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Manifestations of nuclear anapole moments in solid-state NMR
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We suggest using insulating garnets doped by rare-earth ions for measurements of nuclear anapole moments.
A parity violating shift of the NMR frequency arises due to the combined effect of the lattice crystal field and
the anapole moment of the rare-earth nucleus. We show that there are two different observable effects related
to frequency11) a shift of the NMR frequency in an external electric field applied to the solid; the value of the
shift is aboutAv; ~107° Hz with E=10 kV/cm; (2) a splitting of the NMR line into two lines. The second
effect is independent of the external electric field. The value of the splitting is abeut 0.5 Hz and it
depends on the orientation of the crystal with respect to magnetic field. Both estimates are presented for a
magnetic field of about 10 T. We also discuss a radio frequency electric field and a static macroscopic
magnetization caused by the nuclear anapole moment.
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I. INTRODUCTION yttrium gallium garnet doped by Pf15]. Once more,
praseodymium 3+ ions substitute for yttrium 3+ ions. The
The anapole moment is a characteristic of a system whichopant ions have an uncompensated electron 3pamd a
is related to the toroidal magnetic field confined within thenuclear spinl. For Tn#* J=6 and1=1/2 (***Tm, 100%
system. It was pointed out some time ago by Zeldojith abundance For PF* J=4 andI=5/2 (***Pr, 100% abun-
that the anapole moment is related to parity violation insidedance.
the system. Interest in the nuclear anapole moment is mostly The simplestP-odd andT-even correlation(P is space
due to the fact that it gives a dominating contribution toinversion andT is time reflection which arises due to the
effects of atomic parity nonconservatig®NC) which de- nuclear anapole moment is
pend on nuclear spifi2]. There are two mechanisms that
contribute to these effects. The first is due to the exchange of erlf)f“ [l xJ]-E, (1)
aZ boson between electron and nucleus. The second mecha-
nism is due to the usual magnetic interaction of an e|ectroNVhereE is the external electric field. It is convenient to use
with the nuclear anapole moment. The contribution of thethe magnitude of the effect expected in the electron electric-
first mechanism is proportional to 154 Since the sine dipole momen{EDM) experimen{13] as a reference point.
squared of the Weinberg angle #~0.23 [3], the first For this reference point we use a value of the electron EDM
mechanism is strongly suppressed and the second mecrdual to the present experimental limjt6], d.=1.6
nism dominates. The anapole moment %3fCs has been X 10"*%e cm. According to our calculations, the value of the
measured in an optical PNC experiment with atomid s effective interactior(1) is such that at the maximum possible
This is the only observation of a nuclear anapole momentvalue of the cross produgt X J] it induces an electric field
There have been several different suggestions for measurtur orders of magnitude higher than the electric field ex-
ments of nuclear anapole moments. Measurements in opticBected in the EDM experimeritl3,17. For example, in
transitions in atoms or in diatomic molecules remains arPGa0;, the field isSE~1.5x 107° V/cm. The problem is
option; for a review, sef5]. Another possibility is related to  how to provide the maximum cross prodydtx J]. The
radio frequency(rf) transitions in atoms or diatomic mol- value of(J) is proportional to the external magnetic fietd
eculeqd 6-9]. Possibilities to detect nuclear anapole momentsA magnetic field of about 5-10 T is sufficient to induce the
using collective quantum effects in superconducfd, as maximum magnetization. Nuclear spins can be polarized in
well as PNC electric current in ferromagnétd], have been the perpendicular direction by an rf pulse, but then they will
also discussed in the literature. A very interesting idea to usprecess around the magnetic field with a frequency of about
Cs atoms trapped in solfiHe has been recently suggested in1 GHz. It is not clear if the anapole-induced voltage of this
Ref.[12]. frequency can be detected. An alternative possibility is to
Our interest in the problem of the nuclear anapole mo-detect the static variation of the perpendicular magnetization
ment in solids was stimulated by the recent suggestion foinduced by the external electric fielél, <[B X E]. The mag-
searches of the electron electric-dipole moment in rare-earthetization effect for RGa;0;, is several times larger than
garnetg13]. Garnets are very good insulators which can bethat expected for the EDM experimefit3]. This probably
doped by rare-earth ions. They are widely used for laserapakes the magnetization effect rather promising. In the
and their optical and crystal properties are very well underpresent work we concentrate on the other possibility which is
stood. To be specific we consider two cases: the first is ytbased on the crystal field of the lattice. Because of the crystal
trium aluminum garnetYAG) doped by Tm[14]. Thulium field, the electron polarization of the rare-earth ion has a
3+ ions substitute for yttrium 3+ ions. The second case ixomponent orthogonal to the magnetic fieldl)«=B
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+(B-n)n, wheren is some vector related to the lattice. The  The garnet lattice has a center of inversion. However, the
equilibrium orientation of the nuclear spin is determined byenvironment of each rare-earth ion is asymmetric with re-
the direct action of the magnetic field together with the hy-spect to inversion. One can imagine that there is a micro-
perfine interaction proportional tdJ). Because of the scopic helix around each ion. Since the lattice is centrosym-
(B-n)n term in (J), the nuclear and electron spins are notmetric, each unit cell has equal numbers of rare-earth ions
collinear, and the cross produftxJ] is nonzero[l xJ]  Surrounded by right and left helicéthere are 24 rare-earth

«(B-n)[B X n]. We found that the NMR frequency shift due Siteés within the ce)l The microscopic helix is characterized
to the correlatior(1) is about by a third rank tensoff, (lattice octupolg Together with

the nuclear anapole interaction this gives a correlation simi-
lar to Eqg. (1), but the effective “electric field” is generated

- 5
Apy ~107 Hz @ now by the helixg, e Ty JiJm- SO the effective interaction is

at E=10 kV/cm andB=10 T. In essence, we are talking HZ: = €id; Tamdidin- (3)
about the correlatioiB -n)[B X n]-E considered previously

in the work of Bouchiat and Bouchig12] for Cs trapped in line. The value of the shift is about 0.5 HzB&10 T, and

solid “He. \ o . ; . ot
Another effect considered in the present work is the split—the sign of the shift is opposite for sites of different "helic

ting of the NMR line into two lines due to the nuclear ana- Ity s in the end it gives a splitting of the NMR line:
pole moment. This effect is related to the lattice structure and Av, ~ 0.5 Hz. (4)
is independent of the external electric field.

