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Entanglement purification for arbitrary unknown ionic states via linear optics
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An entanglement purification scheme for arbitrary unkngmixed and pure nonmaximalgntangled ionic
states is proposed by using linear optical elements. The main advantage of the scheme is that not only two-ion
maximally entangled pairs but also four-ion maximally entangled pairs can be extracted from the less entangled
pairs. The scheme is within current technology.
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[. INTRODUCTION beam splittePBS) [13] to replace the-NOT gate needed in
) ) . the original schemdg12], and can get the newly obtained
Entanglemen(1] presented by Schrddinger is a critical polarization-entangled photon pairs with a larger fraction of
manifestation of quantum mechanics. Resulting from its nonfidelity. Most of the above entanglement purification
locality property, entanglement has become a more and morchemes are theoretical ones. Recently, significant progress
important resource in quantum-information processingon entanglement purification has been achieved in experi-
(QIP). All of the applications[2-5] of entanglement work ment[8,14]. Kwiat et al. proposed an experimental entangle-
perfectly only with the pure maximally entangled states. Besment distillation scheme for pure nonmaximally and mixed
cause quantum entanglement can only be produced locallyolarization-entangled photon states using partial polarizers
[6], the entangled objects must be distributed among distari8]. Following the theoretical propos@l3], Panet al. suc-
users for quantum communication purpose. Due to the imcessfully realize the entanglement purification of general
possibility that one quantum system can be isolated from th&nixed states of polarization-entangled photon pairs using lin-
environment absolutely, the entanglement of the entangle@ar optics elements in experimgd#].
objects will decrease exponentially with the propagating dis- From the previous entanglement purification schemes, we
tance of the objects, and the practically available quantungonclude that most of them can only apply to the
entangled states are all nonmaximally entangled states or tg@lar]zgtlop-entangled photon_ pairs. There are few ;chemes
more general case—mixed states. So, if nothing has be ar distillation [26,27 and purification of atomic and ionic

done on the distributed states before used in quantum CorTc?ntangled states in the literature. Although photons are the

- . ) . attractive carriers of information for the implementation of
munication, the long distance quantum communicafijns . . .
. ) 9 quantum alig guantum communication, ions are also the preferred carrier
impossible. To overcome the dissipation and decoherenc

. h ¢ entandl t distillati tanal for guantum information, because the realization of quantum
various schemes ot entang ergen |S||a[ te], en i_ng e computer and quantum computation relies on the optimal
ment concentratior{10,11 and entanglement purification q,,antum carriers, which can be integrated. So the purifica-

[12—24 have been proposed. Alternatively, a quantum resion of jonic entangled states is of practical significance not
pea_lter[ZQ also can be used to overcome this difficulty. Theomy in quantum communication but also in quantum com-
main processes of a quantum repeater are composed of &fyjtation.

tanglement purlf_lcat|0n[12]_ a_md _entangle_ment swapping Inspired by Pan’s proposdl3] for entanglement purifi-
[11], and the main task of it is still to realize entanglement ation and zhou's proposal for nondistortion quantum inter-
pu_nﬂgatlon. So we will mainly dlscus_s_ thg en.tanglement PU-rogation (NQI) [28], we will propose, in this paper, an en-
rification process. Entanglement purification is a method tha{anglement purification scheme for arbitrary unknown
can extract a small number of entangled pairs with a relar14 2q mixed entangled ionic states by using beam splitters
tively high degree of entanglement from a large number o BS) and polarization-sensitive single photon deteci@s

less entangled pairs using only local operations and classicgly the arbitrary unknown nonmaximally entangled pure
communication. In the original entanglement purificationgiates it also works. Through analysis, we can get near-
scheme[12], controlledNOT (C-NOT) operations construct perfect maximally entangled ionic states from the mixed en-
the main step of the purlflcatlon process. But, in experlmenttang|ed ionic states, provided we repeat the scheme several
there is no implementation @NOT operations that can meet (imes. From the pure nonmaximally entangled states, we can
the error rate level, which is needed for the logic gates inyet the perfect maximally entangled ionic states probabilisti-
long distance quantum communicati¢2s]. So more and  ca|ly. \We can decide whether the purification procedure suc-

more attention is focused on finding the realizable schemegggqs by operating single photon measurement on each side.
for entanglement purification. Paat al. use the polarization
Il. ENTANGLEMENT PURIFICATION FOR

