, jd and three
uncoatedss, h, Ld cells filled with isotopically enriched Rb
s98.3 at. %87Rbd and 25 Torr N2. The Rb density for each cell is
indicated in the legend. The pump beam intensity is 8 mW/cm2 for
thej data and 1.3 W/cm2 for all the other data. The uncertainty in
the penetration depth due to the diffraction limit of the probe laser
beam is not shown in the figure.
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beam is far away from the resonance frequencies of the Rb
atoms so that the dielectric constante2 of the Rb vapor is
approximately unity. When the frequency of the probe beam
is near the resonance frequencies of the Rb atoms, the dielec-
tric constant of the Rb vapor becomes a frequency-dependent
complex number. As a result, the penetration depth also de-
pends on the frequency of the probe beam and will be de-
noted asdv. As will be discussed below,dv can be signifi-
cantly different from the frequency-independent penetration
depthd.

If the Rb vapor can be treated as a homogeneous medium
with a frequency-dependent complex dielectric constante2
=e28+ ie29, the penetration depthdv of the probe beam is equal
to the reciprocal of the imaginary part ofkz

s2d, the z compo-
nent of the wave vectork s2d in the Rb vapor, and can be
written asfsee Eq.sA6dg

dv =
1

k0fs«1 sin2 u − «28d
2 + «29

2g1/4 sina2
, s6d

wherek0 is the wave vector of the probe beam in the vacuum
anda2 is defined by

tan 2a2 =
«29

«28 − «1 sin2 u
. s7d

During hyperfine pumping, however, the Rb vapor near the
cell surface needs to be treated as a stratified medium and the
penetration depthdv can be calculated using the stratified
medium theory described in the Appendixssee Appendix A 4
cd.

Simulation is done for a cell filled with isotopically en-
riched Rbs98.3 at. %87Rbd and 25 Torr N2. The Rb density
is assumed to be 4.731013cm−3. During hyperfine pumping
the dielectric constante2 of the Rb vapor near the surface is
given by Eq.sA37d and depends on the population densities
Naszd andNbszd near the surface. For simulation purpose, we
use the following linear population density profiles forNaszd
andNbszd:

Ñaszd = HNas0d + fNa
s0d − Nas0dgz/L, 0 ø zø L

Na
s0d, z. L

J , s8d

Ñbszd = HNbs0d + fNb
s0d − Nbs0dgz/L, 0 ø zø L

Nb
s0d, z. L

J . s9d

The parametersNa
s0d andNb

s0d are the bulk population densi-
ties and are chosen to be 0.99N and 0.01N, respectively,
where N is the 87Rb density. This choice ofNa

s0d and Nb
s0d

FIG. 5. sColor onlined Comparison of the hyperfine pumping
near the surfacesad and in the bulksbd in an uncoated87Rb cell sno.
9d with 25 Torr N2. The temperature is 100.0 °C and the Rb density
is 5.831012 cm−3. The pump beam intensity is 1.3 W/cm2. The
incidence angle of the probe beam corresponds to a penetration
depth of 3.8mm in sad while the path length of the probe beam in
sbd is 8.75 mm. The evanescent probe beam is perpendicular to the
pump beam insad whereas the probe and pump beams are parallel
to each other insbd. However, the hyperfine pumping in the bulk is
independent of the relative orientation of the pump and probe
beams due to velocity-changing collisions. The circles and squares
are the experimental data and the lines are numerical calculations.
From the data, we obtainkS·I l=0.73±0.02 for the bulk and
0.28±0.01 near the uncoated cell surfaces.

FIG. 6. sColor onlined Comparison of the hyperfine pumping
near the surfacesad and in the bulksbd in a coated87Rb cellsno. 16d
with 25 Torr N2. The Rb density is 7.5531012 cm−3. The pump
beam intensity is 1.3 W/cm2. The incidence angle of the probe
beam corresponds to a penetration depth of 3.4mm in sad. The path
length of the probe beam insbd is 2.0 cm. The circles and squares
are the experimental data and the lines are numerical calculations.
From the data we obtainkS·I l=0.72±0.02 for the bulk and
0.73±0.02 near the coated cell surfaces.
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corresponds to a bulk hyperfine polarization of 0.73. The
parametersNas0d and Nbs0d are the population densities at
the surface, and are chosen to be 0.625N and 0.375N, respec-
tively, which corresponds to zero surface hyperfine polariza-
tion. The parameterL describes the scale of the length over
which the population densitiesNaszd and Nbszd vary and is
chosen to be 4.0mm. Plotted in Fig. 7sad is the penetration
depthdv vs v for an incidence angle that corresponds tod
=4.0 mm. The penetration depthdv refers to the 1/e decay
distance for the electric fieldssee Appendix A 4 cd. We note
that althoughdv does not deviate significantly fromd when
v is larger thanv21, the frequency ofa1 peak, it can be as
large as 14.6mm for frequencies of the red wing of thea1
peak. HerevFF8 is the frequency associated with the transi-
tion F→F8, with F andF8 representing the hyperfine mul-
tiplets of the ground state 52S1/2 and the excited state 52P1/2,
respectively.