The effective interaction3) produces a shift of the NMR

The value of the splitting depends on the orientation of the
crystal with respect to the magnetic field. This is the
“handle” which allows one to vary the effect. Generically

this effect is similar to the PNC energy shift in helical mol-

eculeg[18].

One can easily relate the values of the frequency shift in
the external field2) and of the line splitting4). The split-
ting is due to internal atomic electric field which is about
10° V/cm. Therefore, naturally, it is about five orders of
magnitude larger than the shi) in field, 10 kV/cm.

For the present calculations we use the jelly model sug-
gested in Ref[17]. Values of the nuclear anapole moments
of %%Tm and*Pr which we use in the present paper have
been calculated separatgliQ]. The structure of the present
paper is as follows. In Sec. Il the crystal structure of the
compounds under consideration is discussed. The effective
potential method used in our electronic structure calculations
is explained in Sec. Ill. The most important parts of the work
which contain the calculations of the effective Hamiltonians
(1) and(3) are presented in Secs. IV and V. The crystal field
and the angle between the nuclear and the electron spin is
considered in Sec. VI. In Sec. VIl we calculate values of
observable effects and Sec. VIII presents our conclusions.
Some technical details concerning the numerical solution of
the equations for electron wave functions are presented in the
Appendix.

II. CRYSTAL STRUCTURE OF Y(Pr)GG AND Y(Tm)AG

The compounds under consideration are ionic crystals
consisting of ¥*, 0?7, and G&" ions for YGG and A}
instead of Ga for YAG, plus Pt or Tm** rare-earth(R)
doping ions. The chemical formula of YGG i®a,04, and
the formula of YAG is Y3Al504,. Yttrium gallium garnet and

yttrium aluminum garnet belong to tha3d space group and

contain 8 formula units per unit cell. Detailed structural data
FIG. 1. Dodecahedron configuration of Clons around th&®*  for these compounds are presented in Ta20,21].

impurity ion in the garnet structure. Two different viewing angles ~ R®* doping ions replace ¥ ions and hence enter the

are shown. garnet structure in the dodecahedrat 2&es with the local
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TABLE |. Structural data for YGG20] and YAG [21].

YGG YAG
Unit cell parametergA)
a,b,c 12.280 12.280 12.280 a,b,c 12.008 12.008 12.008
a,B,y 90° 90° 90° a,B,y 90° 90° 90°
Space group
la3d (230 setting 1 la3d (230 setting 1
Atomic positions

Y 0.1250 0.0000 0.2500 Y 0.1250 0.0000 0.2500

Ga 0.0000 0.0000 0.0000 Al 0.0000 0.0000 0.0000

Ga 0.3750 0.0000 0.2500 Al 0.3750 0.0000 0.2500

O 0.0272 0.0558 0.6501 (0] 0.9701 0.0506 0.1488
D, symmetry. In this case eadR®" ion is surrounded by Tm: w=1.0,d=1.0, »=2.56.

eight oxygen @ ions in the dodecahedron configuration re-
sembling a distorted cubtsee Fig. 1 There are 24 such o107 s the nuclear charge of the impurity iod, is the

S|te§ per unit _ceII: half of them have abs.ollutely 'de”t'calcharge of the electron core of ion, apd d, and 7 are pa-
environment with the other half; the remaining 12 can be

e . X , . : _ ~“rameters that describe the core. We use atomic units, express-
divided into 6 pairs where the sites differ only by INVersion iy energy in units 0E,=27.2 eV and distance in units of
and these 6 pairs differ with each other by finite rotations. Iy & gohr radiusaB=0.5(:)3>< 10 cm. Solution of the Dirac

the present paper we perform calculations for the case of ong,, ation with the potentidb) gives wave functions and en-
particular site orientation; the coordinates of the oxygen at-

d th i ' ion for that i ergies of the single-electron states. The potepprovides
oms around the central impurity ion for that instance are; q,4 fit to the experimental energy levels of isolated im-

presented in Table II. After that, the results for all other sitespumy ions[22]; the comparison is presented in Table IV.
in the unit cell can be found by applying the inversion of * | " J.4ar to model the electronic structure of tRe Oy

coordinates or the necessary rotations, listed in Table IlI. cluster (Fig. 1), following [17] we use the jelly model and
smear the eight oxygen ions over a spherical shell around the

Ill. CALCULATION OF THE ELECTRONIC STRUCTURE rare-earth ion. Hence, the effective potential due to the oxy-
OF THE R-Og CLUSTER gen ions at thé&R®* site is
We describe an isolated impurity ion with the effective - roiDP?
potential in the following parametric form: Vo(r) == Al =PI, (6)
o ~u/d )
VR(r) = 1 (Zi-2)(e""+1) 4 (5)  Wwherery=4.53 is the mearR-O distance and\, andD are

—wid T ; ; ;
r(L+gn2e™+1) parameters of the effective potential. To describe the elec-

trons which contribute to the effect we use the combined
Pr: ©=1.0,d=1.3, »=2.25; spherically symmetric potential

TABLE II. Coordinates of oxygen ions in YGG and YA@) with respect to the rare-earth ion. The axes
X, ¥, andz are directed along the three orthogonal cube edgés andc, Table I.

YGG YAG
X y z X y z
o1 1.8690 0.6852 -1.2268 1.8600 0.6076 -1.2152
02 1.8690 -0.6852 1.2268 1.8600 -0.6076 1.2152
03 -1.8690 -1.2268 0.6852 -1.8600 -1.2152 0.6076
04 -1.8690 1.2268 -0.6852 -1.8600 1.2152 -0.6076
05 0.3082 2.3848 0.3340 0.2858 2.3944 0.3590
06 -0.3082 0.3340 2.3848 —-0.2858 0.3590 2.3944
o7 0.3082 —-2.3848 -0.3340 0.2858 -2.3944 —-0.3590
08 -0.3082 —-0.3340 —-2.3848 —-0.2858 —-0.3590 —-2.3944
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TABLE lIl. Euler angles of rotation between inequivaleRt*
impurity sites.