MIXED STATES

*Electronic address: mingyang@ahu.edu.cn For communication purpose, the two distant users Alice
"Electronic address: zicao@ahu.edu.cn and Bob should share maximally entangled states:
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FIG. 1. Level configuration of the ions used in the scheme. The
ions, which are in the degenerate stdtes) and|m_), can be ex- FIG. 2. The setup for purification scheme. Alice places two ions
cited into the unstable excited stae by absorbing oner* or o~ 1,3 which are at her side on the two armsMj, ion 1 on upper
polarized photon, then it can decay to the stable ground &ate path and ion 3 on lower one, by using the trapping techno[@§y,
with a scattered photon rapidly. and analogously for the two ions 2,4 at Bob’s side. @tigpolar-

ized photon at each side will be superimposed on the first two BS
1 (BSa; and BS,) of My andMg, respectively. After the first BS the
|d*) o= ?(|m+>1|m+>z +|mo)mo),), (1a) photon will take two possible patlis denotgs the upper path ahd
V2 denotes the lower oneReflected by two mirrors, the two possible
paths will recombine at the second BBS,, and BSy,). Because
1 the two ions at one side are initially placed on the two optical paths,
[P 0= —=(|my)q M)y + ML)y m,),). (1b)  the ions and the photon will interact. This interaction will generate
V2 a shift of the interference after the second BES,, and BS)).

Then through single photon measurement after the two second BS

Thi?.e e,lre t_\(/jvo Bﬁ” stz?]tes foréwg, 'On:' One of tge two lons 'S(BSAZ, BSg)), Alice and Bob can compare their measurement results
at Alice's side, the other at Bob's. er.km) an |m_> are  via classical communication. If the two lower output ports
two degenerate metastable states of ions. The ions can l@SAI Dg) all fire, the purification succeeds.

excited from|m,) or |m_) to the excited statelg) by absorb-

ing onec™ or ¢~ circular polarization photon with unit effi-

Ciency. The excited Sta¢e> is not a stable one, so the ions in We suppose the input photon at Alice’s sideois p0|ar_
that state will decay rapidly to the stable ground stae ized, and it is superimposed on BSat the left lower input
with a scattered photo}$). This process can be expressed asport of M,, and analogously for the description of Bob's

. side. The effect of the BS on the input photon can be ex-
ai|0>|m:> - |S>|g> (2) pressed as

The level configuration of the ions is depicted in Fig. 1. But,
for communication purpose, the two ions must be distributed

to different locations. During the transmission process, en- BS 1
tanglement will inevitably degrade. So the entangled states a’,|0)y— —=(a, +ia/,)|0), (4a)
after distribution are usually mixed ones. Suppose that the " V2o T -

mixed state to be purified is in the form

pag = F|P)as(P] + (1 = F)[ W) 5P (3
Because a general mixed state can be rotated into the form in . BS + .t
Eg. (3), the discussion on the state in E@) applies to au,i|0>i*>6(al,1r+Iau,i)|0>i' (4b)
general mixed casd4.3]. Further, to complete the purifica-
tion scheme, we suppose that Alice and Bob have shared an
ionic ensemble, each pair of which can be described by the

state in Eq.(3). Here,F=(®"|pg|®*) is the fidelity of the  \yhere| and u denote optical pathglower and upper i
pairs with respect t¢d”). =A,B,a/,|0), anda,|0)g denote two input photons d¥l 5

Next, we will discuss the purification procedure in detail. and M, respectively, and: denotes the direction of polar-
To complete the purification process, we must carry out opization. The BS splits the wave function of the input photon
erations on two pairs of the ensemble. We denote the fouto two parts—the reflected part and the transparent one.
ions of the two pairs as 1,2 and 3,4, and the total state of thghere will be arr/2 phase shift between the input photon and
two pairs before purification can be regarded as a probabilishe reflected wave function, and the transparent part is syn-
tic mixture of four pure stategd*);J®*)34 with probability  chronized with the input photon. The BS takes no effect on
F2, [@%)15 )34 with probability F(1-F), [ ") ,/®*)3, with  the polarization of the input photon. These are critical to the
probability (1-F)F, and [¥*);,¥*);, with probability (1  purification process.

