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Thermodynamical detection of entanglement by Maxwell's demons
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Quantum correlation, ogntanglementis now believed to be an indispensable physical resource for certain
tasks in quantum information processing, for which classically correlated states cannot be useful. Besides
information processing, what kind physicalprocesses can exploit entanglement? In this paper, we show that
there is indeed a more basic relationship between entanglement and its usefulness in thermodynamics. We
derive an inequality showing that we can extract more work out of a heat bath via entangled systems than via
classically correlated ones. We also analyze the work balance of the process as a heat engine, in connection
with the second law of thermodynamics.
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I. INTRODUCTION Il. WORK-EXTRACTION SCHEME

Entanglement is a form of correlations between two or  Suppose that we have a two-dimensional classical system,
more quantum systems whose amount exceeds anything thaiich as a “one-molecule gas,” which can only be in either the
can be obtained by the laws of classical physics. Bell clariright or the left side of a chamber. If we have full informa-
fied the difference between these correlations by measuringon apout this molecule, i.e., we know its position with cer-
statistical regularities between local measurements on t""%inty, we can extradtgT In 2 of work out of a heat bath of
separated systeni&]. However, even though it is now well yemperaturer by letting the gas expand isothermally. If we

established that quantum systems can be more correlatede only partial information about the system, the extract-

than classical ones, the central question is whether we caty o \work becomeseT In 2[1-H(X)], where H(X) is the

use these excess correlations to do something useful. Thegg - 0 entropy ani is a binary random variable repre-
are many indications from the field of quantum information senting the position of the molecui2,6-g. For simplicity

that entanglement can result in a computational speed u e setksTIn2=1 hereafter so that we can identify the
nonetheless, there is no precise and proven link between t%ount gf work with the amount of information in bits

two at present. I_n th|s. paper, we show that there is [nde(e_q 2 The same argument can be applied to quantum cases pro-
more basic relationship between entanglement and its Utl|lt}(/ided that we know the nature of projection operators

in thermodynamms: We_fmd a particular Work-extractlng sce-, Py, P1(=P2)} employed to obtain the information. The cor-
nario that reveals the difference between classical and quan-

tum correlations. esponding Shannon entropy isH(p)=-plog, p—(1

—p)log,(1-p), wherep=Tr(Pyp) andp is the density matrix

There have been some papers on the work-extraction frmp r the state. In order to extract work. w n store the m
correlated quantum states. For example, H&f§] have ana- or (e state. In order to extract work, we can store tné mea-
surement results in classical bits so that the same process as

lyzed the difference between globally and locally extractable . . )
work. It was shown in Ref[2] that a global observer can above can be applied. Or, equivalently, we can copy the in-

extract more work from a pair of quantum systems than tWJormation about the q“a”t“”? stat(_e to an ancilla by usin_g a
local observers. In Ref3], a similar difference is discussed controlledNOT .(CNOT) operation with rgspect_to the basis
in terms of “discord.” ' defined by projector$Py, P,}, and use this ancilla to extract

Our goal here is to clarify the difference between cIassicaV"Ork a_\fter Iet_tlng It dephase. ANOT IS a two-bit unitary
and quantum correlations, using locally extractable Work()p(:“rat'on’WhICh flips one of the two bits, the target bit, if the

from a heat bath via a given state, without comparing it withOther’ the control b.'t' IS 1N .1 an_d does nothing otherW|se_.
globally extractable work. The expected result will be Bell- Let us now consider a bipartite correlated system, retained

type inequalities, which witness entanglemé#t, written _by Alice and Bob. Suppo_se a s_et of identically preEared cop-
with locally observable thermodynamical quantities. We will €S Of the system for which Alice chooseg={P,,P;} and
present thermodynamical inequalities that are satisfied by affob choose®, ={P, P} as bases of their measurements
classically correlated states, but can be violated by entangletiith 6(6") representing the direction of the basis. Alice per-
states. By classically correlated states, we mean separadiegrms her measurement with, and sends all ancillae con-
states as in Ref{5]. Our results suggest a connection be-taining results to Bob. Then, by analogy with the single mol-
tween the separability of a quantum state and thermodynangcule case, Bob can extract 8B, |A,) bits of work per

ics. Metaphorically, Maxwell's demons can violate the in- pair on his side after compressing the information of his
equalities in an attempt to break the second law ofmeasurement outcomes, whetéX|Y) is the Shannon en-
thermodynamics with the excess work due to the nonclassiropy of X, conditional on the knowledge of.