R3* site o —_—
Euler angle 1 2 3 4 5 6
o 0 w2 T 372 0 T
B 0 0 0 0 w2 w2 FIG. 2. Schematic picture, illustrating the shift\g§(r) due to
y 0 0 0 0 0 0 the lattice deformation.

certainly be better to use a relativistic quantum chemistry
V(r) = Vg(r) + Vo(r), (7)  Hartree-Fock methodi25] (or the Kohn-Sham form of the
relativistic density functional method which allows one to

whereVy is the single-impurity ion potentidb). Solution of . -
the Dirac equation with potentigl) gives the single-particle generate electron orbitalt descnbg h&- O, cluster.'How-
ever, this would be a much more involved calculation at the

orbitals. In this picture we describe the electronic configura- . o
tion of the cluster a§Re*]65%6p?, where the electronic con- edge of present computational capabilities and therefore, at

figuration of PP is 1<%--5s%5pfaf2 and Tn#* is this stage, we continue with the jelly model.
1s?- - -55?5pb4f12, The eight states$6p°® represent @, elec-

trons of oxygens combined ®andP waves with respect to IV. CALCULATION OF THE EFFECTIVE

the central impurity ior(see Ref[17]). The parameted; in HAMILTONIAN (1)

the “oxygen” potentiaV (6) is determined by matching the

wave function of the oxygeng®, orbital (calculated in Ref. The calculations in the present section are similar to those
[23]) with the 6 and 6 orbitals from the combined potential performed in17] for the electric-dipole moment of the elec-
(7) at the radiusR~2.5a5. The matching conditions are tron. There are three perturbation operators that contribute to

the correlation(1). First, there is a magnetic interaction of
the electron with the nuclear anapole moment; see, [&l.,
Expressed in atomic units the interaction reads

|‘//65(R)| = |l/l2pa(r0_ R,cos6= 1)|,

|/6p(R,cOSO = 1/\6)| = |z,02p”(r0 -Rcosf=1)|. (8

This is a formulation of the idea of a dual descriptionrat Va=Kall®)4(r), 9

~R; see Refs[23,24.
The parameteD in Eq. (6) represents the size of the Gmia

oxygen core and is aboud =<1 (atomic unitg. The jelly Ka:SaKa<—/—) =1.57x 10 ¥«,S,,

model is rather crude and the value Dfcannot be deter- V2

mined precisely; see Ref17]. In the present work we vary

this parameter in the range of 0.1-1.5. For each particular

value of D we find A, to satisfy Eq.(8)—for example,Aq Ky = Ega—fAm;

=0.9 atD=1. The most realistic value fob is probably 107 nifg

around 0.5-1.0. To be specific, in the final answers we

present results @0=1.0. Instead of the jelly model it would 115 k,=0.35, S,=-0.34:

TABLE IV. Calculated and experimentd®2] energy levels of
an isolated ion with respect to the ionization limit. Energy levels are 1697 m- k,=0.39, S,=-0.25.
averaged over the fine structure. Units® ton.

Herem s the electron mass; is the Fermi constant andis
the fine structure constant,are the Dirac matricegy is the
magnetic moment of the unpaired nucle@moton in these
lon State Energy State Energy  casey expressed in nuclear magnetongs1.2 fm, A is the
mass number of the nucleus, age-4 for outer proton and

Experiment Calculation

+ 23 _ _
P 31;2((3:4))2: _122 2 _122 g~1 for outer neutron. Values of the nuclear structure con-
03 4 stantS, have been calculated [19].
4t5(°H,)6p -114 & -114 The second perturbation operator is related to the dhift
Pré* 462(3H,) -314 4 -313 of the rare-earth ion with respect to the surrounding oxygen
Tm?* 4F12(*H)5d -163 5 -163 ions. The shift is proportional to the external electric field,
4f12(3*H )6s -165 6 -167 but for now we consideAr as an independent variable. In
4112(%H,)6p -126 & -126 the jelly model Ar is the shift of the spherically symmetric
T3+ 41123H,) _344 y _345 oxygen potentiaM(r), Eq. (6), with respect to the origin;

see Fig. 2. Therefore,
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(Ar -1) Vo (H — 09| 8g)= =~ Va[n9). (16)

o In solving this equation we take the finite size of the nucleus
(10 into account by replacing thé function in Eq.(9) with a

. _ realistic nuclear density.
Thus, the perturbation operator related to the lattice deforma- Apart from the coefficients presented in Fig. 3, which in

tion reads

Vo(r) — Vo(r) =Vo(r + Ar) = Vp(r) +

essence show the number of diagrams of each kind, each
(Ar 1) Vo partigu_lar diagram in l_:ig. 3 contrib_u'_[es with its own angu_lar
—_— coefficient. In calculating the coefficients we assumed, with-

Vy(r) =

o out loss of generality, that the total angular momentum of the
= (Axsindcos¢ + Ay sin §sin ¢ 4f electrons is directed along thzeaxis, |J,J,). Values of the
coefficients are presented in Table VIII in the Appendix. The
+Azcosh)(- 2)(r _ ro)Vo(r). (11  method for separating the radial equations corresponding to

D? Egs.(15) and(16) is also described in the Appendix. As the

result of the calculations we find the followirRyodd energy

Herer=r(sin # cos¢,sin #sin ¢, cos6b). . . , )
The third perturbation is the residual eIectron—electronf:or_recnon related to the displacemeit of the R impurity

Coulomb interaction, which is not included in the effective 10

potential, 1
Ae = KaaAa—B(Ar 1 X I E,. a7

4 |< «
=2 r_YIm(ri)YIm(rj)- (12)