Shown in Fig. 7sbd is the reflectivityRsvd calculated us-

ing the population densitiesÑaszd and Ñbszd in Eqs.s8d and
s9d. Also shown is the fit using the average population den-

sities N̄a and N̄b as fitting parameters. It is seen that forv
ùv21 the fit is reasonably good, but forv,v21 the fit is bad.
That is, the average hyperfine polarization approximation
starts to break down in this frequency range.

Thus we come to the conclusion that the average hyper-
fine polarization approximation is valid ifdv has a weak
dependence onv or if dv@L over the entire scanned fre-
quency range, whereL is the dimension of the surface layer
in which the population densitiesNaszd and Nbszd change
from the surface values to the bulk ones. Neither of these
criteria is satisfied for the simulation data in Fig. 7sbd, which
explains the unsatisfactory fit ofRsvd using average popu-

lation densitiesN̄a and N̄b.
That the average hyperfine polarizationkS·I l in Fig. 4

does not seem to be approaching the bulk values,0.7d asd
increases is due to the following two reasons.sid Whend is
sufficiently small, it agrees withdv and therefore represents
the actual penetration depth of the evanescent wave. For ex-
ample, in our simulation, whend=1.50mm, dv lies between
1.40 and 1.65mm for the entire scanned frequency range. As
d increases, for the frequency rangev.v21, dv lagsd more
and more untild starts to lose its physical meaning as a
measure of the actual distance the evanescent wave travels
into the Rb vapor. For example, forv.v21, dv lies between
3.2 and 7.4mm for d=7.0 mm, and between 3.3 and 13mm
for d=80 mm. sii d As d increases, the average hyperfine po-
larization approximation starts to break down due to the
larger and larger variation ofdv over the scanned frequency
range. Indeed, for the data shown in Fig. 4 that correspond to
d,4 mm, the fit between the measured reflectivity and the
one calculated using average population densities is notice-
ably not as good as the fit ford&1 mm, indicative of the
onset of breaking down of the average hyperfine polarization
approximation.

The penetration depthdv also depends on the Rb density.
The higher the Rb density, the larger the discrepancy be-
tweendv and d. For example, ifd=4 mm, we find that for
the scanned frequency range,dv varies between 2.6 and
14.6mm for Rb density 4.731013 cm−3 and between 3.4 and
4.4 mm for Rb density 5.831012 cm−3. This is probably the
reason that the reflectivityRsvd measured at relatively low
Rb densities can still be fitted quite well using average popu-
lation densities even thoughd is relatively larges,4 mmd
ssee Fig. 5d.

For the cells that are filled with natural Rb metal, we
choose a N2 pressure of 5 Torr so that there is sufficient
overlap between the transitionsc2 and d2 and at the same
time the overlap between the unsolved peaksa2,b2 andc2,d2
is negligible. In these cells, the hyperfine pumping is per-
formed on85Rb. The pump beam is tuned to the transitions
c2 andd2. The procedure for obtaining the average hyperfine
polarizationkS·I l for 85Rb is the same as that used for87Rb.
We note that because the transitionsc1,d1 andc2,d2 overlap
in the far wing, the pump beam also produces a small
amount of87Rb hyperfine polarization, which under our ex-
perimental conditions is negligible in uncoated cellsfsee Fig.
8sadg and about 10% in coated cellsfsee Fig. 8sbdg. There-
fore, for 85Rb hyperfine pumping in coated cells, a small
deviation of the87Rb populations in the ground-state hyper-
fine levels from their equilibrium valuessi.e., when the pump
beam is offd needs to be taken into account in order to obtain
a good fit between the measured reflectivity and the calcu-
lated one.

FIG. 7. sad The penetration depthdv vs v for an incidence angle
that corresponds tod=4.0 mm sdashed horizontal lined. The solid
line is the penetration depth for the magnetic field and the dotted
line for the electric field. Details of the calculation are described in
section Appendix A 4 c.sbd The calculated reflectivityRsvd ssolid
lined and the fitsdashed lined using the average population densities

N̄a andN̄b as fitting parameters. One sees that a better fit to the left
wing of the transitiona1 requires larger average population density

N̄a. Physically, this is due to the larger penetration depthdv for
frequencies of the red wing of thea1 peak.
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C. Normal gradient coefficient

In this section, we will show that the normal gradient
coefficient mS·I can be determined by the reflectivity data.
For clarity purpose, we will focus on the cells filled with
isotopically enriched Rbs98.3 at. %87Rbd. The normal gra-
dient coefficientmS·I is defined by Eq.s3d. Therefore, one
needs to determine the values as well as the normal gradients
of Naszd andNbszd at the surfacesz=0d. The values ofNaszd
andNbszd at the surface,Nas0d andNbs0d, are obtained from
the hyperfine polarization at the surfaceukS·I luz=0, which in
turn is obtained by extrapolatingkS·I l to d=0,

ukS · I luz=0 = lim
d→0

kS · I l. s10d

The normal gradients ofNaszd and Nbszd at the surface
sz=0d require knowledge of the population density functions
Naszd andNbszd in the vicinity of surfaces, which, however,
are unknown. Therefore, we use the following linear ap-