cality of entanglement, although they can never be success- When their system is in a maximally entangled state, such
ful. as|®*)=(|00)+|11))/\2, H(A,| By) vanishes for alb, unlike
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FIG. 1. Schematic view of the protocol to extract work from
correlated pairs. The two pairs in the figure represent an ensemble
for which Alice and Bob usé, andB, for their measurement and
work extraction. For a half of this ensemble, Alice measures her
state withA, and Bob extracts work from his side along the direc-  FIG. 2. The choice of measurement basis for the protocol. Bases

tion of ¢, according to Alice’s measurement results. For the othe®1,B1, ... B, are chosen so that they cover a great circle on the
half, they exchange their roles. Bloch sphere densely astends to infinity. The final basiB,, is set

to be the same as the first oAeg.

n
lBlA232

any other forms of correlation for whicH(Ay|B,) can take ) o

any value between 0 and 1. This means that we can extratt0l- The circle should be chosen to maximize the sum.

more work from entangled pairs than from classically corre-  Let£,(Ai,Bj) denote the extractable work from two copies

lated pairs. of bipartite systemp in the asymptotic limit when Alice
Figuratively speaking, demons, Alice and Bob, who sharechooses A, (and A’) as her measurement and work-

entangled states with each other, can outdo those who hagtracting basis while Bob choosBg (and B;"). For a two-

only classically correlated ones in terms of the amount oflimensional bipartite systend,is given by

extractable work. By demons we mean here any fictitious a B CH

entities that manipulate microscopic objects using informa-o0(AinBy) = 2 H(A[B) - H(B;|A) = 2 - 2H(A;By) + H(A)

tion available to them, in analogy with Maxwell’s demid@. +H(B)), (1)

Their everlasting wish is to violate the second law of ther- = -

modynamics by extracting extra work from a heat bathWwhich is symmetric with respect % andB;.

thanks to entanglement, although this attempt turns out to be | "€ duantity we consider is

thwarted as we will see below. n n-1

. Thg overgll p_rotocol to e>'<tract. vyork frqm correlated pairs  |im 1/(2n - 1)[2 £A6),B(6)) + > E(B(6),A(6s1))

is depicted in Fig. 1. They first divide their shared ensemble n—= k=1 k=1

into groups of two pairs to make the process symmetric wit

respect to Alice and Bob. For each group, they both choose

projection operator randomly and independently out of a set, 1 (2"

{A1,A;,--- A} for Alice and{B;,B,,---,B,} for Bob, just E(p) == — £,(A(6),B(6))dd, (2)

before their measurement. Then, Alice measures one of the 2mJo

two qubits in a group with the projector she chose and in-

forms Bob of the outcome as well as her basis choice. Bolgvheree is the angle representing the direction of measure-

performs the same on his qubit of the other pair in the groupgzzitm?;e;htiegirsg f;rIdSé :—nr:; t%r?:é ;'égl\?e'sNg]tg é’(;; that
As a result of collective manipulations on the set of those gral, '

groups for which they chos4, and B;, they can extract 2 represents the extractable work under local operations and
“H(A|B)-H(B;|A) bits of vx;ork peJr, two pairs at maxi- classical communication, which is a standard framework to
i jIN

deal with entanglement in quantum information theory.
mum. . : .
We now present an inequality that shows a connection
between the thermodynamically extractable work and the
IIl. THERMODYNAMICAL SEPARABILITY CRITERION separability of bipartite quantum systems.