Vel(ri,ry) =
C( ! J) |ri_r]'| Im 2l +1r|>+l

We recall thatl is the spin of the nucleus] is the total
_ _ . angular momentum of thé electrons,Ey=27.2 eV is the
Herer; andr; are radius vectors of the two interacting elec- atomic unit of energyag is the Bohr radiusg is the fine

trons. structure constant, ari¢l, is given in Eq.(9). The dimension-

The formula for the energy correction in the third order of |ess coefficientA for the P#* and Tn#* ions (in the corre-
perturbation theory readsee, e.g., Re{.26]) sponding latticescalculated aD=1.0 in Eq.(6) reads

2 —
EI=3'S 'Vnzmvmkvkn_vnnz : \\gnn;\ 13  AwT72599-11.20+032+059+18.64-18.99+0.58
m k1 @Omwkn m hfony +1.39-15.99 +28.37 + 25.73 = 3.45,

whereV=V,+V;+Vc. In Eqg. (13) we need to consider only
the terms that contain all the operatafs V;, andVe. Arm=9.77+12.78-3.58 - 1.33-32.24+36.49+0.21

The shift operatoV, is nearly saturated bystand & +0.12+53.48-67.70-10.95=-2.95. (18

states because core electrons do not “see” the deformation of
the lattice; hence, for this operator we consider aafymix- ~ The 11 terms in Eq(18) represent the contributions of the
ing. Matrix elements of the anapole operakty practically eleven diagrams in Fig. 3. As one can see, there is significant
vanish for the electron states with high angular momentumg¢ompensation between different terms in E@58). This
since this operator is proportional to the Dirddunction. ~ compensation is partially related to the fact that each particu-
Therefore, it is sufficient to take into account only lar diagram in Fig. 3 contains contributions forbidden by the
(nsy5V4|kpy») matrix elements. All in all, there are 11 dia- Pauli principle. These contributions are canceled out only in
grams(Fig. 3 that correspond to Eq13). All diagrams are  the sum of the diagrams. To check E¢83) we have also
exchange ones and contribute with the sign shown befor@erformed a more involved calculation explicitly taking into
each of the diagrams. Summation owdirintermediate states account the Pauli principle in each particular diagram; the
|k} and|m) and overall filled states|n) is assumed. results read

Sinc<_aVa andV; are s_ingle-parti_cle operators, we evalua.te Ap=—0.07-0.18+1.48+0.72+1.00 - 2.63 — 1.74 + 0.88
each diagram by solving equations for the corresponding
wave function corrections. For example, the first diagram +41.34-40.00 +2.65=3.45,
contains in the top right leg the correction

Arn,=-0.55-0.56-4.09-1.36-1.47+6.27+0.53+0.15

mpy,|Ving
———mpyp). (14) -38.94+38.06 - 0.99 = - 2.95. (19

ouy=3 !
m ns mpl/Z
Although each individual term has changed compared to
r]Eqs.(18), the total sum of the diagrams remains the same.
Comparison between Eq$18) and (19) is a test of the
(H=28)[8h) ==ViIns), e=gpg (1)  many-body perturbation theory used in the calculation. To
demonstrate the sensitivity to parameters of the effective po-
for each particulains) state. HereH is the Dirac Hamil-  tential, we plot in Fig. 4 the coefficient versus the widtiD
tonian with the potential7). Similarly, the bottom left leg of of the oxygen potential; see E¢6). As we pointed out in
the same diagram is evaluated using Sec. lll, the most realistic value & is around 0.5-1.0. To

To evaluate the correction we do not use a direct summatio
but instead solve the equation
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Af mpip! ns 4f mp3p! ns
- 2 24 - 2x 2,4
ns _kpip Af ns  kpip Af
1) 2)
1 1
4f ks Vmpl/z: ns 4f ks :mpl/zv ns
- 2x 3 - 2X 3
ns 4f ns 4f
3) 4)
4f ns
) '
n 3 x ( ns mem: ns " ns :mpmx ns )
ns 4f
5)
' ' 1
4f ms :npn/z 4f kpl/zv ms :np1/2 4f kPl/Z: ms vnpl/z
- 2x 3 - 2x 2.4 - 2x 24
npiz_, ks af npip 4f npi2 4f
6) 7 8)
' )
4f  kpip  ms npyp 4f  kpsp! ms npip
- 24 - X a4
npsp af npi2 af
9) 10)
4f  npi
' '
+ 24 x ( npiz, M \npiz . mpy ms P )
npi2) Af

11)

FIG. 3. Third-order perturbation theory diagrams corresponding to ). The cross denotes the anapole interacignEq. (9), the
dashed line denotes the lattice deformation perturba#igrEq. (11), and the wavy line denotes the Coulomb interactign (12). The

multipolarity of the Coulomb interaction is shown near the wavy line. Each diagram contributes with the coefficient shown before the

diagram(number of diagrams of this kindSummation oveall intermediate statek) and|m) and overall filled stategn) is assumed.

D,

FIG. 4. Value of the coefficienA defined in Eq.(17) versus

be specific, in the final estimates we use the regs and
(19), which correspond to the value=1.0.

V. CALCULATION OF THE EFFECTIVE
HAMILTONIAN (3)

The P-odd effective Hamiltonian considered in the previ-
ous section arises due to a shift of the environment with
respect to the rare-earth ion. In other words, it is due to the
first harmonic in the electron density induced by the pertur-
bation operatoiv;, Eq. (11). In the equilibrium position the
first harmonic vanishes identically due to the symmetry of

width of the effective oxygen potential. The dashed line corre-the lattice. The next harmonic in the electron density that

sponds to P in YGG and the solid line corresponds to Thions

in YAG.

contributes to the parity nonconserving effect is the third
harmonic which is nonzero even in the equilibrium position
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of the rare-earth ion. This effect gives tReodd energy shift

even in the absence of an external electric field.