proximation method to determine u]Na/]nuz=0 and
u]Nb/]nuz=0. We measure the reflectivitiesRsvd for a number
of different penetration depthsd. Because of thez depen-
dence ofNa,Nb and consequently the dielectric constante2,
the Rb vapor in the vicinity of cell surfaces needs to be
treated as a stratified medium, and the reflectivityRsvd de-
pends on the unknown functionsNaszd and Nbszd ssee the
Appendixd. For each penetration depthd of the probe beam,
we construct the piecewise linear population density profiles
as defined by Eqs.s8d ands9d, and adjust the parameterL to
give the best fit between the reflectivityRsvd calculated us-

ing the population densitiesÑaszd and Ñbszd and the mea-
suredRsvd which corresponds to the actual population den-
sities Naszd and Nbszd. The reason for constructing these
linear population density profiles is that, as the penetration
depthd of the probe beam approaches zero, the linear popu-

lation density profilesÑaszd and Ñbszd approach the respec-
tive tangents to the actual population density profilesNaszd
andNbszd at z=0 sFig. 9d. The polarizationkS·I l˜ that corre-

sponds to the population densitiesÑaszd and Ñbszd is also a
linear function ofz, and becomes the tangent to the polariza-
tion kS·I l at z=0 in the limit of d→0. That is, we have

U ]kS · I l
]n

U
z=0

= lim
d→0

ukS · I l˜ uz=L − ukS · I l˜ uz=0

L
. s11d

The method described above is used to deduce the normal
gradient coefficientmS·I from a set of reflectivity dataRsvd
taken at various incidence angles in a representative un-
coated cellscell no. 53d at a Rb density 4.331013 cm−3. The
pump beam intensity is 1.3 W/cm2. The bulk population
densitiesNa

s0d andNb
s0d are obtained from the bulk transmis-

sivity measurementssee Appendix A 4 bd. Substituting the
values ofNa

s0d andNb
s0d in Eq. s1d, we find the bulk polariza-

tion

ukS · I l˜ uz=L = 0.70 ± 0.02. s12d

As mentioned above, the values ofNas0d and Nbs0d are
obtained using extrapolation from the limit limd→0kS·I l.

FIG. 8. sColor onlined Hyperfine pumping near the cell surfaces
in an uncoated and a coated cell filled with Rb of natural abundance
and 5 Torr N2. The Rb density is 2.7631013 cm−3 in the uncoated
cell and 2.9231013 cm−3 in the coated cell. The incidence angle of
the probe beam corresponds to a penetration depth of 1.06mm in
sad and 0.98mm in sbd. The circles and squares are the experimental
data and the lines are numerical calculations. From the data we
obtain kS·I l=0.47 near uncoated and 1.20 near coated surfaces.

FIG. 9. The limit process used in this study to obtain the slope
of Naszd at z=0. The same process is used to obtain the slope of
Nbszd at z=0.
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Since, as discussed in Sec. II B, the value ofd represents the
actual 1/e decay distance only for smalld and furthermore
the average hyperfine polarization approximation is more re-
liable for small values ofd, only the average hyperfine po-
larization data corresponding tod&1 mm are used in the
extrapolation, which is done using a quadratic polynomial fit
as shown in Fig. 10 for cell no. 53. We obtain

ukS · I luz=0 = 0.088, s13d

whence

ukS · I l˜ uz=0 = ukS · I luz=0 = 0.088. s14d

For different penetration depthsd, we find that L de-
creases withd and by extrapolating tod=0 we obtain the
interceptssee Fig. 11d

L0 = 0.84mm. s15d

Using Eqs.s12d, s14d, ands15d, we obtain from Eq.s11d

U ]kS · I l
]n

U
z=0

= 0.73mm−1. s16d

Finally, substituting Eqs.s13d ands16d in Eq. s3d, we obtain

mS·I = 8.3 mm−1 s17d

for the representative uncoated cell no. 53. We did not assign
uncertainty to the normal gradient coefficientmS·I . This is
because the values of the hyperfine polarization at the sur-
face ukS·I luz=0 and the parameterL0 are obtained using ex-
trapolation, and errors due to extrapolation are difficult to
estimate. The physical meaning of the lengthL0 is that if the
normal gradient]kS·I l /]n in the vicinity of the surface were
constant and equal to that at the surface, the hyperfine polar-
ization kS·I l would increase from its value at the surface to
the bulk value over a distanceL0. The physical meaning of

mS·I is that if the cell surface were displaced backward a
distance 1/mS·I and the normal gradient of polarization atz
=0 were to extend uniformly to the displaced surface, the
polarization would be zero at the displaced surface. We note
that this is in exact analogy with the concept of velocity slip
or temperature jump in gas kinetic theoryf23g.

