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Improvement of signal-to-noise ratio in a bistable optical system: Comparison between
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We present an experimental and theoretical study of the effect of additive noise on the signal-to-noise ratio
(SNR) in a bistable, vertical cavity laser. We show that, the regime of vibrational resonance leads to higher
SNR’s than the regime of stochastic resonance. A scaling law for the noise-induced degradation of SNR is
obtained analytically and compared with experimental and numerical results, showing a good agreement.
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In the last years, in the context of stochastic resonanc&onship (SNR),,= (SNR);, can be achieved for rectangular
(SR) [1], large efforts have been devoted to finding condi-periodic LF signals with weak subthreshold amplitudes in a
tions for the improvement of the detection of weak noisybroad range of the level of initial noise coming together with
signals. This subject is a matter of great interest in differenthe signal.
fields and is not a trivial problem. As a rule, the quality inthe  First, we present some analytical results on the behavior
detection of periodic signals can be evaluated using thgf SNR due to VR depending on the initial noise level in a
signal-to-noise ratigSNR). A theoretical treatment using the model of an overdamped bistable oscillator. For the sake of
concept of SR has revealed that a SNR gdat is, the  clarity, we recall some of the results presentedii]. The
output (SNR)o is higher than the inputSNR);,] can be  system is being excited by the LF periodic sigh@, ) with
achieved in level crossing detectof®], nondynamical 3 frequency), and an amplitudé, , and by a sinusoidal HF
threshold systems with a static nonlineari8], in bistable  modulation with an amplitudé,; and a frequency,, such

dynamical systems for a periodic sequence of alternatinghat(),,> (), . In this case, the dynamics is described by the
rectangular pulses with a small duty cycle and near-thresholdquation

amplitudes [4,5], and in a Schmidt trigger with near-

threshold rectangular pulsgs,7]. Evidence of the SNR gain Ixlgt=-V'(x) + A f(t) + Ay sinQut, (1)
\t,ivc?rf [%I]VEI’] In @ Schmitt triggefl6] and in an analog simula- whereV’(x) is the derivative with respect to of a bistable

Recently, the phenomenon of vibrational resonafuie) pf)tential_ftmctionv(x?:—a>§2/2+,8x4£4, with local minima
has been theoretically predicted by Landa and McClintockm=*Va/B and barrier height/o=a“/4B, wherea and 8
[8]. Experimental evidence of VR has been demonstrated i€ Positive numbers. The dynamics is ruled by two time
analog circuit§10-12 and in a bistable vertical cavity sur- Scales which are determined by LF and HF signals, respec-
face emitting lasefVCSEL) [13]. The phenomenon shows tively. Therefore,zwe Igok for the solution as follow9]:
up in a bistable system as a resonancelike behavior in thé0)=Y(0)+[Au/ (i +7)Z|cosQyt where y(t) denotes the
response at the low-frequen¢iyF), depending on the ampli- Slow part of the solution ang is a parameter. Substituting it
tude or frequency of an additional high-frequengyF),  into (1) and averaging over the peridd,=2m/(y, we ob-
modulation. The mechanism underlying VR can be associtain the following equation, which governs a slow dynamics
ated with a parametric amplification near the onset of bistaof the system:
bility controlled by the high-frequency modulation. In this _ 2w av3
case SNR is determined by two processes, namely, the am- dYfdt=a(1 =&)Y= Y+ AR, 2
plification of the LF periodic signal and enhancement ofyyhere Y=(y(®)r, FO=(f)r, and where (z(t)r,

fluctuations near the bifurcation point. The interplay between. I, ngz(T)dT. We introduce here a normalized parameter

these two processes near the critical point determines thE:AH/Ac whereA, is a switching threshold which depends

resulting SNR. Since no additional noise is added to the SY$5n both the amplitude and the frequenty=[(2a/38)(Q2
tem, one can expect that the output SNR can be improvegzazlgﬂ)]yz_ In this case, the effective potentiadeff(xl;

with respect to the input.
Here we present a theoretical and experimental study Otfakes the form

the effect of additive noise on SNR in a bistable optical V(% &) = — a(1 - 2)x32 + B4, (3)
system. We show that) the noise-induced degradation of