-F)2 To analyze the evolution of the total system, we will con-
The main setup, depicted in Fig. 2, are two Mach-Zehndesider the evolution of the following four product states of
interferometerqM, and Mg) located at Alice’s and Bob’s two ions. We will consider the ions 1,3 case, and the result

side, respectively. for ions 2,4 are same as that of the ions 1,3 case
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BS,4.Ions1,3,BS 45 1

$(|S)1|g)l|m+)3 +ilm,)1|S)s]8)3),

a7:+|0>A|m+>l |m+>3

(59
. BS,4.Ions1,3,BS 45 1 i . .
al,+|0>A|m+>l|m—>3 $|S)1|g)1|m_)3 + E(au,+ + lal,+)|0>A|m+>l|m—>3 (5b)
. BS,4.Ions1,3,BS 45 i 1 . .
al,+|0>A|m—>l|m+>3 E|m—>1|s>3|g>3 + E(al,+ + lau,+)|0>A|m—>l|m+>3’ (50
BS,.Ions1,3,BS 45
a;r,+|0>A|m—>1|m—>3 ia:,+|0>A|m—>l|m—>3- (5d)

Then we can give the evolution of the four probabilistic pure states:
M 4,lons1,3,M g,lons2,4
F: a7:+|O>Aa;:+|O>B|CD+>12|CD+>34—’_ g(a;,, + ia7:+)|0>A(a;,+ + ia;f+)|0)3 X |my|m)alm_yslm_)s

1 , , 1 V10
+ g(a;; + la;,+)|O>A(a7:+ + ta;’+)|0)3 X [m_Y1|m_)slm.Yslm.)s = Ea;,+|O>Aa;,+|O>B|m—>l|m—>2|m—>3|m—>4 + T|Scatter).

(6a)
M 4.lons1,3,Mp,lons2.,4 .
F(1-F): az+|O)AaZ+|O)B|CD+)12|‘I’+)34—>Z(aZ+ + ia:,+) |0>Aa:,+|O>B|m—>1|m—>2|m+>3|m—>4
s Lt 100t + ia ) |0abmd I ol ) + = [Scatter),
4 U+ s+ U+ 2 (6 b)
M 4,lons1,3,M g lons2,4

. 1
(1-F)F: aZ+|O>Aa7:+|O>B|\P+>12|CD+>34—) - Z(a;,+ + laL)|0)Aa;,+|0)3|m+)1|m_)2|m_)3|m_)4 - Za;’+|O>A

3
X (ay,  +iaj )|0Yg|m_Yi|m,)slm_Ys|m_)s+ 7|Scatter),

(60)
M 4,Ions1,3,Mg,lons2,4 -
(1-F)* az+|0>AaZ+|O>B|‘I'+>12|‘I'+>34 g(a:,Jr + iaZ+)|O>A(aZ+ + ia:,+)|0)3 X |mh|m_ys|m_)slm. )
i . . V14
+ g(aa + la;,+)|0>A(a:,+ + la;r,+)|0>3 X |m_yi|m)s|mydslm )y + T|Scatter), 60

where|Scattef denotes the normalized vectors describing theand Bob measure the ions 3 and 4 in thg basis, where
state of the scattered photons, which can be filtered out from)=(1/y2)(|m,)+|m.)), |-)=(1/y2)(Jm,)—|m_)), the maxi-

the detector. After evolution, Alice and Bob will operate mally  entangled state (1/\55)(|m+>1|m+>2|m_>3|m_>4
single photon measurements at the lower and upper outputim ), |m_),|m.)s|m,),) will collapse into different states cor-
ports of My and Mg, respectively. In this purification responding to various measurement results. For the results
scheme, the firsd™);)®%)3,) and the fourth| W1 W*)30)  +),]+), and|-)s|-),, the four-ion maximally entangled state
cases will lead to the measurement result that the two lowelill collapse into the stat¢d*);,. But for the resultg+)5|
output portg D, andDg) fire simultaneously, but the second -), and |-)5|+),, it will collapse into|®"),,, then Alice can
(|®*)12W*)39) and the third(|¥*);,|P*)34) cases never lead operate a phase rotation operation on ion 1 to cordett; ,

to. From the evolution result, we get that if the two into |®*);, For the four-ion maximally entangled state
lower output portSD, and Dg)) fire simultaneously, Alice  (1/y2)(my)q|mo),|mo)glme),+|mo)me),lmy)smo),)  case,

and Bob will get the four-ion maximally entangled statethe measurement results and the needed operations have
(L/N2)(Jmedgmedalmo)gmo),+[mo)smo)olmy)gime)s)  with  peen synchronized with the first case naturally. So after the
probability F2/32, and get another four-ion maximally evolution, the single photon measurement and the single ion
entangled state (1N2)(Jmy)q|m),lm)simy),  measurement on each side, the two remaining ions will be
+|m_)4m, ),|m,)slm_),) with probability (1-F)?/32. If Alice  left in the new states expressed by the new density operator:
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p12=F'[®) AP+ (1L —F") | W), T (7) can also be used to concentrate the nonmaximally entangled