We did similar studies in two other uncoated cellssno. 09
and no. 17d. The results for all three cells are presented in
Table I. The hyperfine polarization, its normal gradient, and
normal gradient coeeficient at the cell surface in cell no. 09
were reported in Ref.f9g, where a different method was used
to find the hyperfine polarization at the surface and therefore
slightly different values ofkS·I l /nuz=0 and mS·I were ob-
tained. Like the average hyperfine polarization data in Fig. 4,
the values of the various quantities listed in Table I are also
regionally specific rather than averaged over the entire cell
surfaces. We also attempted to deducemS·I for a coated cell.
However, the slopeu]kS·I l /]nuz=0 and consequentlymS·I are
too small to be reliably determined from our data.

In their study of the surface interactions of spin-polarized
Na atoms, Grafström and Suter determined the normal gra-

FIG. 10. Expanded plot of the average hyperfine polarization
data taken in cell no. 53 that correspond tod&1 mm ssee Fig. 4d.
The solid line is the extrapolation using a quadratic polynomial fit.
The intercept yields the hyperfine polarization at the cell surface
ukS·I luz=0=0.088.

FIG. 11. The dependence of the fitting parameterL on the pen-
etration depthd in the representative uncoated cell no. 53. The
extrapolation ofL to d=0 is done for the data points that correspond
to d&1 mm and yields the interceptL0=0.84mm.

TABLE I. The hyperfine polarization, its normal gradient, and
normal gradient coefficient at the cell surface in three representative
cells. In comparison, we note that the bulk hyperfine polarization in
these three cells is 0.70±0.02. The experimental conditions such as
Rb density and pump beam intensity are given in the caption of
Fig. 4.

Cell no. ukS·I luz=0 U ]kS · I l
]n

U
z=0

smm−1d mS·I smm−1d

09 0.05 1.3 26

17 0.10 0.61 6.1

53 0.088 0.73 8.3
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dient coefficient for the Zeeman polarization to be
0.51mm−1 f16g. Their experimental method and experimen-
tal conditions being different from ours, it is difficult to com-
pare their value ofm with ours. For example, their probing
distance is much larger than the mean free path, whereas in
our case the penetration depth of the probe beam is only a
fraction of the mean free path. Therefore, the Na polarization
in their case can be assumed to be an exponential function of
the distancez from the cell surface, whereas in our case the
diffusion equation may not be applicable and consequently
the polarization is not necessarily an exponential function of
z. This seems to be borne out by a simulation that we carried
out, in which we assume the hyperfine polarization and con-
sequently the population densitiesNaszd and Nbszd near the
surface can be described by simple exponential functions.
We find that all the reflectivitiesRsvd measured at a number
of different penetration depthsd cannot be fitted well by the
reflectivities calculated using such exponential population
densities.

D. Experimental uncertainties

Because of the way the data are collected and analyzed in
our experiment, the uncertainty in the average hyperfine po-
larization is relatively small. Some of the common causes of
uncertainty such as Rb number density and laser intensity
fluctuations have been greatly reduced. The Rb density is not
obtained from the temperature readings but rather as a fitting
parameter. Furthermore, it is the ratioNF /N rather than the
densityN itself that is used in computing the polarization.
The laser intensity fluctuations are canceled out in comput-
ing Rsvd. The scattering among the data taken in the same
experimental setting due to the frequency drift of the pump
beam is negligible. The main sources of uncertainty are due
to the following:sid the overlap between the pump and probe
beams and the frequency setting of the pump beam, which
may not be equally optimal in different experimental runs,
sii d the relatively poor signal-to-noise ratio when the penetra-
tion depth is very small, 0.3mm for example, andsiii d the
diffraction limited angular spread when the incidence angle
is very close to the critical angle. Overall, we estimate the
relative uncertainty in is between 5% and 10%.

III. CONCLUSIONS

We have studied the spatial variation of the regionally
specific hyperfine polarization of Rb atoms in the vicinity
s,10−5 cm of coated and uncoated Pyrex glass surfaces in
optical pumping cells. The evanescent wave is used to probe
the hyperfine polarization near the surface. Our results pro-
vide direct evidence that the hyperfine polarization near un-
coated surfaces is significantly smaller than that in the bulk
and that under our experimental conditions it decreases rap-
idly over a distance on the order of 10−3 cm. By contrast, in
coated cells the hyperfine polarization remains constant as
close to the surface as can be probed by our method, which is
about 300 nm. We measure the average hyperfine polariza-
tion as a function of the penetration depth of the probe beam,
from which we have been able to deduce regionally specific

values of the hyperfine polarization, its normal gradient, and
normal gradient coefficientmS·I at the surface in three repre-
sentative uncoated cells. We find that under our experimental
conditions the Rb hyperfine polarization at the surface in
uncoated cells is about 10% of the bulk hyperfine polariza-
tion.
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APPENDIX

The general theory of wave propagation in a stratified
medium was developed by Abelésf24g. Here we shall review
the theory of reflection at the interface between a homoge-
neous medium and a stratified onef25g. Consider three me-
dia, to be referred to as the first, second, and third media. The
first medium extends fromz=−` to z=0, the second from
z=0 to z=L, and the third fromz=L to z=`. The first and
third media are homogeneous. The first medium has a real
dielectric constante1, and the third one a complex dielectric
constante3=e38+ ie39. The magnetic permeabilities of all three
media are assumed to be unity. Suppose a monochromatic
plane wave, propagated in the first medium with a wave
vector k s1d in the xz plane making an angle ofu with the z
axis, is incident on the interfacesxy planed between the first
and second media.