Proposition.An inequality,

r a statep and we let=(p) denote it as

Let us find a general description of correlations in terms

of work to clarify the difference between classical and quan- =(p) < =(/00 3
: : E(p) < E(|00), 3

tum ones. It turns out that it suffices to sum up all the work
that can be obtained by varying the basis continuously over & a necessary condition for a two-dimensional bipartite state
great circle on the Bloch sphere, i.e., the circle of maximunyp to be separable, that ip,zzipipf‘@)p?. The statd00) in the
possible size on a sphefsee Fig. 2 This is similar in  right-hand sideRHS) can be any pure product stdigy’).
approach to the chained Bell's inequalities discussed in RefVe obtained the value & (|00)) numerically as 0.8854 bits.
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We will refer to this inequality(3) as “thermodynamical 24
separability criterion.”
Proof. Without loss of generality, alp/* and p? can be

assumed as pure states. The key point of the proof is that L3 |
even if the information from the other side could always be

used to specify the pure state compone‘?n(or P on his/ Z(p)
her side, the average extractable wakp) is always not 10}
larger thanZ(|00)). This is because for any pure product  =(jooy—"
state|yy'), E(|gy')) < E(|00)) with equality when bothy)

and |¢/) are on the integral path foE. Thus, EP*p) 05}

=SipE(pl® pP)<=ipE(|00)=E(/00), where ZP<p) is
the extractable work fronp when the “pure component

specification(pcy” is possible. We show below thaE (p) 005 33 o 05 08 To
<EPNp). co (or a?)

The conditional entropy in the definition &f,(A,B) can
be written as H(B|A)= E, o H(p(B°|A)), where pf! FIG. 3. Extractable work in the asymptotic limit. The dashed

=T{(A®1)p]=3; pITr(AJp ) is the probability for Alice to lines show the extractable work from classically correlated states,

obtain the outcomg and Al is a projection operator for the o =co|00X00| , where ¢ €{0.2,0.47,---,7}. The

outcome j along the direction of ¢ [11]. Namely, solid line is that from entangled pure statef)0)+3|11). The hori-

AO(:AO(Q)) corresponds t&\(#) in Eq. (2), however, we do zontal axis represents two parameters, nangglyor classical cor-

not write @ explicitly in this proof for simplicity. As the relation anda® for entanglement.

density operator for Bob after Alice obtained is pf\j

:(1/pJA)zipiTr(AipiA)piB, H(B|A) is given by (pure entangled state is_a rnonotonlic function of the_amount
of entanglemenf12], taking its maximum when maximally

_ A P A 0B entangled.

H(B|A) = E P H<E p_ATr(A]F’i )Tr(B p, )>- (4) As the RHS of Eq(3) represents the maximum amount of

! ' work obtainable from classically correlated states with our

rotocol, any excess of extractable work should be the mani-

On the other hand, if the pcs is possible, the correspondin

entropy can be written as estation of entanglement. Thus, violating the inequdl&y _
demons can exploit the extra work from entanglement, which
is unavailable from classically correlated states.
HPBJA) = 3 piH(Tr(B%)). (5) y

Even if we choose a part of the great circle as the integral
path of Eq.(2) without closing it, the inequality correspond-
By letting p/} denote T¢tAip{Y) and notingp*==;ppf}, we can  ing to Eq.(3) should be violated for states that are entangled
have an inequality as strongly enough. This is because for a strongly entangled
state|¢), £4(Ay,By) is close to 2 for ally, while &qq,(Ag, By)

pip is always less than 2 unlegsindicates|0). This also means

H(BIA) = E P (E o ) 2 E DAI_LH(F’OJ that the violation criterion, i.e., the RHS of E@), depends
o on the range of the path in such a case.