E2T2a (1 21 L .., bure states. The setup and the ionic level structure are all the
yvhereF _.F,/,[F +(1-F)7], is the new fidelity. If t.he f|dlel same to the mixed states case. We can suppose the nonmaxi-
ity of the initial shared entangled ensemble satiskes3,

F’>F, the initial entangled state is purifi¢tl3,14. Because mally entangled pure state is in the form

F can be an arbitrary number between 0.5 and 1.0, the itera-

tion of our scheme can extract a near-perfect maximally en-

tangled state from the ensemble shared by Alice and Bob. [W)ag = amu)amo)g + bjmo)amy)g, (8)

IIl. ENTANGLEMENT CONCENTRATION FOR PURE

NONMAXIMALLY ENTANGLED STATES where|al?+|b]?=1. Just like the mixed state case, two pairs

Here concludes the discussion of the entanglement purifief ions (1,2 and 3,4 will be placed onM,, Mg. The evolu-
cation for mixed ionic states. We find that the above scheméion of the total state of the system can be expressed as

M 4.lons 1,3,Mp.lons 2,4l~ab

4

aZ+|O>AaZ+|O>B|‘I'>12|‘I’>34 (a:,+ + ia;r,+)|0>A(a;r,+ + ia:,+)|0)3

iab, ., . s 2~ |al?p]?
X|m ) m_yslm_Yslm, ), + T(au + lau,+)|0>A(au,+ +ia;,) 0)glm )y [ yolmy)slm o), + 5 |Scatter). 9)

After evolution, if the detectorsD, and Dg, fire, the  That is to say, our scheme is a purification scheme without
four_ions are left in a maximally entangled state: postselection measuremeB0].
(LN2)(Jmy) oMo mo)gmy) s+ M)y my)oimy)gimo),)  with
probability |a|?|b|?/8. Although we probably can get the
four-ion maximally entangled states corresponding to the
measurement result®,,, andDg,, D andDg,, DayandDyg;, After the discussion on the purification itself, we now
we should omit these results for the reason that the fire at thgjscyss the practical implementation of it. Singly positively
upper outport(Da,,Dg,) probably means the ions are not charged alkaline ions have only one electron outside a closed
precisely placed on the optical paths. shell, so they are commonly used in the quantum information
If the initial nonmaximally entangled state is in the fol- experiments using trapped i0i31,32. Here we discuss a
lowing form, ajm.)ajm,)g+bjm_)alm.)s, the concentration possible implementation of our purification scheme using

the successful probability is alda|’|b*/8. After obtaining  depicted in Fig. 333).

the four-ion maximally entangled states, Alice and Bob can p_, and D, are two metastable levels dfca’ with
make single ion measurement on ions 3,4 in the basjs jifetimes of the order of & s, andss, are two sublevels of
just like in the mixed states case. Then the remaining Ion$y_ . with m=—=2 and m=-% and these two sublevels are
1,2 will be left in two-ion maximally entangled state. From coupled tole) by o and o, Ii’ght at 854 nm. Here, S, S,
analysis, the successful probability for obtaining a two-iong  correspond te, m., m., g in Fig. 1 respectivel,y. That is

H H 2|2
maximally entangled state is st|i|*|b|*/8. to say, we use th&,,, as stable ground stat§;, S, as two
If we want to get four-ion maximally entangled states, yegenerate metastable state @y, as excited state. The

there is no need for us to operate the ionic measurement ifhivary superposition state of these two degenerate meta-

the basig*). So our purifica_tion and_concentration schemegisple states can be realized by applying a laser pulse of
can not only generate two-ion maximally entangled states

but also can generate four-ion maximally entangled states. In
this sense, the present scheme is more efficient than the pre-
vious schemg13]. In Pan’s scheme, the four-photon en-
tangled states can not be extracted, because the measurement
on one pair of photons is needed to complete the purification
procedure, otherwise we can not get to know whether the
purification succeeds or not, while, in our scheme, after the