1. A homogeneous medium

We shall first consider the case where the second medium
is homogeneous. For TM orp-polarized incident waves,
Hx

s1d=Hz
s1d=0. The tangential components of the magnetic

and electric field vectors in the second medium can be writ-
ten as, with the time dependence exps−ivtd being omitted,

Hy
s2dsx,zd = Uszdexpsikx

s2dxd, sA1d

Ex
s2dsx,zd = Vszdexpsikx

s2dxd, sA2d

whereUszd andVszd can be expressed in terms of their val-
ues atz=0 in a matrix formf25g,

FUs0d
Vs0d G = Ms0,zdFUszd

Vszd G . sA3d

Here

Ms0,zd = 3 cosskz
s2dzd − i

e2k0

kz
s2d sinskz

s2dzd

− i
kz

s2d

e2k0
sinskz

s2dzd cosskz
s2dzd 4

sA4d
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is the characteristic matrix, andkx
s2d andkz

s2d are, respectively,
thex andz components of the wave vectork s2d in the second
medium. We have

kx
s2d = ks2d sinu2 = k0

Îe1 sinu, sA5d

kz
s2d = ks2d cosu2 = k0

Îe2 − e1 sin2 u, sA6d

wherek0 is the wave vector in the vacuum andu2 the angle
betweenk s2d and thez axis. We have used the law of refrac-
tion Îe2 sinu2=Îe1 sinu in Eq. sA6d. We note thatkz

s2d is a
complex number in the case of total internal reflection.

The matrixM for TE or s-polarized incident waves is

Ms0,zd = 3 cosskz
s2dzd − i

k0

kz
s2d sinskz

s2dzd

− i
kz

s2d

k0
sinskz

s2dzd cosskz
s2dzd 4 . sA7d

2. A stratified medium

Now suppose thate2 is a function ofz, i.e., the second
medium is a stratified one. We want to relate the tangential
components of the magnetic and electric fields atz=0 to
those atz=L. For this purpose, we divide the second medium
into N thin slices:znøzøzn+1 sn=0,1, . . . ,N−1d, wherezn
=nL/N. Each of these thin slices will be considered as ho-
mogeneous. Consider thenth slice located betweenzn and
zn+1. The tangential components of the electric and magnetic
fields atzn andzn+1 are related by theMszn,zn+1d matrix,

FUsznd
Vsznd G = Mszn,zn+1dFUszn+1d

Vszn+1d
G , sA8d

where

Mszn,zn+1d = 3 cosfkz
s2dszndszn+1 − zndg − i

e2szndk0

kz
s2dsznd

sinfkz
s2dszndszn+1 − zndg

− i
kz

s2dsznd
e2szndk0

sinfkz
s2dszndszn+1 − zndg cosfkz

s2dszndszn+1 − zndg 4 . sA9d

Therefore,

FUs0d
Vs0d G = p

n=0

N−1

Mszn,zn+1dFUsLd
VsLd G . sA10d

In the limit N→`, Eq. sA10d becomes

FUs0d
Vs0d G = Ms0,LdFUsLd

VsLd G , sA11d

where the characteristic matrixMs0,Ld is

Ms0,Ld = lim
N→`

p
n=0

N−1

Mszn,zn+1d. sA12d

Now we consider the boundary conditions atz=0 andz
=L. Let A and R represent the complex amplitude of the
magnetic vector of the incident and reflected waves in the
first medium andT that of the transmitted wave in the third
medium. The boundary conditions atz=0 are

A + R= Us0d, sA13d

p1sA − Rd = Vs0d, sA14d

and atz=L are

UsLd = T, sA15d

VsLd = p3T, sA16d

where

p1 =
1

Îe1

cosu, sA17d

p3 =
1

e3

Îe3 − e1 sin2 u. sA18d

Since the valuesUs0d ,Vs0d andUsLd ,VsLd are related by
the M matrix, we obtain from Eqs.sA11d–sA16d the reflec-
tion coefficient

r =
sm11 + m12p3dp1 − sm21 + m22p3d
sm11 + m12p3dp1 + sm21 + m22p3d

, sA19d

where the matrix elementsmij are given by Eq.sA12d. The
reflectivity R is given by

R = ur u2. sA20d

For TE ors-polarized incident waves, the characteristic ma-
trix M is
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Ms0,Ld = lim
N→`

p
n=0

N−1

Mszn,zn+1d, sA21d

where

Mszn,zn+1d = 3 cosfkz
s2dszndszn+1 − zndg − i

k0

kz
s2dsznd

sinfkz
s2dszndszn+1 − zndg

− i
kz

s2dsznd
k0

sinfkz
s2dszndszn+1 − zndg cosfkz

s2dszndszn+1 − zndg 4 . sA22d

The reflection coefficient is still given by Eq.sA19d except
that the matrix elementsmij are now given by Eqs.sA21d and
sA22d, and

p1 = Îe1 cosu, sA23d

p3 = Îe3 − e1 sin2 u. sA24d

3. Fresnel formulas

We consider the special case where the second medium is
homogeneous ande2=e3. In this case, the problem becomes
the reflection at the interfacesz=0d between two homoge-
neous media, and we expect the reflection coefficient or re-
flectivity to be the same as that given by the Fresnel formu-
las. The characteristic matrixM becomes