= E piH(pS) = HPYB|A), (6) We can also perform the integral in E&) over the whole

Bloch sphere, instead of the great circle, to have another

separability criterion. Then, E¢3) becomes
due to the concavity of Shannon entropy. As @}l and pg;

can be regarded as distinct, the equality in E8). holds — 1 —
when there exists only one pure component, pg=1 for a Fedp) = A Bsfp(A’ B)d() = Zp(|00)), ()
certaink andp;=0 for i # k. Similarly, H(A|B) = HP*YA|B).
Hence, for all separable, or classically correlated, states where BS stands for the Bloch sphere and we obtained
E(p)<EP9p) and thusE(p) < Z(|00)). Egd]00))=0.5573 numerically. The proposition also holds
The dashed lines in Fig. 3 show numerically plottedfor Zg4p) as there is no need to change the proof except that
E(og) as a function of c,, where o =co0000  EBNp) is always equal t&Eg4|00)) in this case. Let us now
+C1|e@)(¢gl is a classically correlated state with respect tocompute the value oEgdpy), Where py=p/¥ W¥|+(1
two vectors,|0) and |¢):=cog¢/2)|0)+sin(¢/2)|1). There  —p)/4.1 is the Werner statf5], to see the extent to which the
are five dashed lines, each of which corresponds.towith inequality can be satisfied when we vapy It has been
one ¢ out of the se{0.27,0.4x, - -+, }. The near-horizontal  known that Bell-Clauser-Horne-Shimony-HdBell-CHSH)
one corresponds t@=0.2w, which gives a state “close” to inequalities[13] are violated fop>1/y2=0.7071, whilepy,
|00). We can see that none 8(a;) exceed€E(|00)), whose s inseparable ip>1/3. A bit of algebraic calculations lead
value is 0.8854 bits, as the above proposition claims. Alsoto Zgdpw)=(1-p) logy(1-p)+(1+p) log,(1+p) and this is
above the threshol&(|00)), the extractable work from a greater tharEg4|00)) when p>0.6006. Therefore, the in-
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equal?t_y (7) is significantly stronger than Bell-CHSH in- n copies of /2 ® |0)(0|
equalities.
Since we have obtained the inequalit{&s and (7) with- Work wf, consumed by Alicel Work wZ, extracted by Bob
out discussing the nonlocality of quantum mechanics, they
are different from Bell’'s inequalities, but similar to them in nS(p)/2 copies of 1/2®1/2
the sense that they discriminate nonclassical correlations n[l — S(p™)/2] copies of [00)(00|
from classical ones. With reference to Bell’s inequalities, the
form of extractable work, Eq.1), reminds us of the “infor-
mation theoretic Bell's inequalities” derived by Schumacher
by defining thenformation distancaising conditional entro-

pies[14]. . L . . . FIG. 4. Restoration of the initial staﬁé'-. It is simply a scheme
Schumacher obtained his inequalities from the triangle ins, preparenS(pc) of 1/2 from n copies of the statt/2® [0)(0]. The

equality for a metric. However, it is possible to derive theyork, w2 andw2,, are explained in the main text.

same inequalities directly from our definition of the extract-

able work, Eq.(1). The result becomes

l Quantum decompression

n copies of p"