The effective oxygen potentiddo, Eq. (6), represents the

PHYSICAL REVIEW A 71, 012107(2005

4

4f mdspp} np1p

T

4f kds/z :mpl/zv ns

— 2x - 2x
spherically symmetric part of the real potential for electrons . 3 3
created by the eight oxygen ions in the garnet lattice. Let us TP * 4 ns &
Qescribe the potentia(bs_eudopotent@allof a single oxygen 1) 2)
ion asgd(r—R), whereR is the position of the ion ang is
some constant. Then the total potential is €
4f ks Vmpl/z‘lnds/z
V(r) =2 gor - R), (20) ox *
R 3
L . d 4
where summation is performed over the coordinates of the e f
eight oxygen ions presented in Table Il. Expanding the Dirac 3)
6 function in the potentiaV(r) in a series of spherical har- v .
monics, we find v P
4f mfs/z: ns 4f  kfsp : ms npis
S(r-R) . _ ~ 2 "
VI =07 2 2 Vil R) Vi) (20) 2 24 24
km R ns  kpip af npy 4f
Then, 4) 5)
r-R) 2 Y T3
= . - -[(r —rg)/D] '3 &
Vo(r) =g R? % YoolR) - Yoolr) — = Age ' af mfip! ns af kfip! ms npip
(22 - 2x 24 g - 2x 24 g
. . 4 4
and hence the third harmonic reads oy / a A
S -R) 6) K
Va(r) =g——=—2> Yan(R) - Yan(r
(=g R? % am(R) - Yam(r) FIG. 5. Diagrams for the “octupole” effect. The cross denotes
the anapole interactioV,, Eg. (9), the dashed line denotes the
_ —[(r - ro)/DRT ) lattice octupoleVs, Eq. (24), and the wavy line denotes the Cou-
— A ° 2T3m Yam("), (23 lomb interactionVc, Eq. (12). The multipolarity of the Coulomb

interaction is shown near the wavy line. Each diagram contributes
_ * with the coefficient shown before the diagréanumber of diagrams
Tom= 2 Y3m(R)' of this kind). Summation oveall intermediate statgk) and|m) and
R over all filled stategn) is assumed.

The spherical tensof,,, (lattice octupole for yttrium alu-

minium garnet and yttrium gallium garnet has only one non4attice octupole harmoni¥s, Eq. (23), and(c) the residual
zero independent componefiy;=-0.1876 for YAG and electron-electron Coulomb interactidky, Eq. (12). The for-
T31= —-0.1010 for YGG. All other components are determinedmu|a for the energy Correctiofﬂ_?,) y|e|ds seven diagrams
by the following relations: which are presented in Fig. 5.

Besides the coefficients presented in Fig. 5, which show
the number of diagrams of each kind, each particular dia-
gram in Fig. 5 contributes with its own angular coefficient.
In calculating the coefficients we assumed, without loss of
) o ) generality, that the total angular momentum éfefectrons is
Components of the corrt_aspondmg qutesmn |_rredu0|ble tezirected along the axis, |J,J,), and the nuclear spin is di-
sor Tyym can be found using the following relations: rected along the axis, | =(0,1,0). The angular coefficients
for each of the seven diagrams from Fig. 5 are presented in
Table VIII in the Appendix. The method for separating the
radial equations is also described in the Appendix. The ef-

3
Ta3= \/;Tsl- T3o1=—Tzy, T33=—Ts3 T3=0.

(24)

/8
Txzz= Toxe= Tomx=— Txyy= - Tyxy: - Tyyx: - 1_5T31-

(25) fective Hamiltonian for the lattice octupole effect has the
All other components of the Cartesian tensor are equal t(t)orm

Zero.
Similar to the “dipole” effect considered in the previous
section, the octupole effect arises in the third order of perturEquation(26) represents the onlP-odd scalar combination
bation theory. The relevant perturbation theory operators arene can construct from the two vectors and one irreducible
(a) interaction of the electron with the nuclear anapole mo-third-rank tensor. Note thak here is an operator and differ-
ment V,, Eq. (9), (b) interaction of the electron with the ent components o do not commute. This is why on the

Ae= KaaBliSijka|m(JjJ|Jm+JmJ|JJ')E0. (26)
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2

TABLE V. Experimental and calculated crystal-field energy lev-
1&2 els in cnm. J-J mixing is neglected in the calculation.
OF—+——+———+———————
_1_0.2 04 06 08 1 12 14] PR YGG T+ YAG
T S
2F /’/ ] Expt. [15] Calc. Expt.[14] Calc.
3F s N
_4_// ] 0 0 0 0
5 23 23 27 27
by 23 23 216 182
FIG. 6. Value of the coefficier in Eq. (26) versus the width of - 400 240 240
the effective oxygen potential. The dashed line corresponds®to Pr 532 413 247 253
in YGG and the solid line corresponds to $hin YAG. 578 538 300 301
598 621 450 306
right-hand side of Eq(26) we explicitly write the Hermitian 626 877 588 494
combination. The matrix element of E@®6) in the kinemat- 689 895 610 609

ics which we consider for the calculation of the angular co-

.. . 650 673
efficients(Table VIII) is 590 636
(3,3 ligikTum(3j9Im + Imdi 3)[3,3p) 730 825
=T,,J[532-33(J+1) +1]. (27) - 937

Our calculations show that contributions of the diagrams
with the intermediatd state(diagrams 4, 5, 6, and 7 in Fig. field parameter8,,, have been performed in the experimen-
5) are at least 30 times smaller compared to diagrams 1 an@dl papers. Unfortunately, we cannot use these fits because
2. The reason for this is very simplé:electrons are practi- they are performed without connection to a particular orien-
cally decoupled from the lattice deformation. Diagram 3 istation of crystallographic axes. We need to know the connec-
even smaller because internal and 4l electrons are also tion and therefore we have performed independent fits. For
decoupled from the lattice. So only diagrams 1 and 2 conthe fits we use a modified point-charge model. In the simple
tribute to the effect and they are nearly saturated by the inpoint-charge model the crystal field is of the form
termediate unoccupiedd5state. The dimensionless coeffi-

cient B for Pr and Tm ions in corresponding lattices AlPO) = _ O Am Y. (r. 30

calculated aD=1.0[Eq. (6)] reads km ; r}‘*l 2k+1 ), (30
Bp(D=1)=-2.18+0.76 =—-1.42,