Ms0,Ld = 3 cosskz
s2dLd − i

e2k0

kz
s2d sinskz

s2dLd

− i
kz

s2d

e2k0
sinskz

s2dLd cosskz
s2dLd 4

sA25d

for TM or p-polarized waves, and

Ms0,Ld = 3 cosskz
s2dLd − i

k0

kz
s2d sinskz

s2dLd

− i
kz

s2d

k0
sinskz

s2dLd cosskz
s2dLd 4

sA26d

for TE or s-polarized waves. Substituting Eqs.sA17d, sA18d,
and sA25d in Eq. sA19d, we obtain

r =

e2

e1
cosu −Îe2

e1
− sin2 u

e2

e1
cosu +Îe2

e1
− sin2 u

, sA27d

which is the Fresnel formula forp-polarized incident waves.
Similarly, we have fors-polarized incident waves

r =

cosu −Îe2

e1
− sin2 u

cosu +Îe2

e1
− sin2 u

. sA28d

4. Numerical calculations ofR„v…, T„v…, dv, and ŠS·I ‹

a. ReflectivityR„v…

The numerical calculation of the reflectivityRsvd at the
interface between the Pyrex glass and Rb vapor requires
knowledge of the dielectric constant of the Pyrex glasssfirst
mediumd and that of the Rb vapor near the surfacessecond
mediumd. The determination of each of these quantities is
discussed in the following.

(i) Dielectric constante1 of the Pyrex glass.The dielectric
constante1 of the Pyrex glass is obtained from the critical
angle uc, which in turn is determined as followsf20g. We
tune the frequency of the probe beam far away from the Rb
D1 line so that the dielectric constant of the Rb vapor can be
safely regarded as unity. The critical angleuc then corre-
sponds to the onset of the total internal reflection of the
probe beam, which manifests itself as a sudden change in the
intensity of the reflected beam. The error associated with this
method of determininguc is of the order of the diffraction
limit of the probe laser beam. The dielectric constante1 of
the Pyrex glass is given bye1=1/sin2uc.

(ii) Dielectric constante2 of the Rb vapor near the sur-
face. The complex dielectric constant of the Rb vapor near
the cell surfaces is given by the following equationf13,14g:

e2svd = 1 +
2pe2

me
o
FF8

fFF8NF

vFF8
E

−`

`

dvxWsvxdF2E
−`

0

dvzWsvzd
1

vFF8 − v + kx
s2dvx + kz

s2dvz − igFF8/2
G , sA29d

REGIONALLY SPECIFIC HYPERFINE POLARIZATION… PHYSICAL REVIEW A 71, 012902s2005d

012902-11



wheree andme are the electric charge and mass of the elec-
tron, NF is the population in the ground-state hyperfine mul-
tiplet F, andvx andvz are, respectively, thex andz compo-
nents of the velocity of the atom. The normalized
Maxwellian velocity distributions ofvx andvz are given by

Wsvid =Î M

2pkBT
expS−

Mvi
2

2kBT
D si = x,zd, sA30d

wherekB is the Boltzmann constant,T is the temperature of
the vapor, andM is the mass of the Rb atom. The transition
frequenciesvFF8 are given in Ref.f21g. Collisions of Rb
atoms with N2 molecules and surfaces, however, cause a
shift in the frequenciesvFF8 f12,26g. The homogeneous
broadeninggFF8 includes natural broadening and broadening
due to collisions with N2 f26g, Rb f27g, and surfacesf28g.
The oscillator strengthsfFF8 for transitions between ground-
state and excited-state hyperfine multiplets are related to the
electronic oscillator strengthf by

fFF8 = fW2sJ8F8JF;I1ds2J + 1ds2F8 + 1d, sA31d

where W is the Racah coefficient,J and J8 are the total
electronic angular momentum of the ground state 52S1/2 and
the excited state 52P1/2, respectively, andf =0.35 is the os-
cillator strength of the Rb D1 line. The summation in Eq.
sA29d is over all the transitionsF→F8 of the D1 line of87Rb
and85Rb atomsssee Fig. 2d. For cells filled with isotopically
enriched Rbs98.3 at. %87Rbd, the summation over the85Rb
transitions can be neglected unless absorption due to85Rb is
not negligible, e.g., at high cell temperatures. In Eq.sA29d,
we used the fact that the contribution to the reflectivity from
Rb atoms flying away from the surface is the same as that
from the Rb atoms flying towards the surfacef13,14g.