IV. DISCUSSION

single photon measurement, the purification process can con- YR

clude if we need four-ion maximally entangled states. Then &nm=—’izf»

the four-ion maximally entangled states can be used as a

robust entanglement resource in quantum communication. FIG. 3. Relevant levels df°Ca’ ions [33].
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appropriate Ienggth, which can be realized in a few microsecduce some errors, which can be denoted;byhe difficulty
onds[34]. The*’Ca’" in stateS, or S, can be excited into the caused by the use of the two independent photon sources can
excited stateP3, by applying ones_ or o light at 854 nm.  be solved by the following method. We can connect the two
Then decay frome) to S;, S, to Dgpp, and t0S;, are all  users with an optical fiber. The photon source is placed in
possible. But Refg32,33 give the transition probability for one side, and the two twin photons produced by this source
P12— S12(397 nm) as 1.3<10° s and the branching ratio can be led to two MZIs by this optical fiber. This method will
of Pyj,— D3/5(866 nm) versusPy;,— S,5(397 nm as 1:15,  3iso introduce some error. Because the photon will transmit
while the branching ratio forPs;,— Ds/»(854 nm) versus  at the velocity of light in the optical fiber, this error will be
P32— S12(393 nm can be estimated as 1:30, giving 0.5 rather small. Then the efficiency of the purification scheme
X 10" s7* for the transition probability. So, in most cases, thewiill only be affected slightly. So in numerical calculation, we
40C3+ in the excited state will decay into the stable groundcan |eté‘:0_9_ In addition, we also can make use of a pair of
stateS, . The detection of the internal states'8€a’ canbe  ¢lassical pulses to synchronize the two photon sources,
realized by using a cycling transition betwes, and  \yhere the pulses are used to excite the optical switches.
P1/2(397 nm [31,32. (iv) Coupling the photon out of the cavity will introduce

To enhance the emission efficiency of the photons fromyqiher error expressed aswhich can be modulated to be
the ions, we can introduce cavities. Then the following threg,|ose to unit.

items will affect the emission efficiency of the photon from
the ions:

(i) The coupling between cavity mode and th&),

— 5,/»(393 nm transition.

(i) Decay fromPg), to Dg)».

(iii) Cavity decay.

From Ref.[35], the probabilityp.,, for a photon to be
emitted into the cavity mode after excitation éocan be
expressed  as Pgg, =4y (y+I)(yI'+40?), where vy
=4mc/F, L is the decay rate of the cavitly g, iS its finesse,

L is its length,Q=(D/#)vhc/ 2e,\V is the coupling constant
between the transition and the cavity mofejs the dipole
element\ is the wavelength of the transitiok,is the mode
volume(which can be made as smallla¥\/4 for a confocal
cavity with waist JLA/7), andI" is the non-cavity-related
loss rate[33]. From the discussion of Ref33], the photon
package is about 100 ns, which is a relatively long time fo
the purification scheme to be completed.

When calculating the total efficiency of the purification
scheme, we must consider the following items:

(i) The emission efficiency of photorp,,, which has

After considering the above factors, the total success
probability can be expressed as follows:

P={[F?+(1-F)?/32p.,, (171 2) (& for mixed state, that
is to say, if we input photon with the rate of 3 000 000/s, we
can get 70 pairs of purified entangl&Ca’ ions per minute
for F=0.7.

P=[a*(1-a?)/8]p.,, (77/2)¢¢ for pure state, that is to
say, if we input photon with the rate of 3 000 000/s, we can
gzet 100 pairs of purified entanglé8Ca’ ions per minute for
a =0.7.

In conclusion, we present an entanglement purification
scheme, which can purify the general ionic mixed entangled
stats by using a Mach-Zehnder interferometer. The most im-
portant advantage of the scheme is that it can extract not only
two-ion maximally entangled states but also four-ion maxi-
tmally entangled states from less entangled pure or mixed
states. In addition, the operations carried out here are all
simple and can be realized within the current technology.
The main drawback of the scheme is how to place the ions
on the optical paths precisely.

included the cavity decay. To maximize tipe,, we have ACKNOWLEDGMENTS
chosenF,,=19 000,L=3 mm. Theny=9.9x10° s7%, pg,,
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