" By = pAen (31)

Brm(D=1)=1.11-0.45=0.66. (28)  wherej enumerates ions of the lattice apg=(r*) is the

The two terms in Eq928) represent the contributions of the €XPectation value over thfeelectron wave function. The val-
first and second diagrams. The variation of the coefficRnt Ues ofp are known[27]. The point charges argy=-2 and
with the width of the effective oxygen potentiBl is shown  Gv=0ca=da=3. Clearly, the naive point-charge model is in-

in Fig. 6. Again, we recall that the most realistic valuebof ~ Sufficient to describe the nearest eight oxygen ions because
is around 0.5-1.0. To be specific, in the estimates for th@f the relatively large size of the ion@xtended electron

effect we useD=1.0. density of the host oxygensTo describe the effect of the
extended electron density we introduce an additional field
VI. CRYSTAL FIELD, AVERAGE ELECTRON Affml):
MAGNETIZATION, ORIENTATION OF NUCLEAR SPIN (00 (el
. . . Akm:Ak’?n +Akm1 (32)
The energy of a free ion is degenerate with respect to the
z projection of the total angular momentum. The interaction 8
with the lattice(crystal field breaks the rotational invariance )= _ g > G | AT Y1) (33)
. K . . m ag n+1l km\!j/-
and lifts the degeneracy. The effective crystal-field Hamil- j=1Tj 2n+1

tonian can be written in the following forrsee, e.g.[27]) . ) .
Here the sum runs over the eight oxygen ions surrounding

x 41 the dopant ion in the garnet structure amdare fitting pa-
Her=2 Bkmz mYkm(r)' (29) rameters. So we have only three fitting parametessay,
km ! and ag, because higher multipoles do not contribute in
whereB,, are the crystal-field parameters ani the radius ~ f-electron splitting. In the end, we get a fairly good fit of the
vector of the atomic electron. experimental energy levels; see Table V. The values of the
Experimental values of the energy levels fof*Fin YGG resulting crystal-field parameteB,,, are presented in Table
and Tn?* in YAG are known[14,15, and fits of the crystal VL.
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TABLE VI. Crystal-field parameters in chh that fit the energy levels in Table V.

Compound By By By Bao B Bsz B3 Bia Beo Bs1 Bs2 Bes Bes  Bes Bes

PrryGG 622 11 -762 211 476 727 1256 -423 963 -28D -648 437 091 304 -961
Tm:YAG 257 92 -315 -1198 344 -248 -909 -523 -938 52B 569 816 94 -563 843

For the non-Kramers ions, such as*Pand Tn¥", the e
expectation value of the total angular momentum in the Hnue= An(J '”‘T(B"): (37
ground state vanishes due to the crystal fi€Jg)=0. To get a
nonzero(J) one needs to apply an external magnetic feld Where Ay is the hyperfine constang is the nuclear mag-

Diagonalizing the Hamiltonian matrix of the dopant ion in Netic moment in nuclear magnetons, aag is the nuclear
the magnetic field, magnetonsee Refs[28,29):

(I|Het + 1g(IB)|3), (34) Ypr: Ap=1093 MHz, 1= 4.2754,1 = 5/2;

(9 9 matrix for P* and 13x 13 matrix for Tnt*), we find 160+ . _ _ _

the ground state of the ion in the presence of the external Tm: Ay=-3935 MHz, 1=~ 02316, = 1/2.

magnetic fieldB (hereug is the Bohr magneton arglis the (38)

atomic Lande factorg=0.80 for P?* in the °H, configura- . : .

. X ' X Equation (37), together with Eq. (35, gives

— + 3

tion andg—l..l7 _for Tn?* in the *H, configuration. For the NMR frequencyv. The dependence of the frequency

weak magnetic field the average total angular momentuny " o Crientation  of the magnetic  field B

can be written as =B(sin 6 cos¢, sin 8 sin ¢, cos#) with respect to the crystal-
(J) = 7By (35)  lographic axes is plotted in Fig. 8; we taB=10 T. Equa-

tion (37) also defines the quantization axis for the nuclear

The tensorr can be diagonalized. According to our calcu- spin:
lations, for both Pr and Tm it is diagonal with the principal '

axes n;=(1,0,0, n,=(1,142,112), and ng=(1,1/2, .
1=(1,0,0, n,=(1,112,112) =(1,115 nlo((Ahf<J>_MB):<AwB_@B)_ 9

—1/\“‘5): |
-0.003 0 0 This allows us to find the cross produgtx J that appears in
Pr. 7= 0 -0.154 0 |=, the anapole induced energy correctidn and (17):
0 0 -0.17 -
B X (7B
M = |n| % J| — |IU’IU/NA[ ( )]' ) (40)
-0.474 0 0 1AR(7B) — wunBl
™Tm: 7= 0 -0.023 0 1. (36)  The value ofM depends on the magnitude and orientation of
0 0 ~0.03 the external magnetic fiel8 with respect to the crystallo-

graphic axes. AB=10 T the maximum value d¥ is
The average total electron angular momentum in the mag-
netic fields applied along the directioms, n,, and ns is . - .
plotted in Fig. 7. We see that the linear expans{8B) is
valid for the fieldB<5-10 T.
The effective Hamiltonian for the nuclear spin is

n

—~
S | g 20001 Jo=n2
2F T qn; §
e £1500 0=wa
1t T i § 0=3mw/4
f,’f”/ ;:3 31000
W 2 o
0= 3 16 i5 50" § 500
B(T) 3

- ; 0=0,n
0 w2 z 3n2 2n

FIG. 7. The average total electron angular momentum of the
rare-earth ion versus magnetic fidlf). Directions of the magnetic
field correspond to the principal axes of the magnetization tensor FIG. 8. The NMR frequency versus the orientation of magnetic
ny, Ny, andng. Solid lines correspond to THin YAG and dashed field with respect to the crystallographic ax@&s10 T. We show
lines correspond to Pt in YGG. the dependence os# for different values off.
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Pr: M=1.02x 10%, S