For total internal reflection, thex andz components of the
wave vector in the vapor are given by

kx
s2d = Îe1 sinu k0 = zk0, sA32d

kz
s2d < iÎe1 sin2 u − 1k0 = ijk0. sA33d

Equation sA33d is obtained from Eq.sA6d by using the
zeroth-order approximation fore2, i.e., by settinge2=1.
Therefore, thekx

s2dvx term in Eq. sA29d is equivalent to a
frequency shiftsDoppler shiftd and thekz

s2dvz term a broad-
eningstransit time broadeningd. In our numerical calculation,
we use the following greatly simplified expression fore2:

e2svd = 1 +
2pe2

me
o
FF8

fFF8NF

vFF8
E

−`

`

dvxWsvxd

3
1

vFF8 − v + zk0vx − isgFF8 + g8d/2
. sA34d

The physical meaning of the simplification that leads to Eq.
sA34d is that even though transit time broadening is not ho-
mogeneous because it depends on the velocity componentvz
normal to the cell surface, we treat it as a homogeneous
broadeningg8, i.e., we use an average transit time broaden-
ing for all thevz components. The broadeningg8 depends on
the penetration depthd, and is determined as a fitting param-

eter. By changing the integration variable to Doppler shift
vx=zk0vx, Eq. sA34d can also be written as

e2svd = 1 +
2pe2

me
o
F,F8

fFF8NF

vFF8
E

−`

`

dvx
1

ÎpDx

3expS−
vx

2

Dx
2D 1

vFF8 − v + vx − ig/2
, sA35d

whereg=gFF8+g8 is the total homogeneous broadening and
the linewidth parameterDx is given by

Dx = zk0Î2kBT

M
. sA36d

We have assumed that collisional broadening, which is the
dominant contribution togFF8, is the same for all the transi-
tions F→F8, and thereforegFF8 is approximately indepen-
dent ofF andF8.

We find that Eq.sA29d and Eq.sA34d or Eq.sA35d give an
almost equally good fit to the experimental data. When the
pump beam is on, the population densityNF depends on the
distance from the cell surface as a result of hyperfine pump-
ing and surface relaxation. Furthermore, depending on the
pump beam intensity, there may be a certain degree of satu-
ration. Therefore, we use the following expression fore2
during hyperfine pumping:

e2sv,zd = 1 +
2pe2

me
o
F,F8

fFF8

vFF8
FNFszd −

gF

gF8
NF8szdG

3E
−`

`

dvx
1

ÎpDx

expS−
vx

2

Dx
2D 1

vFF8 − v + vx − ig/2
.

sA37d

That is, the Rb vapor near the surface needs to be treated as
a stratified medium.

(iii) Numerical calculation ofRsvd. The calculation of
the reflectivityRsvd depends on whether the pump beam is
on or off. When the pump beam is off, the Rb vapor near the
surface can be treated as a homogeneous medium with a
complex dielectric constant, whereas when the pump beam is
on, the Rb vapor near the surface needs to be treated as a
stratified medium. More detailed discussion follows.

When the pump beam is off, we can assume thatNF8=0,
the saturation due to the probe beam being negligible. Opti-
cal pumping due to the probe beam is also negligible. There-
fore, the Rb atoms are equally distributed among all the mag-
netic sublevels of the ground state. That is, we have

NF =
2F + 1

s2J + 1ds2I + 1d
hN, sA38d

whereh is the isotopic abundance of the two Rb isotopes and
N is the Rb number density. We also assume thatNF does not
depend on the distancez from the surface. The Rb vapor near
the surface can thus be treated as a homogeneous medium
with a complex dielectric constante2svd, which is given by
Eq. sA35d, and the reflectivityRsvd for a p-polarized inci-
dent wave is obtained from the Fresnel formula Eq.sA27d.

K. ZHAO AND Z. WU PHYSICAL REVIEW A 71, 012902s2005d

012902-12



When the pump beam is on, the populationNF8 in the
excited-state hyperfine multipletF8 may not be negligible
due to the saturation effect. We assume that the two hyper-
fine multipletsF8= I −1/2 andF8= I +1/2 of theexcited state
5 2P1/2 are populated according to their statistical weights,
and therefore we have

NF8

gF8
=

Ne

ge
, sA39d

whereNe is the total population andge=4I +2 the total sta-
tistical weight of the excited states 52P1/2. Since the Rb
population densitiesNF near the surface depend on the dis-
tancez from the surface, the Rb vapor in the vicinity of
surfaces needs to be treated as a stratified medium, and its
dielectric constante2 is given by Eq.sA37d. The reflectivity
Rsvd can be calculated using Eq.sA19d. For example, in the

case of hyperfine pumping of87Rb atoms, if we useÑaszd
and Ñbszd as the population densities in Eq.sA37d and we
treat the Rb vapor fromz=0 to z=L as the second medium
and the Rb vapor beyondz=L as the third medium, whose
dielectric constante3 is given by Eq.sA35d with NF andNe
being equal to the bulk values, the reflectivityRsvd is then
calculated using Eqs.sA9d, sA12d, and sA17d–sA20d. In
evaluating the characteristic matrixM, we find it adequate
to useDz=0.05mm in Eq. sA9d.