SNR obeys a simple scaling lagi) SNR in VR for weak The sign near the quadratic term determines the character of
periodic signals is always higher than the one which could b&/c¢(X,£). For £&=1 we have a bifurcation point where the
obtained in the same conditions using conventional SR, andransition from bistability to monostability occurs &sin-

(ii) the experimental and numerical evidence that the relacreaseq12]. Obviously, after averaging, the parameters of
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the potential such as the minima locatigh and the barrier
heightV, depend or¥,

o=+ Val-BB, Ve=aL-£%4B (@

Now, we can study the effect of noise on SNR for the LF

signal F(t)=sin({),t). In this case the equation reads
dY/dt= a(1 - )Y - Y3+ A sin(Qut) + (1),  (5)

where {(t) is a white, Gaussian noise witkz(t)Z(t"))

=2D4(t-t') and meanX{(t))=0. We explicitly assume here
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that the averaging does not change the character of noise

when we add the noise term into the averaged equation,

FIG. 1. (Color onling Experiment. SNR fo(1) sinusoidal and

Equation(5) is the standard statement of the problem used? Sduare-wave LF signals as a function&fe=0.9). The noise

for studying the phenomenon of SR. We can use therefor
the analytical results obtained earlier, taking into account th

dependence of the potential parameterséoin particular,

we consider here the well-known result for SNR in SR. In
the limit x,,A, <D, the SNR can be evaluated from the ex-

pression[see, for instance, E3.12 from [14]]

R=7(AX/D)?r,, (6)
where
_ 2 2 AV
re= a(lr £ )exp<— o(1-8) ) (7)
2w 48D

is the Kramers rate. Substituting, (4) andr, (7) into (6), we
obtain for SNR in VR(denoted asRyg)

NP1 -82 p(_ (1 —52)2)_

\2p8D? 4D ®)

VR
It is seen thaR g is @ nonmonotonic function of as shown
experimentally in[13]. Obviously, the expressio8) can be
used for an evaluation dRyg for £€<1, since foré= 1the
bistability disappears. The maximum SNR[g) obeys the
scaling law as a function of the input noise strenbth

RI2*= 2,27 1AZD; L. 9)

trengthoy=14 mV,,e The vertical line marks the transition from
istable(left) and monostabléright) operation.

LF and HF signals defined as=A /x, and &é=Ay/ uy,
whereu, andu, are the switching thresholds at the frequen-
cies, and )y, respectively, and the noise strenddhde-
fined asDzoﬁ,, where gy is the noise amplitude. The nor-
malized amplitudeé is a control parameter. We tune the
injection current of the laser into the middle of the bistability
region[15], so that the switching between two polarization
states could be induced by the deterministic modulation and
noise. The laser responses were detected by a fast photode-
tector and were recorded further by a digital oscilloscope
coupled with a computer to store and process the data. Each
point of SNR was obtained by averaging over 10 signals
containing 50 000 sampling points with 20 periods of the LF
signal. For comparison purposes, we define the SNR for
sinusoidal and square-wave signals as SNRE)/1(,),
wherel(€),) andl(€),) are the response of the system to the
LF signal and the noise background at the frequefigy
respectively, which were evaluated from the power spectra of
the Fourier-transformed time series. The SNR gain due to
VR is defined asGsng=RUE/Rin (WhereR, is SNR in the
input).

The experimentally measured SNR due to VR for sinu-
soidal and square-wave LF signals is shown in Fig. 1. For

In order to compare the efficiency of VR versus SR for thepoth types of signals ag increases SNR passes through a

SNR, we introduce the ratiBgyrdefined as
Rsnr= RUR TRSR (10)

where RIZ* is the maximum of SNR in SR,RZg*
=32/2A?Be 2 follows from (6). Finally,
RSNR: (aze/lﬁﬂ)D;11

From the conditonR=1 it follows that for all Dj,
< a’el16B=eV,/4, the Ryy is always higher than thBgg
since for theRgrthe optimal valueDgg=Vo/2<D;,.