with o, =(9 3) without energy consumption. Generically,

unitary operations require no energy consumption as entropy
stays constant with them. Let us consider first the case in
&AB) +£(B,C) < 2+¢(A,C), (8  which there was only classical correlation initially, p%
=3ipip*® pB. The simplest method to restanecopies of this
initial state from o is to make use of quantum data
with equality whenH(A)=0 or H(C)=0. This is a direct compression/decompressidi5]. To do this, they need
consequence of Eq1) and the strong subadditivity of the nSp®") copies ofl /2 andn[1-S(p°")] copies of the standard
Shannon entropy. From E@8), we can obtain “chained” pure state|0), whereS(p)=—Trp log,p is the von Neumann
inequalities entropy. Let them have the same number of copie$/af
(see Fig. 4 Alice compresses[1-S(p°)/2] copies ofl/2
on her side isothermally to|0), consuming wh,=1
&AL,By) + EBLA) + -+ + EA,,B,) —S(pf'-)/2 Bbits of work per qubit. On the pther hand, Bob
acquiresws,,=S(p)/2 bits of work per qubit by transform-
ing nYp°")/2 copies ofl0) to 1/2. They can restora copies
of p° by decompressing the mixture 6f2®1/2 and|00)
. globally without any work consumption.
Note that the left-hand side of E¢Q) becomes the same as = \when the initial state is entangled d92B)=a|00)
that of Eq.(3) if we take basedy, ... B, as those in Fig. 2,  +|11), the restoration process becomes simpler. Alice trans-
divide the sum by @-1, and letn tend to infinity. However,  forms her statd/2 into |0) by consuming one bit of energy
the same procedure on the RHS gives 2, thus (Bbe-  to make|00). Then rotating Alice’s state t¢a|0)+3/1))|0)
comes a trivial inequality(p) < 2. Hence, our inequalit¥8)  unitarily and applying a globatNoT restore the initial en-
is essentially independent of Bell-Schumacher inequalitieganglement. In either case, we also need to erase the infor-
and gives a stronger bound &ip) in the continuous limit. mation of Bob’s measurement outcome and this requires
H(B(0)) bits of work[9,16].
Combining the work extracted before, we can now calcu-
IV. ANALYSIS OF DEMONS’ ATTEMPT late the work investment\i,, to close the cycleWg, =wh,,
—WE,+H(B(6)) ~[1-H(A(6) |B(6)I=H(A(6) ,B(6)) - S(p")
Let us analyze how demons’ attempt to violate the secon@its of work for an initial state op® and, glmllarly,\/v?n”v"
law of thermodynamics will end in failure. In order to dis- =H(A(6),B(6)) bits for an entangled statg)/*®). TheseWy,

cuss the second law, which states “there does not exist arfjjuUSt bé non-negative in order for the second law not to be

A l . .
cycle of a heat engine that converts heat to work without/!0/ated. It turns out that boti/, andW;-are indeed non-

leaving any change in its environment,” we need to restord'€gative tdue' to thedpt;‘opegles;: O; the'Sflgnnon and von I\![eu-
the initial state after extracting work and check the balancd"@n" €Ntropies and the efiect of projective measurements.

of work. The impossibility of breaking the second law by the

protocol described above follows from the fact that the net V. SUMMARY

work investmenis always non-negative, regardless of the

direction of measurement/work extraction, thus, it is neces- We have devised a scenario in which two demons, Alice

sarily non-negative after averaging over the great circle oand Bob, can distill more work from entanglement than from

the Bloch sphere. classical correlation. We have cast this discrimination of cor-
Suppose that Bob performs measurement on his part ane@lations in the form of the thermodynamical separability

Alice extracts work on her side. The state after work extrac<criteria. Although we can rederive Schumacher’s inequalities

tion is o=1/2®0)0|. If Bob’s outcome was 1, he can flip it by considering a set of discrete basis of measurement, our

<2(2n-2) + §(A1,By). 9
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inequalities are essentially different. Interestingly, our in-interesting if we can find a connection between our inequali-
equality (7) is more effective than Bell-CHSH inequalities, ties and the nonlocality of quantum mechanics.
as well as Schumacher’s, in detecting inseparability of the
Werner state. Lastly, our analysis of the energy balance after
closing the thermodynamical cycle illustrates, quite expect-
edly, that the demons cannot violate the second law even K.M. acknowledges financial support by Fuji Xerox. F.M.
with the excess work extracted from entangled states. appreciates the warmth and hospitality of the quantum infor-
One important step we should make next is to devise anation group at Imperial College. V.V. is supported by the
method to test the inequality experimentally, for example, byEuropean Community, the Engineering and Physical Sci-
using NMR as proposed in RdfL7]. Also, it would be very  ences Research Council, Hewlett-Packard, and Elsag Spa.
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