b. TransmissivityT„v…

The transmissivityTsvd of the probe beam is given by

Tsvd = expF−
2pe29l

l0
G , sA40d

where

e29svd = 1 +
2pe2

me
o
FF8

fFF8

vFF8
FNF −

gF

gF8
NF8G

3E
−`

`

dvzWsvzd
g/2

svFF8 − v + k0vzd2 + g2/4

sA41d

is the imaginary part of the dielectric constant of the Rb
vapor in the bulk andl is the optical path length. In comput-
ing the transmissivity, we can safely neglect the contribution
from the stratified surface layer and treat the Rb vapor as a
homogeneous medium. Due to the long path length, even in
cells filled with isotopically enriched Rbs98.3 at. %87Rbd,
the contribution from85Rb atoms needs to be taken into ac-
count in calculating the transmissivityTsvd.

c. Penetration depth dv

The penetration depthdv is defined to be the distance
where the amplitude of the evanescent wave decays to 1/e of
its value. For a homogeneous medium, this 1/e decay dis-
tance is the same for the electric and magnetic fields, and is
given by Eq.s6d. For a stratified medium, however, this 1/e
decay distance is not necessarily the same for the electric and

magnetic fields. For a TM orp-polarized probe beam, we
have, from Eq.sA11d,

Usdvd = m11
−1Us0d + m12

−1Vs0d, sA42d

wheremij
−1 are the matrix elements of the inverse of the char-

acteristic matrixMs0,dvd. Thus

Usdvd
Us0d

= m11
−1 + m12

−1Vs0d
Us0d

. sA43d

From Eqs.sA13d and sA14d, we have

Vs0d
Us0d

= p1
1 − r

1 + r
. sA44d

By definition, uUsdvd /Us0du=1/e. Thus we have

1

e
= Um11

−1 + m12
−1p1

1 − r

1 + r
U . sA45d

EquationsA45d determines the penetration depthdv for the
magnetic field for a TM probe beam. Similarly, we can show
that the penetration depthdv for the electric field is deter-
mined by the following equation:

1

e
= UÎe2sdvd

e2s0d
Sm22

−1 +
m21

−1

p1

1 + r

1 − r
DU . sA46d

The difference between the penetration depth for the electric
field and that for the magnetic field is illustrated in Fig. 7sad.
Similar equations can be obtained for TE probe beams.

d. Average hyperfine polarizationŠS·I ‹

To determine the average hyperfine polarizationkS·I l
near the surface, we measure the reflectivitiesRsvd when
the pump beam is on and off and compare them with the
calculated ones. As discussed in Appendix A 4 a, when the
pump beam is off, the reflectivityRsvd is calculated using
Eq. sA27d, with e2svd being given by Eq.sA35d. We adjust
the fitting parameters to achieve the best fit between the mea-
sured and calculated reflectivities. The fitting parameters are
the Rb number densityN and the homogeneous linewidthg.
The best fit yields the values ofN andg. By subtracting the
homogeneous broadeninggFF8, which includes natural
broadening and collisional broadening due to N2, Rb, and
surfaces fromg, one obtains the value of the average transit
time broadening g8, which is found to range from
10 to 160 MHz for the penetration depths used in our study
f15g. However, we note that the uncertainties ingFF8 that are
associated with various collisional broadening cannot be
separated in the fitting process from the average transit time
broadeningg8. Therefore, the average transit time broaden-
ing g8 obtained this way will contain the uncertainties of
other homogeneous broadening. When the pump beam is on,
the population densitiesNa, Nb, and Ne in the vicinity of
surfaces are functions ofz due to surface relaxation; and
therefore the dielectric constante2 of the Rb vapor near the
surface is given by Eq.sA37d. In computing the average
hyperfine polarizationkS·I l, we replace thez-dependent

population densities in Eq.sA37d by their average valuesN̄a,
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N̄b, and N̄e, so that the Rb vapor near the surface can be
treated as homogeneous and the reflectivityRsvd can there-
fore be calculated using the Fresnel formula Eq.sA27d. We
use N̄a−sga/gedN̄e and N̄b−sgb/gedN̄e as fitting parameters,
which are adjusted to give the best fit between the measured
reflectivity Rsvd and the calculated one. The values ofN̄a

and N̄b are then obtained using the relationN̄a+N̄b+N̄e=N.
SinceN̄e accounts for no more than a few percent of the total
population, the power broadening is neglected in the numeri-
cal calculation and we use the same fitting parameterg when
the pump beam is on and off.

The average bulk hyperfine polarization is obtained from
the bulk values of the ground-state hyperfine multiplet popu-
lations Na

s0d and Nb
s0d, which are determined from the trans-

missivity Tsvd of the probe beam. We compare the measured
transmissivity when the pump beam is off with the calculated
one to determine the number densities of87Rb and85Rb. The
values ofNa

s0d andNb
s0d when the pump beam is on are deter-

mined as fitting parameters that give the best fit between the
measured transmissivity when the pump beam is on and the
calculated one, using the same values of the Rb number den-
sities that are determined when the pump beam is off.
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