' sk B=mwa\_ |
Tm: M=0.79x 10" (41) 1 0=0x |

=05 8=np2
Unfortunately, the values dfl are relatively small compared X W . N
to the maximum possible valud =J (4 for Pr and 6 for T L ALY AR
The suppression is due to the fact that in the nuclear mag- 051 \T/ W 1

netic Hamiltonian(37) the hyperfine interactiod\,«(J-1) is 0 2 32 2n
an order of magnitude larger than the direct magnetic inter-
action uun(B-1)/1, while to maximizeM one has to have
these interactions comparable. In spite of the suppression,
the observable effects related to the effective Hamiltonians
(1) and(17) are quite reasonablaee the next sectipn

The situation with the effective interactiof®) and(26) is
different. Looking at Eqs(3) and(26) one can expect at first
sight that the corresponding energy shift is nonzero only if
| X(J)# 0. However, this is incorrect. The point is that due
to the crystal field the tensad;J,Jy,+JmJJ;) has nonzero
components orthogonal {d). And the octupole induced en-

ergy shift is in fact maximum whehll(J). The dependence FIG. 9. The kinematic coefficienN, Eq. (42), in the lattice

of the kinematic coefficientsee Eq/(26)] octupole-induced energy correction versus orientation of the mag-
netic field with respect to the crystallographic axBs;10 T. We
show the dependence ahfor different values off.

3
¢

1
N= I_IiEijkaIm<JjJIJm +Jmdid)) (42)

. . . ) P =3enAr. (44)
on the orientation of magnetic field B

=B(sinfcos¢,sinfsing,cosh) at B=10 T is plotted in  On the other hand, the dielectric polarization caused by the

Fig. 9. The maximum value dfl is external electric fielE is
. — -1
Pr. N=1.81, p=2""f (45)
4
Tm: N=2.42. (43)  where the static dielectric constant ds=12 for YGG and

The calculations in the present section are based on the f}C[AG‘ This yleld_s the_ foII.owmg expression for the displace-
ent of the yttrium ions:

of experimental energy levels, Table V, using the crystal field"
parameters. We use the set of parameters presented in Table e-1E
VI. Unfortunately, the set is not unique and there are other Ar= P
sets which also reasonably fit the energy levels. In particular,

for Tm®* in YAG there is a set of parameters which gives a

lattice-octupole-induced PNC energy shift an order of mag- Ar/ag=3.0X 10 °E Vicm. (46)
mtud_e Iarggr than the present set. At this stage we prefer tﬁ)/leasurements of infrared spectra, as well as measurements
continue with a conservative estimate. To elucidate the un-

: . ; of the dependence of the dielectric constant on the concen-
certainty related to the crystal-field parameters detailed Meqr iion of impurities, can help to improve the estimédé)

surements of NMR frequencies, as well as transition ampli- Using Eq.(17) together with Eqs(41) and (46) we obtain
tudes, are necessary. the following estimates for the NMR frequency shitkl
=1) due to the nuclear anapole moment:

47 3en’

VIl. ESTIMATES OF OBSERVABLE EFFECTS
Pr: Av~ 0.9% 10 °E [V/cm]Hz,
The effect(1) and (17) requires a displacement of the

impurity ion from its equilibrium position. Such a displace- Tm: Av~0.5x% 10°°E [Vicm]Hz (47)
ment can be achieved by application of an external electric ' ' '
field. The displacement has been estimated in REf] in An alternative possibility for the experiment is to provide

relation to the discussion of electric-dipole moments. Thethe maximum possible value of the cross produstd by
idea behind the estimate is very simple. Since the Ga- O linlapplying an rf pulse and then to measure the induced electric
in YGG and the Al-O link in YAG are much more rigid than field. Using Eq.(17) together with estimates of the elastic
the Y-O links (see the discussion il7]), the electrostatic constant with respect to the shift of the rare-earth ion per-
polarization in YGG and YAG is mainly due to displacementformed in [17] we arrive at the following values of the

of the yttrium ions, anapole-induced electric field:
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Pr: E~1.4Xx10°V/cm, and magnetic fieldssM o« B X E. The magnitude of the effect
is several times larger than that expected in the electric-
Tm: E~0.4x 107 V/cm. (49) dipole moment experimeft.3].
The field precesses around the direction of the magnetic field ACKNOWLEDGMENTS

with a frequency of about 1 GHz due to the nuclear spin ) ) )
precession. In the estimaté$8) we assume that all yttrium It is our pleasure to acknowledge very helpful discussions
ions are substituted by the rare-earth ions. W|.th D Budker, V. V. Yashchuk, A. O. Sushkov, and A. I.

Another manifestation of nuclear anapole moment is the/lilstein.
static perpendicular macroscopic magnetization induced by

an external electric field, APPENDIX: RADIAL EQUATIONS

(49) In order to calculate the _energi_es an_d wave functions of
unperturbed states of the single impurity ion in the garnet

The exact value of the macroscopic magnetization dependsvironment, we use the Dirac equation

on temperature and other experimental conditions; therefore,

we cannot present a specific value. However, we can com- (H-e)l|y)=0. (A1)

pare the effect with that expected in the electron EDM ex-The effective potentia¥/(r), Eq.(7) in the Dirac Hamiltonian

periment[13] (correlation8J=E) using the present experi- p g spherically symmetric, and thus the two-component
mental limit ond,, 1.6 107%’e cm[16], as a reference point. \yaye function|) is of the form

The effective anapole interactiqf?7) is four orders of mag-

nitude larger than the similar effective EDM interact{di7]. 1( f(NQ,

On the other hand, the electron EDM interaction causes elec- ) = s ~ |
ot : : iag(r)Q,

tron magnetization whereas the anapole interaction causes

only nuclear magnetization, so we lose three orders of mag-ere () and Q. are the spherical spinors arfitt) andg(r)

nitude on the value of the magnetic moment. Theref_ore., a'are radial wave functions. Substituting expressia@) for
together,'one should expect that thg anapole magnetization %) into the Dirac equatiorfAl), one gets the radial equa-
several times larger than the EDM-induced magnetization.