(11

maximum in the close vicinity of the bifurcation poigt1
corresponding to the transition from bistability to monosta-
bility. For the sinusoidal signaR(g* is lower than theR;,,
whereas for the square-wave signal we have a substantial
increase oRyg The second peculiarity is that on both sides
from the maximumRyy practically does not depend @rand
remains almost constant, which corresponds to the linear re-
sponse in the bistable and monostable regime.

In Fig. 2, the SNR for the weak square-wave LF signal
(¢=0.2 with increasing the level of noise is shown. For a

The experimental setup is essentially the same as waseak noise strength, one can observe a strong increase of

used earlier for the investigation of VR3]. We studied the

SNR with respect to SNR This rise takes place exactly

laser response after polarization selection when the mixturerhere a parametric amplification appears in the bistable sys-
of two periodic signals with very different frequencies andtem (near the onset of bistability controlled by the HF modu-
noise were applied to the injection current. The square-wavkation). A further increase oD (for a moderate level of

and sinusoidal LF signals have a frequefity=1 kHz and a

noise leads to a degradation of SNR. One can note also the

subthreshold amplitudé, , whereas the sinusoidal HF con- curve broadening and the shift of the optimal value éof
trol signal has a frequenc§;;=100 kHz and an amplitude corresponding t&R3*
Ay. In what follows, we use the normalized amplitudes of the A comparison of the efficiency of VR with respect to SR,
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FIG. 4. (Color online Numerics. SNR vg for the (1) sinusoidal
and(2) square-wave LF signal®=0.001,A, =0.05. The vertical
FIG. 2. (Color onling Experiment. The SNR for the square- line is as in Fig. 1.
wave LF signal as a function @f andD (¢=0.2). The line in the

plane marks the transition from bistability to monostability. dx/dt=4(x - x3) +AF(t) + Ay sinQut + (1) (12)

which is characterized by the magnitutReyr defined by ~ Where F(t)=sinQ;t or F(Q.t)=sgr(sin(,t); sgrx) is a
(10), is shown in Fig. 8) for both types of the LF signal. It signum function sgix)=-1, for x<0, and sgfx)=1, for x
is seen thaRgyg>1 in the whole range of the input noise >0, {(t) is white, Gaussian noise witky(t){(t"))=2D4(t
strengthD. The Rg* due to VR is always higher than the —t’) and a zero meaf¥(t))=0. In what follows, we use the
Reg% in agreement with the analytical considerations. Fomormalized amplitudes and ¢ defined ase=A, /u, and &
weak input noiseRsyg for square-wave signal significantly =A/ s, wherew, anduy are the switching thresholds at the
exceeds the one for the sinusoidal signal, whereas for a mogrequencies(), /27=0.001 andQ,/27=0.1, respectively,
erate noise leveRgyris almost the same for both types of LF used in the simulation. A forward Euler algorithm with a
signals. The dashed line in Fig(e3, (with a slope—1), fits  fixed step of 0.0012/Q,, was used. All quantities used for
well the experimental data in the range of the moderate noisghe characterization of the SNR gain in the simulation are
level, showing agreement wittill) and, correspondingly, defined in the same fashion as before.
with (9) for the noise-induced degradation of SNR. A comparison of the SNR due to VR for sinusoidal and
The experimental evidence of the SNR gain with respectquare-wave signals is shown in Fig. 4. In accordance with
to the SNR, is presented in Fig.(®), whereGgyras a func-  the experimental results depicted in Fig. 1, the SNR for both
tion of D for different values of the amplitudes of the square-signals displays the resonancelike behavior depending on
wave LF signal is shown. For the purpose of comparisonBoth maxima are located near the critical valige1) of a
Ggsnrfor the sinusoidal signal is also plotted. First of all, one switching threshold corresponding to the transition from bi-
can note that the relationshisyg=1 is observed for all  stability to a monostable operation. At the same time, in
amplitudes of the LF signal used in the experiment. Theagreement with experimental results, the maximum of SNR
unity gain in the SNR is shown by a dashed line in Fi)3  for the square-wave signal substantially exceed$$NR);,,
One can stress that fer~0.32,Ggye> 1 in the whole range  while for the sinusoidal signal the maximum of SNR is lower
of the noise strengtb. than the(SNR),,. Figure 5 displays the SNR as a function of
In order to check the validity of our analytical and experi- £ andD for the square-wave signal with=0.2. In qualitative
mental results we performed a numerical simulation in theagreement with the experimental resulfig. 2), there is