8l «B X E.

(A2)

The effective interactioi26) is independent of the exter- tions
nal electric field and is due to the asymmetric environment of f' + kf/Ix+[-2+a’(V-€)]g=0,
the rare-earth ion site. Since there is always another site
within the unit cell which is the exact mirror reflection of the g’ - xg/x—-(V-ef=0. (A3)

first one, the energy correctid26) does actually lead to the ) o ) ) (124
NMR line splitting. Using Eqs(26), (28), (42), and(43), we  Herex=r/ag 1S the radius in atomic U”'tS’f:(_l) (]
find the maximum value of this splitting corresponding to thet1/2), wherej and| are the total and orbital angular mo-

magnetic fieldB=10 T: menta of the single-electron state correspondingly; the poten-
tial V(x), as well as the energy, is expressed in atomic
Pr: Av~0.5 Hz, energy units. Solving the system of equatiga8) as an
eigenvalue problem numerically on a logarithmic coordinate
Tm: Ay~ 0.25Hz. (50)  grid, we find energies and wave functions of the unperturbed
- . . . .. States.
The splitting depends on the orientation c?f the magnetic field The inhomogeneous Dirac equatiai$) and (16) are of
with respect to the crystallographic axes; see Fig. 8.
the form
VIIl. CONCLUSIONS (H-¢)|oy) = - (/p| 0, (A4)

In the present work we have considered effects caused .t\xheref/p is the single-particle perturbation operator. The cor-
the nuclear anapole moment in thulium-doped yttrium aluml-rection |5y is of the form
num garnet and praseodymium-doped yttrium gallium gar-

net. There are two effects related to the frequency of 1/ F(NQ,
NMR: (1) NMR line shift in combined electric and mag- |6y ==| ~ , (A5)
netic fields. The shift is about 10Hz at B=10 T andE M\iaG(r)Q,

=10 kV/cm. (2) NMR line splitting (magnetic field only.
The spitting is about 0.5 Hz @=10 T. The value of the
splitting depends on the orientation of the magnetic field F'+ k' Flx+ [~ 2 + (V- £)]G = R(Q ,|<i>|Q )

with respect to the crystallographic axes. Another PNC effect “ <

is the induced rf electric field orthogonal to the plane of the o

magnetic field and nuclear spif,«[B X 1]. The field isE G’ - k'GIx= (V- &)F = Ry(Q,|D|Q,). (AB)
~10%V/cm at magnetic fieldB=5-10 T. Thelast effect -

we have discussed is unrelated to NMR. This is a variation of he operatob represents the angular part of the perturba-
the static macroscopic magnetization in combined electrigion V,,, andR; andR, are the radial parts of the perturbation.

and hence the corresponding radial equations are
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TABLE VII. The functionsR;, Ry, and® for the different perturbation operators and different staf@sp, is nuclear density normalized
to unity.

Vp=Va, Eq. (9) Vp=V,, Eq. (9) Vp=Vy, Eq. (1) V,p=Vs, Eq. (23)
|y =Insy) [y =Inpy2) |y =|nsy) or [¢)=|npy) [y =Insy) or |¢)=|npy)
(r=rg) [(r=ro) |2
R ~Kaapn () - %Kaapn(x)f(x) -2 D20 Age — D 0 | a?g(x) Aoe—[(r—rolo)]Zazg(X)
(r=ro) [(r-ro) ]2
Ry sKaapr(9g(0) Ka@pn(X)g(X) 2 D20 s ; | f) —AgeLT=ro/DI ()
o =2i(l ) 2i(1+)) Ax sin @ cos¢+ Ay sin 0 sin ¢p+Azcosd 7 TamYan(r)

TABLE VIIl. Dipole effectangular coefficient for each of the 11 diagrams shown in Fig. 3. The fakidg—Ayl,)J,, which corresponds
to the kinematic structur€l7) and which is common for all the contributions, is omittédl) denotes the Coulomb integral of multipolarity
| in the radial part of the diagranbattice octupole effectangular coefficients for each of the seven diagrams shown in Fig. 5. The factor
IJ{SJ?—SJ(.H 1)+1], which corresponds to the kinematic struct(@6é) and which is common for all the contributions, is omitted.

Diagram Pt Tm3*
Dipole effect
22 43 2% 19 1
—————FQ2)-————F(4 F(2) - F(4
1,7,8,11 ¥x5xX7 @ Fx5X7 @ 2X 3 X5X7 @ 2x 3% 7 @
22x 23 2X5 1 2x 17
F(2 F(4 - F(2) - F(4
2,9,10 32><53><7() 36 7() 2><32><5><7() 3Fx7 @
) )
3,4,5,6 3X5X7 27

Lattice octupole effect

T F(3)
=Tai\/ 55 2
212X 3X5X7X11

1,2,3 —
Ta\m/211F(3) /2X 32X B2 X 7X 11
ot [7| 13x29F(2) ,_ 5X1F@ . [7 F(2) B F(4)
4,5 V21| X 53x72x 11 2x 34X 72X 112 1N 21| 2x3x52x7x11 22X 3B X5X7X 112
- /1 13°F(2) .\ 13X 47F(4) T /1 F(2) . 2°F(4)
6,7 1N 21| 223X 53X 72x 11 22X 3¥X 5% 72X 112 1N 21| 2x3x 52X 7x 11 32X5X7X 112
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The functionsRy, Ry, and® for all the cases we need in the
present work are presented in Table VII.

PHYSICAL REVIEW A 71, 012107(2005

electronic configurations of Prand Tn?* are similar: twof
electrons in PY and twof holes in Tni*. However, their

Having separated the radial parts, one can calculate therbital and spin angular momenta combine to yield different
angular coefficients for the diagrams in Figs. 3 and 5. Thdotal angular momenta, and this makes the angular coeffi-
results of these calculations are presented in Table VIII. Theients for P#* and Tn#* different.
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