framework of Eq.(1), some range ob, where(SNR),,> (SNR);,. A strong degra-
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FIG. 3. (Color onling Experiment.(a) RgygrVs D for (1) sinu- /°0 -1 0o 02505 0751
soidal (¢=0.028 and (2) square-wave(e=0.08 LF signals. A 00 ¥ '
dashed line is plotted with a slopel (see text (b) GgnrVs D for
square-wave FIG. 5. (Color onling Numerics. SNRg for the square-wave LF
[€=0.08 (1), 0.2 (2), 0.32 (3)] and sinusoidal[¢=0.2 (4)] LF signal as a function of andD (¢=0.2). The line in the plane marks
signals. the transition from bistability to monostability.
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Ax<D one can find that foD" > (2/3)%%(a?/ B)®? the ex-
pression(11) can be used for the evaluation By

The results of the simulation presented in Figh)écon-
firm our experimental observation of the SNR gain for
square-wave signals. First of all, one can stress that the rela-
tionship Ggng= 1 holds for all amplitudes of the LF signal,
even for a very weak sighgt=0.032, curve 1 in Fig. ®)],
where the unity gain in the SNR is shown by a horizontal
line. On the other hand, going froer 0.3 to higher values

FIG. 6. (Color onling Numerics.(a) Rsygand (b) Geyrfor the of _thg amplitude LF signalGgyg substantially exceed_s the
square-wave unity in the broad range d, and fore = 0.4 the magnitude
[£=0.032 (1), 0.125 (2), 0.32 (3), 0.48 (4)] and sinusoidalls ~ GsnrPractically does not depend d@n At the same time for
=0.032(5), 0.32(6)] LF signals vs the noise strengih A dashed ~ Sinusoidal signals such an improvement is not observed in
line in (a) is plotted using the expressigfl). the same range of the amplitudp=urves 5 and 6 in Fig.

-4 -3 -2
log ,, D log ,,D

dation of SNR and the shift of the maximum of SNR to  To conclude, we have shown that the phenomenon of vi-
lower values of¢ with increasingD are also observed. In prational resonance can represent an effective approach for
Fig. @) a comparison of the efficiency of VR with respect the detection of weak noisy square-wave signals, allowing to
to SR is shown for different values of the amplitude of get simultaneously a gain in the SNR and the signal ampli-
square-wave and sinusoidal LF signals. A dashed line in Figy,de. Besides, our analysis has shown that SNR due to VR is
6(a) is plotted using the expressiofil). It is seen that gways higher than the one obtained through the use of the
Rsne> 1 in the whole range db and for all values o used  phenomenon of SR. From this point of view, we believe that
in the simulation. This means that tRGg" is always higher  the results presented in this paper can stimulate further the-
the RGR" One can note also SNR in VR from square-wavegretical and experimental works in the field, in particular, to
signals is always higher than for sinusoidal ones. We cagptimize the operation of bistable systems for the detection
conclude also that an analytical prediction can be consideregn regeneration of signals affected by noise, as, e.g., in
as a limiting case for weak periodic signals. For square-wav@ptical communication systems.

signals it can be considered as the lower boundRgig

while for sinusoidal signals as the upper one. In the quasis- This work has been partially funded by the MIUR project
tatical regime of the excitation of VR from the condition FIRB No. RBNEO1CW3M_001.
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